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Algebraic multivariate GCD, Lucas Hu, July 2018.
r e s t a r t ;

c u r r e n t d i r ( ) ;
"/Users/lucas/Desktop/number_field_online"

read("recden") ;
W a r n i n g ,  ` C `  i s  i m p l i c i t l y  d e c l a r e d  l o c a l  t o  p r o c e d u r e  
` i n t e r p r p o l y `

e v a l t o t a l t i m e : = 0 :

#  Kronecker  subst i tu t ion .  
K r o n : = p r o c ( p o l y , L : : l i s t , V : : l i s t )     
    l o c a l  r e s u l t :
    r e s u l t : = s u b s ( [ s e q ( V [ k ] = V [ 1 ] ^ m u l ( L [ i ] , i = 1 . . k - 1 ) , k = 1 . . n o p s ( V ) )
] , p o l y ) :
    r e t u r n  r e s u l t :
end:

#  Inverse  Kronecker  subst i tu t ion .  
K r o n i n v : = p r o c ( p o l y , L : : l i s t , V : : l i s t , m a i n )    #  c a n  u s e  a l g s u b s  
because e1+e2*r1+e3*r1*r2  <  r1* r2* r3 .
    l o c a l  r e s u l t ,  d ,  d m ,  i ,  j ,  r ,  C ,  M ,  t e m p :     #  e 1 + e 2 ( e 1 + 1 ) + e 3
(e1+1)(e2+1)  < (e1+1)(e2+1)(e3+1)= (e1+1)(e2+1)e3+(e1+1)e2+e1+1
    r e s u l t : = 1 :
    i f  w h a t t y p e ( p o l y )  =  ` * `  t h e n
        d : = d e g r e e ( p o l y , V [ 1 ] ) :
        d m : = d e g r e e ( p o l y , m a i n ) :
        f o r  i  t o  n o p s ( V )  d o
            r : = d  m o d  L [ i ] :
            r e s u l t : = r e s u l t * V [ i ] ^ r :
            d : = ( d - r ) / L [ i ] :
        o d :
        r e t u r n  e v a l ( p o l y , [ m a i n = 1 , V [ 1 ] = 1 ] ) * m a i n ^ ( d m ) * r e s u l t :
    f i :
    i f  w h a t t y p e ( p o l y )  =  ` + `  t h e n
        C : = c o e f f s ( p o l y , [ m a i n , V [ 1 ] ] , ` M ` ) :
        M : = [ M ] :
        r e s u l t : = 0 :
        f o r  i  t o  n o p s ( M )  d o
            t e m p : = 1 :
            d : = d e g r e e ( M [ i ] , V [ 1 ] ) :
            f o r  j  t o  n o p s ( V )  d o
                r : = d  m o d  L [ j ] :
                t e m p : = t e m p * V [ j ] ^ r :
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                d : = ( d - r ) / L [ j ] :
            o d :
            r e s u l t : = r e s u l t + C [ i ] * x ^ ( d e g r e e ( M [ i ] , x ) ) * t e m p :
        o d :     
    f i :
    r e t u r n  r e s u l t :  
end:

# monic subresultant GCD algorithm 
SRGCD :=  proc(A,B,main ,av ,m,p)     #  A and B are  univar ia te  
po lynomia l  w i th  coe f f i c ien ts  in  Z_p[z ] /<m,p>  in  recden  s tuc ture .  

    #  m a i n  i s  t h e  m a i n  v a r i a b l e ,  X [ 1 ] .   a v  i s  t h e  a l g e b a r i c  
number X[ -1] .

    l o c a l  r , i , d , c , b , h , Z E R O , l c r , l c r i ;
    i f  d e g r e e ( A , m a i n )  > =  d e g r e e ( B , m a i n )  t h e n  r [ 1 ] ,  r [ 2 ] : =  A ,  B :  
    e l s e  r [ 1 ] ,  r [ 2 ]  : =   B ,  A :  f i :
    
    r [ 1 ] : = A ;  r [ 2 ] : = B ;
    i : = 3 :
    d [ 2 ] : = d e g r p o l y ( r [ 1 ] )  -  d e g r p o l y ( r [ 2 ] ) :
    c [ 2 ] : = l c r p o l y ( r [ 2 ] ) :
    b [ 2 ] : = r p o l y ( ( - 1 ) ^ ( d [ 2 ] + 1 ) , a v , m , p ) :
    h [ 2 ] : = r p o l y ( - 1 , a v , m , p ) :
    d i v r p o l y ( p r e m r p o l y ( r [ 1 ] , r [ 2 ] ) , b [ 2 ] , ' q ' ) :     #  b [ 2 ]  i s  a n  
i n t e g e r ,  n o  t r y .  
    r [ 3 ] : = q ;           
    ZERO:=rpo ly (0 , [ma in ,av ] ,m ,p ) :
    
    t r y  

    w h i l e  r [ i ]  < >  Z E R O   d o
 
        d [ i ] : = d e g r p o l y ( r [ i - 1 ] ) - d e g r p o l y ( r [ i ] ) :
        c [ i ] : = l c r p o l y ( r [ i ] ) :  
        d i v r p o l y (  p o w r p o l y ( s c a r p o l y ( - 1 , c [ i - 1 ] ) , d [ i - 1 ] ) ,  p o w r p o l y
( h [ i - 1 ] , d [ i - 1 ] - 1 ) ,  ' Q ' ) :
        h [ i ] : = Q :  
        b [ i ] : = m u l r p o l y ( s c a r p o l y ( - 1 , c [ i - 1 ] ) , p o w r p o l y ( h [ i ] , d [ i ] ) ) :
 
        d i v r p o l y ( p r e m r p o l y ( r [ i - 1 ] , r [ i ] ) , b [ i ] , ' q ' ) :
        r [ i + 1 ] : = q :
        i : = i + 1 :                              
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    c a t c h :
        r e t u r n  F A I L :
    e n d  t r y :

    l c r : = l c r p o l y ( r [ i - 1 ] ) :
    
    t r y
        l c r i : = i n v r p o l y ( l c r ) :
        r e t u r n  m u l r p o l y ( l c r i , r [ i - 1 ] ) :
    c a t c h :
        r e t u r n  F A I L :
    e n d  t r y :

end:

ugcd:=proc(K1,K2,LC,X,m,p)  # Compute the univariate GCD over 
n u m b e r  f i e l d .  X [ 1 ]  i s  t h e  m a i n  v a r i a b l e  a n d  X [ 2 ]  i s  t h e  a l g e b r a i c
number. 
                        #  i n p u t s  o f  u g c d  a r e  i n  r e c d e n  f o r m a t .  

    l o c a l  G ,  s t :   
    # RD:=Algebraic[RecursiveDensePolynomials]:
    
    G  :=  SRGCD(K1,K2 ,X[1 ] ,X [2 ] ,m,p) :
    i f  G  < >  F A I L  t h e n
        G  : =  m u l r p o l y ( L C , G ) :  
        r e t u r n  G :
    e l s e
        r e t u r n  F A I L :
    f i :
    
end:

# Berlekamp Massey algorithm. 
B M  : =  p r o c ( s ,  N ,  P ,  x )
    l o c a l  C , B , T , L , k , i , n , d , b , b i n v , s a f e m o d ;
    # s a f e m o d  : =  ( e x p ,  P )  - >  ` i f ` ( P = 0 ,  e x p ,  e x p  m o d  P ) ;
    B  : =  1 ;
    C  : =  1 ;
    L  : =  0 ;
    k  : =  1 ;  
    b  : =  1 ;
    f o r  n  f r o m  0  t o  2 * N - 1  d o  
        # d  : =  s [ n ] ;
        # f o r  i  f r o m  1  t o  L  d o  d  : =  d  +  c o e f f ( C , x , i ) * s [ n - i ]  m o d  P ;
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od;
        b i n v  : =  1 / b  m o d  P ;
        d  : =  s [ n ]  +  a d d (  c o e f f ( C , x , i ) * s [ n - i ] ,  i = 1 . . L  )  m o d  P ;
        i f  d = 0  t h e n  k  : =  k + 1  f i ;
        i f  ( d  < >  0  a n d  2 * L  >  n )  t h e n
            C  : =  C  -  m o d p ( b i n v * d , P ) * e x p a n d ( x ^ k * B ) ;
            k  : =  k + 1 ;
        f i ;
        i f  ( d  < >  0  a n d  2 * L  < =  n )  t h e n
            T  : =  C  m o d  P ;
            C  : =  C  -  m o d p ( b i n v * d , P ) * e x p a n d ( x ^ k * B ) ;
            B  : =  T ;
            L  : =  n + 1 - L ;
            k  : =  1 ;
            b  : =  d ;  
        f i ;
    o d ;
    r e t u r n  C  m o d  P ;
end:

# Shif ted Vandermonde system solver .  p is  the master  polynomial  
w h i c h  i s  a l s o  t h e  r e c i p r o c a l  o f  t h e  r e s u l t  o f  t h e  B M A  c a l l .  
Vandermonde_Solve_Mod :=proc( A, W, MasterPoly,  s,  n,  p )

    l o c a l  a ,  i ,  i n v s ,  j ,  P ,  q ,  Q ,  x ,  d e n o :

    x  : =  A r r a y ( 1 . . n , 0 ) :

    i f  n  =  1  t h e n  
        x [ 1 ]  : =  m o d p (  W [ 1 ] / ( A [ 1 ] & ^ s ) ,  p  )  :    #  S p e c i a l  c a s e  w h e n
n = 1 .  
        r e t u r n  x :  

    f i :  
    Q  : =  m o d p 1 (  C o n v e r t I n (  M a s t e r P o l y ,  v  ) ,  p  ) :   #  M a s t e r  
polynomial .
    f o r  i  t o  n  d o
        q  : =  m o d p 1 (  Q u o (  Q  ,  m o d p 1 (  C o n v e r t I n (  v - A [ i ]  ,  v  ) ,  p  )  
)  ,  p  ) :  
        a  : =  m o d p 1 (  E v a l (  q ,  A [ i ]  ) ,  p  ) :
        i n v s  : =  1 / a  m o d  p :
        P  : =  m o d p (  i n v s  *  m o d p 1 (  C o n v e r t O u t (  q  ) ,  p  ) ,  p  ) :  
        d e n o : =  1 / ( A [ i ] & ^ s )  m o d  p :
        x [ i ]  : =  m o d p (  a d d (  W [ j ] * P [ j ] * d e n o ,  j = 1 . . n  ) ,  p  ) :  
    o d :

    r e t u r n  x :
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end:

PGCD:=proc(KA,KB,KL,X,M,p,ybound,d0,tau)    #ybound is for the 
support  degree check.  
    l o c a l  R D ,  r e s u l t ,  s i ,  d m ,  d x ,  d v ,  c o n t ,  c o e f f s c u b e ,  s ,  j ,  w ,  
E ,  A ,  B ,  LC ,  KR,  i ,  k ,  K ,  CX1 ,  unstab le ,  BMtemp,  AE,  BE,  LCE,  AR,
BR,LCR;
    local  rootsfai l ,  LAMBDA, ROOTS,  W1,  n,  Q1,  ey,  SUPPORTE,  D0,  
m;
    # RD:=Algebraic[RecursiveDensePolynomials]:
    #  K A  a n d  K B  a r e  i n  [ x , y ] .  K L  i s  i n  y .  
    p r i n t f ( " P G C D  i s  c a l l e d   p = % d \ n " , p ) ;
    i f  l c o e f f ( K A , X [ 1 ] )  m o d  p  =  0   o r  l c o e f f ( K B , X [ 1 ] )  m o d  p  =  0  o r
l c o e f f ( m , Z [ 1 ] )  m o d  p  =  0  t h e n     
        r e t u r n  F A I L :
    f i :

    d m : = d e g r e e ( M , X [ - 1 ] ) :
    c o e f f s c u b e : = A r r a y ( 0 . . d 0 ,  0 . . d m ,  - 3 . . 1 0 0 0 ,  0 ) :    #  T h e  f i r s t  
index  denotes  the  degree  o f  x ,
                                                    #  T h e  s e c o n d  
index  denotes  the  degree  o f  z ,  
                                                    #  t h e  t h i r d  
index  denotes  the  ar ray .
                                                    #  c o e f f s c u b e
[ i ,m , -3 ]  s to res  the  f ina l  monomia ls  ( exponents  fo rm) .  
                                                    #  c o e f f s c u b e
[ i , m , - 2 ]  s t o r e s  t h e  f e e d b a c k  p o l y n o m i a l  o r  t h e  f i n a l  a n s w e r :  t h e  
c o e f f i c i e n t  o f  x ^ m * z ^ k .  
                                                    #  c o e f f s c u b e
[ i ,m , -1 ]  =  0  ind ica tes  coe f f (x^m z^k )=0 ,  no  BMA requ i red .  
                                                    #  c o e f f s c u b e
[ i ,m , -1 ]  =  1  ind ica tes  coe f f (x^m z^k )<>0 ,  run  BMA on  the  a r ray  
coeffscube[m,k] .
    
    
    s : = r a n d ( p ) ( ) :                     #  P i c k  a  r a n d o m  s h i f t   
    j : = s :     
    w : = n u m t h e o r y [ p r i m r o o t ] ( p ) :        #  P i c k  a  g e n e r a t o r  
    E : = w & ^ s  m o d  p :                    #  C o n s t r u c t  a n  e v a l u a t i o n  
p o i n t .  

    f o r  i  f r o m  0  t o  2 * t a u - 1  d o
    
        i f  E v a l ( l c o e f f ( K A , X [ 1 ] ) ,  X [ 2 ] = E )  m o d  p  =  0  a n d  E v a l
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( l c o e f f ( K B , X [ 1 ] ) ,  X [ 2 ] = E )  m o d  p  =  0  t h e n   #  b a d  e v a l u a t i o n  
            r e t u r n  F A I L :
        f i :
        A E : = E v a l ( K A , y = E )  m o d  p :    
        B E : = E v a l ( K B , y = E )  m o d  p :
        L C E : = E v a l ( K L , y = E )  m o d  p :
 
        A R : = r p o l y ( A E , [ o p ( X [ 1 ] ) , o p ( X [ - 1 ] ) ] , M , p ) :
        B R : = r p o l y ( B E , [ o p ( X [ 1 ] ) , o p ( X [ - 1 ] ) ] , M , p ) :
        L C R : = r p o l y ( L C E , [ o p ( X [ 1 ] ) , o p ( X [ - 1 ] ) ] , M , p ) :

        K R [ i ] : = u g c d ( A R , B R , L C R , [ o p ( X [ 1 ] ) , o p ( X [ - 1 ] ) ] , M , p ) :    #  
compute the univariate GCD
        
        i f  K R [ i ]  =  F A I L  t h e n  r e t u r n  F A I L  f i :     #  Z e r o  d i v i s o r  
        
        K [ i ] : = r p o l y ( K R [ i ] ) :   #  c o n v e r t  t h e  r e c d e n  p o l y n o m i a l  
s t ruc ture  to  the  Map le  po lynomia l  s t ruc ture .  

        E : = E * w  m o d  p :  
 
    o d :            
 
    D 0  : =  d e g r e e ( K [ 0 ] , X [ 1 ] ) :
    f o r  i  f r o m  1  t o  2 * t a u - 1  d o
        i f  d e g r e e ( K [ i ] , X [ 1 ] )  < >  D 0  t h e n  r e t u r n  F A I L  f i :     # c h e c k
degree of the GCD images. 
    o d :

    #  r e c o r d  t h e  c o e f f i c i e n t s  o f  K [ i ]  t o  c o e f f s c u b e ,  S u p p ( K [ i ] )  
m a y  n o t  b e  t h e  s a m e  a s  S u p p ( K [ j ] )  i f  i  < >  j ,
    
    f o r  i  f r o m  0  t o  2 * t a u - 1  d o
        f o r  m  f r o m  0  t o  D 0  d o
            C X 1 [ m ]  : =  c o e f f ( K [ i ] , X [ 1 ] , m ) :
            i f  C X 1 [ m ]  < >  0  t h e n
                f o r  k  f r o m  0  t o  d m  d o
                    i f  c o e f f ( C X 1 [ m ] , X [ - 1 ] , k )  < >  0  t h e n
                        i f  c o e f f s c u b e [ m , k , - 1 ]  =  0  t h e n
                            c o e f f s c u b e [ m , k , - 1 ]  : =  1 :    #  1  a t  
index  -1  ind ica tes  tha t  the  coe f f ic ien t  i s  non-zero  and  need  BMA 
a c t i o n .
                        f i :
                        c o e f f s c u b e [ m , k , i ]  : =  c o e f f ( C X 1 [ m ] , X [ - 1 ] ,
k ) :
                    f i :
                o d :
            f i :
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        o d :
    o d :

    #  R u n  t h e  B M A .    
    
    f o r  m  f r o m  0  t o  D 0  d o
        f o r  k  f r o m  0  t o  d m  d o
            i f  c o e f f s c u b e [ m , k , - 1 ]  =  1  t h e n             
                B M t e m p : = B M ( c o e f f s c u b e [ m , k ] ,  t a u ,  p ,  v ) :    #  u s e  v
as  var iab le  in  the  feedback  po lynomia l .  
                c o e f f s c u b e [ m , k , - 2 ] : = B M t e m p :     #  s t o r e  t h e  
feedback polynomia l  to  coef fscube at  index -2 .
            f i :    
            d v : = d e g r e e ( B M t e m p , v ) :
            L A M B D A : = a d d ( v ^ ( d v - n ) * c o e f f ( B M t e m p , v , n ) ,  n = 0 . . d v ) :   #  
get Lambda polynomial by computing the recripcal of BMtemp.
            ROOTS:=Roots (LAMBDA)  mod p :       #  compute  the  roots .

            i f  n o p s ( R O O T S )  =  d v  t h e n     #  o t h e r w i s e B M  t e r m i n a t e s  
e a r l y .
                S U P P O R T E : = [ ] :
                R O O T S : = A r r a y ( 1 . . d v ,  [ s e q ( R O O T S [ n ] [ 1 ] , n = 1 . . d v ) ] ) :  
 #  C o n v e r t  t o  t h e  a r r a y  s t r u c t u r e .  
                f o r  n  t o  d v  d o
                    e y : = n u m t h e o r y [ m l o g ] ( R O O T S [ n ] , w , p ) :   #  s o l v e  
d i s c r e t e  l o g  
                    SUPPORTE:= [op(SUPPORTE) ,ey ] :     #SUPPORTE 
conta ins  the  exponents  of  y ,  not  monomia ls  o f  y .  
                o d :  
                                        
                i f  m a x ( S U P P O R T E )  < =  y b o u n d  t h e n    #  d e g r e e  o f  
support  is  checked.
                    W 1 : = A r r a y ( 1 . . d v , 0 ) :   

                    f o r  n  t o  d v  d o  W 1 [ n ] : = c o e f f s c u b e [ m , k , n - 1 ]  o d :
                    Q1:=Vandermonde_Solve_Mod(ROOTS,  W1,  LAMBDA, 
s ,  d v ,  p ) :  
                    c o e f f s c u b e [ m , k , - 2 ] : = a d d ( Q 1 [ n ] * X [ 1 ] ^ m * X [ - 1 ] ^ k *
X[2]^SUPPORTE[n], n=1..dv):
                    c o e f f s c u b e [ m , k , - 1 ] : = 2 :    #  t h i s  c o e f f i c i e n t  
i s  a l l  d o n e .
                    c o e f f s c u b e [ m , k , - 3 ] : = S U P P O R T E :
                e l s e
                    r e t u r n  F A I L :        #  f e e d b a c k  p o l y n o m i a l  
s t a b i l i z e d  t o o  e a r l y  o r  a l l  i m a g e s  a r e  u n l u c k y
                f i :
            f i :
        o d :
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    o d :
   
    r e s u l t : = 0 :
    f o r  m  f r o m  0  t o  D 0  d o  
        f o r  k  f r o m  0  t o  d m  d o
            i f  c o e f f s c u b e [ m , k , - 1 ]  =  2  t h e n
                r e s u l t : = r e s u l t + c o e f f s c u b e [ m , k , - 2 ] :  
            f i :
        o d :
    o d :  
    r e t u r n  r e s u l t :
    
end:

# Termbound can help to determine the term bound in the provided 
example.  
#  You need to  a lso  know the  number  of  terms in  the  sca l ing factor
to  de te rmine  the  f ina l  t e rm bound .  
termbound:=proc(G,main,alg)

    l o c a l  r e s u l t ,  C X ,  i ,  C X Z ,  j :
    r e s u l t : = 0 :
    C X : = [ c o e f f s ( g , x ) ] :
    f o r  i  t o  n o p s ( C X )  d o
        C X Z [ i ] : = [ c o e f f s ( C X [ i ] , z ) ] :
        f o r  j  t o  n o p s ( C X Z [ i ] )  d o
            i f  w h a t t y p e ( C X Z [ i ] [ j ] )  < >  ` + `  a n d  r e s u l t  =  0  t h e n  
r e s u l t : = 1  f i :   
            i f  w h a t t y p e ( C X Z [ i ] [ j ] )  =  ` + `  a n d  r e s u l t  <  n o p s ( C X Z [ i ]
[ j ] )  t h e n  r e s u l t : = n o p s ( C X Z [ i ] [ j ] )  f i :  
        o d :
    o d :
    r e t u r n  r e s u l t :
end:

#  Input  po lynomia ls  must  be  pr imi t ive  wi th  respect  to  the  main  
v a r i a b l e  X [ 1 ] .  

M G C D : = p r o c ( A , B , t a u , X , m , S s i z e )            #  X  i s  a  l i s t  o f  
v a r i a b l e s .  
                                        #  X [ 1 ]  i s  t h e  m a i n  
v a r i a b l e .  
                                        #  X [ - 1 ]  i s  t h e  a l g e b r a i c  
number. 
                                        #  X [ 2 . . - 2 ]  a r e  v a r i a b l e s  
t o  b e  i n t e r p o l a t e d .  
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                                        #  m  i s  t h e  m i n i m a l  
po lynomia l .  
                                        #  S s i z e  c o n t r o l s  t h e  s i z e
o f  the  p r ime  se t  S  because  |S |  may  be  too  l a rge .  
   

    l o c a l  S A ,  S B ,  S M ,  d ,  d m ,  D m ,  h ,  n ,  L C A ,  L C B ,  L C ,  r ,  i ,  K A ,  
K B ,  K L ,  s ,  B e ,  N s ,  B e l ,  S ;
    l o c a l  q ,  d 0 ,  M ,  Y B ,  H ,  H p ,  C R ,  R k i ,  R k i r ,  R ,  G ,  p :
 
    #  C o n v e r t  i n p u t s  t o  t h e i r  s e m i - a s s o c i a t e  r e p r e s e n t a t i o n s .  
    SA:=expand(1 / icontent (A ) *A) :
    SB:=expand(1 / icontent (B ) *B) :
    SM:=expand(1 / icontent (m)*m):
    
    d : = m a x ( s e q ( m a x ( d e g r e e ( A , X [ i ] ) , d e g r e e ( B , X [ i ] ) ) , i = 1 . . n o p s ( X ) - 1 )
) :
    dm:=degree (m,z ) :
    Dm:=denom(m):
    h : = m a x ( n o r m ( S A , i n f i n i t y ) , n o r m ( S B , i n f i n i t y ) ) :    #  h  > =  h c  i n  
the thesis,  because the conversion only introduces denominators 
to  SA and SB.  
    n : = n o p s ( X - 1 ) :

    #  chea t  to  ge t  the  sca l ing  fac to r  LC .  We  can  use  LCA or  LCB 
instead which do not need GCD computation. 
    L C A : = l c o e f f ( a , X [ 1 ] ) :
    L C B : = l c o e f f ( b , X [ 1 ] ) :
    LC:=subs(RootOf(m)=z,evala(Gcd(subs(z=RootOf(m),LCA),subs(z=
RootOf (m) ,LCB) ) ) ) :   

    r : = [ ] :
    f o r  i  f r o m  2  t o  n o p s ( X ) - 1  d o
        r : = [ o p ( r ) , 1 + d e g r e e ( S A , x [ i ] ) * d e g r e e ( S B , X [ 1 ] ) + d e g r e e ( S B , X
[ i ] ) * d e g r e e ( S A , X [ 1 ] ) ] :
    o d :

    K A : = K r o n ( S A , r , X [ 2 . . - 2 ] ) :  
    K B : = K r o n ( S B , r , X [ 2 . . - 2 ] ) :  
    K L : = K r o n ( L C , r , X [ 2 . . - 2 ] ) :

    #  C o n s t r u c t  S  s e t .  
    s : = a d d ( c o e f f ( m , z , i ) * D m ^ ( d m - i ) * v ^ i ,  i = 0 . . d m ) :  
    Be:= 2*(2*d^2+1)^n+2*d*(2*d^2+1)^n+2*d*(d+1)*(2*d^2+1)^n*dm +
d*dm:  pr in t f ( "Pr imes  p  >=  Be  =  %d \n" ,  Be) :
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    #W:=(2*d)^d*((2*d^2+1)^n*dm)^(2*d)*h^(2*d)*(Dm+norm(SM,
i n f i n i t y ) ) ^ ( 2 * d * ( d m - 1 ) + 1 ) :
    #BZDP:=((2*dm)^dm*(dm*(d+1))^(2*dm)*h^(2*dm))*((2*dm)^dm*(2*
d*(2*d^2+1)^n)^(2*dm)*W^(2*dm))^(d+1):

    # d i s : = r e s u l t a n t ( d i f f ( s , v ) , s , v ) :    
    #dc:=Dm^(dm-1) :
    #E:=eval f (exp(n*d)*dm*(dm-1)^( (dm-1) /2 ) *norm(s ,2 )^(dm-1)*d is^
( - 1 / 2 ) * a d d ( n o r m ( s , 2 ) ^ i , i = 0 . . ( d m - 1 ) ) ) :   #  n o t e  n ,  n o t  n + 1  s i n c e  X  
s t a r t i n g  w i t h  i n d e x  1 .  
    #BUP:=(2*d)^d*(dm*(dm-1)*(2*d^2+1)^n*E*dis*dc^2*h^2)^(2*d)*
( 1 + n o r m ( s , i n f i n i t y ) ) ^ ( ( 4 * d - 1 ) * ( d m - 1 ) ) :  

    #BB:=max(BZDP,BUP):
    # N s : = e v a l f ( 4 * l o g [ 4 * 4 * t a u * B e ] ( B B ) ) :     #  X = 4  a n d  Y = 4  i n  
Theorem 21.
    
    # i f  N s  >  S s i z e  t h e n  N s  : =  S s i z e  f i :     
    N s  : =  S s i z e :
    B e l : = c e i l ( e v a l f ( l o g [ 2 ] ( B e ) ) ) :
    S : = [ ] :   
    w h i l e  n o p s ( S )  <  N s  d o
        f o r  q  f r o m  1  b y  2  t o  1 0 0 0 0  w h i l e  n o p s ( S )  <  N s  d o    #  
Choose 10000 to get smooth primes. 
            i f  i s p r i m e ( 2 ^ B e l * q + 1 )  t h e n
                S : = [ o p ( S ) , 2 ^ B e l * q + 1 ] :
            f i :
        o d :
        B e l : = B e l + 1 :   
    o d :
    
    d0 :=max(degree (A ,X [1 ] ) ,degree (B ,X [1 ] ) ) :
    M : = 1 :
    
    YB:=max(degree(KA,y) ,degree(KB,y) ) :
    H : = 0 :
    p : = S [ r a n d ( n o p s ( S ) ) ( ) ] :

    #  L o o p
    
    d o

      w h i l e  M  m o d  p  =  0   d o  p : = S [ r a n d ( n o p s ( S ) ) ( ) ]  o d :     #  
randomly  p ick  a  pr ime.  
      # p r i n t f ( " T h e  p r i m e  f o r  t h e  P G C D  c a l l  i s  % d . \ n " ,  p ) :
      H p : = P G C D ( K A ,  K B ,  K L ,  X ,  S M ,  p ,  Y B ,  d 0 ,  t a u ) :  
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      i f  H p  < >  F A I L  t h e n  
          i f  d e g r e e ( H p , X [ 1 ] )  <  d 0  t h e n
              d 0 : = d e g r e e ( H p , X [ 1 ] ) :
              M : = p :     #  r e s e t  m o d u l u s
              H : = H p :    #  r e s e t  C h i n e s e  r e m a i n d e r i n g  i m a g e .  
              p : = S [ r a n d ( n o p s ( S ) ) ( ) ] :                     #  
randomly  p ick  a  pr ime.  
          e l i f  d e g r e e ( H p , X [ 1 ] )  =  d 0  t h e n  
              C R : = c h r e m ( [ H , H p ] , [ M , p ] ) :  
              M : = M * p :
              H : = C R :  
              p r i n t f ( " R a t i o n a l  n u m b e r  r e c o n s t r u c t i o n  i s  c a l l e d  
a n d  t h e  r e s u l t  i s . \ n " ) :
              R : = i r a t r e c o n ( H , M ) :   p r i n t ( R ) :
              i f  R  < >  F A I L  a n d  H p  =  R  m o d  p  t h e n
                  R k i  : =  K r o n i n v ( R , r , X [ 2 . . - 2 ] , X [ 1 ] ) :
                  R k i r  : =  s u b s ( X [ - 1 ] = R o o t O f ( m ) , R k i ) :
                  G  : =  e v a l a ( P r i m p a r t ( R k i r ,  X [ 1 ] ) ) :     #  C h e a t i n g
step,  use Maple  Pr impart  to  remove contents .  
                  i f  e v a l a ( D i v i d e ( s u b s ( X [ - 1 ] = R o o t O f ( m ) , A ) , G ) )  
then
                      r e t u r n  s u b s ( R o o t O f ( m ) = X [ - 1 ] , G ) :
                  f i :
              f i :
              p : = S [ r a n d ( n o p s ( S ) ) ( ) ] :                    #  r a n d o m l y
p i c k  a  p r i m e .  
          f i :
        e l s e
          p : = S [ r a n d ( n o p s ( S ) ) ( ) ] :                        #  r a n d o m l y
p i c k  a  p r i m e .  
      f i :
    o d :

end:
# trace(MGCD);

#  F i r s t  e x a m p l e ,  t w o  v a r i a b l e s ,  [ x , y ] ,  n o  K r o n c k e r  s u b s t i t u t i o n  
i s  r e q u i r e d ,  t h e  s i z e  o f  c o e f f i c i e n t s  i s  l a r g e  a n d  i t
#  requ i res  more  than  2  pr imes .  

m:=z^3  +  2 *z^2  +  1 ;   i r reduc (m) ;

true

X : = [ x , y , z ] ;   

g:=z^2*x^2 + ( randpoly( [y] , terms=5,degree=5,coeffs=rand(-2^32.
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.2^32) ) ) *z^2 /6*x  +  ( randpoly ( [y ] , te rms=5,  degree=5 ,coef fs=rand
( - 2 ^ 3 2 . . 2 ^ 3 2 ) ) ) * z / 1 7  +  1 ;

abar:=randpoly(X,terms=3);

bbar:=randpoly(X,terms=3);

a:=expand(abar*g):
a :=rem(a ,m,z ) :
b:=expand(bbar*g):
b:=rem(b,m,z) :
# trace(MGCD);
# trace(PGCD);
#  t r a c e ( u g c d ) ;
# trace(SRGCD);
s t := t ime ( ) :  GG:=MGCD(a ,b ,15 ,X ,m,20 ) ;  t ime ( ) - s t ;      #  Genera te  
on ly  20  p r imes  in  th is  example ,  the  te rm bound  is  15 .  

Pr imes p  >= Be =  7488474 
PGCD is cal led  p=3112173569
PGCD is cal led  p=1484783617
R a t i o n a l  n u m b e r  r e c o n s t r u c t i o n  i s  c a l l e d  a n d  t h e  r e s u l t  i s .

FAIL

PGCD is  ca l led  p=595591169
R a t i o n a l  n u m b e r  r e c o n s t r u c t i o n  i s  c a l l e d  a n d  t h e  r e s u l t  i s .
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0.474

g ;

lcoe f f (GG,x ) ;     #  the  Lead ing  coe f f ic ien t  computed  by  our  code .
T h e r e  s h o u l d  b e  n o  z  i n  t h e  l e a d i n g  c o e f f i c i e n t ,  i n t e g e r  i s  f i n e .

102

l c o e f f ( g , x ) ;      #  t h e  l e a d i n g  c o e f f i c i e n t  o f  g  w h i c h  i s  u s e d  t o  
c r e a t e  t h i s  p r o b l e m  a n d  i t  i s  n o t  m o n i c  w i t h  r e s p e c t  t o  x  a n d  y .  

z2

#  Second  example ,  four  var iab les ,  [x ,y ,v ,u ] ,  Kronecker  
s u b s t i t u t i o n  i s  u s e d .  

m:=z^2  +  2 ;   i r reduc (m) ;

true

X : = [ x , y , v , u , z ] ;   

g := ( (1 /2 *z+4 /3 *v ) *y ) *x^2  +  ( randpo ly ( [y ,v ,u ] , t e rms=5 ,degree=10 ) ) *
z^2 /6 *x  +  ( randpo ly ( [y ,v ,u ] , t e rms=5 ,  degree=10 ) ) * z / 17  +  1 ;

abar:=(z*y+1)*x+y+z+v;

bbar:=(z*y+1)*x+y+2*z*u;

a:=expand(abar*g):
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>  >  a :=rem(a ,m,z ) :
b:=expand(bbar*g):
b:=rem(b,m,z) :
# trace(MGCD);
# trace(PGCD);
#  t r a c e ( u g c d ) ;
s t := t ime ( ) :  GG:=MGCD(a ,b ,15 ,X ,m,20 ) ;  t ime ( ) - s t ;      #  Genera te  
on ly  20  p r imes  in  th is  example ,  the  te rm bound  is  15 .  

Pr imes p  >= Be =  18665282 
PGCD is cal led  p=15065939969
PGCD is cal led  p=11173625857
R a t i o n a l  n u m b e r  r e c o n s t r u c t i o n  i s  c a l l e d  a n d  t h e  r e s u l t  i s .

0.359

g ;

lcoe f f (GG,x ) ;      #  the  Lead ing  coe f f i c ien t  computed  by  my  code .  
(The  term 136vy  does  not  have  the  var iab le  z )

l c o e f f ( g , x ) ;       #  t h e  l e a d i n g  c o e f f i c i e n t  o f  g  w h i c h  i s  u s e d  t o
c r e a t e  t h i s  p r o b l e m .  


