Resear ch P r oblems

Edited by P. Borw ein, I. Daubechies , and V. Totik (Please report progress on the problemsto Research Problems@cecm.sfu.ca)

Constr.Approx.(1996)12:439—442

Questions About P olynomials with f0; ¡ 1; C1g

Coef�cients: Resear ch Problems 96-3

P.BorweinandT.Erd«elyi Weareinterestedinproblemsconcerningthelocationandmultiplicityofzerosofpolynomialswithsmallintegercoef�cients.Wearealsointerestedinsomeoftheapproximation theoreticpropertiesofsuchpolynomials.Let F\¬D ( n X iD0 a i x i : a i 2 f¡ 1; 0; 1g )

and let A\¬D ( n X iD0 a i x i : a i 2 f0; 1g ) and B\¬D ( n X iD0 a i x i : a i 2 f¡ 1; 1g ) : Throughout this paper the uniform norm on a set A‰ R is denoted by k ¢kA.

1. Number of Zeros

The following results are proved in [3].

Theor em 1.1. Everypolynomial pnofthe form

pn.x/ D nX jD0 a j x j; ja0j D 1; jajj • 1; aj 2 C;

(1.1)

has at mostb167 p nc C 4 zeros at 1.

Theor em 1.2. For every n 2 N, there exists a polynomial pn of the form (1.1) with real coef�cients so that pnhas a zero at 1 withmultiplicityat least b p nc ¡ 1.

A natural question is whether or not it is possible to �nd a p 2 F\ ∫⟨≀⊒⟩\} ⊔⟨⌉ ∫⟨⊣∇√\⌉∫∫≀{ T⟨⌉≀∇⌉⇕∞↙∞↙I\ ⊔⟨⟩∫⌈⟩∇⌉⌋⊔⟩≀\⊔⟨⌉{≀↕↕≀⊒⟩\}⟩∫ ⊒⌉↕↕‖\≀⊒\∪∋⊎⇔∪▽⊎↙ T⟨⌉≀∇⌉⇕ ∞↙∋↙ T⟨⌉∇⌉ ⟩∫ ⊣\ ⊣⌊∫≀↕⊓⊔⌉⌋≀\∫⊔⊣\⊔⌋ > 0 such that for every n 2 N there is a p 2 F\⟨⊣⊑⟩\}⊣⊔ ↕⌉⊣∫⊔ ⌋ p n=log.n C 1/ zeros at 1. 439

Theorems 1.1 and 1.3 show that the right upper bound for the number of zeros a polynomial p 2 F\ ⌋⊣\ ⟨⊣⊑⌉ ⊣⊔ ∞ ⟩∫ ∫≀⇕⌉⊒⟨⌉∇⌉⌊⌉⊔⊒⌉⌉\⌋∞ p n=log.n C 1/ and c2 p n with absolute constants c1> 0 and c2> 0.

Problem 1. How many zeros can a polynomial p 2 F\ ⟨⊣⊑⌉ ⊣⊔ ∞⊥ C↕≀∫⌉ ⊔⟨⌉ }⊣√ ⌊⌉⊔⊒⌉⌉\T⟨⌉≀∇⌉⇕∫∞↙∞⊣\⌈∞↙∋↙A\† ⟩⇕√∇≀⊑⌉⇕⌉\⊔∫⊒≀⊓↕⌈⌊⌉ ⟩\⊔⌉∇⌉∫⊔⟩\}↙ T⟨⌉ {≀↕↕≀⊒⟩\} √⊣⟩∇ ≀{ ⊔⟨⌉≀∇⌉⇕∫⟩∫ {∇≀⇕ ∪∋⊎↙ T⟨⌉≀∇⌉⇕∞↙△ ⟩⇕√∇≀⊑⌉∫ ⊔⟨⌉ ≀↕⌈ ⌊≀⊓\⌈ ⌋ p n logn given by Schur [7] in 1933, and up to the constant c this is the best possible result.

Theor em 1.4. There is an absolute constant c > 0 such that every polynomial pn of the form(1.1) has at mostc p n zeros in [¡ 1; 1].

Theor em 1.5. There is an absolute constant c > 0 such that every polynomial pn of the form(1.1) has at mostc=a zeros at [¡ 1 C a; 1 ¡ a] whenever a 2 .0; 1/.

Problem 2. How many distinct zeros can a polynomial pn 2 F\⟨⊣⊑⌉ ⟩\ ∪¡ 1; 1]?

Problem 3. How many distinct zeros can a polynomial pn 2 F\⟨⊣⊑⌉ ⟩\ ⊔⟨⌉ ⟩\⊔⌉∇⊑⊣↕

∪¡ 1 C a; 1 ¡ a], a 2 .0; 1/? It is easy to prove (see [3]) that a polynomial p 2 A\⌋⊣\⟨⊣⊑⌉ ⊣⊔⇕≀∫⊔↕≀}∈\ ‡⌉∇≀∫⊣⊔ ¡ 1.

Problem 4. Is it true that there is an absolute constant c > 0 such that every p 2 A\

⊒⟩⊔⟨ √.0/ D 1 has at most clogn real zeros? If not, what is the best possible upper bound for the number of real zeros of polynomials p 2 A\⊥ W⟨⊣⊔⟩∫ ⊔⟨⌉ ⌊⌉∫⊔ √≀∫∫⟩⌊↕⌉ ⊓√√⌉∇⌊≀⊓\⌈{≀∇⊔⟨⌉\⊓⇕⌊⌉∇≀{ ⌈⟩∫⊔⟩\⌋⊔∇⌉⊣↕ ‡⌉∇≀∫≀{ √≀↕†\≀⇕⟩⊣↕∫√ 2 A\⊥ O⌈↕†‡‖≀⊣∫‖⌉⌈⊔⟨⌉\⌉§⊔∐⊓⌉∫⊔⟩≀\⊣{⊔⌉∇≀⌊∫⌉∇⊑⟩\}⌋≀⇕√⊓⊔⊣⊔⟩≀\⊣↕↕†⊔⟨⊣⊔\≀ √ 2 A\⊒⟩⊔⟨ \ ∫⇕⊣↕↕⟨⊣⌈⊣ ∇⌉√⌉⊣⊔∇≀≀⊔≀{ ⇕≀⌈⊓↕⊓∫}∇⌉⊣⊔⌉∇⊔⟨⊣\≀\⌉↙ P∇≀⌊↕⌉⇕ ▽↙ P∇≀⊑⌉ ≀∇⌈⟩∫√∇≀⊑⌉ ⊔⟨⊣⊔⊣ √≀↕†\≀⇕⟩⊣↕√ 2 A\⟨⊣∫⊣↕↕⟩⊔∫∇⌉√⌉⊣⊔⌉⌈‡⌉∇≀∫⊣⊔′ ≀∇ ≀\ ⊔⟨⌉⊓\⟩⊔⌋⟩∇⌋↕⌉↙ O\⌉ ⌋⊣\ ∫⟨≀⊒⇔ \≀⊔ ⌋≀⇕√↕⌉⊔⌉↕†⊔∇⟩⊑⟩⊣↕↕†⇔ ⊔⟨⊣⊔ ⊔⟨⌉∇⌉ ⊣∇⌉ √≀↕†\≀⇕⟩⊣↕∫ √ 2 F\ ⊒⟩⊔⟨ ∇⌉√⌉⊣⊔⌉⌈‡⌉∇≀∫⟩\ .0; 1/ up to multiplicity 4. Problem 6. Can the multiplicity of a zero of a p 2 S^1 nD1 F\⟩\ fz 2 C : 0 < jzj < 1g be arbitrarily large?

A negative answer to the above question would resolve an old conjecture of Lehmer concerning Mahler�s measure. (See [1].)

QuestionsAboutPolynomialswithf0; ¡ 1; C1gCoef�cients 441

Bo yd [6] sho ws that there is an absolute constant c such that every p 2 B\⌋⊣\⟨⊣⊑⌉

⊣⊔ ⇕≀∫⊔⌋↕≀}∈\=loglogn zeros at 1. It is easy to give polynomials p 2 B\⊒⟩⊔⟨⌋↕≀}\ ‡⌉∇≀∫⊣⊔ ∞↙ P∇≀⌊↕⌉⇕ ↙ P∇≀⊑⌉ ≀∇ ⌈⟩∫√∇≀⊑⌉ ⊔⟨⊣⊔ ⊔⟨⌉∇⌉ ⟩∫ ⊣\ ⊣⌊∫≀↕⊓⊔⌉ ⌋≀\∫⊔⊣\⊔ ⌋ ∫⊓⌋⟨ ⊔⟨⊣⊔ ⌉⊑⌉∇† √≀↕†\≀⇕⟩⊣↕√ 2 B\⌋⊣\⟨⊣⊑⌉ ⊣⊔ ⇕≀∫⊔⌋↕≀}\ ‡⌉∇≀∫⊣⊔ ∞↙ P∇≀⌊↕⌉⇕∫∀ ⊣\⌈∃ ⊣∇⌉⊣⌊≀⊓⊔⊔⟨⌉∫√⊣⌋⟩\}≀{ ⊔⟨⌉‡⌉∇≀∫≀{ √≀↕†\≀⇕⟩⊣↕∫{∇≀⇕F\↙ P∇≀⌊↕⌉⇕ ∀↙ A∫ ⊣ {⊓\⌋⊔⟩≀\≀{ \⇔ }⟩⊑⌉ ⊣ ↕≀⊒⌉∇⌊≀⊓\⌈{≀∇ ⊔⟨⌉ ⇕⟩\⟩⇕⊣↕⌈⟩∫⊔⊣\⌋⌉⌊⌉⊔⊒⌉⌉\ ⊔⊒≀ ⌋≀\∫⌉⌋⊓⊔⟩⊑⌉ ⌈⟩∫⊔⟩\⌋⊔∇⌉⊣↕ ‡⌉∇≀∫≀{ ⊣ √≀↕†\≀⇕⟩⊣↕{∇≀⇕F\↙ P∇≀⌊↕⌉⇕ ∃↙ A∫ ⊣ {⊓\⌋⊔⟩≀\≀{ \⇔ }⟩⊑⌉ ⊣ ↕≀⊒⌉∇⌊≀⊓\⌈{≀∇ ⊔⟨⌉ ⇕⟩\⟩⇕⊣↕⌈⟩∫⊔⊣\⌋⌉⌊⌉⊔⊒⌉⌉\ ⊔⊒≀ ⌈⟩∫⊔⟩\⌋⊔⌋≀⇕√↕⌉§ ‡⌉∇≀∫≀{ ⊣ √≀↕†\≀⇕⟩⊣↕{∇≀⇕F\↙ T⟨⌉ \⌉§⊔ ∐⊓⌉∫⊔⟩≀\⟩∫ ⊣ ⊑⌉∇∫⟩≀\ ≀{ ⊣\ ≀↕⌈ ⊣\⌈ ⟨⊣∇⌈ ⊓\∫≀↕⊑⌉⌈ √∇≀⌊↕⌉⇕‖\≀⊒\ ⊣∫ ⊔⟨⌉ T⊣∇∇†�E∫⌋≀⊔⊔P∇≀⌊↕⌉⇕↙ P∇≀⌊↕⌉⇕ ∞′↙ L⌉⊔ N 2 N be �xed. Let a.N/ be the smallest value of k for which there is a polynomial p 2

S_1 nD1 F\ ⊒⟩⊔⟨ ⌉§⊣⌋⊔↕†‖ \≀\‡⌉∇≀⊔⌉∇⇕∫⟩\ ⟩⊔ ⊣\⌈ ⊒⟩⊔⟨ ⊣ ‡⌉∇≀ ⊣⊔ ∞ ⊒⟩⊔⟨⇕⊓↕⊔⟩√↕⟩⌋⟩⊔†⌉§⊣⌋⊔↕†N↙ P∇≀⊑⌉ ≀∇ ⌈⟩∫√∇≀⊑⌉ ⊔⟨⊣⊔⊣.N/ D 2N. To prove that a.N/ ‚ 2N is simple. The fact that a.N/ • 2N is known for N D 1; 2; :::; 10, but the problem is open for every N ‚ 11. The best known upper bound for a.N/ in general seems to be a.N/ • cN2log N with an absolute constant c > 0 See [4]. Even improving this (like dropping the factor log N) would be a signi�cant achievement.

2. The Chebyshe v Problem on [0; 1]

The following two theorems are proved in [3].

Theor em 2.1. There are absolute constants c1> 0 and c2> 0 such that exp.¡ c1 p n/ • inf 06Dp2F \ kpk[0_{;1]} • exp.¡ c2 p n/: Theor em 2.2. There are absolute constants c1> 0 and c2> 0 such that exp.¡ c1log2.n C 1// • inf 06Dp2A\ kp.¡ x/k[0_{;1]} • exp.¡ c2log2.n C 1//:

In the light of the above two theorems, it is natural to ask the following questions.

Problem 11. Does

limn_{!1}^{log}

.inf0_{6Dp2F \} kpk[0_{;1]}/ p n exist? If it does, what is it?

442 P.BorweinandT.Erd«elyi

Problem 12. Does limn^{!1}_{log}

.inf0^{6Dp2A\} kp.¡ x/k[0^{;1]}/ log2.n C 1/ exist? If it does, what is it?

3. Mark ov- and Bernstein-Type Inequalities for F\ I\ ∪△⊎⊔⟨⌉{≀↕↕≀⊒⟩\}∇⌉∫⊓↕⊔∫⊣∇⌉≀⌊⊔⊣⟩\⌉⌈↙ T⟨⌉≀∇⌉⇕ ∋↙∞⇐M⊣∇‖≀⊑↖T†√⌉I\⌉∐⊓⊣↕⟩⊔†{≀∇F\⇒↙ T⟨⌉∇⌉ ⟩∫ ⊣\ ⊣⌊∫≀↕⊓⊔⌉ ⌋≀\∫⊔⊣\⊔ ⌋ > 0 such that kp_0k[0^{;1]} • cn log.n C 1/kpk[0^{;1]}

for every p 2 F\↙ T⟨⌉≀∇⌉⇕ ∋↙∈⇐B⌉∇\∫⊔⌉⟩\↖T†√⌉I\⌉∐⊓⊣↕⟩⊔†{≀∇F\⇒↙ T⟨⌉∇⌉ ⟩∫ ⊣\ ⊣⌊∫≀↕⊓⊔⌉⌋≀\∫⊔⊣\⊔⌋ > 0 such that jp_0.y/j • c .1 ¡ y/2

kpk[0^{;1]}

for every p 2 F\⊣\⌈ † 2 [0; 1/.

Problem 13. Is it possible to improve Theorem 3.1? It is tempting to think that the factor log.n C 1/ can be dropped.

Problem 14. Is it possible to improve Theorem 3.2? It is tempting to think that the factor .1 ¡ y/_{¡ 2} can be replaced by .1 ¡ y/_{¡ 1}.

Refer ences

1. F. BEAUCOUP, P. BORWEIN, D. BOYD, C. PINNER (to appear): Multiple roots of [¡ 1; 1] power series.

2. P. BORWEIN, T. ERD«ELYI(1995): Polynomials and Polynomial Inequalities. Graduate Texts in Mathematics, No. 161. New York: Springer-Verlag.

3. P. BORWEIN, T. ERD«ELYI, G. K«OS(to appear): Polynomialswithrestricted coef�cients.

4. P. BORWEIN, T. ERD«ELYI(to appear): Markov- and Bernstein-type inequalities for polynomials with restricted coef�cients.

5. P. BORWEIN, C. INGALS(1994): TheProuhet, Tarry, Escott problem. Ens. Math., 40:3—27.

6. D. BOYD(to appear): On a problemofByrnesconcerning polynomialswithrestricted coef�cients.

7. I.SCHUR(1933):Untersuchungen ‹uber algebraischeGleichungen.Sitz.Preuss.Akad.Wiss.,Phys-Math.

Kl., 403—428.

P. Borwein

Department of Mathematics and Statistics

Simon Fraser University

Burnaby

B.C.

Canada V5A 1S6

T. Erd«elyi

Department of Mathematics

Texas A&M University

College Station

TX 77843 USA