Rapid computation of Bernoulli and related numbers.

Goal.

The goal of this poster is to explore multisectioning and it’s application to rapid computation of Bernoulli and related numbers

Definitions and Theorems.

Definition 1 (Poly-exponential function.) Let λ1, ..., λn ∈ C be constants and p1(x), ..., pn(x) ∈ C [x] be polynomials. Then n ∑ i=1 pi(x)eλ^ix, is a “poly-exponential function”. Denote the set of all such functions by P.

Definition 2 (Rational poly-exponential function.) Let s(x), t(x) ∈ P and t(x) ≠ 0. Then s(x) t(x) , is a “rational poly-exponential function”. Denote the set of all such functions by R.

Definition 3 (Multisectioning.) Let f(x) be a function acting on a subset of C . Define f qm(x) = 1m ∑m−1 i=0 ω−iqm f(ωimx), where ωm = e^{2πi}m .

Theorem 1 Given a function f(x) ∈ R, m, q ∈ Z, 0 ≤ q < m, a recursion formula can be found for the mi + q-th coefficient of the exponential generating function of f(x) that depends only on the mj + q-th coefficient, for j < i, and two lacunary recurrence relations.

Proof: All equivalences are to be considered to be equivalences modulo m.

If f(x) = s(x)t(x) then f qm(x) = Sqm(x) T 0m(x) where S(x) = s(x) ∏m−1 i=1 t(xωim) and T (x) = ∏m i=1 t(xωim). Further Sqm(x) = ∑ i≡q bi xi i! , where the the coefficients bi satisfy a linear recurrence relation.

Also T 0m(x) = ∑ j≡0 dj xj j! , where the the coefficients di satisfy a linear recurrence relation.

So if f(x) = ∑∞ k=0 ckx^kk! then f qm(x) = ∑ k≡q ckx^kk! and we have ∑ k≡q ck xk k! = ∑ i≡q bix^ii! ∑ j≡0 dj x^jj! ∑ j≡0 dj xj j! ∑ k≡q ck xk k! = ∑ i≡q bi xi i! ∑ i≡q ∑ l≡0 ( i l ) dlci−l xi i! = ∑ i≡q bi xi i! ∑ l≡0 ( i l ) dlci−l = bi Thus we get a recurrence relation for the ci which depend only on those ci where i ≡ q (mod m) and two linear recurrence relations for the di and the bi.

Problem.

How do you determine the linear recurrence relation for bis and the dis in the proof? Denominator.

To find the for the recurrence for the di, it is sufficient to calculate the recurrence for T (x) = ∏m i=1 t(xωim). This can be done using a number of methods.

1. Let P t(x) and P s(x) be the recurrence polynomial associated with t and s respectively. Then P st(x) = Resy(P s(x − y), P t(y)). Thus resultants can be used.

2. Given a bound on the size of the recurrence m of a function t, and t̂(x) a Taylor series approximate of t to degree 2m, then the recurrence for t can be recovered via linear algebra. This combined with fast polynomial multiplication used to determine a recurrence for ∏m i=1 t(xωim).

3. Given T (x), and a bound for the size of its recurrence, a Taylor series can be determined for T (x) via symbolic differentiation and the recurrence determined from this via linear algebra.

Numerator.

To find the recurrence for the bi, it is sufficient to calculate the recurrence for S(x) = (s(x) ∏m−1 i=1 t(xωim))qm. This can be done using the methods used for the dis plus the additional method of 4. Knowing the recurrence for the di, a bound on the size of the recurrence for the bi, and the first few initial values of the cis then the terms of a Taylor series polynomial approximation of S(x) can be determine, and linear algebra used to determine from this the recurrence for the bis.

References

[1] Cecm research projects, http://www.cecm.sfu.ca/projects, 1999.

[2] Bruce C. Berndt, Ramanujan’s notebooks, Springer-Verlag, New York, 1994.

[3] Jonathan Borwein, Peter Borwein, and Lennart Berggren, Pi:

A source book, Springer, New York, 1997.

[4] Jonathan M. Borwein, David M. Bradley, and Richard E.

Crandall, Computational strategies for the Riemann zeta function, unpublished, 1996.

[5] Mustapha Chellali, Accélération de calcul de nombres de Bernoulli, Journal of Number Theory (1988), 347–362.

[6] Louis Comtet, Advanced combinatorics, the art of finite and infinite expansions, D. Reidel Publishing Company, Boston, 1974.

[7] K.O. Geddes, G. Labahn, M. B. Monagan, and S. Vorketter, The maple programming guide, Springer-Verlag, New York, 1996.

[8] J. W. L. Glaisher, On Eulerian numbers, Quarterly Journal of Mathematics 45 (1914).

[9] Kevin Hare, Multisectioning, rational poly-exponential functions and parallel computation, Master’s thesis, Simon Fraser University, Vancouver, April 1999.

[10] D.H. Lehmer, Lacunary recurrence formulas for the numbers of Bernoulli and Euler, Annals of Mathematics 36 (1935), no. 3.

[11] S Ramanujan, Some properties of Bernoulli’s numbers, Indian Mathematical Journal (1911).

[12] Herbert S Wilf, Generating functionology, Academic Press, Inc., Toronto, 1990.