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This Maple worksheet generates the data appearing in Tables 1, 2, 3, 4 and 5 in the 
paper "The complexity of sparse Hensel lifting and sparse polynomial factorization" 
by Michael Monagan and Baris Tuncer and examples for estimates in the paper.
Michael Monagan and Baris Tuncer, March 2018.

r e s t a r t ;

###Create a random polynomial for examples:
n : = 7 ;                                      # #  t h e  n u m b e r  o f  
va r iab les
d e g : = 1 5 ;                                   # #  t h e  t o t a l  d e g r e e
T f : = 1 7 1 6 1 ;                                 # #  t h e  n u m b e r  o f  t e r m s
X : = [ s e q ( x [ i ] , i = 1 . . n ) ] :                     # #  v a r i a b l e s
p : = 2 ^ 3 1 - 1 ;                                 # # #  p r i m e  n u m b e r
F:=randpoly(X,degree=deg, terms=Tf ,coef fs  =  rand(1 . .1000) ) :   ##  
generate a random polynomial 
R o l l : = r a n d ( 1 . . p ) :                          # #  r a n d o m  n u m b e r  
generator
s d : = b i n o m i a l ( n + d e g , d e g ) :                   # #  p o s s i b l e  n u m b e r  o f  
monomials 
t F : = e v a l f ( T f / s d ) ;                          # #  t h e  d e n s i t y  r a t i o  o f
F  

###to compute the number of terms of a polynomial
n u m t e r m s  : =  p r o c ( a )   i f  t y p e ( a , ` + ` )  t h e n  n o p s ( a )  e l s e  1  f i ;  e n d ;

###  Eqn  (3 )  i n  the  paper
TEst imate:=proc(Tf ,n ,d)
l o c a l  s d , s 1 , k ;
sd:=binomial (n+d,d) ;
s1:=sum(binomia l (n+k-2 ,k ) * (1 -b inomia l (sd- (d-k+1) ,T f ) /b inomia l (sd ,
T f ) ) , k = 0 . . d ) ;
r e t u r n  e v a l f ( s 1 ) ;
end proc:
##### An example
G:=eva l (F ,x [n ]=Rol l ( ) )  mod p:    ##eva luate  F  mod p  a t  a  random 
p o i n t
pr int ("the actual  numterms of  G= " ,numterms(G)) ;
p r in t ( " the  es t imated  numterms o f  G  by  (6 .2 )  =  " ,TEst imate (T f ,n ,
d e g ) ) ;
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#### Theoret ical  est imate af ter  m random evaluat ions Eqn(8)

TEAftermEvaluationsEstimate:=proc(Tf,n,m,d)
l o c a l  s d , s 1 , k ;
sd:=binomial (n+d,d);
s1:=sum(binomial(n-m-1+k,k)*(1-binomial(sd-binomial(d-k+m,m),Tf)
/ b i n o m i a l ( s d , T f ) ) , k = 0 . . d ) ;
r e t u r n  e v a l f ( s 1 ) ;
end proc:
###An example
G : = e v a l ( F , { x [ n - 2 ] = R o l l ( ) ,  x [ n - 1 ] = R o l l ( ) ,  x [ n ] = R o l l ( ) } )  m o d  p :
pr in t (" the  actua l  numterms a f ter  3  eva ls  =  " ,numterms(G) ) ;
p r i n t ( " t h e  e s t i m a t e d  n u m t e r m s  a f t e r  3  e v a l s  b y  ( 6 . 7 ) =  " ,
TEAftermEvaluat ionsEstimate(Tf ,n,3,deg)) ;

##### Approximat ion to  the  theoret ica l  est imate  Eqn (9 )

F i rstApproxEst imate:=proc( t f ,n ,d)
local  temp1,temp2,k;
temp1:=binomial(n+d-1,d);
temp2:=sum(b inomia l (n+k-2 ,k ) * (1 - t f )^ (d -k+1) ,k=0 . .d ) ;
re turn 1 .0* ( temp1- temp2) ;
end proc:

###An example
G:=eva l (F ,x [n ]=Rol l ( ) )  mod p :
pr int (" the actual  numterms of  G = " ,numterms(G)) ;
p r in t ( " the  es t imated  numterms o f  G  by  (6 .2 )  =  " ,TEst imate (T f ,n ,
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d e g ) ) ;
p r i n t ( " t h e  a p p r o x  t o  e s t i m a t e  t o  ( 6 . 2 )  b y  ( 6 . 4 )  =  " ,
F i rs tApproxEst imate( tF ,n ,deg) ) ;

############  Example  8 ,  Table  (1 )  in  the  paper :

n : = 7 ;                                      # #  t h e  n u m b e r  o f  
va r iab les
d e g : = 1 5 ;                                   # #  t h e  t o t a l  d e g r e e
T f : = 1 7 1 6 1 ;                                 # #  t h e  n u m b e r  o f  t e r m s
X : = [ s e q ( x [ i ] , i = 1 . . n ) ] :                     # #  v a r i a b l e s
p : = 2 ^ 3 1 - 1 ;                                 # # #  p r i m e  n u m b e r
F:=randpoly(X,degree=deg,terms=Tf ,coeffs  =  rand(1. .1000)) :
R o l l : = r a n d ( 1 . . p ) :                          # #  r a n d o m  n u m b e r  
generator
s d : = b i n o m i a l ( n + d e g , d e g ) :                   # #  p o s s i b l e  n u m b e r  o f  
monomials 
t F : = e v a l f ( T f / s d ) ;                          # #  t h e  d e n s i t y  r a t i o  o f
F  

G:=eva l (F ,x [n ]=Rol l ( ) )  mod p :
nt:=numterms(F):
t f : = e v a l f ( n t / s d ) :
Tg:=numterms(G):
ETg:= TEst imate(Tf ,n ,deg):
eTg :=  F i rstApproxEst imate( tF ,n ,deg) :
tg :=eva l f (Tg /b inomia l (n -1+degree(G) ,n -1 ) ) :
Etg:=ETg/binomial(n-1+degree(G),n-1):
etg:=eTg/binomial (n-1+degree(G) ,n-1) :
p r i n t ( " t h e  n u m t e r m s  o f  f ,  T f  =  " ,  n t ) ;
p r i n t ( " t h e  d e n s i t y  r a t i o  o f  f ,  t f  =  " , t f ) ;
p r in t ( " the  ac tua l  numterms  o f  g ,  Tg=  " ,Tg ) ;
pr in t (" the  est imated  numterms by  (6 .2 )  E [Tg]=  " ,ETg) ;
p r in t ( " the  approx  to  es t  numterms  by  (6 .4 )  eTg  =  " ,  eTg ) ;
p r i n t ( " t h e  a c t u a l  d e n s i t y  r a t i o  o f  g ,  t g  =  " ,  t g ) ;
p r i n t ( " t h e  e s t i m a t e d  d e n s i t y  r a t i o  o f  g  b y  ( 6 . 5 ) ,  E [ t g ]  =  " , e t g ) ;
p r i n t ( " t h e  a p p r o x  t o  e s t i m a t e d  d e n s i t y  r a t i o  o f  g  b y  ( 6 . 5 ) ,  e t g  =
" ,  e t g ) ;



(6)(6)

(5)(5)

>  >  

>  >  

(8)(8)

>  >  

(7)(7)

(3)(3)

>  >  

###################Example 9,  Table (2)   in  the 
Paper#############
#n:=7;
n:=10;
#deg:=15;
deg:=20;
# T f : = 1 7 9 5 8 ;                        # # T h e  n u m b e r  o f  t e r m s  t o  b e  
guessed
Tf:=20000;
X : = [ s e q ( x [ i ] , i = 1 . . n ) ] :
Y : = X [ 1 . . n - 1 ] :
p:=2^31-1;
f :=randpoly(X ,degree=deg, terms=Tf ,coef fs  =  rand(1 . .1000) ) :  
R o l l : = r a n d ( 1 . . p ) :
sd :=b inomia l (n+deg ,deg) ;          ###  upper  bound
t f : = e v a l f ( T f / s d ) ;

###   m random eva luat ions . . . .
m:=4:
E v a l P o i n t s : = { s e q ( x [ n - i ] = R o l l ( ) ,  i = 1 . . m ) } :
g : = e v a l ( f , E v a l P o i n t s )  m o d  p :     # # #  W h a t  w e  a r e  g i v e n  i f  t h e  
numterms Tg of g
Tg:=numterms(g):
tg:=eval f (Tg/b inomial (n-m+degree(g) ,degree(g) ) ) :
gammam:=binomial(n-m+deg,deg):    ### Here we assume that there 
is  no  degree  loss
h:=1-(1/gammam)*sum(binomial(n-m-1+k,n-m-1)*(1-y)^binomial(deg-k+
m,m) ,k=0 . .deg) - tg :



(6)(6)

(5)(5)

(9)(9)

>  >  

>  >  

>  >  

>  >  

(8)(8)

>  >  

(10)(10)

(3)(3)

>  >  

h2:=subs(y=1+z,h):
s o l u t i o n : = f s o l v e ( h 2 , z , - 1 . . 0 ) :
s o l u t i o n  : =  s o l u t i o n  + 1 :
E [ t _ f ] : = s o l u t i o n :
E[T_f ] :=E[ t_ f ] *b inomia l (n+deg,deg) :
p r in t ( "The  numterms  o f  g ,  Tg  =  " ,  Tg ) ;
p r i n t ( " T h e  a c t u a l  d e n s i t y  r a t i o  o f  g ,  t g  =  " ,  t g ) ;
p r i n t ( " T h e  g u e s s e d  d e n s i t y  r a t i o  o f  f  , E [ t _ f ]  = " ,  E [ t _ f ] ) ;
p r i n t ( " T h e  a c t u a l  d e n s i t y  r a t i o  o f  f  , t _ f  = " ,  t f ) ;
p r in t ( "The  guesses  numterms  o f  f ,  E [T_ f ]  =" ,  E [T_ f ] ) ;
p r i n t ( " T h e  a c t u a l  n u m t e r m s  o f  f ,  T _ f  = " ,  T f ) ;

############# Example  11 ,   Table  (3 )  in  the  paper  (Sparse case,  
on Zippel 's  assumption)
n:=12;
deg:=20;
T:=10^4:
X : = [ s e q ( x [ i ] , i = 1 . . n ) ] :
p:=2^31-1;
F:=randpoly(X,degree=deg, terms=T,coeffs  =  rand(1. .1000) ) :  
T:=numterms(F);
R o l l : = r a n d ( 1 . . p ) :
sd:=binomial(n+deg,deg):
t F : = e v a l f ( T / s d ) ;

f [ 0 ] : = F :  t f [ 0 ] : = t F :   T f [ 0 ] : = T :

p r i n t ( " i ,  T f _ i ,  E [ T f _ i ] ,  t f _ i ,  t f _ i ( 1 + d / n - i ) ,  T f _ i / T f _ ( i + 1 ) ,  1 + d /



(6)(6)

(5)(5)

>  >  

>  >  

>  >  

(8)(8)

(10)(10)

(3)(3)

(11)(11)

>  >  

( n - i + 1 ) " ) ;
f o r  i  f r o m  1  t o  n - 1  d o
a l p h a : = R o l l ( ) ;
f [ i ] : = e v a l ( f [ i - 1 ] , x [ n - i + 1 ] = a l p h a )  m o d  p ;
T f [ i ] : = n u m t e r m s ( f [ i ] ) ;
t f [ i ] : = 1 . 0 * n u m t e r m s ( f [ i ] ) / b i n o m i a l ( n - i + d e g r e e ( f [ i ] ) , d e g r e e ( f [ i ] ) )
;
p r i n t ( i - 1 , T f [ i - 1 ] , T E A f t e r m E v a l u a t i o n s E s t i m a t e ( T f [ 0 ] , n , i - 1 , d e g ) , t f
[ i - 1 ] , t f [ i - 1 ] * ( 1 + d e g r e e ( f [ 0 ] ) / ( n - i + 1 ) ) , 1 . 0 * T f [ i - 1 ] / T f [ i ] , ( 1 + 1 . 0 *
d e g r e e ( f [ 0 ] ) / ( n - i ) ) ) ;
od:

"i, Tf_i, E[Tf_i], tf_i, tf_i(1C d/n-i), Tf_i/Tf_(iC 1), 1C d / ( n - iC 1)"

############# Example 12,   Table  (4)  in  the paper  (Dense case on 
Zippel 's  assumption)
n : = 7 ;
deg:=13;
T:=7752:
X : = [ s e q ( x [ i ] , i = 1 . . n ) ] :
p:=2^31-1;
F:=randpoly(X,degree=deg, terms=T,coeffs  =  rand(1. .1000) ) :  
T:=numterms(F);
R o l l : = r a n d ( 1 . . p ) :
sd:=binomial(n+deg,deg):
t F : = e v a l f ( T / s d ) ;
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f [ 0 ] : = F :   t f [ 0 ] : = t F :   T f [ 0 ] : = T :
f o r  i  f r o m  1  t o  n - 1  d o
a l p h a : = R o l l ( ) ;
f [ i ] : = e v a l ( f [ i - 1 ] , x [ n - i + 1 ] = a l p h a )  m o d  p ;
T f [ i ] : = n u m t e r m s ( f [ i ] ) ;
t f [ i ] : = 1 . 0 * n u m t e r m s ( f [ i ] ) / b i n o m i a l ( n - i + d e g r e e ( f [ i ] ) , d e g r e e ( f [ i ] ) )
;
p r i n t ( i - 1 , T f [ i - 1 ] , T E A f t e r m E v a l u a t i o n s E s t i m a t e ( T f [ 0 ] , n , i - 1 , d e g ) , t f
[ i - 1 ] , t f [ i - 1 ] * ( 1 + d e g r e e ( f [ 0 ] ) / ( n - i + 1 ) ) , 1 . 0 * T f [ i - 1 ] / T f [ i ] , ( 1 + 1 . 0 *
d e g r e e ( f [ 0 ] ) / ( n - i ) ) ) ;

od:

################# Example 19 (Table 5)  in the paper
n : = 7 ;
deg:=13;
r : = 1 . 0 * n / ( n + d e g ) :
T f :=7752:
X : = [ s e q ( x [ i ] , i = 1 . . n ) ] ;
p:=2^31-1;
f :=randpoly(X ,degree=deg, terms=Tf ,coef fs  =  rand(1 . .1000) ) :  
Tf:=numterms(f) ;
R o l l : = r a n d ( 1 . . p ) :
sd:=binomial(n+deg,deg):
t F : = e v a l f ( T f / s d ) ;
a l p h a : = R o l l ( ) ;
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f o r  i  f r o m  0  t o  d e g - 1  d o
c f [ i ] : = c o e f t a y l ( f , x [ n ] = a l p h a , i )  m o d  p ;        # #  T h e  a c t u a l  i ^ t h  
T a y l o r  c o e f f i c i e n t
n t c f [ i ] : = n u m t e r m s ( c f [ i ] ) ;                     # #  T h e  a c t u a l  
number  o f  te rms  o f  the  i^ th  Tay lor  Coef f i c ien t
e t f [ i ] : = 1 . 0 * n t c f [ i ] / b i n o m i a l ( n + d e g - i , d e g - i ) ;  # #  T h e  a c t u a l  
d e n s i t y  r a t i o  o f  t h e  i ^ t h  T a y l o r  c o e f f .
Fen tc f [ i ] :=F i rs tApproxEst imate ( tF ,n ,deg- i ) ;   ##  The  Es t imat ion  
o f  numterms  o f  the  i^ th  Tay lo r  coe f f .
B o u n d O n T f [ i ] : = t F * b i n o m i a l ( n + d e g - i , n ) ;         # #  B o u n d  o n  e s t i .  
o f  n u m t e r m s  o f  t h e  i ^ t h  T a y l o r  c o e f f . ( 6 . 1 5 )
i f  i = 0  t h e n  t f d e r [ i ] : = t F ;
e l s e  
t f d e r [ i ] : = e v a l f ( n u m t e r m s ( d i f f ( f , ( x [ n ] $ ( i ) ) ) ) / b i n o m i a l ( n + d e g - i , n )
) ;  # #  T h e  a c t u a l  d e n s  r a t i o  o f  t h e  i ^ t h  d e r .  
f i :
B o u n d O n t f [ i ] : = t F * ( n + d e g - i ) / n ;              # #  B o u n d  o n  e s t i .  o f  
d e n s .  r a t i o  o f  t h e  i ^ t h  T a y l o r  c o e f f . ( 6 . 1 5 )
p r i n t ( i , n t c f [ i ] , F e n t c f [ i ] , B o u n d O n T f [ i ] , t f d e r [ i ] , e t f [ i ] , B o u n d O n t f
[ i ] ) ;
od:
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