Two bijective proofs for the arborescent form of the Good-Lagrange formula and some applications to colored rooted trees and cacti Michel Bousquet, Cedric Chauve, Gilbert Labelle and Pierre Leroux LaCIM, Université du Québec à Montréal Theoretical Computer Science, 307(2):277-302, 2003.

Some typos corrected on April 28^{th} 2003.

TWO BIJECTIVE PROOFS FOR THE ARBORESCENT FORM OF THE GOOD-LAGRANGE FORMULA AND SOME APPLICATIONS TO COLORED ROOTED TREES AND CACTI

MICHEL BOUSQUET, CEDRIC CHAUVE, GILBERT LABELLE AND PIERRE LEROUX

Abstract. In [19], Goulden and Kulkarni give a bijective proof of an arborescent form of the Good-Lagrange multivariable inversion formula. This formula was first stated explicitly by Bender and Richmond [2] but is implicit in [19]. In this paper, we propose two new simple bijective proofs of this formula and we illustrate the interest of these proofs by applying them to the enumeration and random generation of colored rooted trees and rooted m-ary cacti.

1. Introduction

The exact enumeration of tree-like structures is a classical area of enumerative combinatorics, beginning at the end of the nineteenth century with the celebrated formula of Cayley for the number of free trees (see for surveys on this topic the books of Moon [26], Goulden and Jackson [17] or Stanley [30]). In this paper we are interested in the enumeration and random generation of colored tree-like structures (trees where vertices are colored). The combinatorial study of these structures (that interested, among others, Tutte [33, 32], Knuth [24], Goulden and Jackson [17] and Bergeron and al. [3]) is strongly related to the Lagrange formula for the inversion of formal power series, and more precisely to the generalizations of this formula to formal power series in several variables. There are different extensions of Lagrange formula in the context of multivariable formal power series (see [14] for a survey on this topic), but one of the most used in enumerative combinatorics was proposed by Good [15] and is known as the Good-Lagrange formula. This formula is particularly well adapted for the enumeration of colored tree-like structures. It has been extensively used by Tutte [33, 32], Goulden and Jackson [22, 16, 17] or Bóna and al. [5] for instance.

Let m ≥ 1 be a fixed integer, x = (x_1, . . . , x_m) be a vector of formal variables, n = (n_1, . . . , n_m) a vector of integers and set x^n = x^{n1}_1 · · · x^{nm}_m . For a given multivariable formal power series h(x), the coefficient of x^n in h(x) is denoted by [x^n]h(x). The set {1, 2, . . . , m} is denoted [m].

Theorem 1. (Implicit and explicit forms of Good-Lagrange Formula [15]) Let F (x), R_1(x), . . . , R_m(x) be given multivariable formal power series and let A_1(x), . . . , A_m(x) be formal power series such that A_i(x) = x_iR_i(A(x)), for i = 1, . . . , m. Then, for any vector n of non-negative integers we have the implicit form of Good-Lagrange formula

(1) [x^n]

F (A(x)) det ( δ_{i,j} − x_i ∂R_i ∂x_j (A(x)) ) m×m = [x^n]F (x)R(x)^n,

where δ_{i,j} = χ(i = j) and R(x)^n = R_1(x)^{n1} · · · R_m(x)^{nm} , and the explicit form

(2) [x^n]F (A(x)) = [x^n]F (x)R(x)^n det ( δ_{i,j} − x_i R_i(x)

∂R_i(x) ∂x_j ) m×m . There have been many combinatorial studies and proofs of these formulas and their variations. We can cite for instance the work related to Rota’s theory of polynomial sequences of binomial type (see [21]), the paper of Haiman and Schmitt on incidence algebras [20], and the paper of Gessel [14], where the first bijective proof of the implicit form (1) of Good-Lagrange formula was given. This result was later extended by Zeng [34]. Gessel’s proof is a natural generalization of the proof of the Lagrange inversion formula in one variable

Work partially supported by CRSNG(Canada) and FCAR(Québec).

Preliminary versions of some results of this article appeared in [8] and [9]. Most of the work of the second author was done as a Ph.D. student in LaBRI, Université Bordeaux I, under the supervision of Professor Serge Dulucq [10]. 1

due to Labelle [25] and relies on a one-to-one correspondence between some endofunctions and some rooted trees; see also [3, Section 3.2]. Strehl [31] gave also a proof of (1), which, unlike the preceding ones, does not make use of Jacobi’s determinantal identity. It is based on the concept of compatible permutations (see also [3, Exercice 3.2.16]). However, most of these works deal with the implicit form of the Good-Lagrange formula, while the most commonly used, at least for the enumeration of tree-like structures, is the explicit form (2). In the case of two variables, a bijective proof was described by Chottin [11] and in the case of an infinite number of variables, Ehrenborg and Méndez [12] gave a combinatorial proof of (2) in which the determinant in the right-hand-side of (2) is computed using an involution. In [19] Goulden and Kulkarni show that formula (2) is equivalent to a form of Good-Lagrange inversion (see (4) below) which can be called arborescent, based on the notion of derivative according to a directed graph, and they give a bijective proof of this arborescent form.

Definition 1. Let G be a directed graph having V = {0, 1, . . . , m} as set of vertices and E ⊆ V × V as set of arcs (= directed edges), with the property that 0 has outdegree^1 d^+(0) equal to 0. Let f(x) = (f_0(x), f_1(x), . . . , f_m(x)) be a vector of formal power series in x = (x_1, . . . , x_m). We define the derivative of f(x) according to G by (3) ∂f(x) ∂G = ∏ j∈V ∏ (i,j)∈E ∂ ∂x_i f_j (x) . For example, if G is the directed graph of Figure 1 then ∂f(x) ∂G = ( ∂ ∂x_1 ∂ ∂x_4 f_0(x) ) ( ∂ ∂x_2 ∂ ∂x_4 f_1(x) ) f_2(x) ( ∂ ∂x_1 ∂ ∂x_2 ∂ ∂x_4 f_3(x) ) f_4(x).

0 1

4

2

3 Figure 1. A directed graph over the set {0, 1, 2, 3, 4} of vertices, with d^+(0) = 0.

In the following applications of this concept of derivative with respect to a directed graph, the underlying graph will be a tree T on the set V = {0, 1, . . . , m}, which will be considered as rooted at 0, and where all the edges are directed towards the root. We will denote by T_m the set of these special, implicitly rooted and directed, trees. For T ∈ T_m, the associated operator ∂/∂T on an m + 1 dimensional vector of series in x = (x_1, . . . , x_m) will be called a tree derivative.

Theorem 2. (Arborescent Good-Lagrange Formula [2], [19].) Let F (x), R_1(x), . . . , R_m(x) be given multivariable formal power series and let A_1(x), . . . , A_m(x) be formal power series such that A_i(x) = x_iR_i(A(x)) for i = 1, . . . , m. Then, for any vector n of non-negative integers we have

(4) [x^n]F (A(x)) = (_m ∏ i=1 1 n_i ) [x^{n−1}] ∑ T ∈T_m ∂(F (x), R_1(x)^{n1} , . . . , R_m(x)^{nm} ) ∂T , where n − 1 = (n_1 − 1, . . . , n_m − 1).

This arborescent form of the Good-Lagrange inversion formula was introduced by Bender and Richmond [2], who noticed that the determinant appearing in the right-hand-side of (2) can cause problems if one wants to obtain asymptotic information about the coefficients in the series F (A(x)). On the other hand, the arborescent formulation (4) contains only non-negative terms and therefore is better suited to an asymptotical analysis. As we mentioned earlier, it can be retraced to Goulden and Kulkarni, who gave an equivalent form,

1The outdegree (resp. indegree) of a vertex in a directed graph is the number of arcs incident to this vertex and directed

from (resp. to) this vertex.

based on a summation over rooted trees [19, Theorem 3.1]. Their proof is purely bijective and relies on a correspondence between rooted trees on m-colored sets and some endofunctions on these m-colored sets, which is an extension of the classical bijection between “vertebrates”and endofunctions [23, 25].

The interest of bijective proofs for the Good-Lagrange inversion formula is at least twofold. First, they give a better understanding of the combinatorial significance of the enumerative formulas that one obtains when applying them. Second, a bijective proof of an enumerative result can very often lead to an algorithm for random or exhaustive generation for the considered objects. This then justifies the search for simple and efficient proofs of Good-Lagrange formula (at least from an algorithmic point of view).

In this paper, we first propose two new bijective proofs of formula (4), both based on a correspondence between colored rooted trees and colored endofunctions. The first one, the simplest, is an extension to the colored case of Prüfer’s proof of Cayley’s formula enumerating labelled free rooted trees^2. The second one is based on the same principle as Goulden and Kulkarni’s bijection [19], but is somewhat simpler. In the third section, we show that our bijections, combined with the Matrix-Tree Theorem, lead to 1) a combinatorial interpretation of various enumeration formulas for rooted trees with a given arc distribution, 2) a general scheme for random generation of such rooted trees and 3) a combinatorial proof of a version of Good-Lagrange formula due to Goulden and Jackson [22] (see also [17, Section1.2.13]). In the last section we give bijective proofs for two enumerative results about plane cacti, namely the numbers of rooted m-ary cacti having a given color distribution and having a given degree distribution, and we deduce from our second proof of formula (4) random generation algorithms for m-ary cacti according to these parameters (color distribution and degree distribution).

2. Two bijective proofs of Theorem 2

As a first step, we slightly modify formula (4) to work with exponential generating functions and labelled structures. If we denote n! = ∏_m i=1 n_i!, then (4) is equivalent to

(5) n![x^n]F (A(x)) = (n − 1)![x^{n−1}] ∑ T ∈T_m ∂(F (x), R_1(x)^{n1} , . . . , R_m(x)^{nm} ) ∂T . 2.1. Colored linear species. In order to prove (5), we work in the context of combinatorial species and more precisely of colored (also called multisort) linear species. A linear species is a combinatorial construction on totally ordered sets. We refer the reader to [3, Chap. 5] and [29] for a general treatment of linear species. Let ℓ_1, . . . , ℓ_m be a m-tuple of disjoint totally ordered sets. We denote by ℓ_1 +_o · · · +_o ℓ_m the ordinal sum of these sets, that is the set ℓ_1 ∪ · · · ∪ ℓ_m together with the following total order: x < y if and only if either x and y belong to the same set ℓ_i and x < y in ℓ_i, or x ∈ ℓ_i and y ∈ ℓ_j with i < j.

We say that a totally ordered set ℓ is m-colored if there is a given decomposition ℓ = ℓ_1 +_o · · · +_o ℓ_m. This decomposition is uniquely determined by the multicardinal n = (n_1, . . . , n_m) where n_i = |ℓ_i|, since the ℓ_i’s form consecutive (possibly empty) segments of ℓ. We say that x ∈ ℓ has color i if x ∈ ℓ_i and the multicardinal n is called the color distribution of ℓ. There is a canonical m-colored set [n] associated with any vector n = (n_1, . . . , n_m) of non-negative integers, namely [n] = ℓ_1 +_o · · ·+_o ℓ_m, where ℓ_i = [n_i]×{i}. In other words the elements of the i^{th} component are ”colored” by i. The pair (k, i) ∈ ℓ_i will sometimes be written more simply k_i. Hence, ℓ_i = ∅ if n_i = 0 and ℓ_i = {1_i, . . . , (n_i)_i} otherwise. We also write [n] = [n_1, . . . , n_m] to denote this m-colored totally ordered set.

Essentially, an m-colored linear species F is a combinatorial rule or construction which assigns, to any m-colored totally ordered set ℓ, a finite set denoted by F [ℓ], whose elements are called F -structures on ℓ; the only condition imposed on F is, simply stated, that the number |F [ℓ]| of F -structures on ℓ only depends on the multicardinal (|ℓ_1|, . . . , |ℓ_m|). In the case of the canonical m-colored set [n] with multicardinality n = (n_1, . . . , n_m) described above, we simply write F [n] instead of F [[n]].

As usual, we associate with every m-colored linear species F the exponential generating function F (x) defined by

(6) F (x) = ∑ n |F [n]| n! x^n,

2A rooted tree is called free if there is no structure on the vertex fibers. These trees are sometimes called Cayley trees.

the sum being over all vectors n of m non-negative integers. We assume that the reader is familiar with the operations on m-colored linear species corresponding to the usual operations on formal power series like addition, multiplication or substitution (see [12, 3, 29]). For example, the product F G of two m-colored linear species F and G is defined, for any m-colored totally ordered set ℓ, by (F G)[ℓ] = ∑ ℓ^′ +ℓ^{′′}=ℓ F [ℓ ′]×G[ℓ^{′′}], where the sum is taken over all ordered pairs (ℓ^′, ℓ^{′′}) of complementary subsets of ℓ, both of which inherit from ℓ a total order and an m-coloring. We recall now the definition of partial derivation, which is crucial for the remainder of this paper. Let X_i denote the species of singletons of color i, for i = 1, . . . , m. For any m-colored species F , the partial derivative of F with respect to the color i, is a new species, denoted by^{∂F}_{∂Xi} , defined, for any m-colored totally ordered set ℓ by (7) ( ∂F ∂X_i ) [ℓ] = F [1 +_i ℓ],

where 1 +_i ℓ denotes the totally ordered m-colored set obtained from ℓ by adding a new minimum element of color i. More precisely, if ℓ = ℓ_1 +_o · · · +_o ℓ_m, then 1 +_i ℓ = ℓ^′_1 +_o · · · +_o ℓ^′_m, with ℓ^′_i = 1 +_o ℓ_i and ℓ^′_j = ℓ_j for j ≠ i; here 1 denotes a one-element set. The exponential generating function of this new species is given by^{∂F}_{∂Xi} (x) =^{∂F (x)}_{∂xi} .

2.2. The colored species of rooted trees and endofunctions. We now give a combinatorial interpretation of both sides of (5). First, we introduce a vector R = (R_1, . . . , R_m) of m-colored linear species having exponential generating functions (R_1(x), . . . , R_m(x)), and an m-colored linear species F having exponential generating function F (x). Using F and R we construct two new m-colored linear species F (A_R) and End^R_{F,R}, respectively related to the left-hand side and to the right-hand side of (5). Terminology. The set of children of a vertex in a rooted tree is called its fiber. This terminology is coherent with the convention, used here, that all rooted trees have their edges implicitly oriented towards the root. Definition 2. Let ℓ be an m-colored totally ordered set. An R-enriched rooted tree on ℓ is a rooted tree on the set ℓ of vertices such that for every color i ∈ [m] and for every vertex of color i, there is an R_i-structure on its fiber. We denote by A_{R,i} the m-colored linear species of R-enriched rooted trees whose root has color i. It follows from this definition that the vector of species A_R = (A_{R,i}, . . . , A_{R,m}) of R-enriched rooted trees verifies the combinatorial equations A_{R,i} = X_iR_i(A_R), (for i = 1, . . . , m), which are the translation, in terms of combinatorial species, of the functional equations A_i(x) = x_iR_i(A(x)) of the Good-Lagrange formula.

We can now consider the composite species F (A_R) whose structures on an m-colored totally ordered set ℓ are F -enriched assemblies of R-enriched rooted trees. Notice that for the purpose of the F -enrichment, the rooted trees in the assembly can be identified with their roots, yielding the m-colored totally ordered subset of ℓ on which the F -structure is constructed. It is then natural to attach the roots to a new element 0, thus forming a unified rooted tree with root 0, and to consider that the F -structure lives on the fiber of this root. These structures will then be called (F, R)-enriched rooted trees. An example is given in Figure 2 with ℓ = [3, 5, 3, 2], where an arc labelled by a species G represents a particular G-structure on the corresponding fiber.

2_4

1_4

color 1

color 2

color 3

color 4

5_3

5_2

3_3

2_3

1_1 21

3_1

1_2

2_2 0

1_3

4_2

3_2 R_2

R_1

R_2

R_3

R_4

R_3

R_4

R_1

R_2

R_3

F R^1 R_3 R^2

R_2

Figure 2. An F (A_R)-structure on [3, 5, 3, 2].

We can then interpret the left-hand-side of (5) as (8) n![x^n]F (A(x)) = |F (A_R)[n]| .

Definition 3. An (F, R)-enriched partial endofunction on an m-colored totally ordered set ℓ is a function f : ℓ → {0} ∪ ℓ such that for every color i ∈ [m] and for every element u ∈ ℓ_i, there is an R_i-structure on its fiber (also called preimage) f^{−1}(u), and there is a F -structure on the fiber of the uncolored element 0. We denote by End^P_{F,R} the species of (F, R)-enriched partial endofunctions.

Definition 4. Let f ∈ End^P_{F,R}[ℓ]. We define the color graph of f, denoted by G(f), as the directed graph having [m] ∪ {0} as set of vertices and having, for i = 1, . . . , m, an arc from i to j ≠ 0 (resp. from i to 0), if and only f(min ℓ_i) ∈ ℓ_j (resp. f(min ℓ_i) = 0), where min ℓ_i denotes the minimum element of color i.

One usually represents a partial endofunction f by its sagittal graph (also known as functional digraph), that is a directed graph having ℓ ∪ {0} for vertices and where there is an arc from u to v if f(u) = v. For example, with m = 3 and ℓ = [9, 8, 6], Figure 3 represents a partial endofunction f on ℓ and its related color graph G(f).

3 1 2 0 0 6_1

R_3

R_1

R_1

R_2

R_3

R_2

2_3

1_2 F 4_1

4_2

6_3

2_1

3_1

6_2

3_3

2_2

7_1

9_1

7_2

R_2 R_3

R_1

R_3

R_1

4_3

R_2

R_1

R_2

R_1

R_2

3_2

R_3

8_1

5_2 1_3

1_1

5_1 8_2

5_3

R_1

R_2

R_1

R_1

R_3

R_2

Figure 3. An End^P_{F,R}-structure on [9, 8, 6] and its color graph.

Observe that the sagittal graph of an acyclic (F, R)-enriched partial endofunction is nothing but an (F, R)-enriched rooted tree. Observe also that the color graph G(f) of a partial endofunction f on ℓ is itself the sagittal graph of a partial endofunction [m] → {0} ∪ [m]. Hence G(f) is acyclic if and only if it is a tree on V = {0} ∪ [m] with all its edges directed towards 0.

Definition 5. A partial endofunction f ∈ End^P_{F,R}[ℓ] is said to be restricted if its color graph G(f) is acyclic. We denote by End^R_{F,R} the species of (F, R)-enriched restricted partial endofunctions.

For example, the partial endofunction given in Figure 3 is restricted, while the (F, R)-enriched rooted tree of Figure 2, considered as the sagittal graph of an acyclic (F, R)-enriched partial endofunction, is not since the color graph contains a loop at 1. The following lemma gives a combinatorial interpretation of the right-hand-side of (5) in terms of restricted (F, R)-enriched partial endofunctions. Lemma 1. Let n = (n_1, . . . , n_m) be a vector of non-negative integers. Then

(9) (n − 1)![x^{n−1}] ∑ T ∈T_m ∂(F (x), R_1(x)^{n1} , . . . , R_m(x)^{nm} ) ∂T = | |End^R_{F,R}[n] | | . Proof. Let f be an (F, R)-enriched partial endofunction (not necessarily restricted) on [n] = ℓ_1 +_o · · · +_o ℓ_m, with ℓ_i = [n_i] × {i}. By considering the fibers f^{−1}(u) of the elements u of the list {0} +_o [n], one obtains an (F · R^{n1}_1 · · · · · R^{nm}_m )-structure on [n] (see [3, Proposition 3.2.10]). This bijective correspondence leads to the equipotence (10) (F.R^{n1}_1 · · · · · R^{nm}_m )[n] ≃ End^P_{F,R}[n].

Let G be a directed graph on {0} ∪ [m], with d^+(0) = 0. For j ∈ {0} ∪ [m], we denote by G^{−1}(j) the set of elements i such that there is an arc from i to j in G. For an m-colored linear species H, and a vertex j of G, we introduce the derivative of H with respect to G^{−1}(j) by

(11) ∂H ∂G^{−1}(j) = ∏ i∈G^{−1} (j) ∂ ∂X_i H.

Observe that the derivative of the vector of colored linear species (F, R^{n1}_1 , . . . , R^{nm}_m ) with respect to the directed graph G, as defined by (3), can be expressed as

(12) ( ∂(F, R^{n1}_1 , . . . , R^{nm}_m ) ∂G ) = ( ∂F ∂G^{−1}(0) · ∂R^{n1}_1 ∂G^{−1}(1) · · · · · ∂R^{nm}_m ∂G^{−1}(m) ) . We then make the crucial observation that whenever the (possibly empty) sets G^{−1}(0), G^{−1}(1), . . . , G^{−1}(m) partition [m], which is equivalent to saying that G is the sagittal graph of a function [m] → {0} ∪ [m], then the set (_{∂(F,Rn11 ,...,Rnmm )} ∂G ) [n − 1] can be identified with the set of (F, R)-enriched partial endofunctions on [n] having G as color graph. By restricting to directed graphs that arise from trees T ∈ T_m, we obtain that

(13) ( ∑ T ∈T_m ∂(F, R^{n1}_1 , . . . , R^{nm}_m ) ∂T ) [n − 1] ≃ End^R_{F,R}[n]. This concludes the proof. □

In order to prove formula (5) it is then sufficient to show that for any m-colored totally ordered set ℓ, there is a bijection (14) Ψ : F (A_R)[ℓ]~→End^R_{F,R}[ℓ].

This statement can be considered as the combinatorial expression of the arborescent form of Good-Lagrange inversion formula, in terms of m-colored linear species.

2.3. A Prüfer-like bijection. In this subsection, we present a first construction of (14) based on the classical Prüfer correspondence between free trees and sequences [28]. We refer the reader to [26, 30] for a detailed exposition on this construction and its consequences.

Let ℓ = ℓ_1 +_o · · · +_o ℓ_m be an m-colored totally ordered set and let T be an (F, R)-enriched rooted tree on ℓ. We associate to T an (F, R)-enriched restricted partial endofunction f_T on ℓ by the following pruning procedure.

(1) First identify T with the acyclic (F, R)-enriched partial (not necessarily restricted) endofunction whose sagittal graph is T .

(2) For i = 1, . . . , m, initialize ind_i as the maximum element of ℓ_i and σ_i as an empty set of arcs. (3) While T is not reduced to its root 0, let u be its smallest leaf, set v := T (u), and (a) remove from T the vertex u and the arc from u to v; (b) if u is of color i, add to σ_i the arc (ind_i, u); (c) unless ind_i = min ℓ_i, decrement ind_i by 1 in ℓ_i.

(4) For i = 1, . . . , m and for every arc (u, v) of σ_i, define f_T by replacing v by u in the enriched preimage of T (v). In other words, set f_T := T ∘ σ where σ is the bijection ℓ → ℓ induced by the σ_i’s.

For example, let T be the (F, R)-enriched rooted tree on ℓ = [7, 6, 9, 2] illustrated in Figure 4. Its smallest

3_2

6_2

5_3

5_1

2_3 0

7_3

5_2

1_1 7_1 2_1

6_1 14

2_2

3_1

6_3

8_3

2_4

9_3

4_1

4_3

4_2

color 4 color 3 color 2 color 1

1_2

3_3

1_3

Figure 4. An (F, R)-enriched rooted tree T on [7, 6, 9, 2].

leaf is the vertex 3_1, with T (3_1) = 5_3. Hence we remove 3_1 from T , and during the phase 3(b) of the algorithm, we add the arc (7_1, 3_1) to σ_1 (and 3_1 will be replaced by 7_1 in T^{−1}(5_3) during step 4). Next, the smallest leaf in the remaining T is the vertex 4_1, with T (4_1) = 5_1. We remove 4_1 from T and add (6_1, 4_1) to σ_1. By repeating the same process until T is reduced to its root, we obtain the following lists:

σ_1 = {(7_1, 3_1), (6_1, 4_1), (5_1, 5_1), (4_1, 1_1), (3_1, 2_1), (2_1, 7_1), (1_1, 6_1)},

σ_2 = {(6_2, 2_2), (5_2, 3_2), (4_2, 6_2), (3_2, 1_2), (2_2, 4_2), (1_2, 5_2)}, σ_3 = {(9_3, 3_3), (8_3, 4_3), (7_3, 6_3), (6_3, 5_3), (5_3, 7_3), (4_3, 8_3), (3_3, 9_3), (2_3, 1_3), (1_3, 2_3)} σ_4 = {(1_4, 1_4), (2_4, 2_4)}, and after completing step 4, the (F, R)-enriched partial endofunction f_T illustrated in Figure 5.

4_1

7_3

1_4

6_1

5_1 0

8_3

2_4

1_3

5_3

7_1

3_1

1_2

4_2 6_3 2_2

6_2

2_3 1_1

9_3 5_2

3_3

4_3

2_1

3_2

Figure 5. The (F, R)-enriched restricted partial endofunction f_T .

Claim 1. The partial endofunction f_T is restricted.

Proof. The fact that the color graph G(f_T ) is acyclic follows from the following property: for any i ∈ [m], when the arc (min ℓ_i, u) is added to σ_i, in the step 4(b), u is the last leaf of color i to occur. This implies that no vertex of color i can appear in the image of f_T at this step or later and there can be no cycle in G(f_T ). □

The reverse map, from an (F, R)-enriched restricted partial endofunction f, to an (F, R)-enriched rooted tree T_f , is as follows.

(1) For i = 1, . . . , m, initialize E_i as the list of arcs (x, y) such that x ∈ ℓ_i and y = f(x), ordered by decreasing x ((x, y) < (x^′, y^′) if x > x^′).

(2) Initialize L as the set of leaves of the sagittal graph of f (in other words an element y is a leaf if and only if there are no i ∈ [m] and x ∈ ℓ_i such that (x, y) ∈ E_i).

(3) For i = 1, . . . , m, initialize σ_i as an empty set.

(4) While one of the lists E_1, . . . , E_m is not empty, let s_i ∈ ℓ_i be the smallest element of L and (x, y) the first element of E_i:

(a) remove s_i from L and (x, y) from E_i; (b) add the arc (x, s_i) to σ_i;

(c) if there remains no arc (z, y), in the E_j ’s, j = 1, . . . , m, then add y to L.

(5) For every arc (x, s_i) of σ_i (i = 1, . . . , m), define T_f by replacing x by s_i in the enriched fiber of f(x) (in other words, as a sagittal graph, T_f is f ∘ σ^{−1}).

In the two following claims, we will show that this algorithm is well defined and produces an (F, R)- enriched rooted tree.

Claim 2. If one of the lists E_i is not empty, then the set L is not empty.

Proof. The proof is straightforward by induction on the size of the sets E_i. □

Claim 3. T_f is a (F, R)-enriched rooted tree.

Proof. It is clear that T_f is the sagittal graph of a partial endofunction and it remains to show that it is acyclic. In order to see this, we observe that during the step 4(b), when we add a pair (x, s_i) σ_i, we know that f(x) can not have been in L at this time. Thus when we add the arc (s_i, f(x)) to T_f , f(x) has outdegree 0, which implies that this arc can not create a cycle. □

To see that this second algorithm is the converse of the first one it suffices to notice that the bijections σ_i constructed in the two algorithms are the same.

2.4. A Labelle-like bijection. In this subsection, we denote by Min(ℓ), the set {min ℓ_1, . . . , min ℓ_m}. We first describe the transformation Ψ from rooted trees to restricted endofunctions.

Let T ∈ F (A_R)[ℓ]. We call skeleton of T , denoted by S(T ), the set of paths starting from a vertex of Min(ℓ) and ending at the root 0. S(T ) is then a sub-rooted tree of T having 0 as root and in which all the leaves are in the set Min(ℓ). For example, the skeleton S(T ) of the (F, R)-enriched tree of Figure 4 is shown in Figure 6.

3_3

2_2

3_1

6_3

8_3

2_4

9_3

4_1

7_3 5_3

2_3

5_2

4_2

2_2

1_4

1_3

1_2

0 1_1

4_3

5_2

3_2

4_2

1_2

1_3

1_4 6_1

2_1

7_1

1_1 6_2

5_3

5_1

2_3 0

7_3

Figure 6. An (F, R)-enriched rooted tree T and its skeleton S(T ).

In a second step, after identifying the skeleton, for each leaf min ℓ_i in S(T ) (treated according to the order of their color), we denote by P_i the path S(T ) going from min ℓ_i to the closest vertex belonging to another path P_j with j < i, or to 0 if such a vertex does not exist. In our example,

P_1 = 0 ← 7_3 ← 5_3 ← 1_1,

P_2 = 0 ← 2_3 ← 5_2 ← 1_3 ← 1_2,

P_4 = 5_2 ← 4_2 ← 6_1 ← 1_4.

In a third step, each path P_i is transformed into a biword B_i in the following way: for each vertex x in P_i different from min ℓ_i, if its predecessor (in P_i) is the vertex k_j ∈ ℓ_j , then we perform the transformation x ← k_j → ∗_j ↓ x , which indicates that in the fiber of x, k_j will be replaced by a vertex of color j, possibly different from k_j . We concatenate the B_i’s, which results in a single biword, denoted by B(T ):

B(T ) =

∗_3 ∗_3 ∗_1 ∗_3 ∗_2 ∗_3 ∗_2 ∗_2 ∗_1 ∗_4 ↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓ 0 7_3 5_3 0 2_3 5_2 1_3 5_2 4_2 6_1 . Finally, for i = 1, . . . , m, we replace the ∗_i’s in B(T ) by the vertices of S(T ) of color i taken in increasing order. We then obtain the biword B^′(T ):

B^′(T ) =

1_3 2_3 1_1 5_3 1_2 7_3 4_2 5_2 6_1 1_4 ↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓ 0 7_3 5_3 0 2_3 5_2 1_3 5_2 4_2 6_1 . From this biword, one can define an endofunction f_T on ℓ in the following way: for each x ∈ ℓ, if x ∈ S(T ), then f_T (x) is the image of x in B^′(T ), otherwise f_T (x) is the image of x in T . In our example, we obtain the endofunction f_T of Figure 7. Claim 4. The color graph of f_T is acyclic.

0 2_3

1_4 6_1

1_1

4_2

5_3

1_3

5_2

7_1

6_2

3_3

3_2

9_3

8_3

4_3

4_1

3_1

6_3

2_2 2_4

5_1

1_2

7_3

2_1 0 1 3 4 2

Figure 7. The partial endofunction f_T and its color graph.

Proof. Observe first that the color graph G(f_T ) can be constructed from the biword B^′(T ). Observe also that by construction, for any i ∈ [m], the color of f_T (1_i) is either 0 or among colors that have previously occurred, reading B^′(T ) from left to right. Hence G(f_T ) is acyclic □

Recall that the color distribution of a subset S of ℓ is the multicardinal (|S ∩ ℓ_1|, . . . , |S ∩ ℓ_m|). Property 1. The transformation T → f_T preserves the color distribution of the fiber of any element x ∈ {0} ∪ ℓ. Proof. Notice that the transformation T → f_T only affects the skeleton S(T ). Hence it suffices to see that the transformation S(T ) → B^′(T ) does preserve the color distribution of the fibers, a fact which is obvious, by construction. □

This property then permits us to transport the (F, R)-enrichments of the fibers in T into (F, R)-enrichments of the corresponding fibers in f_T , thus defining the transformation Ψ : F (A_R)[ℓ] → End^R_{F,R}[ℓ].

Conversely, given a restricted partial endofunction f : ℓ → {0} ∪ ℓ, we define the skeleton of f, denoted by S(f), in the following way: S(f) includes all the cycles of f and all paths starting from Min(ℓ) and ending either at 0, or on a cycle of f. For instance, the skeleton of the endofunction of Figure 7 is shown in Figure 8. 52 42 0 1_2 23 73 11 53 14 61 13

Figure 8. The skeleton of f_T .

We then create a set P (f) and a multiset M(f) as follows:

• P (f) contains all the vertices of S(f) different from 0, • for each x ∈ S(f), M(f) contains p occurrences of x if there are p vertices in the fiber of x in S(f).

In our example we have P (f) = {1_1, 6_1, 1_2, 4_2, 5_2, 1_3, 2_3, 5_3, 7_3, 1_4}. and M(f) = {0, 0, 6_1, 4_2, 5_2, 5_2, 1_3, 2_3, 5_3, 7_3} Now let q be the number of vertices of S(f) having an empty preimage in S(f) and let u_1, . . . , u_q be these vertices, in order (here, u_1 = 1_1, u_2 = 1_2 and u_3 = 1_4). We perform the following transformations on the skeleton of f (the other arcs of f are not modified):

(1) for j from q to 1,

(a) let x := u_j ;

(b) while x ≠ 0 and x /∈ M(f) (i) let y be the greatest vertex in P (f) of the same color as x; (ii) suppress in f the arc f(y) ← y and add the arc f(y) ← x; (iii) remove y from P (f) and one occurrence of f(y) from M(f);

(iv) let x := f(y), Claim 5. The resulting functional digraph T_f is acyclic.

Proof. By definition of the skeleton of an endofunction, and by the fact that the only modifications made on f to obtain T_f concern its skeleton, it suffices to show that S(f) is transformed into a directed rooted tree with root 0 such that all edges are directed towards 0. This comes from the fact that for each step j = q, . . . , 1 the previous algorithm creates a path starting at u_j and ending either at 0 (at least one of the paths created in this way ends at 0), or at a vertex which also belongs to a path created during a subsequent step (in our example, we create successively the paths 5_2 ← 4_2 ← 6_1 ← 1_4, 0 ← 2_3 ← 5_2 ← 1_3 ← 1_2 and 0 ← 7_3 ← 5_3 ← 1_1). □

Property 2. The transformation f → T_f preserves the color distribution of all fibers of elements x ∈ {0}∪ℓ and thus defines a transformation End^R_{F,R}[ℓ] → F (A_R)[ℓ].

Finally, it remains to verify that T_{fT} = T and that f_{Tf} = f. It is a consequence of the fact that during the transformation of T into f_T , we replace all vertices ∗_j of B(T ) by the vertices of S(T ) of color j taken in increasing order, while during the transformation of f into T_f , we remove from P (f) the vertices of color j in decreasing order.

3. Enumeration and random generation of colored rooted trees with a given arc distribution

In this section, we apply the previous bijections to the enumeration and random generation of rooted trees having a given arc distribution. Here, the originality resides in the combinatorial nature of the proofs and in the random generation algorithms that these proofs allow. The relative simplicity of these algorithms comes from the facts, expressed in (10) and (13), that partial endofunctions can be seen as lists of fibers (and are then easy to generate) and that in restricted partial endofunction the constraint lies only on the color graph.

Let P = (p_{i,j} ) be a matrix of size m×(m+1), with 1 ≤ i ≤ m, 0 ≤ j ≤ m and let T be an (F, R)-enriched rooted tree on ℓ, viewed as a sagittal graph on {0} ∪ ℓ. We consider that the vertex 0 has color 0. We say that P is the arc distribution of T if there are, in T , p_{i,j} arcs from a vertex of color i to a vertex of color j. We say that an m × (m + 1) matrix P = (p_{i,j} ) is a valid arc distribution for ℓ if for i = 1, . . . , m, ∑_m j=0 p_{i,j} = |ℓ_i|. We denote by p_j the vector corresponding to the j^{th} column (p_{1,j} , . . . , p_{m,j} ) in the matrix P . We set P! = ∏ i,j p_{i,j} !. Moreover, we denote by F (A_R)[ℓ]_P the set of (F, R)-enriched rooted trees on ℓ having P as arc distribution. We naturally extend the notion of arc distribution to endofunctions and we denote by End^R_{F,R}[ℓ]_P the set of restricted partial endofunctions having P as arc distribution.

3.1. Enumeration.

Proposition 1. Let F, R_1, . . . , R_m be given m-colored linear species, n = (n_1, . . . , n_m) a vector of nonnegative integers, and P a valid arc distribution for ℓ = [n]. The number of (F, R)-enriched rooted trees on [n] having P as arc distribution is given by

(15) |F (A_R)[n]_P | = det(δ(P ))

(n − 1)! P! |F [p_0]| m∏ i=1 |R^{ni}_i [p_i]| , where δ(P ) is the matrix (δ_{i,j} n_i − p_{i,j} )_{1≤i,j≤m}.

Proof. By virtue of the bijections between rooted trees and partial endofunctions described in the previous section, and by their properties of fiber structure preservation (see Properties 1 and 2), we have F (A_R)[ℓ]_P ≃ End^R_{F,R}[ℓ]_P . We thus proceed to the enumeration of End^R_{F,R}[n]_P .

In order to give an interpretation to the determinant appearing in the right-hand-side of (15), we use the Matrix-Tree Theorem for directed labelled multigraphs (see [4, Theorem 14] for example). Matrix-Tree Theorem for directed multigraphs. Let G be a directed multigraph on the set V = {0} ∪ [m] of vertices and let A = (a_{i,j} )_{0≤i,j≤m} be the (m + 1) × (m + 1) adjacency matrix of G (a_{i,j} is the number of arcs from i to j). The number of directed spanning trees of G having root c ∈ [m] with all arcs directed towards c is equal to

(16) det ({ δ_{i,j} m∑ k=0 a_{i,k} } − a_{i,j} ) 0≤i,j≤m,i≠c,j≠c . Now, let T be a (free) tree on {0} ∪ [m] with all arcs directed towards 0. We say that T is compatible with P if (i, j) ∈ T implies p_{i,j} ≠ 0. To compute the number of endofunctions f in End^R_{F,R}[n] having T as color graph, we note that for i = 1, . . . , m, if (i, j) ∈ T , we have

(17) ( n_i − 1 p_{i,0}, . . . , p_{i,j−1}, p_{i,j} − 1, p_{i,j+1}, . . . , p_{i,m} ) = p_{i,j} n_i ( n_i p_{i,0}, . . . , p_{i,j} , . . . , p_{i,m} )

choices for the color of the images of the elements of ℓ_i other then 1_i := min(ℓ_i), while for 1_i, the color of its image f(1_i) is fixed by T (its image is of color j). It implies that the number of endofunctions in End^R_{F,R}[n]_P having T as color graph is

(18) ∏ (i,j)∈T p_{i,j} (_m ∏ i=1 1 n_i ( n_i p_{i,0}, . . . , p_{i,m} ) |R^{ni}_i [p_i]| ) |F [p_0]| .

Finally, let T_P be the set of trees on {0} ∪ [m] that are compatible with P . By the Matrix-Tree Theorem, with c = 0, we can say that

(19) ∑ T ∈T_P ∏ (i,j)∈T p_{i,j} = det (δ(P )) ,

which, combined with (18), yields

(20) | |End^R_{F,R}[n]_P | | = det (δ(P )) (_m ∏ i=1 { 1 n_i ( n_i p_{i,0}, . . . , p_{i,m} ) |R^{ni}_i [p_i]| }) |F [p_0]| ,

which implies (15). □

We then immediately deduce a combinatorial proof of a version of Good-Lagrange formula due to Goulden and Jackson [22] (see also [17, Section1.2.13]).

Corollary 1. Let F (x), R_1(x), . . . , R_m(x) be given multivariable formal power series and let A_1(x), . . . , A_m(x) be formal power series such that A_i(x) = x_iR_i(A(x)), for i = 1, . . . , m. Then for any vector n of non-negative integers we have

(21) [x^n]F (A(x)) = (_m ∏ i=1 1 n_i ) ∑ P det (δ(P )) (_m ∏ i=1 [x^{pi} ]R_i(x)^{ni} ) [x^{p0} ]F (x),

the sum being taken over all valid arc distributions P for [n].

In the next two results, we apply Proposition 1 to the enumeration of ordered and free m-colored rooted trees^3. This corresponds to taking, for all i, R_i = L, the m-colored species of total orders (lists), and R_i = E, of sets, respectively. The corresponding species A_{R,i} of R-enriched rooted trees with root of color i are denoted by A_{L,i} and A_{E,i} (or simply A_i), respectively. In order to fit in the form of our previous results, we will augment a rooted tree T on ℓ with root of color i ∈ [m] (called an i-rooted tree) to a rooted tree T_0 on {0} ∪ ℓ with root 0 by adding one arc from the root of T to 0. In other words, we take F = X_i. Note that a valid arc distribution P for i-rooted trees on [n] will satisfy p_{i,0} = 1 and p_{j,0} = 0 for j ≠ i. For j = 1, . . . , m, let us denote q_j = ∑_m i=1 p_{i,j} , and, for an m × m matrix M, cof_{i,i}(M) = the determinant of the matrix where the i^{th} line and the i^{th} column have been removed from M.

Proposition 2. Let P be a valid arc distribution for i-rooted trees on [n]. The number of ordered m-colored rooted trees on [n] having root of color i ∈ [m] and P as arc distribution is

(22) | A_{L,i}[n]_P |= cof_{i,i}(δ(P ))

(n + q − 1)! P! . 3A ordered rooted tree is a rooted tree such that the fiber of every vertex is enriched with a total order.

The number of (free) m-colored rooted trees on [n] having root of color i ∈ [m] and P as arc distribution is

(23) | A_i[n]_P |= cof_{i,i}(δ(P )) n^q(n − 1)! P! . Proof. These results are direct consequences of Proposition 1 and of the following remark: if T_0 is the augmented tree of an i-rooted tree T , then in the color graph of the restricted endofunction f_{T0} obtained by our bijection between enriched rooted trees and enriched partial endofunctions, the root 0 has exactly one son, and this son is the vertex i (1_i is in the fiber of 0). Now, applying the Matrix-Tree Theorem with V = [m] and c = i, we can say that det(δ(P )) = cof_{i,i}(δ(P )).

Then it suffices to remark that the number of L^{ni} -structures on [p_i] is

q_i! ( n_i + q_i − 1 q_i ) , to prove (22), and that the number of E^{ni} -structures on [p_i] is n^{qi}_i to prove (23). □

Now, we consider rooted trees having a given arc distribution and a given degree distribution. A matrix D = (d_{i,j} )_{1≤i,j} is called the degree distribution of a rooted tree T on ℓ if the number of vertices of T of color i having indegree j is d_{i,j} . This notion can also be applied to endofunctions. Let P be a valid arc distribution for [ℓ]. A matrix D is a valid degree distribution for rooted trees on ℓ and for P if for i = 1, . . . , m, ∑ j≥1 d_{i,j} = |ℓ_i| and q_i := ∑ k≥1 p_{ki} = ∑ j≥1 jd_{i,j} . Proposition 3. Let P be a valid arc distribution for rooted trees on [n] having root of color i ∈ [m], and D a valid degree distribution for rooted trees on [n] and for P . The number of ordered m-colored rooted trees on [n] having root of color i, P as arc distribution and D as degree distribution is

(24) | A_{L,i}[n]_{P,D} |= cof_{i,i}(δ(P )) q!n!(n − 1)!

P!D! . The number of (free) m-colored rooted trees on [n] having root of color i, P as arc distribution and D as degree distribution is

(25) | A_i[n]_{P,D} |= cof_{i,i}(δ(P )) q!n!(n − 1)!

P!D! ∏ i,j≥1 1 j!^{di,j} . Proof. The proof of these two formulas is similar to the proof of Proposition 2. The only difference is the fact that the number of L^{ni} -structures on [p_i] such that d_{i,j} vertices have degree j is

q_i! ( n_i d_{i,0}, d_{i,1}, d_{i,2}, . . . ) . This gives (24). The proof of (25) then follows immediately. □

Remark 1. By noticing that ordered rooted trees are asymmetric structures, we obtain, from the two previous propositions, the formulas for the corresponding problem for unlabelled ordered rooted trees, by dividing (22) and (24) by n!.

3.2. Random generation. We can deduce from the proof of Proposition 1 a general scheme for the random generation of (F, R)-enriched rooted trees having a given arc distribution P , by reducing this problem to the problem of generating at random F -structures and products of R_i-structures. Corollary 2. Let F, R_1, . . . , R_m be given m-colored linear species, n a vector of non-negative integers and P a valid arc distribution for [n]. Given uniform random generation algorithms for F -structures and products of R_i-structures (for i = 1, . . . , m), it is possible to design a uniform random generation algorithm for (F, R)-enriched rooted trees on [n] having P as arc distribution.

Proof. As in the proof of Proposition 1, let us consider P as the adjacency matrix of a labelled directed multigraph G on m+1 vertices (labelled from 0 to m). In order to generate at random a (F, R)-enriched rooted tree having P as arc distribution, we can use the following algorithm, which first generates (F, R)-enriched partial endofunction having P as arc distribution, and apply the transformation from such endofunctions to rooted trees, which preserves the arc distribution.

(1) First, we generate a random rooted spanning tree T_G of G having root 0 and all the arcs directed towards the root, uniformly among all rooted spanning trees of G with such characteristics. This can be done in polynomial time and space (see for instance [27], where the algorithms for directed labelled graphs with weighted arcs translate immediately in algorithms for directed labelled multigraphs). This rooted tree will give us the color graph T of the restricted partial endofunction we will generate.

(2) For i = 1, . . . , m, let us denote j_i = T (i) (the parent of i in T ). In a second step, for i = 1, . . . , m, we generate a random partition of the n_i elements of color i into m + 1 ordered parts (denoted P_{i,0}, . . . , P_{i,m}) in such a way that for k ∈ {0} ∪ [m], |P_{i,k} | = p_{i,k} and 1_i ∈ P_{i,ji} . This generation problem reduces in fact to the generation of a random permutation of [n_i] − {1_i} and can be easily solved. The set P_{i,k} , (including 1_i if k = j_i) will be used as the set of vertices of color i in the fibers of vertices of color k (in the fiber of 0 if k = 0).

(3) Now, we generate a random F -structure on the set ∪^m_{i=0}P_{i,0}, and, for k = 1, . . . , m, a random R^{nk}_k -structure on the set ∪^m_{i=0}P_{i,k}. By hypothesis, we have algorithms for these random generation problems. The F -structure and R^{nk}_k -structures so obtained form a (F, R)-enriched partial endofunction having P as arc distribution and T as color graph.

(4) Finally, we apply one of our transformations from restricted partial endofunctions to rooted trees, which concludes the algorithm.

The fact that this algorithm generates uniformly random F (A_R)-enriched rooted trees having P as arc distribution follows directly from the proof of Proposition 1. □

4. Enumeration and random generation of rooted m-ary cacti

A cactus is a connected simple graph in which every 2-connected component is a polygon. An m-cactus is a cactus in which all polygons have m edges. A plane m-cactus is an embedding of an m-cactus into the plane such that every edge is incident with the unbounded region. An m-ary cactus is a plane m-cactus in which the vertices around each polygon are colored with colors {1, 2, . . . , m} in counterclockwise order. Finally, an m-ary cactus is called rooted if one of its m-gon is distinguished; it is equivalent to distinguish one of the edges of the polygon, say from color 1 to color 2.

The m-ary cacti form a family of planar maps that appears in different problems, like, for instance, the computation of connection coefficients for the symmetric group [18] or the topological classification of complex polynomials [13]. See [5] for a detailed study of m-ary cacti.

color 2 color 1

color 3

Figure 9. A ternary cacti

The vertex color distribution of an m-ary cactus can be described by a vector n = (n_1, . . . , n_m), where n_i is the number of vertices of color i. Figure 9 gives an example of a ternary cactus (m = 3) with n = (3, 4, 4). The degree of a vertex is the number of polygons which are incident to it. The vertex degree distribution can be described by an m × ∞ matrix D = (d_{i,j} )_{1≤i≤m,j≥1}, where d_{i,j} is the number of vertices of color i and of degree j. For instance, the vertex degree distribution of the cactus in Figure 9 is given by the following matrix:

D = 2 0 1 0 · · · 3 1 0 0 · · · 3 1 0 0 · · · . We wish to apply our bijections to the enumeration and the random generation of rooted m-ary cacti.

Let K^⋄ denote the m-colored species of rooted m-ary cacti, where elements of color i are used to label the vertices of color i (such cacti are called labelled cacti), and K̃^⋄ the species of rooted (unlabelled) m-ary cacti. We first relate K^⋄ to a special class of (F, R)-enriched rooted trees.

For i = 1, . . . , m, we denote by ^X_i the species ∏_m j=1,j≠i Xj . We call i-block an ^Xi-structure, and m-

cactus-like rooted trees the (X_1, L( ^X_1), . . . , L( ^X_m))-enriched rooted trees, where L denotes the species of total orders. We denote by A_K, the species of m-cactus-like rooted trees. There is a well known bijection Φ : K^⋄[n]^∼→ A_K[n] (see [5, 6, 7]), as illustrated by Figure 10.

1_3

3_2

0 4_1

2_2

1_1

2_1

4_3

1_2

1_1 4_23_1

5_1

2_3

3_1 3_2

2_1

5_1

1_2

2_2

4_2

1_3

4_3

3_3

2_3

4_1 33

Figure 10. A labelled rooted ternary cactus and the corresponding 3-cactus-like tree.

Moreover, this bijection preserves the vertex degree distribution in the following sense. Property 3. With one exception, a vertex x of a rooted m-ary cactus k ∈ K^⋄[n] has degree d if and only if x has exactly d − 1 blocks in its fiber in the corresponding m-cactus-like rooted tree Φ(k) ∈ A_1[n]. The exception is the root vertex of color 1, where we have equality.

We can now apply our bijection Ψ with (X_1, L( ^X_1), . . . , L( ^X_m))-enriched restricted partial endofunctions. These structures are called m-cactus-like endofunctions, and the corresponding species is denoted by m−End. Hence, we have Ψ : A_1[n] −→ m−End[n].

Combining with Φ, we see that enumerating m-ary cacti can be done by enumerating m-cactus-like endofunctions.

Now, we give bijective proofs of two enumerative results about rooted m-ary cacti, with respect to the color distribution (Theorem 3) and to the degree distribution (Theorem 4). See [5, Lemma 8 and 9] for necessary and sufficient conditions ensuring that such distributions are valid. We will conclude this section by deducing from these bijections two random generation algorithms for rooted m-ary cacti.

4.1. Enumeration.

Theorem 3. [5, 6] Let n be a valid color distribution. The number of rooted m-ary cacti having n as color distribution is given by

(26) ~K^⋄_n = 1 b m∏ i=1 ( b n_i ) , where n = ∑_m i=1 n_i, and b = (n − 1)/(m − 1) is the number of polygons.

Proof. We will enumerate m-cactus-like endofunctions having n_i vertices of color i. This will give us the number of labelled rooted m-ary cacti having n as color distribution; dividing by n! will give the result. We enumerate these endofunctions in three steps: 1) counting the number of ways to assign to every vertex the number of blocks in his preimage, 2) counting the number of ways to place the minimum vertex of each color in these blocks in order to have a restricted endofunction, and 3) counting the number of ways to place non minimum vertices in these blocks.

First, in a cactus-like rooted tree T , the root 0 has one son of color 1. This implies that the preimage of 0 in the endofunction Ψ(T ) = f_T should contain only one vertex, of color 1, namely the element 1_1. Hence the color tree G(f) of an m-cactus-like endofunction f is such that the root 0 has exactly one child, this child being labelled by 1.

From the definition of a valid color distribution n, we can deduce that b = (n−1)/(m−1) is the number of blocks in every endofunction having n as color distribution, and more precisely that the number of 1-blocks is b − n_1 + 1 and the number of i-blocks (for i = 2, . . . , m) is b − n_i. Let us call a block partition of an endofunction the vector of integers (b_{1,1}, . . . , b_{1,n1} , . . . , b_{m,1}, . . . , b_{m,nm} ) where b_{i,k} is the number of i-blocks in the preimage of the vertex k. If we recall that the number of partitions of a set of k indistinguishable elements in ℓ totally ordered parts (that can be empty) is ( k + ℓ − 1 ℓ − 1 ) , we can say the the number of possible block partitions for a m-cactus-like endofunction having n as color distribution is

(27) ( b n_1 − 1 )_m∏ i=2 ( b − 1 n_i − 1 ) = 1 (b − n_1 + 1)b^{m−1} m∏ i=1 n_i ( b n_i ) . Next, we are interested in the number of ways we can put minimum elements 1_i, i = 1, . . . , m in the blocks. We recall that the vertex 1_1 is not concerned because it is in the preimage of 0. We will show that this number is

(28) b^{m−2}(b − n_1 + 1).

To prove this, we proceed as follows: we suppose that the b blocks have been been labelled from 1 to b (in any way) before being assigned to preimages and we use a variant of Prüfer’s encoding of the color tree to associate to every different placement of the minimum vertices a word of length m − 1 on the alphabet [b] such that its last letter is the number (label) of a 1-block.

Indeed, let T be the color tree related to a placement of minimum vertices of colors other than 1 in blocks (the complete color tree related to the m minimal elements is the tree obtained from T by adding a parent labelled 0, the new root, to the vertex 1). By definition, this tree has root 1 and by Prüfer’s encoding, we can associate to this tree a word w_T of length m − 1 on the alphabet [m]. In order to obtain a word on the alphabet [b], it suffices to modify Prüfer’s algorithm in the following way:

• let W_T be the empty word, • as long as T is not reduced to its root 1, let i be its lowest leaf and j the parent of i: remove the edge (i, j) from T and add to the end of w_T the label of the j-block containing 1_i.

Hence, we obtain clearly a word of length m − 1 on [b] such that the last letter is the label of an 1-block. We denote this word by W_T . The reverse transformation, relating the placement of minimum vertices in blocks to a word W of length m − 1 on [b] such that the last letter is the label of an 1-block is the following:

• let w be the word obtained from W by replacing every letter k of W by the letter j ∈ [m] if and only if in the block partition the block labelled with k is a j-block, • then apply the classical Prüfer’s algorithm building from w a free tree T_w on [m] with root labelled 1, and labelling its edges in increasing order of creation (hence its edges are labelled from 1 to m − 1), • for i = 1, . . . , m, i ≠ 1, if the edge linking i to its parent j in T_w is labelled with k, then put 1_i in the j-block labelled with k.

For instance, let the Figure 11 describe a block partition, with labelled blocks (from 1 to 4), a placement of the minimal elements and the corresponding color tree. The words related to this placement are respectively W_T = 4.1.2 and w_T = 3.1.1.

1_1 1_2

3_1 2_2 3_{2 3}1 2_{3 3}3_41 2_4 3_4 4_4

2_1 0 0 1 2 4 3 1 2 3 4

1_1 1_3 1_4 1_2

Figure 11. A labelled block partition with minimal elements.

Finally, we just have to put non minimum vertices into the blocks, and there are clearly (n − 1)! distinct ways to do that. If we multiply together (n − 1)!, (27) and (28), we obtain the number of labelled rooted m-ary cacti on [n], and it suffices to divide by n! to obtain (26). □

Theorem 4. [18, 5] Let D = (d_{i,j} )_{m×∞} be a valid degree distribution. The number of rooted m-ary cacti having D as degree distribution is given by

(29) K̃^⋄_D = b^{m−1} m∏ i=1 1 n_i ( n_i d_i ) , where n_i = ∑ j≥1 d_{i,j} , n = ∑_m i=1 n_i and b = (n − 1)/(m − 1).

Proof. The proof follows the same scheme as in the previous result. If we call degree of a vertex of a mcactus-like endofunction the number of blocks in the preimage of this vertex, it follows immediately from Property 3 and the properties of the bijection Ψ that the rooted m-ary cacti having D as degree distribution and such that the color 1 vertex of the rooted polygon has degree l is in one-to-one correspondence with the m-cactus-like endofunctions having

(a) d_{i,j} vertices of color i and degree j − 1 if i > 1 or i = 1, j ≠ l and j ≠ (l + 1), (b) d_{1,l} − 1 vertices of color 1 having degree l − 1 and (c) d_{1,l+1} + 1 vertices of color 1 and degree l.

First we are interested in computing the number of block partitions of such endofunctions. For i = 2, . . . , m, the number of ways of partitioning i-blocks in the fibers of the vertices of color i is ( n_i d_{i,1}, d_{i,2}, . . . ) . For i = 1, it follows from (b) and (c) that after the placement of ∑ j≥1 d_{1,j} 1-blocks, there remains one 1-block that has not be placed in the fiber of a color 1 vertex, and the number of different positions where this block can be placed is

n_1 + ∑ j≥1 (j − 1)d_{1,j} − 1 = n_1 + (b − n_1 + 1) − 1 = b.

Hence the number of block partitions where a 1-block has been distinguished is

(30) b m∏ i=1 ( n_i d_{i,1}, d_{i,2}, . . . ) . Now, we can switch to the number of placements of minimum vertices other than 1_i, and, in the same way as previously we associate to such a placement a word of length m − 1 on [b], with the only difference that the last letter of this word is the label of the distinguished 1-block (hence we get rid of the fact that a block was distinguished in the computation of the number of blocks partitions). Hence, we have exactly b^{m−2} such placements of minimum vertices.

Finally, we just have to put non minimum vertices into the blocks, and there are clearly (n − 1)! distinct ways to do that, which leads to our result, after dividing by n! to forget the vertex labelling. □

Remark 2. Recently, Dimitri Zvonkine [35] proposed another combinatorial proof of Theorem 4.

4.2. Random generation. The proofs of the previous results are interesting, first because they are the first completely bijective proofs of Theorems 3 and 4, but also because we can immediately deduce from them efficient uniform random generation algorithms for rooted m-ary cacti with respect to the color distribution or to the degree distribution. We describe below a random generation algorithm for these two problems.

(1) Input: color (resp. degree) distribution n (resp. D).

(2) Output: a rooted m-ary cacti having n as color distribution (resp. D as degree distribution). (3) uniform random generation of an m-cactus-like endofunction having n as color distribution (resp. D as degree distribution):

(a) compute a uniform random block partition with respect to

• either a color distribution n: for i = 1, . . . , m generate a random binary word B_i of length b (b − 1 if i = 1) with n_i − 1 occurrences of 1; deduce a block partition from the B_i’s and label the blocks (in any way) from 1 to b;

• or a degree distribution D: for i = 1, . . . , m generate a random permutation P_i on the multiset {d_{i,2}, . . .}; deduce a block partition from the P_i’s, add a random 1-block (the distinguished block) and label the blocks (in any way) from 1 to b;

(b) put 1_1 in the preimage of 0, (c) compute a uniform random word W of length m − 1 on [p] such that the last letter is the label of a 1-block (resp. of the distinguished 1-block), (d) compute the placement of minimum vertices other than 1_1 associated to W , (e) for every color, compute a random permutation on the non-minimum vertices of this color and put these vertices in the blocks according to these permutations;

(4) apply the transformation Ψ^{−1} from m-cactus-like endofunction to m-cactus-like rooted trees described in subsection 2.4, (5) apply the transformation from m-cactus-like rooted trees to rooted m-ary cacti, (6) forget the labels on vertices to obtain an unlabelled rooted m-cacti.

The fact that these algorithms generate a rooted m-ary cactus having n as color distribution (resp. D as degree distribution) follows immediately from the proofs of Theorems 3 and 4. Thus we have to check that these algorithms generate uniformly which follows directly from the fact that during the step 3 the block partitions and placements are uniformly generated and independent of each other. Remark 3. It is possible to design data structures for rooted m-ary cacti that will allow to implement these algorithms in O(n log(m)) worst-case time and O(n) space (see [1]).

5. Conclusion

In this paper, we presented two simple bijective proofs of the arborescent form of the multivariable Good- Lagrange inversion formula and we illustrated their usefulness in the problems of enumeration and random generation of colored rooted trees and cacti. This method can also be applied to the exhaustive generation of such structures.

There is a related open problem: to design a proof of the arborescent form of the Good-Lagrange formula involving unlabelled structures and ordinary generating functions. Among all the proofs of the multivariable Good-Lagrange formula, as far as we know, the only “unlabelled proof” is due to Chottin [11] and is limited to the case of two variable series (m = 2). Such a proof would be of great interest, especially in the design of exhaustive generation algorithms of unlabelled colored combinatorial structures (like cacti for example). We can think to solve this problem by using the theory of m-colored linear species with ordinary generating functions. Indeed, in [23], Joyal gives, in the case of one variable, an unlabelled analog of the Labelle proof using linear species. It would be interesting to extend this proof to the multivariable case.

Acknowledgments. We would like to thank Gilles Schaeffer who turned our attention on the paper [2] of Bender and Richmond and on its applicability in the random generation of m-ary cacti.

References

[1] J.P. Beauchamps and C. Chauve. GenCacti, a C program for the random generation of planar cacti. available at

http://www.lacim.uqam.ca/sw/GenCacti.tgz, 2002.

[2] E. A. Bender and L. B. Richmond. A multivariate Lagrange inversion formula for asymptotic calculations. Electron. J.

Combin., 5(1), 1998. Research Paper 33, 4 pp.

[3] F. Bergeron, G. Labelle, and P. Leroux. Combinatorial species and tree-like structures, volume 67 of Encyclopedia of mathematics and its applications. Cambridge University Press, Cambridge (MA), 1998.

[4] B. Bollobás. Modern graph theory. Springer-Verlag, New York (NY), 1998.

[5] M. Bóna, M. Bousquet, G. Labelle, and P. Leroux. Enumeration of m-ary cacti. Adv. in Appl. Math., 24(1):22–56, 2000. [6] M. Bousquet. Théorie des espèces et applications au dénombrement de cartes et de cactus planaires. PhD thesis, LaCIM, Université du Québec à Montréal, 1998. Volume 24 of Publications du LaCIM.

[7] M. Bousquet. Quelques résultats sur les cactus planaires. Ann. Sci. Math. Québec, 24(2):107–128, 2000. [8] M. Bousquet, C. Chauve, G. Labelle, and P. Leroux. A bijective proof of the arborescent form of the multivariable Lagrange inversion formula. In A. Mokkadem and D. Gardy (Eds.), Mathematics and Computer Science (Versailles 2000), Trends in mathematics, Birkhäuser, Basel, 2000, pp. 89–100.

[9] M. Bousquet, C. Chauve, and G. Schaeffer. Enumération et génération aléatoire de cactus m-aires. In P. Leroux (Ed.), Colloque LaCIM 2000 (Montréal 2000), volume 27 of Publications du LaCIM, Université du Québec à Montréal, 2000, pp. 81–91.

[10] C. Chauve. Structures arborescentes : problèmes combinatoires et algorithmiques. PhD thesis, LaBRI, Université Bordeaux I, 2001.

[11] L. Chottin. Énumération d’arbres et formules d’inversion de séries formelles. J. Combin. Theory Ser. B, 31(1):23–45, 1981. [12] R. Ehrenborg and M. Méndez. A bijective proof of infinite variated Good’s inversion. Adv. in Math., 103(2):221–259, 1994. [13] M. El Marraki, N. Hanusse, J. Zipperer, and A. Zvonkin. Cacti, braids and complex polynomials. Sém. Lothar. Combin., 37, 1996. Art. B37b, 36 pp.

[14] I. M. Gessel. A combinatorial proof of the multivariable Lagrange inversion formula. J. Combin. Theory Ser. A, 45(2):178– 195, 1987.

[15] I. J. Good. Generalizations to several variables of Lagrange’s expansion, with applications to stochastic processes. Proc.

Cambridge Philos. Soc., 56:367–380, 1960.

[16] I. P. Goulden and D. M. Jackson. The application of Lagrangian methods to the enumeration of labelled trees with respect to edge partition. Canad. J. Math., 34(3):513–518, 1982.

[17] I. P. Goulden and D. M. Jackson. Combinatorial enumeration. John Wiley & Sons, New York (NY), 1983. [18] I. P. Goulden and D. M. Jackson. The combinatorial relationship between trees, cacti and certain connection coefficients for the symmetric group. European J. Combin., 13(5):357–365, 1992.

[19] I. P. Goulden and D. M. Kulkarni. Multivariable Lagrange inversion, Gessel-Viennot cancellation, and the matrix tree theorem. J. Combin. Theory Ser. A, 80(2):295–308, 1997.

[20] M. Haiman and W. Schmitt. Incidence algebra antipodes and Lagrange inversion in one and several variables. J. Combin.

Theory Ser. A, 50(2):172–185, 1989.

[21] J. Hofbauer. A short proof of Lagrange-Good formula. Discrete Math., 25:135–139, 1979.

[22] D. M. Jackson and I. P. Goulden. The generalisation of Tutte’s result for chromatic trees, by Lagrangian methods. Canad.

J. Math., 33(1):12–19, 1981.

[23] A. Joyal. Une théorie combinatoire des séries formelles. Adv. in Math., 42(1):1–82, 1981. [24] D. E. Knuth. Another enumeration of trees. Canad. J. Math., 20:1077–1086, 1968.

[25] G. Labelle. Une nouvelle démonstration combinatoire des formules d’inversion de Lagrange. Adv. in Math., 42(3):217–247, 1981.

[26] J. W. Moon. Counting labelled trees, volume 1 of Canadian Mathematical Monographs. Canadian Mathematical Congress, Montréal, 1970.

[27] J. G. Propp and D. B. Wilson. How to get a perfectly random sample from a generic Markov chain and generate a random spanning tree of a directed graph. J. Algorithms, 27(2):170–217, 1998.

[28] H. Prüfer. Neuer Beweis eines Satzes über Permutationen. Arch. Math. Phys. Sci., 27:742–744, 1918. [29] B. Randrianirina. Combinatoire des systèmes d’équations différentielles et aux dérivées partielles. PhD thesis, LaCIM, Université du Québec à Montréal, 1998. Volume 23 of Publications du LaCIM.

[30] R. P. Stanley. Enumerative combinatorics. Vol. 2, volume 62 of Cambridge Studies in Advanced Mathematics. Cambridge University Press, Cambridge (MA), 1999.

[31] V. Strehl. Zykel-Enumeration bei Lokal-Strukturierten Funktionen. Habilitationsschrift, Institut für Mathematische Maschinen und Datenverarbeitung der Universität Erlangen-Nürnberg, 1989.

[32] W. T. Tutte. Erratum: ”On elementary calculus and the Good formula”. J. Combin. Theory Ser. B, 19:287, 1975. [33] W. T. Tutte. On elementary calculus and the Good formula. J. Combin. Theory Ser. B, 18:97–137, 1975. [34] J. Zeng. The β-extension of the multivariable Lagrange inversion formula. Stud. Appl. Math., 84(2):167–182, 1991. [35] D. Zvonkine, 2000. Personal communication.

LaCIM, Université du Québec à Montréal, Montréal (Québec), Canada, H3C 3P8 E-mail address: [bousq2,chauve,gilbert,leroux]@lacim.uqam.ca