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Course A: ¢h2,3,4,5,6,9,10
(Algebraic algorithms including Grobner bases)

Course B: ch2,5,6,7,8,11,12
(Algebraic algorithms including the integration problem)
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to name a few.

CHAPTER 1
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To)=1; Tix)=x;

k Tk(x)

0

1 X

2 w1
|4 BX ' — ok -v—1l

e tiiliion ¢ha Ohahochau nalkmamiale ainnoge that it is

. Introduction

T(1) =10
TN =X
STOP

C
1 FORMAT(F5.2)
2 FORMAT(F9.4)
END

Figure 1.2. ALTRAN program involving Chebyshev polynomials.
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#T(0)
1
#T(1)
X
#T(2)
2k Xxx2 — 1
#T(3)

#1(4)
8xXxx4d — B« X*%2 + 1

Wiat Crucial advances in mathenaticial Algorthms (C.2. W COTPUTIIULT UL KICae st oo

1. Introduction

> T[O0] :

> T[1]

~ FAar wn

T[O]

Fram D A A A~
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1. Introduction
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> evalc( " };

> a:= sin(Pi/3) * exp(2 + 1n(33));

> evalf(a);
211.1706396

VALIAUIT  LJIZIW ] UL Uy PUOIiIsg Wat sasssavasoass o === -

nearest prime numbers, and greatest Common divisor (ULL) Caiulations.

> isprime(n);
false

> ifactor(n);
2 2 3 4 2
(2) (3) (5) (19) (101) (12282045523619)

1. Introduction

> nextprime(n);
19380287199092196525608598055990942842043

’ b - i [ -

major concern.

>a := (x +y)"12 - (x - y)~12;
12 12
a = (x +y) - (x -y

- quo( XT3*y-xT3*z42*xT2*yT2-2*X"2*z2724x*y "3+ x*y"2%*z-x*2"3, x+y+2, X);

13




14

~ wmearmal iy

> normal (

/g );

Algorithms for Computer Algebra

g

1= (X72 - yT2)*(x - y)73: £/ g;

3

(x - v)

1. Introduction

[ - SO OISO SN S | RUNURSDUISE IR ENNSRIPUINIE SUNPC I ELD ORI SR

example, we have

> factor(x"6 - x"5 + x"2 + 1);

> factor(5*x"4 - 4*x"3 - 48*xX"2 + 44*x + 3);

> Factor(x”6 - x”5 + x72 + 1) mod 13

(x

3

2
(x - 1) (x-3) (5x + 16 x + 1)

2 - 3 2
+ 10 x + 8 x + 1l) (x + 2 x + 11 x + 6)

15
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¢ £ P g 1. Introduction

Aaiitnes Alenbivn acrnbaoan meavida nawarful tanle far warkinag with matrices Onera-
ey -
> equation3 := (5/2 + eps)*x + 5% - 7*z - 3 = 0:
> V := vandermonde( [ x, Y, 2] );
[ 21
[1 x x 1 > solutions := solve( {equationl, equation2, equation3), (x, y., 2} )i
[ ] 1 1 + 7 eps
[ 21 solutions := (X = - ~===-, z = 3/4, y = 1/4 —====--—- }
vi=[1l y vy 1 2 eps eps
[ ]
[ 21
> det( V ); . solving systems of polynomial equations.
finding the criical points o a bivariate runcuon:
> factor("); Stoe= X721 - x - y) "3

- (-z+y) (-2 + X) (-y + Xx)

oL N - «uationl := diff( £, x ); egquation2 := diff( £, vy );

praph of the tunction.
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> dint( ((3*%"2 ~ T*x 4+ 15)*exp(x) + 3*x"2 - 14)/(x - exp(x))"2, X ):

> diff( ln(sec(x)), X );
tan(x) > int( x*exp( x"3 ), x );
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B a G LUt i feilh an mmleccmcnlala mw b franstinnc) ancilo and

20

> od;

> RETURN(T([n]) ;
> end

> Cheby (7,x):
7
64 x - 112 x

LUGLULUD W DQUPPVLL GIIU WALVAIG LHVAL Souussay) -

a2x1 —X+Xx; = a,

5

3

+ 56 x -7x

i1t il et Almalaen oo

1. Introduction

References
Holland (1968).

(1v70).

I T N

i) | log(x?—5x+4) dx
i) | log() /(1 +x) dx
iii) [ 1/1ogex) dx

21
et e AV bk ccdmiann. AVTNNA
B W ST B FEISDOPL IR B Y
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527-537 (1971).

Compiexity, €4. J.r. 1raub, Acaaemic rress, NEw Y orK (19/0).

AND POWER SERIES

2.1. INTRODUCTION

| RATIONAL FUNCTIONS,

braic structures.

2.2. RINGS AND FIELDS

Al: ao(oc)=(aob)oc foralla,b,ce G (Associativity).
A2: Thereis anelemente € G such that
eoa=aoe=aqa foralae G (Identity).
A3: Foralla e G, thereisanelement a'e G such that
aocal=aloa=e (Inverses).
An abelian group (or, commutative group) is a group in which the binary operation o satisfies
the additional axiom:

A4: agob=boa forala.beG (Commutativitv).
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axiom:

@+b)-c=(@-c)+®-c)

A6 a-b=a-c and a#0 = b=c

Some Number Algebras

......... -

1 e set differemce oliwo sets A and B delined v A B={a a€ Aandud ny

2. Algebra of Polynomials

Table 2.1. Definitions of algebraic structures.

Groun

| (G: o ! Al: A2: A3

| |A5

25
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and b.

(i) 6 is a GLD of 13 ana sv.
(1i1) _6 is also a GCD of 18 and 30.

(iv) 6 and —6 are associates.

Algorithms for Computer Algebra

feeemsiblal iF 1 hac a mmltinlicative

2. Algebra of Polynomials

| USRIV TS TR L TR S

GCD of a and b and c is unit normal.

fnbmanl 3



j— - A - - - . PR N < N Il mied wel N Almal a) wothava tha oftoun AF an I

1viu <« wva plllll‘/ LavivllLauvll Ul e 1w
—1 ifa <0

a=u@)pi'py - py
Sign@=1 1 ifa 20. e

CL M3 L fa el L st malan. 20 o A1 2P LN ama el maseman] asiaean

IUDD UL BUIIVIGMLY UIAL BILL HULILGL VIVAUIVILLD DUUOLYAILE \ 1) () HMGYV ULV Uvasiavae sus vrvag

Unique Factorization Domains integral domain D.

ML ad TOTN L TTON _3'0 L L TN s bl s IO LY aclintn and ia

[ - ° l d= l_[  min (8 k)

i—1

Zat1on Can DE PUl IMLO LIC CAILUIILAL UL UL LT IVLIUWILE UL, N UL NI B UL 6 QiU i
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corresponding *‘pseudo-d1vision Property Ul UIUCT U dUIICYT Ul puipuovs.

CUILVCILCHL LULILL ad DLAlLU M1 LIV LULLV VY ALE, bavvavass,

FTOUT; A COISUUUUYC PIUUL UL LUVULUIL £ul 13 PAVOUIAAAS 288 ey avas> o0 oomg == -

2. Algebra of Polynomials

Table 2.3. Hierarchy of domains.

31
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GCD’s In Euchidean pomaimns

GCD(0,0) =0,

GCD(a, b) = GCD(n(a),n(b));

Pala s TANEPNN PRVIRN

Algorithms for Computer Algebra

2. Algebra of Polynomials

a=ha+r with r =0 orvlr) « v(h)

rg=a, r=>o,

et n iy weamveswe ok ivevavas av smamw smmppvis e gg] v Aus wussr v — v e
From Theaorem 2.2 we have:
———r iV EB VAR A LA

It »+.—N than I —1 and (7 A\ haldc hu Aafinitian MNthararica wwa hava framm ranantad

I ha Racia Alanwithen

33

(2.3)



n(ab)

LCM(@,b)= ————.
@5 =5cbw@. b
It is conventional to define
LCM(0,0) =0.
Euclid, circa 300 B.C.)

“ Algorithm 2.1. Euclidean Algorithm. "

" # Compute g = GCD(a, b), where a and b "

r «r1em(c, a)
c«d
der}

end "

- - 18
1 18 30
2 12 18
3 6 12
4 0 6
Mhesn o — £ cad IO T10 2NN _ £ nnvnnsad ta Danmanla N A

alb =x.

alb=ab .

Proor or 1neorem L.4 wnicn we now present.

Proof of Theorem 2.2:

C=CImU )+ 6 w)
and

d= d] n(a)+ dz n(b)

30
18
12

\2.9)

(2.6
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36 Algorithms for Computer Algebra
c=n(a), d=nd); ¢;=1; ,=0; d;=0; dy=1,
u Il than annatianc (D SY and (2 A) clearlv hald If 4 =N than h =N and en
e C L) Wy
" procedure EEA(a.b: s.t) “ I and
¢ «n(a); d<np) ¢ and d satisfying

el die0 d=0 and GCD(a, b) = n(c).

rae— N Aae— 1
rewurnig) ey
end | GCD@,b)=¢, —2— +¢ b
’ Vu@yue) = ? u@®)uc)
Thus
< hb 7 . . .
which becomes iterationno. q¢ ¢ ¢ ¢ d dy d,
r=ryn(a)+ rynb)
! 2 _ — 18 10 3 0 1
claimed. - 7 . 4 2 6 2 -1 0 -5 3




form

« ok
ax)=3 ax
P

k=U

TLa accmantinmnl anaa swhara o =0 far all Lic callad tha orn nolvnamianl and ite ctandard form

cal.

€X1ECNUCU WU PULYNUIILALS UL LT dTL R\[A | @ LULIUWD. 1L

n
m 13 - PPN -— . r

then polynomial addition is defined by

~vts N -

where

l Uk ulm <K>nuwrm <srn.

m+n

—
i+j=k

Algebraic Properties of R[x]

Theorem 2.5.

N e mmmmey mem e gre gt = tmmw ey mmemeememea timem s meeemee ww A smaw e \Tvpves s Axvara sesamvar

and associates) with respect to the coefficient domain D.

domain.

PSRN Vol o 5 SRR, K P 1% RPN o] SO R DRDRE 511D K VORI PISUURE SUININ S DL ISR [T

TAMANSS VR

als with unit normal leading coefficients are defined to be unit normal.

polynomials, and the () polynomial.



deg(a(x)/b(x)) = deg(a(x)) — deg(d(x))

INE CLUCLUCAIL UUIIIALIL £4y 1AL LIV LsMUARAUMIS Wawasasans o fory “oos == - -

perty P2 are unique.

RPN . SR RS PN

PPN N AVEEN

o mm emme e ey mmm eemw gy e e Ao =y —em

domain.

inverse. For if it had an inverse, say g(x), then



= 1+deg(q(x))=0

GCD Computation in F[x]

(2.3) is unique.

is understood.)

Thus g(x) =n(

535
289

289

1605 | _

—_— - —)=

578

578

3

o

——X t—X

4778
535 _ 1605
289" 578

R E IR IO SN LI DUSSU DISUURL SURPE T

4

X —

289

578

A=

It is readilv verified that

T R T e ey e v

(¥ alv)Y + v(xY hiv) = r(v)

roAT__tan L

[ Ja JEDUREGNS LI EUUEDT TR FSURUR. G P
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Armman m v g3 v vy = m Lev) eeevema ) mapy Teev mapemeweesas

SOx) alx) + t(x) b(x)=o(x).

Equation (2.13) follows immediately.

Algorithms for Computer Algebra

2. Algebra of Polynomials

so that

a(x)b(x)

a(x)

b(x)

45

N————
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2.6. MULTIVARIATE POLYNOMIAL DOMAINS a®= Y ax° (2.26)
ee NxN

The nalinamial damaine af mact intaract in comhalic camnntatian are maltivariate

l the zero polynomial and is denoted by 0.

Rivariate Palvnamiale

U\, 22) = 2, 24 YijA1 A3 (£.44) l uciuIc,

=0 j=0 Ao if d. o

mial in the set Z{x,y] is the bivariate polynomial I
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. P . .. - . P PPN A Asas s

Rix;, ..., x1=R[x,, ..., x,{x].- (2.29)

AYp ey A R Vier st 1 LB LUV YTV vuaoiuve a Uiy auvauar
’ ’ Ay

3. Two rings R, and R, are isomorphic if there 1s a mapping ¢:R) — R, which 15 Injective (1.e one to one and onto) and which
preserves all of the ring operations. Lor a preaise defimtion see Chapler §

2. Algebra of Polynomials

11 UV LI UL PULYIIUMLGLS 11 WAV UMALLLULY ¥ UL IUUIvI.

HHAILD 10 BIvaVE LG UIiv.

o

49



11€s OI aerivanves noia: . .
c(x)=a(x,y) e DIyl {x].

PEN LV SN | AN Nt R VIR | RN PR
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Algorithms for Computer Algebra

2. Algebra of Polynomials 53

We have noted in Section 2.4 that if elements in an integral domain are split into their
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have:
LA HUY PIUPVAL) VAR U AR SIS V) VUSRS SR WY T a oy ) N weana s e g 2 e

over the integers.

PVAL) MVIMD L1 wav avsain

2. Algebra of Polynomials

ro. P ar)=uok)qux) +rux),

acgrx)) < acgwox))

whara R — laaaffrhiv\\ and | — Aanlal A\ Adacfh/iaA) 0 1

PRVE] | N 4 NN DT IR N oV . |

hion to primitive polynomials in D[x].

55
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‘Ihen I " pruceaure rnmveruclaean(a (x ),0(x)) “

=GCD(a(x),b(x))_ o N l " é(x)<—yc:(x) G "

Y S Y S ——— A=y m =N Ny NN sraan N el

=GCD(b (x), pp(r (X)))-

The result follows.

iteration rix) c(x) d(x)

nence priumituve parts, dna aiso 1o CUMPULS LIC Yualilily | U1 uidL aiguliuii,

Multivariate GCD Computation

[ S e e e . . . ]

THT UG L Lomputuon,
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58

‘T'he SEQUENCE OI VAIUCS COLIPULTU LUL 1A J5 LA 5 WARS tpvy ans 2 sapmomseess — o
lows:

T
2 v A NI
Thus
'
and

2(x) =5(x — (3)) = 5x — (15);

2. Algebra of Polynomials

1UWD,

iteration | r(x) I

cx)
=2
2

d(x)

59
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Quotient Fields
Let D be an integral domain and consider the set of quotients

Q—Jath: =N h~~NM_1M2

ucnuicu vy

Q.= Tathle 4 ~MN h~-T rmi

(alb) (c/d) = aclbd. (2.43)

2. Algebra of Polynomials

lows: the representative a/b of [a/b] € Q(D) is canonical if
GCD(a,b)=1,

b is unit normal in D,

Dnseaeln AAF TE M 0 sl dncnnie T AL lnbnmamn tham sha cmanbiame £21d NITN

in tha

61

(2.44)
(2.45)

£1:14 ~F



| 182 ~ 7 Q - 2K

_ .- R PN I then power series addition is defined bv
WIIVA LAV \de 1 3 ] SARANS \4ws " sy RN WAsammRLLT ST VS TTTTTTTTE T N - L\A} — u\A} T U\A} — L LkA, \L.J\)}
k=0

where



dx) =a() br) = 3 dex*

k=0

where

A —nh L ... 40 h. farall F >N

L v e e e g —

and (2.51). The following theorem states the basic results.

power series 1 (= 1 +0x +0x*+ ).

v(a(x)) = ord(a(x)).

(2.51)

2.52)

Lo

-1
b0=ao ,

by =—ag" (aiby),

2.54) since if a(x), b(x) € F[[x]]-{0} then

THPAA WA BV OUL LD AVE VI WA J) T L QLU VAU \A ) T I DV usaL

alry= vl A(¥\ and h(v\=¥" h(v\

and similarly if [ < m then




66

b/ a(x)=x"" b)) e Fx]].

~—~ ~ ZEENEE AVEEN rroan R N

The Ouotient Field D((x))

auu

AN =N (1 ¥\

Algorithms for Computer Algebra

2. Algebra of Polynomials

in the form

aernniuon.

v rvin

AN ¥P

67

IG RN




L where

. =3 ab;.
Extended Power Series i j=k

= U IUL GLEA G 1 GBI AUS Mes St ear memeeees e



70

Example 2.31. In the field Q<x> let

1.3,1.4,15 1.6

a(x):x2+7x vedRared +=x"+ -

8 16

and

et k
ax)= Y, QgepX -
k=—n

2.10. RELATIONSHIPS AMONG DOMAINS

U .

VLV Unaor wasavas, & e~

duced.

D[x] € D(x) € D((x)), and

defined on R. (See Chapter 3.)

Algorithms for Computer Algebra

(2.63)

L maenidac sha walatianchine

2. Algebra of Polynomials

D[x] ——— DIix]]
I /o
N R S
Dix] DiLxI]
~— l ~—
D(x) l D((x))
T
Fn(x)

Fp((*)) «——s Fp<x>

71




and

{Fplx] " D{[x]1} = Dix].

Fplx] < {D((x)) N Fpllx11}

s = — e - . .

A nnd D wa vmarr fon_

SRR AR IR SUUN SRR SSUU S NI RPE NN

JRVININE

A A 0 d oA [ P S L LLIE S | 7/~ ren

VWML VIIVL \ &V ] VAPIVIIVAL UYL A 1D WAULY ALVIIL WU LU AVVULIVIVG (4. USH ) TAPLITIITU UVEL 1.

Exercises



S={a+b\5:a,be Z}

domain. Prove that the only units in S are 1 and —1.

primes be 1 ~2v-5. Why is this a prime?

UIVIDUL AallU AL 7 7 15 Y7J 1D G VUILUIIVIL WLy v,

e

N VL) T NLA Y A v

LITIU 1A [/ NUA J 7 1D GIDU G VELIUS DPULT UL ULAIVILIOLAVIL 16 UYL LIV 1AVId & o

CAlICU UIC Uaioly 11€14 U1 01Ul U dlid 1y Jyenuieyd vy Jury ).

GCD (I15xy — 21x = 15y* + 21y, 6x* = 3xy — 3y%).
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CHAPTER 3

NORMAL FORMS

AND

3.1. INTRODUCTION

CIUIIg, saiu PV TTea s avise

3.2. LEVELS OF ABSTRACTION

lated.

non) is too low-level for convenience. It is useful to consider an intermediate level of



. . . . . . . . 7.ero Eanivalence

. one might encounter the expression



tion ‘‘is equal to’” at the object level of abstraction so that

"

=7 hd AN SNTsmes e - —
[ 4
[ J
WA tat L A TLL e eV Lo il £an TD. 1 thnn aw Avmmranaian 4 ~ O d0 anid ¢ bha n
[ 4
LSRGy Eivasims Atiwsevesu | s 4 Cpwmasamas o e
fy;: (i) multiply out all products of polynomials;

i

PAI0% SRS B,

Proof:

“‘only it”’: Lett(a)=1(b). Then
a ~ f(a) =f(b) ~b by Definition 3.1 (i)

f(a) = f(f(a))

il
Y



P “ m - .~ T e coal
DA, ] 1Ap—1) "7 7 141) ALl CAAHPIC UL @ PULY BULLLAL LLULLE WIS UULLIALL £4LA ) 54 | LAPLUIAL LIk Lt Cearas v eamw oy e e —wpm e e oo o -
recnrtive renresentation is: .

e :w ) . )Xy, ..., X, ] can be Speciriea Dy e Normal tuncuon

Arvasaseess wper = mepev ) v mpewerwer memmemeimees e e w o g ey B B . ,

i=0
array (g, . ... a@,): this is a dense representation since zero coefficients will be explicitly



TCCUISIVE/UISITIDunve representauon
1

1
FORM LEVEL D:

Farn avnAanant ranracantntinn

domain Z[x,y,z].

4

PRI



A

4 v 4 - e e A CXAMPIC) UICTL SICP (11) Cdll UC CAlLIOU VUL UY applylilg ALEULILLLE £.0 SLPALdluly LU Liv yauwus
into the expression tactors.
LLOOLULIIGUAIULL LUBVRULL W UGS UV HUALIVE U VAVSIAV S AMVIAULL 1V W LIVARAWE £ eitw s s .
I canonical form;
1 o i . . 1 - L I - R [ S U SRR |

U1 d vanumeal 101Ut 101 CITHICIHD U a YUUUCHTL HICIU Wad UTHHICU L1 Ot Uo7 Uy Luliiiuuies



Frrmntinma akéninad fonmn tha alancin faven cennmmbnm A caanl b mmmaallm sl e il alea A2 I Af vinie and nacmaidae tha ane T AL AN TNC e oo _ L aln £l /A 14N EOR S

- WANS T Ly tavvIr s \~. 1)
ax) =¥ ax* e Dlx]] (3.10) l =0

SNV CUVASIVOVSINT AL MRS WL BILL b SR WL UV S

CYTL LW lany g sy pavunal o



f (k) :=if k=0 then 1 Extended Power Series

£ s 1N - PRI . - - . PO e P

VAL UV SpUvaiavas U vere vvaaasasesy aseas cesoo l PV VA UvaavU patu sis seavEmaswA PARSA VA AANAUASSAMVELAR UL VWAL ARAD verw YA wa sv aas \ar—u e

f (Y =f_(k) +f.(k) (3.18)

anu v pruuunt . NUMBERS

AlvN — alvYNhiv)

DU LUL ULV SPUAVAML 1ULIIG UL VUVELIVAVEIL XMV LU AE U Y S A e e Y asv s v aeas seesnny

value plus or minus one. This represents the value
-1
4
s Y dp
i=0

v hara tha hnea R hna hase wea amanifiad Tha aloa fn caeatlen csdacad clolia slea W2as




Linked List Representation and Array Representation

UIC SIEI D 13 LypPIvdlly CHLUUTU L UIT HTAUCL WUIU dIVILE WILE BV Ivigue ¢

(321

Suesapetve AvALIVE T 2 BAUS WV ARULUPIVVISIULL LVEVL WL \U.41) 13 LUPLIUOVILTAL UY UIT ailay

N—)-li&‘()1567|234|1|0|0|0|0|0|0|




o I A Linked List Data Structure
a rational number can be represented by a node l el T vt
denominator is a'ﬁ);cd' constant. l UG AVVULOITU AUPIVOUILGLIULL, WL LAl UdL @ HITAUTE UUS
T T 1

exponents is more variable among systems.



| TYPE/LENGTH | COEFF | TERM |

| COEFF | TERM |
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Fiald AfF TIv]l will ha ranracantad thara ic nn lnce in aanarmlitu N Qinca AT TR AN nicac tha
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T T T T 1 */? . . NN W_ A E ¥ i /e N FEYL A L il o il
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Implementing Factored Normal Form

el S e S -

be expressed as a product of factors

koo
p=11fi"
i=1

AURIIE \ ke VML MV AVP AV USAsvV e W vaaw asssenmae msuw

(3.23)

— fi

O

whara aarh fartar £. (1 < i < I\ ic renracanted hu the deccrintar hlack data etrncture ag nrevi-

Rational Functions

JUSUR SRR SISO, S IPROL. DR




Power Series Exercises

. . . . c o Twrroa oo o i

a@) =y, k" l S o .

=0 (a\  alv v\ = +

SIS IL WA UIMILE Y AL IR OTA L S I SIS UL U LAY Veeus b



foy)= 5;

ox’

YU L 8Vl £ i ti s tlan Facnnblnian £y 2N and afv ) Aafinad b

ax)=1+x+ L)c2+ i,x3.

a)

ferential equation with polynomial coefficients:

e m g e — e

oty



BTN l T afrsanen nnm

I ‘ l UCP-29, Univ. of Utah (1974).

QESCTIDEU LIl DCULLUIL J. /. 10adU JyUUL GIZULILAID VIl WAV 3GV mivtay j s —w= == —= g~y

mial arithmetic by hand.

- - - ~- T AN A 11 e acsailalhla dmanlamoant alans
PN R . 4t L 1ot f Ternwaicn 17 ava auailakla imnlament alonrithme for .
1A Chance a enecific renresentation for extended power series and implement algorithms .

IIUIMS Ul CACIULIST L4 QUU YUU MAGY YVASKL WU MW YV U7 WLMLAS baas segyesresoome == oo oo - -
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CHAPTER 4

ARITHMETIC OF POLYNOMIALS,

RATIONAL FUNCTIONS,

AND POWER SERIES

4.1. INTRODUCTION
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Multiprecision Integers l

the form I || Algorithm 4.1. Multiprecision Integer Muluplication."

It @ and b are twO multiprecision Iniegers

a=ag+aB+ - +a,_B",

end o H

- - - —n—1



DAssrar nawinn cnmevemmio m malon oo a1V o
. LWy —Awm)- (4.1)
where l far a oiven nnwar cariac A /v) Llara » ia cncean achitmnee: cnnl caclbo ML -t .t
operatons. I sides of (4.1) gives
(@) + 0™ ™) (b(x) + Ox™™)) = ¢ (x) + O™ ™)
where kxample 4.1. Let
Ci=£10'b"+ +ai'b0» i=0,..., n. a(x)=1—x.

states that



) -3 A I —— . - - . -

Integers 14 and 1/ produces the equation
Example 4.2. If we use g p eq

11 14 A oam .

— o —— \mer amiavavaue s —ys ravare VMV VUL Ua WY IUIVIL AU MV DUV KO LAV VUDL UL LU UG

1

a-La2s a2 o a2, tion.
U=%* To20* 7/  — YT Tt T 1.e. determining
12, 1 _4-4 142524 10,4 a* mod
——xt = = 1+=x?+—=x*+ - p
(1-5x+ %) MERIT
hence the first few coefficients of arcsin(f) are given bv logak |

4

-1 ~y -4 3 67 - ~r —a 5 40 —
. . k-
(where s; = c,»(‘+1)/(i+1)). Thus where each b; is either a 0 or a 1, then a® is computed by
I
arcsin(t) = ¢ + %F’ + %ﬁ 4o ok = l(ifikjabfz'
0
. i
1 . . ~11. . P -~ - -

LEPICSCIIAUYES COISIUCICU dN HILCETTS dlil LIC ITOULL ITUULTU HIDUUNY /1.
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LUpLvovIILG GO

|| procedure Karatsuba(a,b,n) II

= 4 "1\ JTUL 4 \LT2L)— Con e e ke s e 1 ey o R
AT +C2™(1+2+ -+ +2™7h return(c) }
= C-@"Y?=Cn?

end

iviine a cimnla nranf that the ramnlavity of the orade «hanl methad is O(n?) anerations.
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iven b o
e ax) «(ap, ..., a,) where ax)= Y a;x".

¢(x)=(x mod my, ..., x mod m,). P2

Lar representation
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Noa i R (R /T
However. unlike multinlicatinn divician i naé alnon annmille 7.1 -3 -
" MigUIUNN 4., rULYNOMIAL 1T1al UIvIsion Algorthm, "
" 101 1 ITOM U 10 72 40 ¢; = a(x;)/b(x;) “

4. Arithmetic of Polynomials

4.9, 10 FAdL FUURKIEK 1 KANDIUNRVL(FEN 1)

culate a transformation of the type

where, for each i

Trv U vesses vesan b vasv bevesaw wa vesw pa v uawess va vt wemeeeeapy pwe mmwms—me == e o s

at the points {xg, ..., x,_1}.

Lemma 4.1, Let {xg, ..., x,_;} be asetof n points satisfying the symmetry condition

Xnaywi = X

123

4.9)

toiie {0, 1,..., n/2=1}. If T(n) is the cost of evaluating a polynomial of degree n—1 at




for some constant c.

M T it FA DN VDo ilas
A0 TAn2s A1 TAn2+10 cr An2-1 T An-1
i~ N etV sAAN L A ciima e 1
- - -- s v o1 e ~ P - -

the n/2 points

m vt mmm e wmm wemem——m e — mm — —mmeem -,

Tha fact Bauvior trauncfarm (FET) avnlaite T amma 4 1 in a recurcive manner  Hawever

unity. we Wil IeSrict Ourseives 10 WOrKing Over 11C1Us [aving puliiuye 7-ul 1UUL UL uLuty.

@"=1, but @ #1 for0< k< n.

is a primitive 8-th root of unity, while

o= eﬂ:';/Z =i

since

itselt. Its matrix in the standard basis 1S given by

[11 1 1]
1 4 16 13

A vEERERREGE Wears AL WU AU W PIALIGMM YV [0 ML IUVL VL UILLY, VIIVEL WAV 76 4 VMLIVA PULIILD DMLY WIV O Jit1

metry condition (4.9).

wn/2+)' _ (0] =0
then

mn/z =1

Wt 4@ =0

which is equivalent to equation (4.9) in the case of the Fourier points.
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T nveveenn A2 T naon bl ot v,

(wZ)nll___ 0)” =1
(0¥ =1.

Then

o**=1 with 2k <n

points is

{1,14,-9,-3,-1,-14,9,3 }

Fourier points given by

S s pveen pervas vy

{1.-1Y.

Therefore the cost function simplifies to

e E D mwv v~ = vsesawa

Algorithms for Computer Algebra

4. Arithmetic of Polynomials

a) =520+ x0 + 33 +x2—4x + 1,

a polynomial in Z4,{x]. Then a(x) is the same as

a(x)Y=b) + xc(n)

Writing b(y) as
b(y)=d(z) +ye(z)

dz)=1, e(z)=5z+1,

{1,-1}.

dihy=leY=6. = AN =7 h(-1h=-5

127



A « FFE(8, 14,a(x)) = (7, -1, 8, =19, 1, =/, =18, —1U}.

the Vandermonde matrix

. PN |
PA e Ap—l) —
fs T Zudk® — 2w (4.10)
k=0 k=0

SUTEY VARSI SV UL GEIUEL I S UL GG UL BUAY I HALIC. U WL dIdV HCIP U 1



inverse Fourier transform is given by

P2

where m = #2% M i< 3 nrimitive n-th root of nnitv aver the field of comnlex numhers.

V..., @YY - Y1) T\ - - Yn=1)

where

and o is a primitive n-th root of unity.

Proof: Let 0 < p < n. Then
@Y =@V =1, and (f)#1,

than 0.

Lo, ..., @y W0 e Up]) SN - ey Upe)

1'VU1 aly LUWCECL K WC 11dVe

, n-l s , n=1 n-1

n—-1 n-1

= n71 T . © t.\ij.r.\”ki

j=0 " =0

s g v (] g ') 1O LIV tuvLISL UL 1 {1,

ALY MA UL Vi WAV Y MIIUVILIIVIIGMY LG UEA AD

11

1 w!

1 @D

4! = .
116116| |134134-

Tha ciacifiinc i a8 ML . AA 0 .1 a0 .

I8 via the calculation of

mn—l). 111> pIUVES 11ICUICIN 4.2,

oD

o
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W.._____1_ A0 L W S PR | S 1 - 1
lation of I 111 I 11014 Ll41. UdMC 14 ada plllllluVC O~Uul 1VVUL UL ulllly 1UL uLnd PlUUlClll. rjuil uic PlCVlUub
- section we have

hence the product is
“ mmnandira TET Muoltinlel/afv) hivl m n) " l € ¢ ep t
o ot v ves Sieva Tre S a VeSRAPAY VOMALPAY VA UMwAR W pAssima T v 2 UL Aw
W= e21n/n‘

¢ « N LFFTWV, 071, C(x))
N-1 . l‘or example,
X) ¢ x .
e Lo ™6 = (3 +i)/2

i 1 . practical problem of finding primitive n-th roots of unity for finite fields.

o -r S R - AR i St i IR - ket el P

1t Herstein [4]) implies that n must divide p — 1.



134
o=o® D
then
o= l=1;
p=2"k+1

JURISURPSE PLENS [

Algorithms for Computer Algebra

L1 Lt AL sla £2.13

4.19)

< wwienna jntanars  Than the numhar af nrimee < v

4. Arithmetic of Polynomials

there are approximately
X
r—1

log x-2

Fonrier nrimes less than a siven inteper v

—_— 130
log2*!)-¢(2"%)

135
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Algorithms for Computer Algebra

A1 e Laln

4. Arithmetic of Polynomials

far ralrulatinna tha tmneatad natrrar caran Frae 1/ v writh wfe) a maloamamaial
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T1/v

o

vious step as we iterate.

P 2

F(x) = y(x) mod x™*.,

a(yt=do+dix +dp*+ -

L1
where dy = — and
I~

T =0. and T(n)=T(r-D+c(n-1)

Since

Yo= an

o

a()c)‘1 modx =1,

a(x)y ' mod x? =1+ 2x,

teat of power series convergence.

2
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Returning ta the initial anerv from the heoinnine of thic cection that mativated thic

of this section.

for k from O to n—1 do ®
k+1
y « y+(2—y-a(x)) mod x?
o o . the field F<x> 1f 1t satisIies a polynomuial equation
PEEIS TR 1 % TRAPE T SR PR S TR DU IR B L P S ’\k mmnnnn thas s n A AN
recurrence relation .

Proof: Let n =2™. From equation (4.29) we obtain . ihat is,



PN . - . . -~ - 1 et Lt i Ll wntlnmanl fanmabiane Avar ()

obtained by solving the simpler equation

P(»)=0 mod x. 4.33)
Yn+l = In T lp,i(yn) U A J N
y-1=u.

One solution is given by yg = 1, hence

—- sa -~ . N 1 A~ a3
(N A
(~2tx +x3)

=1- |2 modx?

- 21 -2 +1%)
AN “ 7
Simple algebra verifies that P (y;) =0 mod x2,

Trnatian (4 AN rith »w — 1 and v. = 1 4 #v ic

PENENE $#BEN BN W

(122202 1 1949833 1 244

Hence our approximations are

ymod x =1,

)

| DIUUNEE DR Y- N SUSSOUIE DRSO SN IS UL T 1. SR DR SRUN-JU. SIS

Py)=y?-a(x)=0.

Newton’s iteration scheme becomes

0=P(y) mod x =y*—4

obtain

To determine y, we calculate

{ P BT T - NI ‘

h wnnbn AL A
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Al 031 2. 353 3

Notice that I r Up) r W)

) - vns - ~ns

By definition we have

I | ( POy 2
" 2 2n+l

Yy €Yo O =-y,)°=0 mod x° ,

for k from 0 to n—1 do o and ennatinn {4 37\ hacnmec

return(y) S nel e

end Since the result is true for kK = n+1, Theorem 4.8 follows by induction.
[ ]
=y T . m and n
P’(v.) mod x = P’(v. mod x) = P’(va mod x) = P’(va) mod x .
WU DU £ Uy V. USHIE UL, GIUIE WILL WAL IULL WML ) 9ULTUe \Tevke) VAU, T sty BT U T s e s g eV — e

transform equation (4.36) into




.
-
,
N

L

g =
I ms = ay1(b1p=by2), mg = axn(ba—byy),

return to its original power series.
1 Cy1 = Mg+ m7, Cyp = My — mz +ms —my.

ay=x* -2 +3x -3, bx)=x2+2 +3 . 14, Let
) N - o ] . where b, ¢, and d are polynomials of degree at most 3"~ 1.
HIULA prouuct Lall UC UdCU LU UCVCIUP av=aly 1'L'1 QlgULILULLL LUL ally PUDIUYL LIILVELL U.
lei cinl fais ainl [bas binl .

R S 3

my = (a1-a) by +by), my = (@) +ayn)(b +by).
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Py = 0 -¥)»Q0)+P0O), 7 pp. 281-292 (1971).

tions. pp. 245-260 (1978).

multiplying two polynomials in F[[x]] of degree n.

UV VAIAU WA UALWIIIA LU MV LLAMILAAY VAV ARAUY U VMALMAU U W WY g
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CHAPTER §

CHINESE REMAINDER ALGORITHMS

5.1. INTRODUCTION

to a given problem will be the norm, rather than the exception.

22x + 44y + 74z = 1,
15x + 14y — 10z =-2,
-25x - 28y + 20z = 34.




120720

_ 243540

2

linear evetema Tt anneare in numerance ather calenlatione most notablv in nolvnomial GCD



LGN Sy |

T as © L nia alanlaaa

A cnhoat ©f Af tha cat Q ic callad a cuhalachra if R ic

vy

o(R) = {r' e R": ¢(r)=r" forsomer e R}

e



¢ : Rlx,y] = RIx]ly]
defined by

q)ZD—)FD

defined by

be the mapping defined by

1

1

Vi it mammnembmmad in Mhantar ) Bar

VAIUL 4 — Wy, LGUIL @ 15 G IHULPIISIL UL LGS,
e s e
Om i Zlxy, ..., X1 > Z0xq, ..., 1]

O =x;, for 1<i<y;

9,,(@) =rem(a,m), for all coefficients a € Z.

In the case v = U 1n which case 1t 1s simply a projection ot Z onto Z,,.

05(b(x,y)) = 2xy +2x +y2+3.

O1(b(x,y)) =2xy +y2 +5.



R=R =DIX1, ..., Xiit,Xis1s -5 %]

e ol R T2 C AP va

Formally, an evaluation homomorphism

A DIy, v 1 DY X A X ..., x.]

ULAL LUL QIly PULYIIVILLIGE WA [y + + + p Py = = Lv17 = 7 " yas

x late - N\ v. .oy ov. L v\

cx)=ax)bx).

R AT a. . EPRE I

&y 0 05: Z[x] > Zs

maps a(x) and b(x) as follows:

bx)>2x+2—> 2.



N
we can determine tnat . <m>={mrir=0,41.42, )
. = YA A NEN
(where 35 =5-7). Weeventually get: ideal <4> is the set
c(r) = 14x* - 11x - 15 € Z[x]. <4>={0,+4, 48, +12,.. ).
e [ ]
B <P@)> = {p(ya():ak) € Qixl)
~ - - TT T S ems \mtTo pveg sassasseens vy Usewas vaiwen s Wvy vy
a .
— e el =~ * .7 ittt wlem A mmemmmantr onhoat T AF R ¢ called an ideal if
° VHI\A) ) W \ASY ) T PR JURALY ) - Ul \As)y U Y ) LAY T
. [ SO —— DR B S N 4 N s N rer . 1 Y A 1l .. B . ..

l *
— [ — caa e e iieateis 2202 T la alacad nndae all Af tha ring

4y, ..., U, INEN 1L IMUST CONTAIN Ine set of all inear comdinations of these elements, detined



by:

Domains with Special Ideals

domain.

- e . LAt L Il MaLIl A A AL Munctar YV tha nrincinal ideal Aamain

tional axioms. (For example, the integral domain

S={a+b¥5:a,beZ)

larly aemnnea — 1.e. <L, 0> =<1, D >~>.

B R R P e R e

a+bwhereae Iandb € J.

and J can be expressed as

TETMS OI Proaucts OI 1acals ds IOLOWS:

T

<a>-<b>=<ab>.

PR S




by Theorem 2.1.)

The Characterization Theorem

is anideal in R.

- O M LTt i Almma AN N TF A h o~ W than

Caso- - -

ic an iecnmarnhiem

set

N

T i D Lo o mccncmebntivia mina and lat ¥ ha an

P DN YN

V¥ 01(K) = 9a(K)
by

VL UL W) duny

P EAN PPN P2 AN

Hence,

pre-1mage ot o and setting W (@) = ¢x(a).

[N [N (PN IS o

and

WD =@ = (D) =1

|



the mapping V is surjective since the mappings

¢;: R— ¢;(R) and ¢ :R = $,(R)

NUILHULIUL PIUL LHABL SPULLLINAL UY @ LHVLPLIOUL Y W AIUOU AVILIVE 40 @ PAUPVA Stasies san axe

5.5. HOMOMORPHIC IMAGES

Quotient Rings

a+1={a+cC:C€ 1}

Lot i s AL miin 2 A aVenn cmlale cmmmmnk e 4l mmincmcsann malabiam — thnt w - w0 T

the residue class containing a is precisely the set a + 1.

NI={UTL., ¢ &« Nj

fvand ‘D wmandunia tha idanl T2 Nata that if 4 and h ara in tha cama racidnae nlace fiae if




WTHY\(1 T —u Tl iulallyw T 1< vy,

Now consider the mapping ¢ : R — R/I defined by

AN = LT faralla e R

oh=1+1

LT ML L ol iilncis e DT LA

5.14.)

e mmrm—pmmmmme e e — e

5.3. (See Exercise 5.15.)

POV UL L ok

U

Ty-—u- —vowa

s e e



¢x]_al q)xz-"«z e ¢xv_av

Ox —a, 1= Oc<x;—a, I>- I

‘6if”: I

=0, _n & (p) becauser e I .

=0 becausep € <Xx; —Q;>.

Chamlur if?.

1 RS L ST TR DR N P RN SR

o, 6. =0, . W

¢xl—a1 ¢xz—az T q)x,—a,, =¢<x1—al, e Km0 >

tons are performed is irrelevant.)

It also follows from Theorem 5.5 that if

N

(CH))

1 MTmsn alans




¢x,—a. ¢p = ¢<X.‘(1np>'

LT o AUUU- SR I LSNP, I JUSIPUI DUDIES I Y

V1P = Pclp>

a-c=b-d(modl); 5.9)

e — L as . am s 1o

LUL (J.0) Al (J.7) IL IS ©ASY 10 SCC U1dl

£ e AN (b AN — LNl /A AN - T




ne A BN E NXTn L A /aNA ALY 1 cclfal leealian sbhase A fal 1N N e

— T g = a e

P N
is a solution of the congruence equation

ax =b (mod q).

5.6. THE INTEGER CHINESE REMAINDER ALGORITHM

Wa naw turn ta the Adeuslanmaent Af alaoarithme far invertina hamamarnhicme  The

number’’ of homomorphic images R/I; of R.

The Chinese Remainder Problem

stated as follows:

—~ T e e . . ' . led

pnsms @, , INEN SUCH 4n algorinm will reCONSIruct e INEREr . UMIOTE COrrecty. ine lanuer

PSSRSO} | T TR SIS USUIP RS NOUISUREE PIVUIIIIUS SV [PRS: LU DRSO Tt NONPIIDS TN PIPURSRPII

which there exists a unique solution to the Chinese remainder problem.

GCD(mi, ml) =1 for i #j,

n
a<u<a+m, where m=[[m;
i=0
u=u;(mod m;), 0<i<n
Proof:
Uniqueness:
e e

= u-ve<m> fori=0,1,...,n

n

I uistence:

(5.13)

(5.14)




range such that algorithm is to express the solution u € Z,, in the mixed radix representation
n-1

[ ]
l where v, € Z... fork=0.1,..., n.

-y Y
I U=vo+ v B+l + -+, B

l U ="9 & L5 1dd LS ULLYUC IMUACU [AUIX ICPICSCIILAUOI




. compute rem(c, n).)
(5.15) that



for k from 1 to n do{

wun

end

nroduct ¢ d_. (mn)

Y, < reciprocal(product,m;) }

noRIUIL L U

temp ¢ vip_1

uu

|8

M ma an e caa aaa aan

U Q,,(u - my +vp).

Y R N L Wt R PR 71 RS

u=-21 (mod 97);.

vo=49; v, =-35; v,=-28.

u =49 - 35(99) - 28 (99) (97).

— O1AAOE  YTafee L L.t



1343 =28 20| =22 24 2v]
22 44 1 22 44 74
zy=det| 15 14 2|, d =det| 15 14 -10
-25 -28 34 —25 28 20
X = K y= FE z= F

AHBSWETLD LUL Af, Y¥{, AU 4.

T mvniacmla wraslina avar 7_ tha cuctam harnamec

v = & fannad 1IN L - A3 4N

giving

Similarly, we obtain
4ns0n -11 1180

and

2



univariate evaluation homomorphisms of the form I
MThoneom ZQ@ T at N ha nem nebilimnae: fatmmend A% Yo an = T e

relatively prime. But clearly .



UULALIL AUALAIUMALS A0S Wav & TV ST eves v vassmavneee g AT ooy . . I U(0,0)==21;  u(0,1)=-30;

il N

) . . N . Vo=-21;, v;=-9

T
L

fork 21: . u(l,y)=-3y +20;



bttt g - ~ymrs e oo

# reciprocal(a,q) which computes @ ~(mod ¢)

Frveeee o Yp ATk vw

fori fromltok —-1do

for j fromk —2to O by

P ‘-

vvian ma ey gy

end

-1

do

Nl

Y1 = (0 = 0y (mod 97) = 171 (mod 97) = 1;

=x2y + 5xy +41x -9y —21

1 fv ) (v ~ v ~ N

radices
n—1
Lmg,mgmy,..., [Im:.
i=0

(see Chapter 3).

n—1
TT /v




with images



lows:

1w

LU IYUWY UL TURIIE U W Wieavevasy pua g

=

f1 )

B A SE T L Y

polynomial

RN VIR IVEN m L e sA s e o

uvely. 1nus M =42 1n tnis examplie so 1t will be Surrcient 1o us€ modaull such that

n

Then popyp; =105 > 84 so these moduli will be sufficient. The three composite



c()=—=x%+x e Zsx]. ‘

homomorphisms: l l |
Given problem in [ Qoo s

The given residues are I I l | ’
The inverses computed in step 1 are: I L i=0,.,n CRA

c(X)=14x"— 11X — 1D € £|X]. — ]

[ ]
Figure 5.1. Homomorphism diagram for Chinese remainder

A Homomorphism Diagram and interpolation algorithms.

GOMALNS £, |X]]. UI COUIST, UIC SAINC GIEIANT IS VALY 11 £y, |4]) 1> 1CPIALCU UY £y, WhILH



Exercises <ab>=<g>

AL AaigUy pAY TV waswe weew = eeooo -

that I <a,b>=<g>




- . . o~ DI l
o | o WIRESIRSE TSPUDE N DS S

due class in this quotient ring if and only if
q g y I foralla(xy,...,x,)e Dlxq, ..., x,].

image Q[x)/<x —a>. l b (mod 0)?
a =b (mod 0)’



PEvA

mixed radix representation

s = VT aad v — QK

B 9 i Al ~ Dt A
the integer u:

inverses are now required?

problem.

nnm J.4.

with

respect

10

e

mouuull

gy — 77,

field Z5Z

u(1,1,00) = 2, w(1,1,1) =

V2N W25 1 V2N N

Express the result in expanded canonical form.

remaindér problem:

u(x) = u)(x) (mod 7).

-2



a L are_ et a1t nndead ke Tancia s tha nalimamianla

metnoa.
(@) Letmy,..., my be pairwise relatively prime moduli. For each integer 0<i <k

construct integers M; such that

1 mod m;
Mi=10 mod m; if i#].

(b) Using the integers from part (a) let

u=uyMy+ - +u M.

in the special case when a =0. What do we do for other values of a?

working over an arbitrary Euclidean domain.




CHAPTER 6

THE HENSEL CONSTRUCTION

6.1. INTRODUCTION

e e e e oD vaasaan wa vaav pav o vseaiagy waswp e

67 PANIC AND INE AT _ANTC DEDDLECLNIT A TTNANCQ

PRV MIIIVALVL VUL BIVIVEILD MU VUM dppLal T LUV DULIUUUML alld WIICLO Y 1D UIC Hulnuel Ol




S DEIRSE SEDURSUE R S

a

[ SRR 7SSOSR S |

AT aslmm shns (8 blhn Adnnenn ~Af tha anlintian in

n-1
u =vo+ vy(mg) + vy(mgm) + - -+ +v,([Tm)
i=0

L T " .

p-adic representation:

U=, ) =21,

—_ A Iu_uo\_

<

PO

oo



Anin tlin mnnn AL aanioad vadive camecananéntinn  tha cancant ~f 0 n_adis ranracantatinn I

a(x)~-bx)e <g>

o
0
)

i=0 . -
AN . . and more generallv
e e g o . .. - . -
and its general form is .
Mafeidline 1 T onoe mfaeN = TFOLY e 0 itk o Mem o1 A 1. .t 1 L/_N _ rFr R LI ]
. .
Tamemla £3 T ae sifv) — 14+2 _ 11+ _ 1& = Zi+1 ha tha nalunamial which arnce ac the caln-
p-achc coetticients are: .
PN 2 Multivariate Tavlor Sariec Renracontation

UA)=\"A —A)T\"Lh TLATL)OT\WUA —1)0.

° u® = ¢,Gi). (6.6)
Note that

mial p-adiC representation. Kecall tat e congruence réianon car e © v

Corresponding to the previous representation, suppose that we choose a representation
tor the solution i of the form
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e e\l

LS SO DRSOR DU TSRS S B PR NUGSRUIpR: URPE EISRPRI RSP T S 3

A= 3, wixp) (= 1) U | w2 o '

i=2

. whuiv © —u —un AUU WU VAl PLULLVLG W ULVLLHL LIV HMUAL VULIVULIVEL WL 3 < 1 auwe

Now form

AL N T O L N Tk DN V5 ARV Y L R R I R A R T TR B



- o . - - ’ . where
mo, v e e

where y X2
a A=y 3 uy(xy) O —0y) (x; — ;)
u® = uy(x) e ZIx]/<p>; i=2 j=i
in which it lies satisfies . where
(k41 (1Y . 0 (1Y . Coa AR

u* Ve Zix]/<p>*, fork=1,2,...,n . L ¥
increasing size:



Op:Z,[x] > Z,[x]/T"

tion o a(X) whiCh have total aegree e€qual 1o or exceeaing 2 (wiin respect o 1).

let us assume that the solution ¥ = u(x) is known to satisfy

mula

(k)
®+y _ k) F@™)
u®h = ® — VYR
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F'(u®h = F* (M (mod m

. dsta(x)) =x* — 2x“+1

Similarly,

p " . . -
p p . Then

S . , o
(Peun ) . . _ @3 -x4x =) 5 al A



fore
*) ]
o » [F@®)
‘I p™ o Fuby TP
P %
FAYZ 2 -_— unk\A}y g ™ Mzn‘_l\l\[y LIV 1D DULLIVULLLILVD Plvl\/laulb v Ui \1um.uau\, AV AUV 1 VLD UL uvuialy CLIJ\/J\/HV].

" i

ceiv g - F(Up(X)) EU (mod p).

[F(u(k)) ] R 2 Au(k) ~ oroa re AAN
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6. Newton’s Iteration and the Hensel Construction 221
uktD =, ® LA ® =123 ] .
e e h it e g e rrmem s 4 ieeaan aamseavassvapassas
i =u® (mod ™ I Or:Zalx:. .. .. X1 = Z.[x:1
Hence . [Au'®]* e T4,



' W 13
n=< BTl J=1
- ‘
PO — e m A e L - o 1 L B | I S B svrhara tha colaaeias 2 Anmnbnan e cimnban A€ Tt e e oo\ ™ oo .

i E e L ] b2
i=2 = ) >

. h=. L=t J=

- JUNEN VRN P e A et e Mt L Pl fhn iamsiam (£ AON LiAlda .

where we have noted that l F'u'*y#£0 (mod ) (6.33)
(v (v 1. o .

T IL IS PUSSIDIC WO UCHNG @ (fRAGrARe 1aCdi-aaic INCwIon s meration just as in the p-adic



ca(x) 2 M

O F @Dy = oy(—2uM)y =242+ 2. .

S e s P mem s wemm Uw vaapavLLVAM WO W

The first correction term is wlution of a polynomial equation F(u) = 0.

Au® = upy(x)y + us(x)z




o1

Ideal-adic

iteration

' Qonlve imaoe nrohlem

|

LU LULEER \UeJ 7 Jy UL 5 UMV Saas WS Wi e Sasirvse aes weam o w oo

Fu,w)=0 (6.38)

Vo [ - -

domain Z, [x:

()
o (6y) = g (x1) wo (1) where we () = 2oL Z,0x,).

ug (xp)

Fuw)y=alx,...,x)~uw=0 (6.39)

such that

\UTUy

Wy, ..., x,) =wolxp) (mod <L p>).




I Hancal’e T amma

Fluw)=0 . such that

D7 T e BTeL sr GqEA Y TTRA 7 = map ) WIS ISIMUYLIY pIALIL WL WU LaI TG UL UL pUlyauiiiay



and

[ 27N

M, « .

N

173 VRN

&S VRN RN

(R AR

and

fEaan.

(178 RPN
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. . - r veve VIV PRV ULV UL LGVIVILLE IV 1ULUWLLE LIUINL PULY HULILGL UVCL UIT

integers:

a(x)=x3+ 10x% - 432x + 5040 € Z[x].

Os@(x)) =x> - 2x € Zs[x].
Description of the Algorithm

RN —— o FA L3 LMt e adins Naaban o ibaratinn




ll ALBUILII Vel \VUMLLIUMEJo ULILY GLLGIL LAVIIOVA 1L Wity o mappassessess

“ # 4.2. Update the factors and compute the error

end

s o) TSN SN

9sta(x) =x-(x* —2) € Zs[x].

S0P S T T



PP IRN { ] I N -

N e A LA T O] W1y
fork=1,2,3,.... l

wnch that



o), T(x), ulx), w(x), and e(x) 1s as tollows.



. I ) VN DU VAV & ) PRSI ST A SR 1}

- v

factors



- . - S YpINTNT IS weaev g wmase wpATT A g e g
BUL R — Ly4&y 00 vy 60 AL UIVAY UAIOL PULTIIVAILWLT WV Jy 17 \7V ) = aapov | vee~ » »

a(x)=ux)wx) € Zix] (6.68)

VLIV Mav assvaiaw pua g sxvessases



I o An i _eeoon

o=pHv
I dx)=u@x)wx) e Z[x].

1In other words, DY QEeTININEG KX ) = VUL ) Al WIA) — JIVIA ) WU DUV LIGE Mivay visury w s~ ewos
zation I

[ to be large enough so that



In iteration step k =2 we get l Icoeff(u(xN | v. (RTA

U - B e



tron mmnn oy e e ey .
a6y = D s Wy tmnd ) . a=12, y=12,

pute . 7.51x| yielding
PN PN AD (D



Endof | | I l

et

2

l ‘ ‘ 17 | 17v2 -1 | 120x2 — 420x + 420

| x+1 ] 1 | 120430 | 1262 -20x +14 | 0

g -

d=cont(12x +30) =6,

u(x)=—12x—6+£=2x+5,

— -

Given problem in

l

Solution in

iteration

[ o-

inZ [x]

I p-adic




' Thaleree neeaial ML e T PEPNSPRC NN, N SR |

1s applied 1n the ring Z | xy].



and

CULIUILVIL (1) Zualalllcoy ulal IUUCll\W\Alj} 1> @ ull 1 e g lJpl {3CC 11I0VICIN U.J). ruially,

definino



. B=2 s i T
such that

VYU VYL ULV YUIUD VIAVDV LU aTaIs San Mevas 4 seaaw s —sonas

evaluation homomorphism ¢, to the left-hand-side, yiclding the following polynomial



RULLU ¥Y 01 M3 L rvevern £ e pere aas s e e e B T — © e s as arevmay & ears wwsing A{MAVARS \Vi S 2 ) \VUeAV L)
v v
_ . (S SIS 3 S I S (3 B ST VPSP ¢ | VNN 4 | VNN p

u® Wk e Zylxy, ... x]1/ I¥ such that .

Define . omitted.

and



Fvamnle .10 letn =5./=1.

we have

Y I N

wD=x -y (mod5).

.

VERTNY

PRI

s s



indices

AL S itk L abn e Voo ot ace sl A ot Lt LT L £_11

e® = aX, ..., x,)— u®h®

rero the method using (6.104) will be much more costly than the direct approach.
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G(o: TA=06:ulx«. )+ T-wlx. YN —rly, rY=0

from sz[xl,xz] to Zp:[xl,xz,xs], then
(k+1) k) k) k+1 k k)
(Sj —0‘]( +A0’} , C} >—’t})+AC](

will be order-(k+1) approximations satisfying

=c(y, ..., X;) (mod <17, p*>) (o . problem S H



erm equanon (b.1UY), 10r €ach J.



“ AIZUTIUNM O.Z: IVEUILVALLALY T ULYIIUIILGL Loy pasnssans sospermrms oo

4 TRTT T,

“ # I=<xy =0 X3—03, ..., X, — 0>

_J

|| P B PPU-PUPN P Py

" for m from 1 to d whilee =0 do {

|| else {

G« O+ As # element-by-element operations } }

return(c mod p*)
end




" bi=a1><~~><a,‘_1><a;+1><~-><a,.
| %

# Conditions: n must not divide lcoeff(a:). i=1..... r;
|+

Hnr > wen g

s « MultiTermEEAlift(a,p, k); result <[]
for j from 1 tor do {

oo~ PE . PEETIEIE DU DR .7 VSN

1 .

“ L T R R L e iy SRR

J

procedure MultiTermEEAlift(a.n. k)

Bo(—l

§p Br—l

end

procedure EEAlift(a, b, p, k)

a2 tha cvavinhla nmmanwian do ~ and kh

€™ 1L =Y XU—IXD; C &
modulus

return([s,z])

moa p




# thenthe USt U =[Uq, Ug, ..., Uy] WILL UT UIT VaAIUT 1CLULIITU,

# (2) Otherwise, the value returned will signal “‘no such factorization™.

#
# Remark: The mod operation must use the symmetric representation.

ena




) . up to factors u, w € Z[x] with

have p-adic representations.

representation of — 1/4. UWA) = Uy A ) WE ) amoap )

G LY e st savas wa oy MmN mommmmm mmmm e e e eemeeem - o o o - .

of V1I.

U (X) = Uo(x ) (MOA p), Wi(X) = WolX) (mod p).

Let 12. Let

Determine the cube root of

un=xt+x+ 1. wa=xt+x—1

using reduction mod 3 and Newton’s iteration. WoAmmREe s sy v

Determine the square root of u = ug (mod 3), w =wq (mod 3).

N
'
©
2
'
|

R . 4amen b . snmerromn 4 Asranna.2 . AmAuan



nomials.

(a) Choosing the ideal I = < y-1,z>, determine

b(x,y) = (x—1)y“+ (x“+x-1).

18. (M. Monagan)

u: ’=u0+u1p-r""ruky.

~ . . ‘e . e Lo . TN

S - N 1 -

cients.

(k1)

(k1)

~

(1974).

8(3) pp. 46-54 (1974).



CHAPTER 7

POLYNOMIAL GCD COMPUTATION

71 INTROADIICTINN

LIV GUOVIILY UL GH1Y LOIIVVLIGUUIL] @ DU1SIV 16MUILIGL L WIIVHIVIL 136 Y U156 UV 1IUIVAGIVL WU UVatULi

inator of degree 160.

divisor of the two polynomials.
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R APl SSLNTS ReLNTs S CONT

Ri(x)=A(x)-S;(x)+Bx)T;x)

for alli. Here
SNV = 8. (1) = SA00:(x)

LipW) T LN ) T LA )

~ PO P2 AT P U B C RSN I B S

Algorithms for Computer Algebra

“coN oNss

7. Polynomial GCD Computation

D /N 10 o

B(X)=3X"+ X" —4x" —9Yx + 21.

e BT R T 1 LT PR, 1

233150 102500

19773 6591 °
_ 1288744821
543589225

Ry(x)=

Rs(x)=

IA

281



N T N e n l Twassawmla 77 A T at AN acad DFu) La dha cmalermncnlala funcn TCaonamanda T2 TTolacn canmeada
oA (x) =0 x)B(x) +R(x) Ry(x) = 13x% +25x - 49,
where Ry(x) = 4663x - 6150,
o =lcoeff(B)%*!, and §=deg(4) —deg(B). o
which again implies that A (x) and B(x) are relatively prime. . °
e



sequence
Ry(x) = -15x* +3x2 -9,

Rs(x) = 527933700.

where the y; are defined by

SUESE

EETETE TS T DI

Al m mnlanliloa DO s

FKD 18
P v 12,4 A2 A
Rs(x) =260708.
tient field of R). ’ )

7.3. THE SYLVESTER MATRIX AND SUBRESULTANTS
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P TS . )
Par's . dity follows as a corollary to

....... AXYSX) + B)T(x) = rcs(A,B) . 1.6)
Ay veeevee oveennn ap
= 7.5
M L on h h. 1.3) Dranf. Bar A7v) and BIv\ faith anafficianta « b waccantioale)  con facen s e 1 o
vn el nd U 1 v
b, by l amxmmﬁl + am_lxm+n—2+ +a0xn—1 =14 @),
* . UpX" Ay X"k ag= A), 7.7)
from Z[x], we have
res(4, B) = det(M) =0 M=
1 B(x)

where the Sylvester matrix is

0 3 3 1-1-20
00 3 3 1-1-=2
M=|1-3 1 5000
0131500
00 13150
00 0 13135




equation .
following. l
Thanwam 7 (T aidackar Q1N Tf the Suluecter matrix is trianeularized to row echelon form.

GCD (over the quotient field of R).

ML ___maAa 1 N~

This gives

PV T RVLBOLy s
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for 0<j<n.

S(0,A,B) =res(A,B)=0.

7. Polynomial GCD Computation 291

| DN |

U U 1=3 BE)]

L o1 BW]
SG,A,By=det [B()] =x> - 3x2+x +35.

§(0,A,B)=260708 =r1es(4,B),
S(1,A,B) = 9326x — 12300,

S(3,A,B) = 65x? + 125x — 245,
S(4,A,B)=25x* - 5x% + 15,
S(5,A,B)=15x*—3x%+9,

« a )

SU,A,B)=Ax)S;(x) +Bx)T;(x) (7.13)

AOUAx)+ B(x»V.(x)=v.-R.(x) (7 14\




P O TTU VULIDIULL LLLOU UIIV WA T ADIULL Ulvpre

A(x)=Q(x)B(x)+R(Xx)

WA Ll StV AN U K(](n_l
™ LR (x) j=n-1.
our division equation gives
m ap
n bO
L vy
n s St el nniltibn nnns AL mnnn ava mara  Qalantina
UIU L1130 VOIS UL (<4 1/ whis svssa s giasg 1t T vt
[am cee Qyni2j X"TPA(x) ]
T am—n >’ - T iy s
l by - bp—n+2j B(x) j
=0,...,0,r,, ..., r,,,_P”,x""’“PR(x)) (7.18)

b}
i

oadn_NMmoiN . |

\/+.17) 1> UIC UCiCLliulaiil UL UIC Hiaulx

o

llence, for example,
S(1,A,B)=S(1,B,R)=1192x — 1192,
S(2,A,B)=R(x) = 34x2 - 28x — 62.

PN mu B EEE B

- biy .B(x) |

AX)=(3x + 12)-B(x) + (34x“ — 28x ~ 62).

(7.20)
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AUCEEEIRRG 7 ose LUL LAN(AAJ g s 0 ) RSNV v o — - .

D A= NLADAALRIR (Y Neilk

S(j,aA,bB)=a"7b"7-5(j,A,B)

[ 7S (7, Ry, BiRisy)

(W e TN

which gives Lemma 7.2.

vy

(7.21)

0<j<ny

7. Polynomial GCD Computation 295
(A _
L s v
IS — UG s ] _—
Mhan ns shin nbnnma tha cmnaceda vnmmnindan ia naswmlan ArafAlamin wwihink nnw ko ~lcaaliflad ..
[ ]
e e e e e ey g

K4(X), hence the natural candidate 10or the next member of this reduced sequence would be

R,x)=Ry(x) / r#

|



Theorem 7.4 (Fundamental Theorem of PRS).
[ R j=nig-1

l 0 otherwise

i-1
& =% (i
p=1 4

When i = k-1, equation (7.26) implies

(7.25)

Thus

where T is given by equation (7.25).

SU’RO’RI)I—,Iap (ny—n,+1)
p=1

Sre e s msb ew avamavas w gy

o= r,»s'+1 far i > 1

.....



where

p=1

Since

R.(x)=S8(n:.A B).

Qurimamnnnn that tha ~nnaffininmin A8 D 4\ aad D (v nen tabanana haadad fa canaed

(2m-cH™.
L URAE IV WAL, LIV SALHUL UL LI VLIS 43
m;[ log(c) +log(2'm;) 1.

L B R I N T sl canveanlitad her thann hasiawada fn Lanbnnm dhna laane

w;[ 2¢ + log(2'w;) +2log ¢ 1.

thn £lvnt bnvann n

srnda oo
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. ovoo At ra_ [2 o ORNSRY RS ; VAN  JVSUANYY SN RN

AR UUEL AML LI VUAMMRUAL Vs w vy U s Yy XS ATV = =L temees

A(xY=P(x)C(x). RxY=0x)C(x).

UUDD LIUL 1AVL 1D ULELVL TVUULLU UHIULE LIV HUSHUS VI PO, LASITBIHG [0 D1ty saay

7. Polynomial GCD Computation

~ DI Y A 2 2 IO NN

Ldiculdung e UL 1 Ly|x | glves

PRI PN WU OO RIIUWIL

noptanng

PP NG YRS

SULIE a pPLOLTSN

[TV}

4

nuwnoec

301

ul
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BX)=Xx"+14x"+ 1dX" = Xx™— 14x — 1J. . ®

SN TP IPIRN PN . e N RS RS SUNDUH SUUR I PO

gy — A Ay Ry A ~ e

(U) CXudll uIe HeXL LNdge,

Fo ST DUTHRIGN. Po) NETRY, J VS R DS () nerform the imaoce alonrithm:

GCD(A. =XxX"-X. .
(A5(x),B5(x)) =x"—x erwise return to step (b);

about the growth of integer coefficients.
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. " # Remove integer content

sran 1 ~ B . - -

1coeff(C) | GCD(lcoeff(A) lcoefi(B)). . || q<qp ) ' ||

return(c-C) }
elseif n = 0 then
return(c) }

at this stage.

For a-priori bounds we can argue that

deg;(C) < min(deg;(4), deg;(B)), for 1 <i <k, end

usea as a pouna In FUC . 1n MULD IMe analogous oouna 1s tnat, 1n atl nkennooaq,




algorithms.

ensure that

Unlucky Homomorphisms

Then

T T

i=0

unlucky primes.

procedure PUCD(A,B,p)

return(C) }

S s NTrTor s O T w e \Aw v vmse gy awvvaaas Sy p g

# Notice that hath » and o0 are in 7 [+v.1

mrrmem—~ g vv e avowaa oy 8D

Cp, < g,-lcoeff(Cy)IC,

if Icoeff(H) = g then {

IS 3 AN

end
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= n DEREEY
cn 00 20) X" + -+ + €100, 20) X + co(Yg» Z0).
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UULL A\ALY,4 ) dI D\, 54 ). I 2a-3b= 4 (mod 1)

‘I'o determine the linear coetficient we have the two equatons



314

and P.
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Aj=AmodI, By=Bmodl

PRISIMS 10 MAP UIESC PUIYTIUIIIALY HIW AL ) aiU I (A ) 1 4o, )4 )

(7.36)

7. Polynomial GCD Computation

Calculating the univariate GCD gives

an invalid evaluation.

valid. Lifting these factors gives the factorization

315
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~ e ey B L L0 T ORIV I

AU D ad> PULYIIVLILALS UVLL WL VUTLLIVIVIL UULLIUL &1 )] 5« »

Cp  UGUD(ApBy); dp < deg(Cp)

if dy < d then {

v kD |

CESS.

|| Alannithenn T 2 fnantinnad)l Tha B7 ON Alanrithen

" g0to double check step } }

|| cnu




-
i

!

i

|

3

+ + + R I I . Y LT oo | IOUCLIL Jfoo
Tf P — A 4+ hR then the canomence P =0.P./"\ mod (n 1\ can he readilv enlved hv . e - ..

- . ’ - . F=CH (moal)
— - - - FUN TV LT L L Wt Lt 100 L b o ab bk AL 120 e ba i e

Cvmnaren pave

HOuSs,  10¢ Class 01 prooicmnsg
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A@E)=(x -2)A(x), Bl)=(x -2)B(x)

Y=, (CO).



[ ) TR e s e L e s PR C mee e A

€ <y

for i from O while ¢ # 0 do {

Fvarmnla T T A

- .- - v P “z e et e i men e e

T avavnn WA T un . rFr -

P=—to.+lo.—ovanNva ...

| FENNES PP PR | [P SURPE D I

the polynomial such that



U CIST 1LIAS a LUval 1avivs Ag e AR I smseve c—w—y o - .
l surricient to detect incorrect results?’’

[ETIEE] L B B N 1 BN

LOPLAUIL 1L PIUULVILID 360 2iias g e s



Q|P and ¢, o(Q)eZ

then

the complex field C be

d
P=cTIx-rp
i=1

T T -

Cauchy’s inequality,

For any a. € Z we have

d
100 ®la2| | TTH el =[ 71

INUW LI W DAUDLIVD \ 7. T ) UIIVIL 1UL Vv &y

[} LI I ECRE TP I 21 I N 71

as claimed.

dDICS X; CACCPL A —A,j, duvilL uias 1

17 Joo =)F Joo -

- . .. 1 . IR I

(7.44)

(7.46)

N Vid N (747

e e - i ;e = T 723N Faw a1l war

ALianlon tha wnliuac v, = 7 arhitrarilv laree and

|
I
l
B
1
3

But

1050 (01 @)oo > | PV 2] P

DU LIV PLUVL 13 VULLIPIVAL.

ML .m0 Y . 4 n e

v -
VAT amvpva UsuuLy g
Es14+mindd Al DRI
PRV AAUANE WAV ) WMV VAPUGIUIVIL UL [ SV WAL
q)x,—g = v-
{2 J0-T NSRS U . | S S - n 1
(S 3 | A auu o | D.
Dranfs Tha fiect half of tha nwennf Af Thanenos T Q wncanloan on L H B o NN
AL WD all asduviaiv vl 5 .
1 e feurisuc UL Algorithm
Thanram 7  nlanac n lawraw hatiad aw tha adoa af dbhoa amalooalo ot o L1

Bx)=x"+6x“+1lx+6=(+1)(x +2)(x+3)

A




B T

e e mmmmmammcan £

T T __ac

and furthermore



vars < Indeterminates(A) U Indeterminates(B)

else x « vars|1]

1UL ¢ 11U U YR [TV wu L

& < ¢ (Y
G« G+gx'

if G| A and G| B then return(t;)

relursal_iag)

end

IXUI & 1dlUUI DTL UL Lauuuaivs.

Asav vaovn

6.

with w an unknown.

Prove Theorem 7.3 by:
(a) Using the approach in Theorem 7.1.

(hY  Using snhresnltants.



Set up a table of such values.

L1. DNCPUAi LATIUIIT LU, USLUE IVA ) f LU LAMIIPIV /.U (UIV SUULLIULLALIL L AN /.

cients in R for two polynomials from R[x].

o A(x) =1206x" + 1413x” — 1201x° + 2506x " + 4339x"

.~ 8 aan= A sa - 2 ann= D ~nn anan

B(x,y) ==3x%z +2y%+ 1.

deternuned previousty.

A

and the polynomuials

s N L4 . .40 40 3.

D\WX,y,2)=\Z +\y +X )z ta& +1)\2Z2 —y t+tiLy+x +a )

the polynomials

FESETITTN

AYY=A(Y) Adx)=A'(T)

4. . 4

~



334

Algorithms for Computer Algebra

(TR SN Y ) M MUL VUMILMIIIT WA AW VRS R e ARvariames = evessmeesssrea = e—ons —o

ACM, 14(1) pp. 128-142 (1967).

(second edition), Addison-Wesley (1981).

Loos, Springer-Verlag (1982).

MRRar R R S At - “w-

Verlag (1982).

7. Polynomial GCD Computation
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CHAPTER 8

POLYNOMIAL FACTORIZATION

8.1. INTRODUCTION

8.2. SQUARE-FREE FACTORIZATION
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b(x)? |
x a(x).
vy T ] g ey

i=1

GCD(a,-(x),aj(x)) =1 for i #j.

ple,

that such a factorization is easy to accomplish.

a VU MA LTy MAAL MVAALIAVAVAS VA M MVAAT AT Y e U Ases A fvaveve i esmmas e e emmave —o oo e

culus. In particular as pointed out in Chapter 2, it satisfies

8. Polynomial Factorization

vy vy vy

not 1.

or a(x) be

ax) =pyx)py(x) - - pp)
GCD(p;(x),p;(x)) =1 for i#j.
P10 | p/&).

Il
—

339

8.3)
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e mm i s o, - - - R -
" i 1o Omtomt o 1+ hlv) — a’(¥\ “ . and

1 ] W) = Y\L) WK

=a ()@’ (X)) + -+ k=Dayx) - ap_ (0)a (x)
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2N Y 2 TRV SN
Algorithm 8.2. Yun’s Square-Free Factorization. “
return(Uutput)

8. Polynomial Factorization

ing part of the loop results in

aravN MV U TTV waaY VEAw AV Ve mARAwM T7 \/V) ARV AU varw sy Uajeeea v saww msve vae)

given by (8.11).

v s smrevavas s V) v RaUvav e vaaws

13 13
G+ DB =xBe (24 - +(x+1 =xB+1=a)

343

e




PP =V = pp (8.12) .
onf ni ni PN, 70 1 AN " L L - "
| | II
. e e AN M B AL ALt [ < 1; Output < 1; b(x) < a’(x)
WAVIL GIu sust AA{UELLy VALY 77D asvass serw Ammy wetms e Sommmees s o\

if c(x) # 1 then {
c(x) « c(x)P
Output < Output - ( SquareFreeFF(c(x)) )? }}
else {

1<k<pi-1.

Using Lemma 8.1, we obtain N

Therefore

K
a(x)=ap+ a,x” +a2px2" + o agx?

where Then
m—1
bi:aipl/P =aipp (l’(X)=2XlO+X7+2x4+X
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. o -« 1 - r_A o A~_D3/3R9

YX) =X+2, z(X)=x+1, Uuput=x+1,
l i=3, w=C, ¢ =B>C*D’.

Wi upuane )
v l i=6, w=1, c =B*D’.

i=2 wiri=v4)  and A= vT42v00x a0

ith es . .
with updat A cimilar madificatinn muct alen ha made in arder ta carrv the canare-free algarithm of

hence the greatest common divisor 18 . Berlekamp’s algorithm

=3 ~4 ~Q

w=aic=AL. .
cquation (8.14) we get

TCurenmnna tha swhila lana sva hacia 0 — MY A W 7 6 7 — A on Nuibniit — A wnd sha



348
. PN YORNN Ls.N@ . L. r.N@
p@)=z1-z e V[z]
a(x)=ay(x) - ap(x)
V; =GF(g)[x]/<a;(x)>.

defined by

is a ring isomorphism. Note that

Ow:W = Wy X -+ XW,

W;={seV; :s7=s }.

Algorithms for Computer Algebra

/70 171\

8.19)

(8.20)

8. Polynomial Factorization

WAV \AJ) 8] 5 - sy O

NYT. -3 v s RN ~r o™ .

Alv\ - TT  CONDafv) o Al

M-x= [ @&-v)

SO

e N T rmm—e mmmv— v gr ) mve wem vy Tra Amswr

Note that

349
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and so
i=1 s € GF(q)
(8.23)
Clearly
N~ N SN N SN

i i °

basis for W.

vOO)I= g+ v + - v, XY

=vod + v x4 - +an1qxq(n—1)

UIE ZLXN INAUIX WIUSE SHUIES ¢ i (0L U= ¢,/ = /1= 1) a1 UCLoHLuioy vy

s n-1 . N ra AN

ULVIULU LWV A A 5 A Yy A s ILOpLVLLY VLY .

8. Polynomial Factorization 351

ML ... oM T _.vsra J D Y N P T . L s AP

Proof: The equation

is equivalent to

n-1 . n—-1 .
0 =Yvx?/ - ¥ vix) mod a(x)

j=0 j=0
n—1
v(Q-1)=0. (8.29)
o
and
...... | gy rare g ) T e
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r ¢ (ro, ey rn_l)
Algorithm 8.4. Berlekamp’s Factoring Algorithm. initialized by
procedure Berlekamp(a(x),q) r(1,0,...,0
rer+1}}
end
. a)=x0 -3 +x* =33 - x2-3x + 1.

o x v v s vy
= X+ o, X"

m+1,0 ¥ Fina 1 m+1,n—1 = X mod a(x),
X2 = x2 mod a(x),

from GF(q) l X = X" mod a(x),
and

where




Therefore,
=-3x’ - x> - 5x*-3x -3 mod a(x).
© - PN o n
X" =5x" = 5x" = 3x7 = 3x“+5x +3 mod a(x).
Proceeding as above 1o CalCulate X~ moa dx), ..., A UU UL}, WO EOL LT 1l1auA

100000
3 5-3-3-5 5
3.5-5 1-1 0
0= 41 342

lar idempotent form is given by:

1 — L/ 1ULILL @ Uasls 101 e S01uuoil Space

Cef wem X7, aos7T oMY
I-LYyL=0
Vil =9
such that
eevila g vl g,

Then there exists a nonzero vector v such that

v(I-L)=0,ie. v=vL.

1ULLIL @ vadly.

. my vge
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Algorithm 8.6. Null Space Basis Algorithm.

procedure NullSpaceBasis(M)

7L S LUWDLLON\IrL ) "

for k from 1 ton do {

if i <n then { l.

Column(i , M) < Column(i,M) -M;* “

AR TP B TN I B ¥ o

ALY AL VA av Y v

foriton withi #k do II

# Convert M to M -1

for i from 1 ton doM;; « M; — 1
# Read off nonzero rows of M
i«0je1

while j<n do{

while Row(j,M)=0and j<ndoj« j+1
if j <n then {

ie—i+1
vl Row(j,M) } }
return( (v, ..., vi1})

end

PN N N N

8. Polynomial Factorization 357

using the above method.

L*J*J—L—L*J UJ

mrar e veme vLeavesal VUAMIIIL bV AWMV VML AIIGLLAA WU

- O

W o = O

w

wn o O o
o o <

“w o oo

-5
4 4-5 5-5
3 -5 5-1 1-1

'L-QOOO

1

Multiplying the fourth column by 57" = -2 and reducing, we obtain

000000
010000
001000
L=l 000100
0-1-1-1 0 0
004200

which is a matrix in triangular idempotent form. Since




In terms of polynomial representation, the basis is

Since

the factorization is

v s a2 s e A3 A2 2e N

field multiplications.

X=X+ o 4, Xt

where

1

mod a(x)
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e iy e PR

tion (8.32) holds.

degree there must exist an § 1D such that

RN PN N

Algorithms for Computer Algebra

Q 22\

8. Polynomial Factorization

WILILIL LaVviuld ad

e (v — vl NS

AN

361



have the factorization

- [N AV ] e LA N PN

-1«
(20).

W has components none of which are quadratic residues is

PENPN

with

ponents.

g

s -



Taking another random element of W, say GF(2™) by

ran rma M p— . o A Aam-1
U
Qince v3 — 4v? + 5v3 + 3¥2 — 4x + 1 reduces to . =Trv)+Tr(w).
-1
° . =24yt v v =Tr().




VYR Y N
a . || while SizeOf(factors) < k do { “

bt V) bt i LT -2
cclimen mnch o ioaithar N ar 1 T at 20+) ha tha dagrea 5 nolunamial in GF(16)x1 defined by . " if p=2 then - Amot "

TY ULDUIE VUL WAV PU YT VAT Vi v ety

. " Remove(u(x), factors) ”
. - " n . R
Lt AR 5 — v waes & Seses ey e v 3 3
0= o+ o o 1+ o? a+ot+o’ l+a+ol+od |,
end
a+rol+od l+a+ol+o’ o? o+ o’ 1 L
2 3
0 a l+o+ o o o+ o+

viry = o3 1 (02 1 ool

l with the greatest common divisor working out to



a(x) 1s then

(+od)+ @2+ x +x)((L+od) +(@+ad)x + (1 +a+o?)x?+x7).

Wa ramarl that tha alaahraic maninnlation inuvnalvad in caomnutine Examnle R 13 wonld

degree 1.
T alinla tha canilal Fantarimnbnn /Q 29\ wra neo a
F=GF(a)x1/ <m(x)>.
3 d_ .4
=@ =,
mpues

@]l =x? —x]=[x]7 - [x]=f7 - f =0
p,(x)=U mod m(x),

that is, m(x) divides p, (x).

(8.39)

(8.40)

(8.41)

X1 = X = 1 =Y
inF. Let
F=lo+frx+ - +fayx]

ax)=alx)a(x)

S

rithm 8.8.

rAQUIPIC o LA
ax)=xB+1 e GFQIx] .
“Then
S

and we set

\0.42)
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U\ AT
Therefore
VRN A~ ~ 4 N 2
with
Al - — -

Calculating further, we obtain

GCD(a(x), x% - x) =a();

hence over GF(2)[x] we have the partial factorization

nuvy

v-0) =v? mod alv\

Algorithms for Computer Algebra

8. Polynomial Factorization

LARGUI LA Uslle  ILISUIIVL L/UEIVL & GULULALGUUIL (1 ALl 1. 1 dLUGL L'GVIULIZAULURL).

procedure PartialFactorDD(a(x),q)

BT J I T N S VN Y

" # a(x) - ayx)ofa(x). ”
" fe—i+l} ”

L™ |

r.xampie s.15. Let

N L] Arsaare o

371
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Since

with

and

and

To find the factors of degree 2, we try

Since

1 EENE T N L Al L Al Lae MNeniiniii e tha Fanbaeimabiam oina

GF(11D)[x].

8. Polynomial Factorization

| FAIBUE LI Uere  L/IDULIVLE L/OEICU PAVIULIZAUULL \Fdll L. OPLILUEILE CAaCLULS).

mmnandiama OQILUMT L/ o LN

" if deg(a,x) <n then return({a(x)})

" m & deg(a(x),x)/ n

Lrondmean » B dNY

" return(factors)

17 —x=x¥" —x =Tr(x)(Trx) + 1)

Py cdiculaung

Valal o VIRPININEE. PSRN

373
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resolved. .

and



polynomial factorization is

Example 8.19. Let Q- x) S () "ty (1) € Zhxy .

uk“,) = kx +T4X T0A 1‘41'?‘4)'(.{ '—ox -*-‘qr—oéx-'- l /) . TT & T T T3 TTYY TOTVOTANW SSsman vaw AWALL TTASLl VMWW WWVALMALIWVAIOD MU
° 1) ay(oy,, ..., o) does not vanish;
2Y  alx. .. ¢ ) hae na multinle factare:

UVLLVIVY UL WV HHUULIUU 1Y ULOLTIUVU UY UG HUTTIVHIIUL PIUSIL (Al alnn il IR ULC .2 UL L Hapic)



UICI DC LIVUKCU LU 1111 UIT UIILVALLALC 1aViUuLd Up W HITULILLY AL1ALY AavivLD. l e e i S R AR T e it A et

permutations of the o;.

. Norm(B) =B, -+ B,

FlX]/<m(Xx)> = ro)

= (ot frot o +fpgo ] fie F) . b= 11 P

— e e —m— —- - ] - . — - R -



b(z)=a(z)yd(z)

PN o P s 1 T RN TN DA B /N e Ltalal Ll el A LT o

a(z)=a,(z) - - a(z)

mves vawmas ww[\m ) mmavmwamas ama e \=oy L= gy m=en

Norm(a) = Norm(a)-Norm(a,) * - - Norm(a;)

e AL

(8.43)

(8.44)

T L L WT_ /N Lt At 1t XXTho ATo /N e e Lo 2k e mat bl

VYO LIGHIL UIAL LL W L) GHIU P4 ) GIT ITIGLOU UY (0.4 ), WISt

s e~ NN

Norm(a;) | Norm(p;) .

Norm(n.) =n.(7\*

arrows

F(enl71 Fionl~1

Fiz] Factor Flz]

(8.47)

(R 4R\
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I'he polynomial ¢;(z) € F[Z] Can Nave a Muiupie T00T 1 I IT 4N UfLy U

return (b)
seoy+ By =s-o, + B, end
for some j, i, u, v, that is, if and only if
_ BB
o -,
Thvin £aw all luet n Fnltn mommhar af o = T woa hawa Examnble 8.21. Let

PUAY AIVIIAIL 181 L \WVJ L4 | BT 20AE W AN{UMAL IXvA ssusiiae - -

Norm(a,(2)) = res, (f (2).m(x))
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216 . 415 . 1414 . AA_13 .,

Norm(fy(z)) = g(2)-h(z)

Taking GCD’s in the domain Q(o)[z], we obtain

and

GCD(fo(2),h(2)) = 22 + 0z + (1 + 02).

v s - e

Algorithms for Computer Algebra

a1 12 L nn 1l L 2210 . 1An9

fa@)=(2+ =)z +(1-02) ) (22 + 0z +(1+02)).

Algarithm R 10 hac drawhacks in that althonsh the algorithm mans down to simnler

HIUMHIIUCLE LITIUDS 1) dll avllve dalTda Ul CULLITIIL ITdTai v,

Exercises

rule, and the chain rule.

Vx4 + 7 + x4+ 1 e Zylx].

8. Polynomial Factorization

8.

Vv mass svu e v tav s v sansevavass

Determine a basis for the set { v: vM =0 } where
[00000000]

Uuluiluvuuuy

00010010

M=11 0010010

10111000
TPtﬂ(Y\:le

OVeT Z,|X].

~ . PN A - —_— e =
@ p=2?

(by p=1 mod 8?
(¢) p=3mod 8?

385

26 =503 0201 2 7yl Factar af+) ncina Rarlakamn’c alan.
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(d) p=5 mod 8?7

wherevi=(v{, ..., viy).

UCUHA L — ) —A = L.

Generalize this to the case where a(x) is reducible.

m,(x) =res,(v(z),a(z) —x)

(b) over GF(19),
(c) over GF(23).

Algorithms for Computer Algebra

8. Polynomial Factorization

2 m-1
Trx)=x+x?+x9+ -+ +x9

\a) Prove that

W -x= ] @Tre)-s).

s € GR(m)

Section 8.77

22.  Use Algorithm 8.10 to factor the polynomial
4 A

over Q[x].

Referencac

387
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2 IMOTE MOUECIIL ICUHILIYUT UDLIE WIL LIVULY UL 4 VULIUL UUUSD $os prvey soooes =

LEL US COLSIUCL @ 1IHCTAL 3Y DAL UL VUGV VY UL Wat tassvpeses =~

Aw — h

matrix, and the solutions of (9.1) are precisely those of

A1) [x] -0

A=)

%

9.1)

e

~x1+ 1'2+6X3— X4 = 1.

[ 3

4

-2

ey e

(9.1) can be expressed in the form

34 22 1 =2
I_Z.I el o & a2

Us YIV AMAU YT LAUAIE MAMAIIVL U A WAV WML IV DULUWLAULLD UL



.
presented by Lipson [12].)
fork=1,2,..., n-1.

[3 4 = 1-2] [3 42 12

L

x4 o 1 ol [ 4 5 1 o

|a b
{0 0



r'z 4 =9 1—7]

aV = 1, [af”1 = A9,

WKL WKL vt KK K]

aj1 A - Gy 4

k+1<i<n, k+1<j<n+l,

i

|
l forl1 <l<n-1. ‘

. det(Ayy)” © T detta) = deudenAyy)(Axy — A21d11A12) - |

Lt I

> A e ) |

UEIL e UK Uk |

i ! )
“i(,l)ﬂ af "5




| o

AX" = det(A)b.

obtained by setting [ = kK—2:

b afd, |

In_1\ (1) |

(9.13)

PR Gl IR S () R ()]

L 2]

00 1 AN

Fvamnla 04 Far tha cuoctam af tha araviace avamnla tha anamantad matriv trancfarmc

[3 42 1

_2]



[ Almnciéliows O 1 Dunnéinn Draa MRanceian Fliminatinn

1‘ procequre rraClONrTCCLIIIA )

PP © a4 s e L. N

T ALUULL AL WU UPPUL VUAIUAVEL LUSALE TAM SURARaMA, \Z Py \T Tt

sign ¢« 1; divisor e~ 1; re1

T e TN SO O TS SRS ST [

QUL N LIUIEE 1 LU rL YT RIS 7 S e v L

U Tiad n cmnmana nisat

# Pivot is in row p, so switch rows p and r.

rewurnia)

" end

JeRtL

fork=n-1,n-2,..., 1.

a2 1 2]
“~ - 002 72 159 |

0 0 0 -55 —-1112

x; =—1112, x; =417, x; =556 , x{ =278

well-suited to certain types of problems.
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121 WUAEIID UL WSV CUJULIUT g ST iessuins Lt ot vk vy

af =det [.. . oo . 9:23)
ap1 Ay ... Xk akj

n -
Za,-jA,-]-, forany1<i<n,
=1

det(A)

; { a1 G ... Ay a;
Y a;: A;;. forany 1 <j<n, il “2 ik Cij



LVUYY AUL v e v aamr v B T e T I .

tion we compute the coefficient of X; in

N1z s 1 v e N aax A aw

Hanra anlu the tarme

anpiagsay  amgus sxgep 2a107 c tv  Tor

amad ban Lavmnnd

s vasas smmamy e m oo oo oo - .

Homomorphism Methods

. . . 1 . L~ . T

4apply 10 1L d THOUULAL NUINUIIVIPILISUL UL UIS LULUL Yy, o 22 77 Lipy WHLAL 110 1D pLitin.

[ ITTICVRTIe

Therefore

s o~ . i 1
ax
r

1 o

d=det(Ad) =3-5-53=5.

R T

Lol

MmN

RIS D
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[ SR B VR [P S I SEEZ 5 12 ) WU S 6 DR D B S L L ST e o - - - -
Aav v vas wesine servpva g Lavyy . A = 1LV L], L= <
n n n
PO I N O N S.1 0 oD L7 IR S A 00N 110 -1

B Y5 ey JU1Jy YTV PRVVVAAL L1 G WAV LU SAMAIIVE WUl \V VAR UAYY ) T s seevasas sasaavasas e y = o

phisms of the form 2t =2c+4.

¢v‘—n ¢v«—r‘~ T q)v.-{,‘.:D[yl’v"vYI]'_)D' ®

P X x) =0, 1<i<k (9.29)



A —ATLYy —y—1 — v,

(i) x> c+xy—yc—1=0,

PSSR, SR TSP

R e e R idd

Properties of Resultants

r'lv 0 —vi4

res,(f,g) = det 1y -9

1Tom tne properues or acrerminants.

0
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sex g=a

(i) res(f,g) = al ﬁg(%) ;

i=1

i) res(f,g) = 1y b7 TIF B
i=1

Algorithms for Computer Algebra

9. Solving Systems of Equations

Praaf: We firct ahearva that if wm writa £1v) (racnactivala

alv\\ in tha fare

409

FlvN —




410

described above, Bézout’s determinant is

L

obtain
[1 000 o] [“3
- = -~ . -~ n

vi o YL ™3 YL

~ L
0 -bqoa'x 0| 0

5]

a;

Y

ap

bn

Algorithms for Computer Algebra

(9.30)

[

9. Solving Systems of Equations 411

[a. . a. an n 1

0 0 (a3b1 - azbz) (a3b0 - d]bz) —(lobz

Tf we talke determinante an hath cidee we nhtain

®
Resultants and the Division Algorithm
Then
.
m m
recln. ) = A"TTndor) = a®TTin.(or N —n_(or \afey )
n m
= amnpl(ai)
i=1
o
®
LT P rn .

e

ne =0 = res(py_y, pr) = leoeff(p)™ ',




. auviud,
1=y
F=@ -0 +4), g=2+ (X -9, [ |
i e Anflinn o waces ke
B=fim=g B | 1ol 0=
_ 201Gk 821,
P4 = rem(py, P3) . l i=0
Y . WI1IC1T
A—mavilal cNcicml Re—mavilhl - N<cicu
. YX - YXe 1= Cey * TPLTLY Y TS ~p
Mha Madunlaw Dacultant Alanrithm SRR T S WPE TP RO £ LOUAY et —Lalm & /O A 4N D e hcmtil Ve iln DA diaanlan

18 KHUWIL 1UI SULLIVICHLUY 11aly PIUNC IUUUULL 77y DULLL uiar UVEY, \J) = uvgy) anu



=1
and let l
m . n . which imnliacc that tha cimmualénmanin cnmichine A8 (ha s S faaaanfLIL ALt. do o oo

“ ) pr=xy-x+2=0,
resi(f )0 ) = 0. (9.35) .

LURIVULDLLY, 4h WV UL T apsesemmssy rmmmmmmmm o v e Co . We find that
holds:

@) @0, » ) = b0, .., 0) =05 .

[ J
- . pr=xt-x+22—y-1=0

©tessae sEraaat saIU ATt SPE AN BUUEY YRREE U AT LU, LU U BRI LI



VL LU 1L WIMy W avsev v g vaass Traas e

ifp Gil‘i[x.,__,

%] = I‘i‘[xj.,.l, .

, x,] then {

B;«<B;U{lg,pp@):q < E;}



ey =1es8,(D1, Py)

ey = resy(eZI, ey)

— US04 LU L ULU0VL RIT VDI WINPT, o P ) Y N A R

_ 2R40ARNQ1530043A1A-0 + 174115587R70349750475

— 803436440099440576

A imntrnnnnis T snacamirtsanma 6 0 AnAranasinamse S

T LULID0LLAYDIIHIIL T LLITTLIIVOIILO0L == FUTH LI LLUIV LYY

(6522 — 1382z +2453) .

AUBILIVIIL | 700U ) UDLILE

vision at each resultant step.

Fvamnla @ 18 Tar tho nalimamiale af BEvamnla O Q (1)

P2 =

p3 =

Cem e mmm memm ey mmaem




v ~

and
p1=0, p,=0, p3=0,

I DU SR N SNNERCINY, PRay, ey §|

IIUIIVUIVIVOO. & UL WAV fWivway ©1 % waasp s

For = TS (Pas. €an)
and hence the reduced (sub-)system
G = {{p1.p2P3} (€, €p). {651} }.

It may be shown that the roots of G do not belong to the family above.

# Now extend each partial root by back-solving.

for j fromr—1 by—-1to 1 do{
Re«g

# Note that ¢ may sometimes be constant.

oo «— K}
return(roots)
end




Fxercises

=1

o s 1A ol

LI A

~ =

[
-

.

2

' addrtions/multiplications are saved 1n this manner?

vuldln INE solutons Or Bxample ¥.0 (over Q) via the CKA.

21
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-~ IR NE 3 C T4 ©eTage

tOr D SNOULA DE SXICNUCU W [ L, .. .y7t] )

LU AaUVS pusy (1) va msawva—oos o oo .

from Definition 7.3.

- oo B L2 s PN A 2 SN

LAY —¢ — U,

x+y+z-c =0.

Algorithms for Computer Algebra

i tarmoao nf naramatar o

9. Solving Systems of Equations

AN

(C) using e pucliacan algorinm ana(¥Y.32).

O; = 1y — Ny, 4D iy = U, uien

WISIE Of = ) M.
=1

TThalumm wrnsre favinwien nnmamrban almalken nontama  famalacmaane dha £A11

TJIAL T IOA T LIA T 1IVUL T ULA T OA T JUL

+108x5 —93x% — x3+ 17x% + 55x — 19;

425

Tenme alan




B ed. S.R. Petrick, ACM Press (1971). N ' I

—OVYL tAVAY T VAL T IOAY T IA Yy T Iy T Llly T Zy T 0L, . (1989)

- -~ -~ - " K

ily plus exactly 9 numerical roots.
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POLYNOMIAL IDEALS

10.1. INTRODUCTION

We have alreadv seen that among the varione algehraic nhiecte we have ancannterad

an ideal when:
@ p.gel = p-qgel;
(i)pel,LreR = rpel.

Every (finite) set of polynomials P = {py,...,p;} < Flx{,..., x,] generates an ideal
k

. The set P is then said to form a hacic for thic ideal Tinfartinataly whila P aanaratac tha




W ULV D1UL 1viauuies .
tions.
\'3\77—\’72 =N Y\J27—)’VZ = 0. X2V2—22 = 0 .

(XY =X DXy —2y+1 = U, Xy —2iyTi—4y —/ = Uj .

[ AP S SR § £ NS TR T P S N Y A2



@ Isrt;

is implied.

Xy > X > v 2L X

deg(s) < deg(t), or

1<DZ<Dy<DX<D

M(p) = hcoett(p) hterm(p) .

Example 10.3. Suppose we consider

- A A ~ A - A A e -

P —2Ary & TIOAYL TA Y T LA YLT AL TA Y TAYyTyLTL TO.

Clearly, then, we have

Min) = 2vv252  htarmin) = v272  henaffin) =1

oo Rl A il o " AL C I od N APV R

hence



P TS T WHULW S 1TV, S Ly, € LjA] aud l]l’liqllely defined.
S ue T °
hterm(g) X

A fundamental property of reduction is the following.
then we write ;

. )
TWeanmmeln IO 8 Mo tde sl o et . 4. . ~ . - - - - . .

- . v, M T 4 AU IS TCAUCTOIE, WE WIHIWTLIE ) 12, . 13y 1hcorem 101, we may construct



# Start with the whole polynomial. “

# If no reducers exist, strip off the leading monomial; “

1

while r #0 do{ “
whileR .z do!{

_Moyf |

s,

rer

return(q)
end

q - 4 =3xp;

e it oy A I SRV VI AP VIRV

Lwvamnla 1T Cuacnns vvrn adnceslon daean 2t £

ALSU, ITL

_ 2,2 3
q=xyz—z, r=—x2yzz+x2yz,

R A e




such that

modulo S.

q p, xy“z —z7 — z(x“y*—z%)

pBsP,qg s d, r=p-¢g.

s
r=@p-g)-oav M

“ " heoeff(s) 7 ‘

v,

hcoeff(s)

LHIULIV VALDW » duvil ulat

and

Fanivalantls

+ +
Nn.Lr LA ¢ NnoLr Ly °©

Patr By =y +r) - Buq,

$1~8 = [o—(o+B)+Plud = 0.

(e a eRlhnar hacio wwhan dha ~wla. @

SPRCS X DRSO M S R



10 1ULIv vT v,

e ey,

v

B e L R Y P O N . L L

Snolvin. a) "~ 0.

assume tnat 7z 1S reauciole, and write

whara Anna amnin tha waiddla wa

n

)

i d

n I3

N

- o] -4 - - R I ) o

e owpo, una g

VZ(; P20 Y 1ULULULIL LULST, K DULIL UldL
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Consider also the reductions

that is,

I MG@) M@

(iii) = (i): If p € <G>, then I h; € F[x] such that

1
p=23hg.
i=1

N

(10.11)

where

p =Bu-Spoly(gy, g2

for some 2. Rut also

that r = 0.

Ii




Corollary 10.7. If G is a Grébner basis, then

| | DY N

. aappag asrvvavaiz 2 Uew \avussap p

GAUU W LMW DA SRR AVE \Whs AaRmpbvE o g

Y = N o gy wemins vaxvas peeas gsssy va asaveseeee

A vvaUsUaL pavvviesavs s van

P ={x+yz-2,y“+xz-3,xy+2z°-5},

g, 3x2 -2y - 2xz + 3yz



B e A T DT

" lfh #0 then {

wharaninan R = [I1 21 [? 211 Then

I—IGZ TLAL T IUA T Ly T IL

SPOLY(Lry, U3) G Us = —4yzT T oK TOy t 2z

Spoly(Gy, Gg) +'g 0,

trate.
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# Discard redundant elements and inter-reduce.

v vy vasevaarem e

e amy mmmerr e S

A&7 SR Wa XUONRVE UMUVU BUL £ VYAUT IVOPULL WU N,

and Mora [33] for other interesting results.)

.
1N E ADDY TAOATINARC AN ATMATDRITN 4 ANy

I\

i e S O



Aarag A Lem)r o w s me mmm oo oy -

Theorem 10.10. Suppose G is a Grobner basis, and define

space) DasIS IOr M X|/< U >.

a[ul+ - +a,lu,l=0,

1 U uav auaaas

Fixl/<n> = {an+ax+ -+ +a._x""!:a;, € F}

CULLIPULCU UL LAAIUPIT UL AU 13 @ JIUUHVE UBDLO 30 \LIA 3] T ams svep e >

e e e

/10 10N

[zl Dz = 1xz) + Shyz] - 3123+ 210 .

Fyvamnle 10 12 Concider acain the cate (7 T7 af Fvamnla 1N 17 Qinca I7 hac finitaly mans

if [x] has an inverse, it must be of the form

vanishes. Since we find that

TNTL THT Ty Tt N Lt g

e




O Veslias il Ovrdnvrnen nf Daluwrmnrmiol Ranatinne

————eep o — -

where

braic Vequations
p1=0, pp=0, p3=0

has no solutions.

H = {hterm(g): ge G }.

<P>=<zx+yx —x+z* -2, xp*+2zx -3 +z+y -1,

I <r >,
{x?-2x—z%+ 472 - 4,
y+z4+223—522—3z+5,

422 - 74 -8+ 152248210 }.

Again, we see that the system corresponding to P is solvable; however, in this case there are

infinitely many solutions.




p=aytaiz+ayz

2

+azz® + a,z% and set

“ if 3 (ag, ..., @) # (0, ...,0) such that L a;p; =0 then
=0

" end

(specified by Algorithm 10.6) to explicitly determine the roots of P,



P € DUIVEI\U, A )

# The roots of p in x; yield several new partial roots.

MAUEULLLILL LU PIV T AMUU W Y vatipat ey Saassasas s oo —ay - . .

Thcybasis for such a method is the following theorem.

P 2L I TP L N

Flxg, ..., x,] B

ideal in which the ‘‘highest’’ variable is separated.

JuL Jul Juli 17

8 7, 52 5_7403,75,

oL

reduced equations

s vrv waue

P



G ={

88 7. 8725260 3 125
612 T3617 31’ T

xzt -2 -zt + 422 -4,

y+z4+223—522—3z+5,

0,

#If P has finitely many solutions, we proceed to




currently exists. . (b) py=Vorp, =0 <> {pp=U}

. whnere z, {z;} are aaaonal Naeterminares.
Geometry Theorem Proving



<lcoeffy (f;-g), I> = <1> forsome 1<i<m,

degree is an associate of g.

Py =2yxz —2y” + 4y —Ix*z +/xy" — 14x + Xz" — 7y~ + 2z ,

g =y'-xz-2.



<r.

10.18.

WWALIUAL VUL LLILD WLV VULLVLLIIVOD UL WiV LIV Y VUUL

TeL o__1

6L 233 Al mmimnld

using the same orderings on Tex,y,2)-

Tavmtbone faad €110 S a1 e 1

a)

JARN

e uniqueness ot the basis computed in Example 10.107

wie purynoirals 01 BXeICise 3(b), using <p;

S S o

L UHIPWE [OINL, TEAUCea VTEDNET DAsSes With respect to <; tor the set



ti0on 1S relauvely sumpie.

LITdL LIS CULLCOPULIULIE, DY DUUALl UL VHUULIVLID 1067 Vitay sassav=sy —oo

(c)" the set

o "
a-. a2 such that

points’” do not really define a parallellogram?

ed. B. F. Caviness, Springer-Verlag (1985).

SAM Bull., 10(4) pp. 19-24 (1976).
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CHAPTER 11

INTEGRATION OF

RATIONAL FUNCTIONS

11.1. INTRODUCTION

TLOVLIULL BIVUIL G LULIVIULL | (A ), LUIU @ 1TUTIVLUIL E (A ) DUl ulal
,
g'x)y=f(x).
If such a function can be found then one writes

[f(xy dx = o(x)

example, integrands of the form

ax +b

e -sin(cx + d)p(x)




e e e u e A ST TR T A ¥

MU wagviatnes ave wox

rational function.

AY ATImIT

roul; CYUauull (11,1} alViE WIUL UIC PIUPTILY UL UIV GUUILLY L IUUEIULILY UL &, Lply i

forany f € F

D h=-2&

which gives part (iii) when taken over a common denominator.



aaexye

PRET RS S I T Ly SO |

N Tl £.13 Af ane

N mrm e aramew mp e —n gy

n
e . ki i . L0

n-
and hence D(p)=0foralip € Q.

Turnina naww tn tha cace Aaaln) — n < N far the nalinnmial n aiven in tha ctatement nf

operator on all rational tunctions r € Q(x).



m+l 1
Then -1
§=————"—"§€ X)) .
-1 P2 +1 Q@)
D(ry= ————
have gDp)-—pD@) _ 1
. . 2 x
p(y=42@) 2pD(q) -0 q
SO
50 xgDp)-xpD(g)=g~
4D(p) -pD(g)=0, thatis, D(p)=L22EL Write

7 .

a—vh.A wwhara A= NIVl and GOMYA v\ =1

mial
< p ok
qg=7Y bx" e Qlx]
k=0

there exists a polynomial p = D~Y(g) € Q[x]; specifically,

(11.4)

11 N

|
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11, 10T @ ZIVCIL U & \J, UICLT CAIDL All CICUICIL ¢4 = L DUvIL Liidt

D(B):@

G=F@®y,...,8,)

11. Integration of Rational Functions

If=gitg=f.
Hence, from Example 11.1 we have
¢ -1 1

Example 11.2.

481




u,v € F we have

JuD®)=uv—[vDu).

Jg7a™ )

trom Cnapier 3 nat O 1S Syuare-Iree 1 anu oy 1 Uwiwnw,v ) — 1y

\iaauy

LI UL LURHIL, G786 AD

Ml o a4

]
M~
M-~

Q |~
T
S~

—

~N

)
«

V4 mjad g

|21
a.’

N + '
(l.']_1

gy pueso s

vy

a’

UV OVLUIIGE ML R AT VI WL IR WL, I L oo 01



“+o-r

Theorem 11.5,
-1
u= = - 1 5
G-Dg/’
s e mmmy o oo R

TthmIC Part DECAUSE LICYUALLLY \L1.1V) VUi

Annta 0 U 1N ~ N

Tij

J’_

llij

qi]

—c/(j=1)
q; '

1}




where
n an . £a oA aa1n2_ 12446 21854

g=@+73)@ -1k,

Partial fraction expansion yields

Note that this is already in the form
4

a

g=

6

. yields
2RQTR AARAN R AAN& Ine 27481

2,7, .1 _ Lixse 2
ﬁ X x+3 (x+2)(x+3),

v J v L “
which has the solution

c=278N t=—1178v —2RILN

e g mmmm— e = -

k .
9=Tla'

i=]

g me e vm—avy v

g4

Qc4

|



f=q, 8=—¢-
qi

P

gttt

=)

integral is square-free.

U
]

GCD(q,9)
and

b =gq/d.

Proof: Let the square-tree tactorization oI g be
k

Jg da Jb

k koo
b=Tgq, d=TIg/,
i:lql i:qu

dee(a) < dee(h) and des(e) < des(d) (1117
and
wvany,y g =1
a
a=a, X"+ - +ax+ap,
= n-1
C=Ch1 X +"’+C1X+CO‘

Snhatitntine thece nnlunamiale inta aomatian (11 A and diffarantiatine hath cidac aivac

_-— e —

q a2 b

ameav s iav sapEi Laumau CIUV WV UVEAWL 1O

maxim4+n—2 m4n—-=2? man—N=man_1

U T RTTTITTIE T mmtmwomsser was v cvav semaw aapeas Wa (X AeRyy YTV BUTV @ OOV UL F6E 1 78 damaval

cquations over the field K in the m + n unknowns

I‘H



18

||

PLULCUUIT TTUIUWILZRCUUL UL , (5 A )

I LR S T AT RSP S S DE S SR PRSN N TSN U B ll

# via Horowitz’ algorithm.

poly_part ¢— quo(p,q); p < rem(p,q)

hd T 7 - hd s
i=0 i=0 “
R RN .

PEEPASEEIN 4 23 L2... 7

a,b,c,dand

and then equating coefficients with the numerator polynomial r yields the equations:

a = 0

6a1— 4(10— 7C3— 10/3C2— 3C1 = 441

1 A T LIIA THA TUA—1ID

whirh ic rancictant with tha racnlt ahtainad in Bvamnla 11 4

- NI ) ~ ~ ~ A

30 25 25 75

W



=41 AT !
h —TT 7+ (230

ucHoOLUdaluL 18

b=x3+xe Qx].

The enlittina fiald af h io NG cohara 32 1 0 cialdica chon amcaeTaon £omomionsl o

CAPIUIDUL UL LT JULHT L1, 10) WILCD 18
. f 1 RN B



()

fl = ¥ —1@)— log(x - B).

(11.18)
WC DCC LdL LD 1D LT dAllC ad uuuu15 LT UIDUILIVL 1DULdD UL
R(@)=TT(aB) -z (B)
e mte) Aepe e Av e va A atas) rein Amaeas aan e A maweavan s Siaw Aameeemn < Am = amame —an raam
right of (11.15). Thus, we may write

v;=GCD(a - ¢;b’, b) € K'[x].

Setting

=L

We now claim that

R I N N

n

gy

Wi
KA

SHEVL YIS aSDULICU U UL SUAILTHLG, dliu UL LY, 8 ) = L MIRT



u -z v oup.
i=1

Our next claim is that for each j,

bl — < ’,
= Z Viu .
P}

1L ULL 1GLLL SULLL 1UA UGVAL WAt WA § Ty 5] | e Tamaay wretwes s s memes e
(11.25) is true.
=1
= GCD((¢;, — cj)vh'~uh,vh)
- - . . . ~ . ~ v FEREPEE BN Tyl Lo L L2

GCD(@ —c¢b',b)=G

VEAVAN VIRsa VAR asve Saney ¢ weeees seeme oy

T TTo N Ty TTT T

RS At dR- N

gl (cj=c)v; u;

LIERE R R TR - n

distinct roots of R (z).

where ¢;* € K", v;* € K*[x]. Then

K' = K(cy, ..., cp)

e

-

T al




a_ 1

b x3+x € Q(X)

Since b is square-free and deg(a) < deg(b), the integral has only a logarithmic part. First
compute the resultant

integral « integral + c[]-logv[jT) } }




HULIIUVE VAWAISIVIES GUU AV ULLUM W VAPALOD LIV LW EA AL,

rn=1 ri==11

Example 1.3, where the integrand 1s

n 1

The distinct roots of R (z) are

1 As in Section 1.4, we use this notation to denote any o such that o ~ 1/8 = 0.

L LIV ULOUAIVE AUV UL AV L g aay

Y
I
i

C1=0,0=—0.

aomain Q)L |

v1=GCD(a — ¢'b’,b)=x ~4a € Q(a)[x].

Therefore we have determined the integral as

yielding the final result

J x2_2 4 mAEYT e 4 e

EO Py VP LilI A Lo

Computing the resultant gives

vey




R(z)=res,(a —zb", b) R(z) =tes,(a — zb’, b)

T3 25T 257 TS . The distinct roots of R (z) are
74&1 o 1 a119& 2
| it = e - el

+%(1 —V2)log(x” + VIx® — (1 - V2)x — 1)




R (z) via the subresultant algorithm. Let . 1=, cp=2—a.

= ' . given by )

L1Ul11 1LIICUITHL 7.0, WU 11avVT UIC LULliuLd

R@y=m- [ (@PB)-zb'(P),
B:b(B)=0 sG@)=——t 74 L

Anoo Anoo

with
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for j from 1 to k; do {

for n from 1 to 2 do {

for n from 1 to d; do {
integral « integral + c[n)log(S;(x, c[n1))
# (where c[n] = RootOf(r; ;(z))) } } } )

return(integral)
end

[y
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. given by
. hence the integral becomes

4D

+ (L= V3)logx” +Vax~ — (1 =V3)x — 1) .

olo®-o?+a+1=0




Prove part (iv) (the power rule) of Theorem 11.1.

o LY =~ = cm vy vy

is indeed a subfield of F.
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1q  cqf ! cgf
Jq/
equal.
imn Caluia Punmanla 11T O siatvnns tha T amavdMDiakan Mencas fmaeacamaand

Ta ¢thava nn adeine

12.

13.

16.

17.

DT mee mrmeegy wmram marspre v varivest Aes WA VDV .

Calculate

Calculate
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FIUOTND (o Vanaff/C (o =\ N\ 1 9

Compute

HITHL VI LT COLICCUITHS UL UIC TTSUIT,

Tetu e O(yy Show that
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dx u —l)
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+ %log(log(x +1) +xe*) — %log(log(x +1)—xe*);
mystery in that these systems can invariably compute

j L ix=x —log(1+¢"
1 +e*

yet
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J'__E__dx : J; = arctan(x); (12.1)

1+¢ T+r

integral. . functions.

ldl WUIK UY IDUIL [ 14] 11 17U0, WICIT @ CUILIPITLIT ULLIDIULL PAUVLUULL WAD ULDLLIUVG 1us tiv - J 1 +x2 Qe 2 TTevs c A=y
first time.



p® =0

then 0 is called algebraic over F.

A JuuLuuL e 1 uculeil

Refore nrnceeding it ic imnartant ta nate that tha thraa aviancinne dafinad in NMafinidan

couia oe representea as

f=6,+6,+6; € Qux, 6,6, 65

VIOV T A S W 20 U I CAPUNCHUAL UVEL LA ). ALSY, T3 1S EXpONential over Q(r,Yy)

|



Q(x,98,,8y = Q(x.8)
since

0, = 6% € Q(x,8)).

f=0,+86{+8;5¢e Q(x,8.85)

also algebraic over this field since

07-0,=0.

Alternatively, the simplest representation for f would be
f=03+63+65¢ Q.8

g = Vlog(x“+3x +2) (log(x + 1) +logx +2))

could be represented as

U4 — U\U3 T U3) = L.

simplest representation for g 1s:

Example 12.3. The function
h =exp(log(x)/2)

h=6,¢e Q(x, 8,, 8,

622—x =0 .

Therefore a simpler representation for 4 is

&) L\V) auu 1 1ave ulc danic CUNDLAIIL 1ITIU,

(ii) @ is transcendental over F
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Then:

TE wvia awa aiviam a mawr avesnantial than

c+ ZC"W,'

B - . ~

¢;. Once the c; are known we can determine c.

Thanram 17 1 imnliac that

+n coa if it ic a

1]
P

(91 +x)'

=

®; —xY

0 -~

Q(x, 61, 6,). Indeed, since

we have

178 .~
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BV ogatiduing, CApOnNcnugl Or aigenrgic cxension,
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deg(a(6)) = deg(a(8)).
Proof: Write a(8) in the form where a, #0and n > 0. Then
n n n
" _ |
dee(a(8Y) =deg(a(®) = n
cient vanishes . TYoTmE orTmem ”N
whara n v o~ T o N e SN A N N nnd Alihae KON N e da /DN L Ther
In this case, it follows that . ’ - ) _ _ m
a® = a. 0" +a.. 0" +b(OY

Eliminating g from these two equations yields N
|



a ’ ’
n ’ ’
—+nu = —+mu
a ‘m
or
’ ’
an am / oL n
Then
lam J lam ﬂ,ﬁ JV am\ o
p@) = ¥ p;z' € Flz]
i=0
whearae n.. . =1/(7 ic a naw trancrandantal coemmbhall Than o dasi..
d®)
== € F(@®
«®) ()

N
>p;'®
o o i

N A
2 (+1)p; 8
i=0

N < deg(p(z)) with leading coefficient N + 1 # 0.

a
12.4. LIOUVILLE’S PRINCIPLE
m v:-
f=vw+tXea—.
=1 Vi
If =vo+ X cilog(v).
i=1
Wa will smmnna tha thanran in o anmhar Af ctanac Haaravaer tha hacic idaa af T innuilla’e

Special Case: Simple Transcendental Logarithmic Extensions
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peunu

G = F®)
.. awv)

If = ®)

7 = ago)

aaaaa

G = F(6)

appear in the integral.

!
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f =a(BY

f=a(6j)', foreachj=0,1,..., N.

N
N+ f=3 a®) .

J

Jj=0

(x—~1)*

2(Vx — 1)

Z(Nx +1)

UDSUWUWDRAIL | LJ] UL 1790,

that
G = F((-)l,..., GN)
J TUNTYLS i‘;?" v,‘(el) -



e e i e A e e e evmna s A PV & ) VA VARAUOSMAS A8 LI UL -
=d'+cu'lu+y ¢;v'v;
%(®)=a(®)/ b(®) ‘ JRdwewiur Bavit
B N a T s O TP e e - - .
Express v((0) in a partial fraction expansion of the form . *

1al aescrpuon Ry, v, , .. ., T,) Nas bcen given 101 e INegrana j. A weennicdl point wnicn



‘We then have

not trivial (Indeed, 1t 1S the harder of the two parts).

6-ag;=ceF,

yo
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AamlafON v s7ONIL 2 INN e f Al AONN Al /O o Al o 1O\

uuiL).

[RTivvs

K(Z)=K(Z)D € F,_1Z]

fa(®

n
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Example 12.6. The integral

4 1

has integrand

Example 12.7. The integral
r 1

where A = lno(r) Annlvine the Rothatein/Traser method we comnute

l\\A}—lee \T T T LU T T T YA L4,
x X x
Since
J‘; = ¢y log(v{(8)) =log(log(x))
X log(x) 1 1o8(vy glloglx)).
Dwnasmmnla 17 Q@ Manaidac tha lndameal crhilnlh avsaanea Al tha tnbwndiintiag 4n dlilin Alacbae.

LOCWLIE U1 = CAPA ) dlld Uy = 108X T 1), UIC HICEIdNU Cdnl DE CONnsiuered In e rorm

- e -

f(6) € Q(x, 6y, 6).

and Euchdean division 1t takes the form

A2
1\02)=x+1 + (622—x2612)2
r®;)
b®,)?
e e . \,_.lx+1., )

has the solution

—2x
S(ez) = _x‘Tl‘ 91, t(ez) =x6192.

R(z) =resg,(a(0y) — z-b(6,)’, b(B,)

and after dividing out the content, we get

Rl =nnlR(z\\ — 452 _ 1




and hence

Gl e T e )
Z e - - < - ° - .
-_— 5 ’
e l ui((-))—c,- V,‘(e) .
N\L) = 1E3g\U\D) — LU\D) , D\U)) € L[]
’
ui(e)=ci vi(e) . J T - - I

¢ Jw=1 o~y ¢ ’ N F =r(Cy, ..., Cp) WIETE ¢; (1 S1 S m) are the distinct roots ot K(z).
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=1

Since

I3

[N N P -

i=1 j#i
vi(8) | (@(8) — ¢y b(8)).

@) (@(®) — c,"b(8))

50 A7 Ve

EIC)

T naarithmis Fvtoncinne Intagratinn of the Pnlvnamial Part

©® =y + 3 2
=y, C:
p 0 ;=21 i Vi(e)

must be independent of 8. Therefore,
i=1 vi

1oL

AN — K a1, ... 1A

the following system of equations

pr=0+1)g,16"+q/,

p1=2g:0"+qy’,



G111 =br

<~ e~

IOI SOHIC €7 & M Al U] & Cpy_ . 1L LULUWD LEAL LIV ULDLLU DULIULIVIL 10

b=

I+

1’

g =d+b

equation and rearranging yields

Diq— l'dle’ = I'blel + q;.’1

mo1aT

IO SEUUU NS TN

2

equation, when a solution has been determined of the form

Go=dp = by log(u).

Example 12.9. The integral

has integrand

f®)=0¢ Qx,0)

where the equations to be satisfied are




j 1= 2b29 +4;.
b,=0, gy =x +by.
Then the third equation becomes

0= (x + b1)9' + (70’

X0 =b0 +Gy .

bl =0, §0=—x.

Hence,

Example 12.10. The integral

J
has integrand

[Br = 702 + 2.00 +3n

1=4009) + ¢,

0=g18;+qy -

jl =2b292 + qq.

pEEE w

b2=0, q1=x +b1.
0=(+b)8;+qy

or

—x03 =005+ .

U X10gWU)

. 1

Example 12.11. Consider the problem

flr

o+ -;—)2

J9y) € QUx, 9y, 9y).

Wy wien

P

1 1

—laolv4+—

Y= lno2iv) —

1

—Y




where the equations to be satisfied are

Po=4919;+ 4y’ .

2 - Z
Al M ahd o ncina il cales wnee Ta v abanciam asicing ia tha marticnlar Ana
R e e g

A

TN etV Mt aln fem o Vil sm dln 1ol e d Aldn ledtmmenend colklnk Ao fa

¢ ita Sergt s 0 russsas s T A wiry vitay e AvE v s o vs evorss e e
clude that
&% -1)8,

AWAIVLL U] 10 GIL GLULMGLY VULIOWALL/. 1 1AL Yy LAV AWOL VA UG IULL UNVUUs LIS

i

Hence we conclude that

2= Dlog(x + -;—)

)= ‘;;;; € F,_4(6)

This gives
r(6)
a(®’

F®=s(0)+

k .
q0)= iI:]l 7;(0)'

[ O T 2 ST PR BN

(12.23)




F()6' +w(0) 7(0)=r(®)

©)=5(0) + =
TO=5O* 74)

wmne 1om

f{‘(ﬁ\ = fF{A\ + fr-(_e)

GOND AR i BN — 1

=

®-a)| Wo-a).

J#i

(12.24)



5 =ce F, (cf. Exercise 12.5) .
a;

DL TR S BRSO |

Y\vs

rithmic case, yielding the reduction

Jge) d@®) Jb(®)

We COmpute the resuitant
R(z) =1esg(a(8) —z:b(8)', b(0)) € F,_4[z].

& (AN

R(z)=SR(z) € F,4[z]

Then

Jopm+1

This has integrand

raavav VAPV e SAppAFaE WAV ANUMIOWILY LIGEVE SIIVLIIUU, VYV VUILIP U

RN =resa(l —78 A+ N==1 -7 O(v7]

[SFTTIVV)

Pl —nnlP L\ — 1 1L -

AU W USIOMIL VUVLLIVAVAILG, LV LLRUELGL 10 VIVILIVAIWAL § o W pPuBvaLIvany,

==l v =GND(1 LA AL N=A11

Example 12.13. The integral

¢ CAPA)T L

ic alen Ana that wwne mantinnad in tha inteaduatine Thin tlaan coin hacen sbon Sebnmana 1
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Since

0,= exp(x?). The integrand can be considered in the form

and Euclidean division it takes the form

B ®3 = =5 91"
x2

CXPALISIVIL UL UIT 1aUULIAL PALl, yIVIGLLE

v r1(9,) EICH)

where

1

hoN=02 - — a2

PN 2 rn2 A3 0420 o0 nadha

o R A

~ -~ P Y

Thic eanatinn hac the calntion

lh

12. The Risch Integration Algorithm 553
Loe @+ 28 - —1—8
[ (8 cou% o f 2T i+
form
1 1
- x¢ - X

D) = 1639 W\9) T £ UN\DY) , U\FY))

~

- [l i] 2. e oy 1 14,

—_17 loglx + 1) exp(xz)

CAP U ) T 0 U T L)
X




the form

v;@)

Fa Vo mfl AONNN

Vi(e)’ = niu'eni + Bn.—l d‘rl

Ly BBV N BVBLE AV )y W v vy e

v \9)

Do\ — vac_ (AlQ\ _ ».h(AV

+ - +Po-

Travas w \wy mamuesaw wvese mmp e —m s

hiOW\ = EI~1

A S U TP

s

b®) g " owi)

v(6) = 3 A

) L) WHCLC U \L 2@ 2 //L) d1T UIT UISLIIVL LUULS UL [\Z ).
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o) 11 viw) ana 1t ij)| U\9) . - .
j=1 j=1 I m

m
TON LN XY L LN TT 0N

h0=g +h I i=1 g

- SRS T WU, § SR RN

=1 e ’ I Vi\0) | (@\v) — €, '0LY) )

AToct mmale smmnn Zen tlan Tabbnm mianmn ia n neanar vatinnal avnraccinn (ces the diconccion nreceding

557



558 Algorithms for Computer Algebra 12. The Risch Integration Algorithm 559

becomes . [p® =3 ¢/ +3.

INUULLE wiaL



560 Algorithms for Computer Algebra 12. The Risch Integration Algorithm
ICESH Example 12.17. The integral
4 J o+ 1)
q{—-2xq=1. I '

exp(x-log(x)) =0, € Q(x, 6, 6,)

WLUTIU 4] © WA V]/e /ALLUVIVIILGUILE VUL DIUVS £17 V0

8,=¢{0,+q1(0,+1)6;

l little in common in the accompanying proofs.

[/ ] 111 1 7U7T, 1V LIV IV EIMUUI UL U4 tuav v

of integrating

l D 7 e R
1

wapvUasay vevenns

561
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so that we canrepresent f by

achieve this representation.

Lty )s

>



{(Ly,....y" "}
Example 12.18. Let

dx) =x-(* + 1)?
and the Hermite reduction results in
x7+x)NXT+1 (X" +x)y

a

l T h

LA T 1y b A T A

B a(X)wy + - +a,()w,
B d(x)

m 9q
[F=% 3 mi; 1080)
i=1 j=1
d=dydf - df=gh".

~
Il
N
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_a. ) _

g8, y)

d’(xX)

d’(X)h(X)

that is, if and only if ¢ solves

g a—— e-

— RRR2K (-2 _ 1,8

VWLV a0 4 — 1 unu 4 —

R

Algorithms for Computer Algebra

12. The Risch Integration Algorithm

Example 12.21. The integral
1 r 1 £

m
2.¢;1og(v;)
i=1

by calculating

cem A Vs 272 ~ L’ N

l Pj=<x—xj,y—y]->

¢ l D;=P" - P}t

567




PPy (12.38) . *

Thus, our initial integral has the solution . prove that:



v

f®) =p@®)+

|' log4(x) »

q(®)

J :I(1—x2;(1 -k x?)

(where K= 1) is elementary.

WLULIAL UVILLIUULD GIDU TALdL LUL 11Y PTIUVLL KBTS AU AICTdIECILS,

\1L+7d)



Then l (1707).

LS P DRicrh ““Tha Qalntinn nf the Drahlam af Tntaaratinn in Kinita Tarmc >’ Rull AMC
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of Math., 101 pp. 743-759 (1979).
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Operations

alb
sign(a)
n(a)
u(a)
|al

lal..

deg;(p)

res(p)

A%

x+1

)

NOTATION

a divided by b
sign of g

normal part of @
unit part of @
absolute value of ¢
sup norm of a

degree of polynomial p in variable x;

resultant of [univariate] polynomial p

~vasvvaa wa r

primitive part of p

adjoint of matrix A

o B

residue class of x modulo ideal I

k,r binomial coefficient
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Sets and Objects

N
z
0

zZ,

{a:b}

Relations

1

$ 1]

Algorithms for Computer Algebra

set of natural numbers (0, 1,2, ...)
set of integers
set of rational numbers

-3

set of integers modulo p

VRS TSRS S5 RS S N T, DR, _aat.t

set of ¢ such that b

in quotient fields, 61

. integration of, 561
1S equivalent o ALUUL, U,
is congruent to allocation:
corresponds to array, 94

AICLalEeHL OVEL, 3 /1

INDEX

associates, 26

AXIOM, 9

bifurcation theory, 452

C,8-11,99
CAMAL, 6

vantor, L., 3/1
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ees ey e . or elementary tunctions, 515 decomposition, 460
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s L, 1T

polynomial, 429, 431, 449
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582 Algorithms for Computer Algebra Index 583
muSIMP. 7 . power series:
’ TMMAT™T 1N ranctant A2 wadiaal ANL ANN

nullstellensatz, 454, 463 PILIIUVE, 203, JUY, IT7J, 11 CunYLIgUIILG, 17 nng, 2>
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St AN 5 SR

Algorithms for Computer Algebra Index 585
Risch: polynomial form, 189 } term, 431 upper echelon form, 398
- . ~ am —an A = am -~ . - . PR k PR PREIPN -~ - . - R R
537, 554, 562 subfield, 154 ) degree, 47 auxiliary, 48
problem, 451, 514 S)'zmmerric: unary operation, 154
evaluation, 321 representation, 176, 322 unit, 26
459-60, 462 453,456 LCM, 28
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