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Index redution Theory Normal forms BLAD internals QSSA Biologial modeling Parameters estimationDi�erential algebraA mathematial theory (Ritt, Kolhin) whih permits toproess systems of di�erential equations symbolially, e.g. inomputer algebra systems.A subtheory : the di�erential elimination (Ritt, Seidenberg).



Index redution Theory Normal forms BLAD internals QSSA Biologial modeling Parameters estimationDi�erential elimination
Polynomial differential system

Ranking

Differential elimination
(Rosenfeld-Gröbner)

"A"                           differential system
"equivalent"      to the input system but
"simpler"                       since it involves
"hidden"                differential equations
"consequences"             of the system.�The� output system is a regular di�erential hain.Rankings indiate the sort of sought di�erential equations.Tehnially, a ranking is an �admissible� total ordering on thederivatives of the dependent variables.In the ase of ODE in two dep. vars. u(t) and v(t) it might be :

· · · > ü > v̇ > u̇ > v > u.
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Index redution Theory Normal forms BLAD internals QSSA Biologial modeling Parameters estimationExample : a DAE (Hairer, Wanner)The unknowns are three funtions x(t), y(t) and z(t).






ẋ(t) = 0.7 · y(t) + sin(2.5 · z(t))ẏ(t) = 1.4 · x(t) + os(2.5 · z(t))1 = x2(t) + y2(t).Equivalent polynomial DAE






ẋ(t) = 0.7 · y(t) + s(t)ẏ (t) = 1.4 · x(t) + (t)1 = x2(t) + y2(t) ṡ(t) = 2.5 · ż(t) · (t)̇(t) = −2.5 · ż(t) · s(t)1 = s2(t) + 2(t).Di�erential elimination helps integrating the DAE by omputingthe underlying ODE ż(t) = somethinga omplete set of onstraints on initial values



Index redution Theory Normal forms BLAD internals QSSA Biologial modeling Parameters estimationSynthesisDi�erentialAlgebraA MAPLE pakage still under development whih implementsdi�erential elimination methods.It improves the MAPLE di�alg pakage (1996).It is just an interfae for the BLAD libraries.Bibliothèques Lilloises d'Algèbre Di�érentielleBLAD is a tower of �ve open soure C libraries.The LGPL liense permits anybody to use freely BLAD, evenfor ommerial purposes.
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Index redution Theory Normal forms BLAD internals QSSA Biologial modeling Parameters estimationDi�erential algebraA derivation over a ring R is an operation R → R suh that
δ(a + b) = δa + δb, δ(a b) = (δa) b + a δb.A di�erential ring is a ring equipped with �nitely many derivationswhih ommute pairwise.A set of polynomial di�erential equations is a subset of adi�erential polynomial ring R = K{U} (K �eld of oe�ients, U�nite set of di�erential indeterminates = dependent variables).Example : R = Q{x , y , z , s, } endowed with δ = d/dt.



Index redution Theory Normal forms BLAD internals QSSA Biologial modeling Parameters estimationSolutions ompatible with di�erential eliminationInferene rules applied by the algorithmsLet a, b be two di�erential polynomials of R1 a = 0 and b = 0⇒ a + b = 02 a = 0 and b =?⇒ a b = 03 a = 0⇒ δa = 04 a b = 0⇒ a = 0 or b = 0The set of the di�erential polynomial equations whih areonsequenes of a given input system is a radial di�erential idealof R .Solutions need : C∞ + domainFormal power seriesFuntions analytial over some domain



Index redution Theory Normal forms BLAD internals QSSA Biologial modeling Parameters estimationRosenfeldGroebner (ODE)RosenfeldGroebner represents the radial di�erential ideal Jgenerated by a given system as an intersetion of radial di�erentialideals Ik : J = I1 ∩ · · · ∩ In.Eah Ik is presented by a regular di�erential hain Ck .A regular hain is a rewrite system with �good� properties.The ranking �xes the lefthand sides of the rewrite rules.Fix the ranking · · · u̇ > v̇ > u > v . Thenv̇ u̇ − v = 0, v̇2 − 2 = 0is a regular hain, and is viewed asu̇ → v/v̇ , v̇2 → 2.



Index redution Theory Normal forms BLAD internals QSSA Biologial modeling Parameters estimationRegular hains permit to ompute NormalFormNormal forms are normalized notations for expressions, assumingthat variables satisfy the regular hain equations.Assume the regular hain C isu̇ → v/v̇ , v̇2 → 2.Then NF(2 u̇,C ) = NF(2 v/v̇ ,C ) = v v̇substitution of the lefthand sides by righthand sidesalgebrai inverses omputationa ≡ b mod I i� NF(a,C ) = NF(b,C ).NF(a,C ) = 0 i� a ∈ I .Every linear ombination of normal forms is a normal form.



Index redution Theory Normal forms BLAD internals QSSA Biologial modeling Parameters estimationRosenfeldGroebner (PDE)RosenfeldGroebner �omputes all� the integrability onditions (theoherene property of Rosenfeld and Seidenberg).The following rewrite system C is not a regular hain.ux → v , uy → 0.Indeed normal forms are not unique :NF(uxy ,C ) = vy? = 0?RosenfeldGroebner ompletes (in the Knuth-Bendix sense) therewrite system by inserting new equations :ux → v , uy → 0, vy → 0.
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Index redution Theory Normal forms BLAD internals QSSA Biologial modeling Parameters estimationThe ideaA polynomial ring RA polynomial system C of R (it is a regular hain � to bede�ned)An ideal I assoiated to C (in a sense to be de�ned)In Di�erentialAlgebraLet C be a regular hain and a be a polynomial of R . ThenNF(a,C ) =
pqis a rational fration suh that q is regular and p/q = a in R/I .



Index redution Theory Normal forms BLAD internals QSSA Biologial modeling Parameters estimationNon di�erential : |X | = |C |Point : C is triangularf1(x1) = 0, f2(x2, x1) = 0, . . . , fn(xn, . . . , x1) = 0Eulidean division. Bézout.I is the ideal generated by C .One an deide zero and regularity in R/I .One an try to make C moni (idéaux premiers à usageommerial).If moni, C is a Gröbner basis. Use the Gröbner normal form,whih is a polynomial.



Index redution Theory Normal forms BLAD internals QSSA Biologial modeling Parameters estimationNon di�erential : |X | ≥ |C |Denote T = {t1, . . . , tp}.f1(x1,T ) = 0, f2(x2, x1,T ) = 0, . . . , fn(xn, . . . , x1,T ) = 0Point : the idealI = M−1 (C ) ∩ R , where M denotes the multipliative familygenerated by the leading oe�ients of C .Key theorem : The nonzero elements of Q[T ] are regular inR/I (holds also if M is generated by the separants).Bak to the former ase. The normal form is a rationalfration p/q with p ∈ Q[T ,X ] and q ∈ Q[T ].C is a regular hain if C an be transformed as a moni triangularset C0, in the ring R0 = Q(T )[X ].



Index redution Theory Normal forms BLAD internals QSSA Biologial modeling Parameters estimationNon di�erential : squarefreeness
If the separants of a regular hain C are regular in R/I then thehain is said to be squarefree.Point : Lazard's lemmaIf C is a squarefree regular hain then I is radial.



Index redution Theory Normal forms BLAD internals QSSA Biologial modeling Parameters estimationDi�erential : ODER = Q{U} where U = {u1, . . . , un}.The xi and tj are derivatives of elements of U.f1(x1,T ) = 0, f2(x2, x1,T ) = 0, . . . , fn(xn, . . . , x1,T ) = 0Point : C is di�erentially triangularThe xi and tj must not be derivatives of any xk .C is a di�erential regular hain ifC is a squarefree regular hain (in the non di�erential sense).C is di�erentially triangular.Not ompletely straightforward sine the key theorem relies onMaaulay's unmixedness theorem whih applies in (some)Nötherian rings.



Index redution Theory Normal forms BLAD internals QSSA Biologial modeling Parameters estimationDi�erential : PDE
There are �nitely many derivations whih ommute pairwise.Point : the oherene propertyA �nite ondition on ross-derivatives.C is a di�erential regular hain ifC is a squarefree regular hain (in the non di�erential sense).C is di�erentially triangular.C is oherent.
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Index redution Theory Normal forms BLAD internals QSSA Biologial modeling Parameters estimationThe goalIntegrating di�erential elimination methods within sienti�omputation libraries (MINPACK, GSL).AppliationsIndex redution for DAEQSSA for hemial systemsParameters estimationAppliations of appliationsModel redution in ellular biology



Index redution Theory Normal forms BLAD internals QSSA Biologial modeling Parameters estimationBLAD strutureA tower of �ve librariesba0 Memory management. Parsers. Exeptions.bav Variables. Rankings.bap Di�erential polynomials. A multivariate gd algorithmlose to that of MAPLE.bad Di�erential systems. Regular hains.Rosenfeld-Gröbner. Normal Forms. Change of ranking.bai Numerial integrators for regular hains. C odegeneration. DOP853.



Index redution Theory Normal forms BLAD internals QSSA Biologial modeling Parameters estimationFirst hoiesC language (POSIX)One hooses the language and its standard libraries.Basi features. Rather preise spei�ations. Portability.The language imposes restritions on memory management,whih in turn imposes restritions on the data strutures.The GMP programming sheme
alloc size pointer

0 8 12

812mpz_tmpz_init (n);mpz_init_set (p, 1);mpz_add (n, n, p);



Index redution Theory Normal forms BLAD internals QSSA Biologial modeling Parameters estimationMemory managementTwo di�erent/ompatible mehanisms are availableConerns taken into aountGarbage olletion must be inorporated in the mathematialalgorithms.It imposes restritions on the ode and the data strutures.It must permit a powerful exeption handling mehanism(athing errors ; timeout/memout ; inversion of a zero divisor)Other onernsThread-safetyMulti-ore proessors
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output par.
input pars.

current stack (free)

aux. stack (free)

temporary data
record

Step 1

Step 2

Step 3

current

aux. stack

current

aux. stack
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stack (free)

Step 2

Step 3

result

A B

A B

FEDC

A B D E

record

Step 1
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One global table of all BLAD variables :independent variables, derivatives of dependent variables.To eah variable is assoiated one positive integer per ranking.The greater the number, the greater the variable.Numbers are reomputed eah time a variable is reated.



Index redution Theory Normal forms BLAD internals QSSA Biologial modeling Parameters estimationPolynomialsVariant of the distributed representation.Change of rankings + aess to oe�ients not too ostly.GMP integers + rational ; GMP + mahine modular numbers.A := −x2 y + 10 x y z2 − 3 x y + 5 x z + z2 − 2B := oe� (A, x , 1)A lot −1 −3xyz2x2y 1 1z2xy 5xz10 −2�rstmon. last monomialdivide eah monomial by xB



Index redution Theory Normal forms BLAD internals QSSA Biologial modeling Parameters estimationRegular hainsA regular hain is endowed with strutural properties :prime ideal ?di�erential ideal ?and with desired properties :autoredued hain ?primitive hain ?squarefree hain ?normalized hain ?oherent hain ?
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Index redution Theory Normal forms BLAD internals QSSA Biologial modeling Parameters estimationThe priniple of the QSSAThe two-time-sales standard form : fast and slow variablesAssuming ε is small, approximateẋ = f (x , y , ε), ε ẏ = g(x , y , ε)by ẋ = f (x , y , 0), 0 = g(x , y , 0).The problemThere is no general method to �nd out if a given system an betransformed into the above form. In general, fast and slow variablesare obtained by a hange of oordinates.For hemial reation systemsGiven fast and slow reations, the transformation is algorithmi. Adi�ult step of the proess just amounts to di�erential elimination.



Index redution Theory Normal forms BLAD internals QSSA Biologial modeling Parameters estimationThe Henri-Mihaelis-Menten approximationThe basi enzymati reation systemE + S k1
−−−→
←−−−k2 C k3−−−→ E + PThe initial ODE model :Ė = −k1 E S + (k2 + k3)C ,Ṡ = −k1 E S + k2 C ,Ċ = k1 E S − (k2 + k3)C ,Ṗ = k3 C .The approximation, assuming k1, k2 ≫ k3Ṡ = −

Vmax SK + SVmax and K being onstants



Index redution Theory Normal forms BLAD internals QSSA Biologial modeling Parameters estimationThe Henri-Mihaelis-Menten approximationinitialmodel Ė = −k1 E S + k2 C + k3 C ,Ṡ = −k1 E S + k2 C ,Ċ = k1 E S − k2 C − k3 C ,Ṗ = k3 C .Red terms are the ontributions of the fast reation.F. Lemaire's DAE Ė = −F1 + k3 C ,Ṡ = −F1,Ċ = F1 − k3 C ,Ṗ = k3 C ,0 = k1 E S − k2 C .The fast reation is assumed to be at equilibrium.The ontribution of the fast reation is an unknown funtion F1.The redued model is the result of the elimination of F1 in the DAE.
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Index redution Theory Normal forms BLAD internals QSSA Biologial modeling Parameters estimationCellular modeling by generalized hemial reation systems
modeling 
approaches

ODE (relatively small systems)

many other approaches
(stochastic, discrete ...)

nonlinear ODE

linear, piecewise linear
qualitative modeling, ...Di�ulties : need for model redutionODE systems quikly get very large, overparameterized.ODE systems are very aurate but a model should not involvemore information than the data it omes from.



Index redution Theory Normal forms BLAD internals QSSA Biologial modeling Parameters estimationA single autoregulated geneIs there a lok in this model ? Where ?
Pnα

θ

ρf ρb δMP δPM
G H

+
P

+
Pn

P
+P

+
βPn−1 P2
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G + Pn α

−−−→
←−−−

θ

H, G ρf−−−→ G + M, H ρb−−−→ H + M,M β
−−−→ M + P , M δM−−−→ ∅, P δP−−−→ ∅,Pi + P k+i

−−−→
←−−−k−i Pi+1 (1 ≤ i ≤ n − 1).Polymerisation reations are assumed to be fast.Random variables G and H are the two states of the gene.Other variables are onentrations :M for the mRNA,Pi for the polymer of order i .



Index redution Theory Normal forms BLAD internals QSSA Biologial modeling Parameters estimationThe initial ODE systemĠ = θH − αG Pn,Ḣ = −θH + αG Pn,Ṁ = ρf G + ρb H − δM M,Ṗ = β M − δP P + 2A1 + A2 + · · ·+ An−1,Ṗi = −Ai−1 + Ai (2 ≤ i ≤ n − 1),Ṗn = −An−1 + θH − αG Pnwhere Ai = (k−i Pi+1 − k+i Pi P).The right handside of some ODE depend on mixtures of fast andslow terms : these variables should not be onsidered as fast.QSSA : replae the Ai by variables, add equilibrium onditions andeliminate.



Index redution Theory Normal forms BLAD internals QSSA Biologial modeling Parameters estimationThe redued modelĠ = θ (γ0 − G − G Pn),Ṁ = λG + γ0 µ−M,Ṗ =
nα (γ0 − G − G Pn) + δ (M − P)n−1

∑i=0(i + 1)2 Ki P i ·

Numerially, the integral urves of the redued model �t withthe ones of the initial model.The redued model is simple enough : a symboli qualitativeanalysis ould be arried out to prove that a Hopf bifuration(i.e. an osillating behaviour) ours if and only if n ≥ 9.
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Index redution Theory Normal forms BLAD internals QSSA Biologial modeling Parameters estimationParameters estimation
Di�erential elimination transforms nonlinear least squares problemsinto linear ones by guessing a starting point for a Newton likemethod.



Index redution Theory Normal forms BLAD internals QSSA Biologial modeling Parameters estimationStatement of the problemGivena parametri ODE system (four parameters ke , Ve , k12, k21) :ẋ1(t) = −k12 x1(t) + k21 x2(t)− Ve x1(t)ke+x1(t) ,ẋ2(t) = k12 x1(t)− k21 x2(t).some measures :x1(t) is observed ;x2(t) is not observed t x1(t)0.00000e − 01 5.00000e + 010.50000e − 01 4.45078e + 01
. . .1.50000e + 00 4.95270e − 02possibly some extra information : x2(0) = 0 ; ke = 7.Estimate the values of the unknown parameters Ve , k12, k21.



Index redution Theory Normal forms BLAD internals QSSA Biologial modeling Parameters estimationThere exists a purely numerial method1 Give random values to k12, k21, Ve .2 Integrate numerially the ODE and get a graph for x1(t).
051015202530
35404550
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

observed urve of x1simulated urve of x1
3 If the error is too large, update k12, k21, Ve by the Levenberg-Marquardt method and goto step 2.



Index redution Theory Normal forms BLAD internals QSSA Biologial modeling Parameters estimationThere exists a purely numerial method1 Give random values to k12, k21, Ve .2 Integrate numerially the ODE and get a graph for x1(t).
051015202530
35404550
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

observed urve of x1simulated urve of x1
The Levenberg-Marquardt method ends in a wrong loal minimumk21 = .16, k12 = .76, Ve = 82.8.Should be k21 = .5, k12 = 3, Ve = 101.



Index redution Theory Normal forms BLAD internals QSSA Biologial modeling Parameters estimationDi�erential elimination for guessing good initial valuesẋ1(t) = −k12 x1(t) + k21 x2(t)− Ve x1(t)ke+x1(t) ,ẋ2(t) = k12 x1(t)− k21 x2(t).1 Eliminate the non observed variable x2(t) usingRosenfeldGroebner or, better, PARDI.ẍ1 (x1+ke)2+[k12+k21] ẋ1 (x1+ke)2+[Ve ] ẋ1 ke+[k21 Ve ] x1 (x1+ke).2 Evaluate the ODE for many di�erent values of t.By linear least squares, estimate the [parameters bloks℄.3 Solve the parameters bloks w.r.t. parameters :k12 = 0.45, k21 = 1.65, Ve = 87.29.4 Run the optimization method starting from these values.



Index redution Theory Normal forms BLAD internals QSSA Biologial modeling Parameters estimationThere are (numerial !) di�ultiesThe parameters hange during the optimisation proess, leading tosti�ness. However, in the ontext of hemial reations systems,QSSA ould be performed at runtime.Di�ulty to numerially evaluate the derivatives.Getting the parameters from the [bloks℄ may be di�ult.Over the example, this is easy :k12 + k21 = value1, Ve = value2, k21 Ve = value3.



Index redution Theory Normal forms BLAD internals QSSA Biologial modeling Parameters estimationThere are (numerial !) di�ultiesThe parameters hange during the optimisation proess, leading tosti�ness. However, in the ontext of hemial reations systems,QSSA ould be performed at runtime.Di�ulty to numerially evaluate the derivatives.Getting the parameters from the [bloks℄ may be di�ult.In general, beware algebrai relations amongs bloks :
///k12 + k21 = value1, Ve = value2, k21 Ve = value3.
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Index redution Theory Normal forms BLAD internals QSSA Biologial modeling Parameters estimationConlusion
Di�erential elimination is a tool that ould be embedded in themain numerial libraries (say, MINPACK).However1 One needs to provide software : easy to use MAPLE pakages,libraries easy to plug in existing software.2 One needs also to prove the usefulness of these methods ononvining appliations.
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