Solving parametric systems using Dixon

resultants and sparse interpolation tools
by
Ayoola Isaac Jinadu

M.Sc., University of Saskatchewan, 2017
B.Sc., Federal University of Agriculture, Abeokuta, 2012

Thesis Submitted in Partial Fulfillment of the
Requirements for the Degree of

Doctor of Philosophy

in the
Department of Mathematics

Faculty of Science

© Ayoola Isaac Jinadu 2023
SIMON FRASER UNIVERSITY
Summer 2023

Copyright in this work is held by the author. Please ensure that any reproduction
or re-use is done in accordance with the relevant national copyright legislation.



Declaration of Committee

Name: Ayoola Isaac Jinadu
Degree: Doctor of Philosophy
Thesis title: Solving parametric systems using Dixon resultants

and sparse interpolation tools

Examining Committee: Chair: Luis Goddyn
Professor, Mathematics

Michael Monagan
Supervisor
Professor

Petr Lisonéek
Committee Member
Professor

Nils Bruin
Internal Examiner
Professor

George Labahn

External Examiner

Professor

David R. Cheriton School of Computer Science
Department of Mathematics

University of Waterloo

Date Defended: August 23, 2023

ii



Abstract

Many elimination techniques such as Grobner bases and Triangular sets have been employed
to address the growing demand for solving parametric polynomial systems in practice.
However, experiments have shown that these elimination methods when used in computer
algebra systems such as Maple and Magma often fail on systems that have many parameters;

they can take a very long time to execute or run out of memory.

To address this problem, this thesis presents a new interpolation algorithm for solving
parametric polynomial systems (systems of n polynomial equations involving n variables
and m parameters with rational coefficients) over Q using Dixon resultants. The Dixon
resultant R of a parametric polynomial system is a multiple of the unique monic generator
of an elimination ideal of a polynomial system, and it can be expressed as the determinant

of a matrix M of polynomial entries called the Dixon matrix.

Given a black box for the Dixon resultant R = det(M) (we evaluate the Dixon matrix M at
integer points modulo primes and compute determinant of integer matrices modulo primes),
we present a new Dixon resultant algorithm that interpolates the monic square-free factors

R; of the Dixon resultant R from monic univariate polynomial images of R.

This new Dixon resultant algorithm uses our newly developed sparse multivariate rational
function interpolation method over Q to interpolate the rational function coefficients of the
monic square-free factors modulo primes. It further uses rational number reconstruction

and Chinese remaindering to recover the rational coefficients of the R;’s.

We have made a hybrid Maple and C implementation of our Dixon resultant algorithm.
Our benchmarks show that our new Dixon resultant algorithm can solve many parametric
polynomial systems that other algorithms for computing R are unable to solve. However,
the new Dixon resultant algorithm may fail to produce an answer, and even when it is
successful, the returned answer might be wrong with provably low probability. Consequently,
we identify and classify all the causes of failure in our new algorithm, and we give a detailed

failure probability analysis and complexity analysis of our new Dixon resultant algorithm.

Furthermore, we consider another related problem. Let Az = b be a parametric linear
system such that the coefficient matrix A is of full rank. In general, the solutions z; will be

rational functions in the parameters. We present a new black box algorithm for interpolating
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the entries x; using our new sparse multivariate rational function interpolation method.
We present timing results comparing our hybrid Maple and C implementation of our new
algorithm with four other algorithms in Maple for solving Ax = b. A failure probability

analysis and complexity analysis for our new algorithm is also presented.

Keywords: Parametric Polynomial systems; Parametric Linear Systems; Dixon Resultants;
Sparse Multivariate Rational Function Interpolation; Black Box; Kronecker Substitution;
Failure Probability.
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Chapter 1

Introduction

Using sparse polynomial interpolation, sparse rational function interpolation and rational
number reconstruction, we develop new algorithms for solving parametric linear and poly-
nomial systems over Q. In particular, this thesis presents a new interpolation algorithm
for solving parametric polynomial systems using Dixon resultants and a new algorithm for
solving parametric linear systems, both using sparse rational function interpolation.

We use sparse interpolation tools such as sparse rational function interpolation and
sparse polynomial interpolation because we want the complexity of our new algorithms to
depend on the actual number of terms in the objects that we are computing (a polynomial
or a rational function) instead of the maximum number of possible terms. Another reason
why sparse interpolation tools are preferred is because many multivariate polynomials and
multivariate rational functions that we have to interpolate in practice are sparse, and often
very sparse. To give the reader an idea of what sparsity means, we begin with the definition
of a sparse polynomial and a sparse rational function.

A non-zero polynomial f with ¢t terms is generally defined as being sparse if ¢ is relatively
much less than the maximum number of possible terms in f. However, this definition of a

sparse polynomial is somewhat imprecise, so we give the following formal definition.

Definition 1.1. Let f be a non-zero polynomial in y1, %2, ..., ¥mn. Let t denote the number
of non-zero terms in f such that ¢ > 1 and let d = deg(f) be the total degree of f. The
maximum number of possible terms in f is M = (m;d). We say that f is sparse if t < v M.

Example 1.2. Let f = 3y1y0y5 + 5y1y§y4. Notice that ¢ = 2,d = 5,m = 5 and M =
(5;5) = (150) = 252. Therefore, f is a sparse polynomial since t = 2 < vV M = /252 =~ 15.9.

Definition 1.3. A sparse polynomial f is normally represented as

t
dk,l dk‘,Q dk’,
f= Zak% Yg - Ym ™. where aj # 0.
k=1

Definition 1.4. A multivariate rational function f/g with ged(f,g) = 1 is sparse if both

polynomials f and g are sparse.



1.1 Black Box Model

In most science fields, such as cryptography [Goldwasser and Rothblum, 2007], a black box is
a device or a system in which its inputs and output are known, but the internal functionality
is completely unknown. It could be almost anything as long as its implementation is not
transparent.

The first black box model in computer algebra was introduced by Kaltofen and Trager
in [Kaltofen and Trager, 1990] where algorithms for computing the greatest common divisor
of two polynomials represented by two black boxes were presented. They also argued that
black box representations are space efficient. A black box can be constructed for objects
such as a polynomial, a rational function, or the determinant of a matrix of polynomials. A
function call to the black box is referred to as a black box probe.

In all of the problems addressed in this thesis, we aim to compute factors (or some
factors) of the determinant of a matrix with multivariate polynomial entries. Let D be a
matrix with multivariate polynomial entries and suppose det(D) is a sparse polynomial. The
number of terms in the factors of det(D) over Z is typically less than the number of terms
in det(D). So, using a black box model in our proposed algorithms is beneficial because we
save the memory space needed to store det(D) and we save the cost of evaluating det(D).

For our purposes, the internal functionality of a black box is assumed to be known.
That is, we are able to modify a given black box that works over Q to work modulo a
prime p. In particular, the black box for our proposed algorithm for solving parametric
polynomial systems over Q will represent a determinant computation. We will construct
the black box BB from a given matrix D of polynomials in x1,y1,¥%2,...,¥m over Q to
evaluate D at a point a € ZIT,”“ where p is prime and then compute the determinant of
the integer matrix D(a) mod p. We will then input BB to our new algorithm for solving
parametric polynomial systems over Q which treats it as a black box and not look inside.
That is, our new algorithm for solving parametric polynomial systems over QQ is only aware
that BB : (Z7",p) — Z,.

For our proposed algorithm for solving linear systems involving parameters y1, y2, - - . , Ym,
we will construct a similar black box BB for the corresponding augmented matrix so that it
accepts an evaluation point a € Z;" and a prime p to output a vector of integers modulo p.
That is, BB : (Z}',p) — Z; where n is the rank of the coefficient matrix of the parametric
linear system.

We can also build black boxes for known objects such as polynomials and rational
functions following our usual black box construction. Therefore, in this thesis, a black box
is a computer program that takes a point a € Z;" and a prime p as two inputs and outputs
the evaluation of the represented object modulo p. We note that our black box model is
similar to the modular black box model described in [Giesbrecht and Roche, 2010]. In Figure



1.1, the black box for det(D) € Q[z1,y1,y2,--.,ym] takes an evaluation point a € ZZ”I
and a prime p as inputs and it outputs det(D(a)) mod p.

T =m
Y1 = 2

Y2 = a3 i det(D(«)) mod p
—————— It computes A = D(«) mod p then it computes det(A) € Z,

Ym = Q41

Figure 1.1: Black box model for det(D) € Q[z1,y1, Y2, - - - , Ym]

Example 1.5. Let prime p = 11 and let

D= ( T n ) '
T +yYr Y2
Suppose we input the evaluation point a = (1,1,1) and p to the black box for det(D), it
outputs the det(D) evaluated at « over Z, which is 10.

1.2 Motivation and Contributions
This thesis addresses two main problems, namely,

@ Solving parametric polynomial systems by computing their Dixon resultants and

@ Solving Az = b with parameters using sparse rational function interpolation.

1.2.1 Solving parametric polynomial systems using Dixon resultants

Let X = {z1,...,z,} be the set of variables and let Y = {y1,...,ymn} be the set of param-
eters with n > 2 and m > 1. Let F = {f1, fa,..., fu} € Q[Y][X] such that |F|= |X|. We
refer to F as a parametric polynomial system where each fz is a polynomial in variables X
with coefficients in the polynomial ring Q[Y]. Let I = < fi, fo, ..., fn> be the ideal generated
by F and let J = 1N Q(Y)[z1] be the elimination ideal in Q(Y')[z1].

In this thesis, solving a parametric polynomial system JF means we aim to eliminate
variables o, 3, ..., %, from F in order to obtain the resultant R of F. For our purposes,

we define the resultant of a parametric polynomial system F as follows.



Definition 1.6. The resultant R of a parametric polynomial system F is defined to be the
unique monic generator of the elimination ideal J = I'N Q(Y')[z1] and any factor € is called

an extraneous factor if ¢ = éR for any non-zero g € J.

Note that Definition 1.6 agrees with the resultant definitions given by Kapur and Saxena
in [Kapur and Saxena, 1997] and by Minimair in [Minimair, 2014]. Based on our definition of
the resultant, some obvious facts follow: The zero polynomial is an element of the elimination
ideal J. The resultant R may be irreducible or reducible over Q(Y’). If a monic polynomial
in the elimination ideal J is irreducible over Q(Y'), then it must be the resultant R. In this

thesis, we do not aim to compute the roots of R.

Example 1.7. Let F = {f1, fo} C Q[y1,yo][z1, x2] where
fi=mzaty,  fo=aoy +ym.

By eliminating variable x5 from F, we may compute the resultant
5 2 ?J%
R =y - w2 € Q(y1,y2)[z1]
2

which is clearly reducible over Q(y1,y2).

The general methods used in elimination theory are triangular sets [Maza, 2000, Kalk-
brener, 1991, Wu|, Grébner bases [Buchberger, 2006] and resultant methods. Resultants
are classical algebraic objects for determining whether a polynomial system has a solution
(common root) or not without actually solving for the solutions of the system explicitly.
To the best of our knowledge, the resultant methods that are widely used for solving para-
metric polynomial systems are based on the Sylvester, Dixon [Dixon, 1908, 1909], Macaulay
[Macaulay, 1902, 1916] and sparse resultant formulations [Bhayani et al., 2020]. These resul-
tant methods all construct matrices (resultant matrices) whose determinant is the resultant
or a multiple of the resultant of a given parametric polynomial system. We refer to the
matrix obtained due to Dixon’s method as the Dixon matrix and its determinant as the

Dixon resultant.

Definition 1.8. A collection of polynomials { f1, fa, ..., fnt+1} is said to be generic n-degree

if there exist non-negative integers dy, do, - - -, d,, such that for ¢ # j,

dy, = deg(ﬁ-,ack) = deg(fj,xk) forl1 <k <n,

and
dq dn )
fi=2 D Girigin@t oy for 1<j<m+1,
11=0 in=0

where each coefficient a; ;, 4,,...s, is a distinct indeterminate (think of parameters!) and the

n

total degree of f; is 2?21 d;. In plain language, generic polynomials are polynomials that

4



have every possible coefficient, all coefficients are indeterminates, and they have the same

degrees in each variable.

Using the size bounds given in [Kapur and Saxena, 1995], we compare the size of three
resultant matrices (Dixon, Macaulay and sparse resultant) using two measures, namely, the
total degree and the partial degree in each variable for four generic polynomial systems.
The number of polynomials, the total degree, and the partial degree of the polynomials in

each variable of these systems are denoted by n, d, dmax respectively in Tables 1.1 & 1.2.

n | d | Dixon | Macaulay | Sparse resultant
2|2 6 15 15

213 15 36 36

312 20 56 56

313 84 220 220

Table 1.1: Matrix size of four generic systems using their total degrees

n | dpnax | Dixon | Macaulay | Sparse resultant
2 2 8 66 36

2 3 18 153 81

3 2 48 2024 512

3 3 162 7140 1728

Table 1.2: Matrix size of four generic systems using their partial degrees

As the reader can see from the data reported in Tables 1.1 & 1.2, the size of the Dixon
matrix is smaller when compared to the matrices obtained from the sparse and Macaulay
resultant methods. Therefore, we are interested in the Dixon resultant formulation because
of its computational advantage.

Our main motivation for studying Dixon resultants stems from the sets of parametric
polynomial systems listed in Lewis’s papers [Lewis, 2017, 2018b, 2020]. Lewis tried to solve
these polynomial systems using Grébner bases and triangular sets in Maple and Magma,
but they often failed badly; they took a very long time to execute and often ran out of
memory. The failure of these methods is due to the intermediate expression swell (the
rational function coefficients in the parameters of the intermediate polynomials over Q are
huge) caused by the parameters.

In Table 1.3, we report the timings obtained when we attempted to solve some of the
parametric polynomial systems from [Lewis, 2017] using Grobner bases and triangular sets
in Maple and Magma. The names of the real parametric polynomial systems are labelled

as Names in Table 1.3. The quantity #R denotes the number of terms in the resultant



R when its fractions in the parameters are cleared, n is the number of polynomials and m
is the number of parameters in the input parametric systems. Columns Maple-Grobner
and Maple-Triangular contain the timings obtained using Grébner basis and Triangular
sets in Maple. Column Magma contains the timings obtained for solving these systems in
Magma using Grobner bases. The input parametric polynomial systems in Table 1.3 are

listed in the Appendix A of this thesis with the monomial ordering used in our experiments.

Table 1.3: Timings showing the performance of 3 elimination methods on real parametric systems

Names | n | m | #R | Maple-Grobner | Maple-Triangular | Magma
Heron3d | 6 | 6 | 23 0.05 s 0.37s 1.35s
Herond4d | 10 | 10 | 131 0.08 s ! 42s
Heronbd | 15 | 15 | 823 > 5 days ! 2.6 days
Circle 419 - > 5 days > 5 days > 5 days
Robot-z; | 4 | 7 | 44 ! ! > 5 days

The notation ! means Maple ran out of memory and — means unknown

As the reader can see in Table 1.3, these elimination techniques are ineffective on the
selected parametric systems and our timings are consistent with the findings reported in
[Lewis, 2017].

To address this problem, a new interpolation algorithm for solving parametric polyno-
mial systems using the Dixon resultant formulation [Dixon, 1908, 1909] is proposed in this
thesis. The Dixon resultant R of a parametric polynomial system F in z; is a multiple of
the unique monic generator of the elimination ideal J = < fi, fa, ..., fn> N Q(Y)[x1] [Dixon,
1908, 1909, Kapur et al., 1994] and it can be expressed as the determinant of a matrix of
polynomial entries called the Dixon matrix (See Chapter 2). It is used to eliminate n — 1
variables from a polynomial system with n polynomial equations involving n variables.

We begin with the historical developments of Dixon resultants, and we provide examples
whenever necessary. Bezout developed a method to compute the resultant of two univariate
polynomials in 1764. His method involves the construction of a resultant matrix (the Be-
zout matrix) whose determinant produces the resultant (the Bezout resultant). The Bezout
matrix is known to be smaller in size than the Sylvester matrix. Many years later, Cayley
noticed that Bezout’s method was complicated and reformulated it [Cayley, 1857, 1865],
leading to the first case of the Dixon resultant formulation.

We describe Cayley’s reformulation of Bezout’s method as follows. Let f(z) and §(x) be
two univariate polynomials of degree d. Form the polynomials f(z) and §(z) by replacing =

with a new variable z. Then construct the polynomial

= f(@)i(z) - f(2)g(x).




Observe that A(z,z) = 0. So, the polynomial A(z,z) can be written as the product of
(z —z) and a polynomial § whose partial degree in variables x and z is d — 1. Next, compute

the degree d — 1 polynomial

Az,2) _ f(@)§(z) - [(2)i(=)

r—z r—z

§z,z) =

which vanishes at every root of f(z) and §(z) regardless of the value of z.

Thus, at every common root of f(z) and §(z), every coefficient of § in 2%, which is a
polynomial in z, must be zero (See Example 1.9). Therefore, a system of homogeneous linear
equations can be generated by extracting the coefficients of d(z,2) in z°. The coefficient
matrix of the formed linear system is the resultant matrix, while the right-hand side vector
is the zero vector. Note that the column vector containing the powers of x can be viewed as
a vector whose entries are indeterminates, i.e., u; = z*. Since this column vector will have
an entry ug = ¥ = 1, it follows that the linear system has a non-trivial solution. Therefore,
the determinant of the coefficient matrix must be zero, and this gives a necessary condition

A

for f(z) and g(x) to have a solution [Kapur et al., 1994, Lewis, 1996].

Example 1.9. Let
f(x) = (= 3)(x —5)(x+4) and §(z) = (z — 3)(x + 7)(z + 8).

The common root of both univariate polynomials is clearly 3. We have

Az, z) =

(x=3)(z—5)(x+4) (z—3)(x+T7)(z+ 8)‘
(z=3)(z=5)(2+4) (2-3)(z+T7)(2+78)
=4(z—3)(x —3)(4dxz+ 192 + 192 +61) (—2z + ).

Thus,

5(,2) = (1622 + 282 — 228) 22+ (2827 — 68z —48) 2+ (—2282% — 48z + 2196) .

—f+3 (—z—12)f + (—4+2)§  (3z+45)f + (=3z 4+ 3)§
Hence, Cayley’s resultant matrix

16 28 —228
M = 28 —68 —48
—228 —48 2196
and det(M) = 0.

Dixon presented a method to obtain the resultant of three generic polynomials in two

variables of bi-degree (dj,ds2), which is a generalization of the Cayley-Bezout method for
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computing the resultant of two univariate polynomials [Dixon, 1908, 1909]. Dixon also
described how his method can be extended to compute the Dixon resultant of a system
of n 4+ 1 generic n-degree polynomials in n variables (See Definition 1.8 for the definition
of generic n-degree polynomials). Dixon proved that the vanishing of the Dixon resultant
is a necessary and sufficient condition for the existence of a common root to a system
of n + 1 generic n-degree polynomials in n variables [Kapur et al., 1994]. However, for
geometric problems arising in practice, the Dixon resultant is almost always zero because
these problems do not have a generic degree shape [Kapur et al., 1994]. The singularity of
a Dixon matrix is a major problem because no useful information is provided about the
existence of a common root to a given polynomial system. Therefore, Dixon’s necessary and
sufficient condition is of little use in practice. Another shortcoming of Dixon’s approach is
that it is limited to a small class of polynomial systems. In particular, if it is applied to
a polynomial system that is not a generic n-degree polynomial system, one may obtain a
rectangular Dixon matrix [Kapur and Saxena, 1995] with no suitable way to compute the
Dixon resultant.

The reader should note that a non n + 1 generic, non n-degree polynomial system can
be converted to a n + 1 generic n-degree polynomial system so that Dixon’s method can
be applied. But most often, this approach is inefficient, as higher degree polynomials are
created and the new Dixon matrix created relative to the generic polynomial system is still
singular (See [Kapur et al., 1994, Section 2.3, Page 105]). These limitations stunted the use
and popularity of the Dixon resultant formulation for years, since it can only be used to
solve a small class of polynomial systems. But in 1994, Kapur, Saxena and Yang in [Kapur
et al., 1994] addressed the shortcomings of Dixon’s method.

Kapur, Saxena and Yang proved that the determinant of any square sub-matrix M of
the Dixon matrix D such that rank(M) = rank(D) is an element of the elimination ideal
J = I1NQ(Y)[z1]. Thus, once a Dixon matrix is constructed, we may find any maximal
rank sub-matrix M of the Dixon matrix D, and compute its determinant. Therefore, the

requirement for a polynomial system F to be generic n-degree is no longer necessary.

Extracting a sub-matrix M of maximal rank from the Dixon Matrix D

A sub-matrix M of maximal rank can be determined from the Dixon matrix D using
fraction-free Gaussian elimination [Kapur et al., 1994] in Q[Y, z1]. However, this can result
in expression swell. Instead, we select a sub-matrix M of maximal rank from D using the
following Monte-Carlo method. We pick a random 62 bit prime p and choose an evaluation
point 5 € Z]TH at random where m is the number of parameters. Then we compute
B = D(B) over Z, and identify M from B in D with high probability.

Our idea requires performing ordinary Gaussian elimination over Z, only, and in contrast
to [Kapur et al., 1994] crucially avoids doing polynomial arithmetic in Q[Y,z;1]. A new

algorithm (Algorithm 5) for extracting a sub-matrix of maximal rank from a Dixon matrix



is presented in Subsection 2.2.4, and we give a failure probability bound for the algorithm

using the Schwartz-Zippel Lemma [Schwartz, 1980, Zippel, 1979].

Previous methods for computing Dixon resultants

Assuming the Dixon matrix obtained from a given parametric polynomial system F is nei-
ther singular nor rectangular, the dominating step in computing Dixon resultants is com-
puting the determinant of the Dixon matrix [Minimair, 2017]. To the best of our knowledge,
the first and only interpolation method that has ever been applied to Dixon resultants was
done by Kapur and Saxena [Kapur and Saxena, 1995] in 1995. They used Zippel’s sparse
interpolation from [Zippel, 1979] to interpolate the Dixon resultant R.

Zippel’s sparse interpolation does O(mdt) black box probes for the first image of R
modulo a prime, where m is the number of parameters, d is the maximum partial degree of
R, t = #R and p is chosen so that arithmetic in Z, can be done in the hardware. But one
has to recover the integer coefficients of R which may need more primes. Using the support
of the first image of R modulo a prime (the list of monomials without their coefficients),
the integer coefficients of the Dixon resultant R can be recovered using O(t) probes to the
black box for each subsequent prime [Zippel, 1979).

In 2015, Lewis developed the Dixon-EDF (Early Detection Factor) algorithm for comput-
ing the Dixon resultant because he could not solve many of the systems he listed in [Lewis,
2017] using Grobner bases and Triangular sets in both Maple and Magma. The Dixon-EDF
algorithm is a variant of the Gaussian elimination algorithm. It is a modified row reduction
of the Dixon matrix that factors out the greatest common divisor of each pivot row at each
step. The Dixon-EDF algorithm is able to detect some factors of the Dixon resultant early.
One can interrupt it part way to switch to another method. Lewis often switches to the
Gentleman & Johnson minor expansion algorithm [Gentleman and Johnson, 1974] to finish
the computation. The drawback of the Dixon-EDF method is that it is not automatic, and
expression swell may occur when computing in Q[Y, z1]. The implementation of the Dixon-
EDF method was done in Fermat; a computer algebra system designed and implemented by
Lewis whose built-in multivariate gcd algorithm uses Zippel’s ged algorithm [Lewis, 2004].
Another variation of the Dixon-EDF method called PRDF(Pivot Row Detection of Fac-
tors) was designed and implemented by Minimair in Maple [Minimair, 2017]. This method

requires fewer gcd computations than Lewis’ Dixon-EDF method.

A new interpolation algorithm for computing Dixon resultants

We begin with a description of our new Dixon resultant algorithm. Let the Dixon resultant

R in x; of a parametric polynomial system F over Q be written as

R= rk(y].?"')ym)x’f EQ[y17y27"'7ymel]

d
k=

0



where d = deg(R,x1). If d = 0, this means that the given parametric polynomial system F
does not have a solution. Now let d > 0 and let C' = ged (7o, 71 - -+, 7;) be the polynomial
content of the Dixon resultant R.

In practice, when R factors over Q, it often has many repeated factors with large degrees
and a large unwanted polynomial content C. To avoid unwanted factors in R, we will
compute the monic square-free factors R; of R and not the Dixon resultant R in expanded
form. The monic square-free factorization of the Dixon resultant R is a factorization of the

form

where each R; can be written as

T,—1
dr; 3~ [ie(W1,92,- - Ym)

d.
Rj=w "+ PR )xljk € Qy1, Y2 - -, Ym)|x1]
kzo ‘] ) bR | m

for non-zero fjr, gjx € Qy1, 2, .., ym] such that
@ 7 = C/L for some L € Q[Y],

@ each R; is monic and square-free in Q(Y")[z1],

(3) ged(R;, R;) =1 for i # 4,

@ ged(fik, gjx) =1 forall 0 <k <Tj —1, and

(5) LC(gjn) = 1.

This monic square-free factorization exists and it is unique [von zur Gathen and Gerhard,
2013, Section 14.6]. We remark that the monic square-free factors R; of R are not necessarily
irreducible over Q(y1, 2, ..., Ym). To give the reader an idea of what we are computing, we

give the following real example from [Lewis, 2017, Section 8, Page 247].

Example 1.10 (Robot arms parametric system Appendix A.1). Consider the parametric
system F = {f1, f2, f3, 1} C Qy1,2,- .., y7][x1, 22, 3, 24] listed in Appendix A.1. Let

0 = 65536 (43 + 1) (uBod + 203uaws + v3od + v — 2uas +43) o
A = x% +1
Ag = (y3u3 + 203Y3Y6 — Y3Y3 — 2U5YaYs — Y55 + Yaus + Y5u7 + U3 + 2usYe — Y3 + 20ays — U3
g+ y2)at + (—4yaysyr — Aysyr)a + yay3 — 2953y — Yayi — 2Y5Yays — Y3YE + VUG
+y3ys + U3 — 2ysye + 2yays — Y2 + va + v — v
Ay = (43 +219a) 03 + 43 — dyys + 2010s + 403 — dysys

Ay = (yf - 2y1y4> 3 + Y7 — dy1ys — 29194 + 4y3 + dysya.
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By eliminating variables {z2, z3, 24} from F, we determined that the Dixon resultant R of

the robot arms system in z; has 6,924,715 terms in expanded form and it factors as
CA24 424202,
Our new Dixon resultant algorithm computes Ry, R2 and R3 only where
e Ry = Ay,
e Ry = monic(As,z1) and
o R3 = monic(AgAy, x1).

Note that the largest polynomial coeflicient of R;, Rs and R3 to be interpolated by our
new Dixon resultant algorithm is the leading coefficient of Ao which has only 14 terms,
unlike Kapur and Saxena in [Kapur and Saxena, 1995] who would interpolate 6,924,715

terms of R using Zippel’s algorithm. Also, observe that R; and Rs are irreducible over

Q(y1,vy2,---,Ym) but R is not.

Let M be the Dixon matrix of polynomial entries in x1,y1,...,ymn and let R = det(M)
be the Dixon resultant. Given a black box BB : (Z;’”l, p) — Zy, for the Dixon resultant R,
we develop a new Dixon resultant algorithm that probes the black box BB and interpolates
the monic square-free factors R; of R from monic univariate polynomial images of R in x
using sparse multivariate rational function interpolation to recover the coefficients of R; in
Q(Y) modulo primes, and uses Chinese remaindering and rational number reconstruction to
recover the rational coefficients of R;. Note that an implication of using a black box model for
the Dixon resultant R is that many important properties of R such as the number of terms
and the variable degrees of R are unknown, so we have to interpolate them probabilistically
since the Dixon resultant R is unknown. Otherwise, we have to use bounds for the number
of terms and the variable degrees which are often very high.

We interpolate the R;’s because it is relatively cheap to compute a square-free factor-
ization of a monic polynomial image of R in x; and the square-free factorization factors
will be consistent from one image to the next with high probability. By not interpolating
the repeated factors or the polynomial content of R, the number of polynomial terms to
be interpolated and the number of black box probes and the number of primes needed to
recover the R;’s are often significantly reduced. Due to this reduction, our new interpo-
lation algorithm performs favourably on real parametric systems when compared to other

algorithms for computing R directly (See Subsection 5.4.3 for benchmarks).

First Attempt

Definition 1.11. The monic square-free part S of the Dixon resultant R is the product of
the monic square-free factors R;, that is, S = Hé‘:1 R;.

11



In a preliminary stage of this work (when my thesis proposal was defended), we first
designed and implemented our Dixon resultant algorithm to interpolate the monic square-
free part S from monic univariate images of R in x;. But we discovered that when the
number of the monic square-free factors [ > 1, interpolating the R;’s instead of S often
reduces the number of black box probes required. These savings are realized because there
is a further reduction in the number of terms in the largest polynomial coefficient of R; to be
interpolated compared to the monic product S. Also, the same monic univariate polynomial
images of R in x; that yield the first monic square-free factor R; can be re-used to recover

subsequent monic square-free factors in R.

T ) T3 x4
# of black box probes required to interpolate S 222,301 | 3,137,373 | 116,741 | 5,531,491
# of black box probes required to interpolate the R;’s | 19,241 | 1,210,889 | 116,741 | 1,335,853

Savings in # of black box probes 203,060 | 1,926,484 0 4,195,638
Number of R;’s 3 3 2 3
# of terms in the largest polynomial coefficient of R; 14 691 85 624
# of terms in the largest polynomial coefficient of S 106 2,200 85 2,388

Table 1.4: Interpolating monic square-free part S versus interpolating the square-free factors R;

Table 1.4 contains the number of black box probes required for interpolating the monic
square-free part S versus interpolating the monic square-free factors R; one at a time for
the robot arms problem and it shows a significant reduction in the number of black box
probes when the main variable is x1, 2 or x4. Notice in column z3 that both methods used
the same number of black box probes. This is because the number of terms in the largest
polynomial coefficient of Z; and S is the same. Thus, no gain is realized in terms of the
number black box probes used, even though we save some time when we perform rational
function interpolation while the number of the monic square-free factors for this case is

more than 1.

Using a Kronecker substitution on the parameters

The main goal we had in mind during the design of our Dixon resultant algorithm was to
ensure that our new algorithm uses the fewest number of black box probes to interpolate
the monic square-free factors R; of R. This is essential because a probe to the black box
entails evaluating a Dixon matrix of polynomial entries over Z, at random points and also
computing determinant of integer matrices over Z,, which are not cheap computations as
the Dixon matrix can be large.

To this end, we adapt the sparse multivariate rational function interpolation algorithm
of Cuyt and Lee for our purposes [Cuyt and Lee, 2011]. As far as we are aware, it is
the best sparse multivariate rational function algorithm because it uses fewer black box
probes than the methods in [Kaltofen and Trager, 1990, Kaltofen and Yang, 2007, de Kleine
et al., 2005]. The Cuyt and Lee algorithm must be combined with a sparse polynomial
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interpolation algorithm to produce sets of auxiliary univariate rational functions that are
densely interpolated in normalized form (there is a constant term 1 in their denominator
coefficients) and sparse interpolation is performed using their coefficients to produce the
desired sparse multivariate rational function. To use the fewest number of black box probes
possible, we modify Cuyt and Lee’s rational function interpolation algorithm [Cuyt and Lee,
2011] to use the Ben-Or/Tiwari algorithm [Ben-Or and Tiwari, 1988] as the main sparse
polynomial algorithm in our Dixon resultant algorithm.

Let f =Y 1 axMp(y1,...,ym) € Zly1,...,ym] with ax # 0 be a sparse polynomial.
The Ben-Or/Tiwari algorithm interpolates f using 27" evaluation points which are of the
form {(27,37,...,p),) : 0 < j < 2T — 1} where p,, is the m-th prime assuming a term
bound T > t is known. Let m; = M;(2,3,...,pm) be the monomial evaluation. To avoid
intermediate expression swell, the Ben-Or/Tiwari algorithm must be done modulo a prime
p satisfying p > max!_; m; < pﬁl where d = deg(f). However, such a prime p may be
too large to use machine arithmetic, thus limiting the effectiveness of our proposed Dixon
resultant algorithm to solve many parametric polynomial systems. Also, one has to deal with
the unlucky evaluation points problem posed by using the evaluation points (27,37, ..., p})
(See Examples 4.1 and 4.2).

To address these problems, we develop a new sparse multivariate rational function in-
terpolation method which avoids unlucky evaluation points with high probability and needs
smaller primes. Our new sparse rational function interpolation method modifies the Cuyt
and Lee’s algorithm and the Ben-Or/Tiwari algorithm to use a Kronecker substitution to
reduce the size of the prime and we evaluate at powers of a generator of Z; instead of
powers of primes (27,37, ..., pJ) to avoid unlucky evaluation points with high probability.

Thus, instead of interpolating the R;’s directly, we interpolate

T;—-1 e i
Tj_,’_ fjk(?hy Logymirz o grireeTm—1)

o
= g]k(y’ YTy y7’17"2“'7"m_1)x1 S @(y)[l'l]

d
Kr(Ry) = x4

where the map K, : Q(y1,...,ym)[r1] — Q(y)[z1] is a Kronecker substitution and each
r; > maxé-zl (maxzigl(deg(fjk,yi),deg(gjk,yi))) for 1 < i < m. Inverting the Kronecker
map yields the R;. With this modification, we remark that the number of terms and the
number of black box probes needed to interpolate R; does not change.

Identifying the extraneous factors of the monic square-free factors

We recall from Example 1.10 that

Az = (yf + 2y1y4> o3+ yF — dyrys + 2y1ya + 4y3 — dyzya

Ay = (33 = 2p1a) @3 + 43 — Ay — 2u10s + 493 + dysy
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where Ag and A4 are factors of the Dixon resultant R in x1 for the robot arms system. The
monic square-free factor R3 = monic(AgAy, x1) of R is an extraneous factor.

A natural question that follows is how do we identify the extraneous factors from the in-
terpolated monic square-free factors since the Dixon resultant R is a polynomial in the elim-
ination ideal J = I NQ(Y')[z1]. Surely, some of the extraneous factors present in the Dixon
resultant R may have disappeared when the polynomial content was removed. Regardless,
the presence of any extraneous factor in the monic square-free factors must be identified.
We have designed a new probabilistic algorithm based on Grobner basis to identify the
extraneous factor in the monic square-free factors. This algorithm involves specializing the
set of parameters Y at random values selected from Z,, where p is a random 62 bit prime.

For an evaluation point 8 € Z;' selected uniformly at random for the parameters,
we create a new polynomial system G = {g1, §o,...,Gn} by computing §; = f;(X,5) €
Lplz1, 20, . .., xy,] satisfying deg(g;, z1) = deg(fi, 1) for all i. Then we compute the monic
univariate polynomial in J* = I* N Zy[z1] where I* = (g1, §2, . . . , n) using a Grobner basis,
and we use it to identify the extraneous factors in our monic-square factors R; with high

probability (See Subsection 5.3.2 for more details).

Implementation and Experimental Comparison

We have implemented our Dixon resultant algorithm in Maple with several parts coded in
C to improve its overall efficiency. Our hybrid Maple + C code (with instructions and test

files) can be downloaded freely for use from the web at:
http://www.cecm.sfu.ca/personal /monaganm /code/DixonRes/.

We compare our new Dixon resultant algorithm with a hybrid Maple + C implementa-
tion of Zippel’s interpolation algorithm [Zippel, 1979], a Maple implementation of Gentle-
man and Johnson minor expansion algorithm [Gentleman and Johnson, 1974] and a Maple
implementation of Lewis’ Dixon-EDF algorithm for computing R. Experimental results (See
Section 5.4.3 for benchmarks) show that our new Dixon resultant algorithm outperforms
Zippel’s algorithm for interpolating the Dixon resultant R and is able to solve many para-

metric polynomial systems that other methods cannot solve.

Failure Probability Analysis and Complexity Analysis

Our Dixon resultant algorithm is probabilistic of Monte Carlo type. That is, our Dixon
resultant algorithm may fail, and, even with failure detection checks in place, the returned
monic square-free factors [2; might be incorrect. Thus, our next contribution is the failure
probability analysis of our Dixon resultant algorithm and the complexity analysis of our
Dixon resultant algorithm in terms of the number of black box probes required to interpo-

late the R;’s (See Chapter 6). We identify several causes of failure in our Dixon resultant
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algorithm, and we obtain new failure probability bounds which depend on the input para-
metric polynomial systems. New bounds for the Dixon resultant R and bounds for its monic

square-free factors R; are also obtained which are potentially useful in other applications.

1.2.2 Solving Az = b using sparse rational function interpolation

Consider the parametric linear system Az = b where A € Z[y1, y2, ..., ym)"" is the coeffi-
cient matrix of full rank n and b € Z[y1,y2, ..., ym]"
such that the number of terms in the entries of A and b denoted by #A;;,#b; < t and

deg(A;j),deg(b;) < d. Elementary linear algebra tells us that the solution vector z is unique

is the right-hand side column vector

since the coefficient matrix A is of full rank n. In this thesis, we aim to interpolate the

solution vector of rational functions

ho b ]

1.1
g1 g2 9n ( )

T

such that for fx, gx € Z[y1,y2, .-, Yml, gk # 0, gkldet(A) and ged(fy, gx) = 1 for 1 <k < n.

Using Cramer’s rule, the solutions of Az = b are given by

_ det(AY)
~ det(A)

x; €EZ(Y1y---sYm) (1.2)
where A’ is the matrix obtained by replacing the i-th column of A with b, and det(A) is a
polynomial in Z[y1,y2, ..., Ym]. Let

#; = det(A") = z;det(A) € Z[y1, Y2, - - -, Ym)-

Maple and other computer algebra systems such as Magma have an implementation of
the Bareiss/Edmonds one-step fraction free Gaussian elimination algorithm [Bareiss, 1968,
Edmonds, 1967] which triangularizes an augmented matrix B = [A|b] to obtain det(A) as a
polynomial in Z[y1,y2, . - ., Ym], and then solves for the polynomials Z; via back substitution
using Lipson’s fraction free back formula [Lipson, 1969]. Ignoring pivoting, the following
pseudocode (Algorithm 1) of the Bareiss/Edmonds algorithm and Lipson’s fraction free

back substitution formula solves Az = b:
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Algorithm 1: BareissPseudocode

Input: The coefficient matrix A and the column vector b with n > 1 and m > 1.
Output: The unique vector = € Z(y1,y2, .- .,Ym)" such that Az = 0.
1 B:=[Ab]; Byo:=1;

2 // fraction free triangularization begins
g fork=1,2,...,n—1do
4 fori=k+1,k+2,...,ndo
5 for j=k+1,k+2,...,.n+1do
6
By xBij — Bix By
Bjj = kT T Zik Tk (13)
B—1,5-1
7 end do
8 B; =05
9 end do
10 end do
11 // fraction free back substitution begins
12 &, := Bln,n+ 1];
13 fori=n—-1,n-2,...,2,1do
14 N; == Bi,n+1Bn,n - Z?=i+1 Bi,jjj;
15 Dl = Bi,i;
16
N,

T —_ 1.4

o= (14)
17 end do

18 // simplification begins
19 fori=1,2,...,ndo

20 hi = ged(Zi, Bnyn) € Zy1, Y2, - - - Ymls

T
21 fi= h—i,
(3
23 xi = fi/9i;
24 end do

Note that the divisions by By and by D; in Algorithm 1 are exact in Z[y1, y2, .., Ym)
and By, is the determinant of the principal k x k£ sub-matrix of A. However, there is an
expression swell. At the last major step of triangularizing B when & = n — 1 where it

computes
Bn—l,n— 1 Bn,n - Bn,n— 1 Bn— 1,n

Bn—2,n—2

Bnn:

)

= det(A), (1.5)

the numerator polynomial in (1.5) is the product of determinants B,, , and B,,_2 2 which
are polynomials in Z[y1, y2, . . ., Ym]. If the original entries B; j from B are sparse polynomials
in many parameters then the numerator polynomial in (1.5) may be 100 times or more larger

than det(A). The same situation also holds for the polynomials Z;.
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One approach to avoid this expression swell tried by Monagan and Vrbik in [Vrbik
and Monagan, 2009]. They compute the quotients of (1.3) and (1.4) directly using lazy
polynomial arithmetic without constructing the numerator polynomial in (1.5) in expanded
form.

Another approach is to interpolate the polynomials #; and det(A) directly from points
using sparse polynomial interpolation algorithms [Roche, 2018, Giesbrecht et al., 2006,
2009, Ben-Or and Tiwari, 1988, Zippel, 1990], and Chinese remaindering when needed.
This approach is described briefly as follows.

o Pick an evaluation point « € Z;" and solve
A(a)z(a) = b(a) mod p

for Z(«) using Gaussian elimination over Z, and also compute det(A(c)) at the same

time.

o Provided det(A(a)) # 0, then
Zi(a) = zi(a) x det(A(a)).
Thus, we have images of Z; and det(A) so we can interpolate them.

To compute the solution vector x in the simplest terms, we compute

hi = ged(Z;, det(A))
Z;

det(A)

Z;

et(A)

for 1 <7 < n and cancel them from to simplify the solutions. However, in practice

there may be a large cancellation in 1 . That is, h; may be a large factor so that the

final solution ~
o Zi/h;
" det(A)/h;
may be small. Our new algorithm will interpolate x; directly, thus avoiding any gcd com-
putations which may be expensive. To illustrate the gain realized by our new algorithm for

solving Ax = b, we give the following real example.
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Example 1.12. Consider the following linear system of 21 equations in variables x1, 3, - - -, x21

and parameters yi,y2,...,Ys
X7+ XT12 = 1
xg + 13 = 1
21 + x6 + 211 = 1

T1Y1 + 21 — T2 =

T3Y2 + T3 — T4 =

T11Y3 +T11 — T12 =

L16Ys — L17Ys — L17 =

—T20Y3 + T21Y3 + T21 =

—T5Y3 + TeY3 + Te — T7 =

T8Y4 + Toy3z + X9 =

—Z10Y2 + T18Y2 + T18 — T19 =

Ya(r14 — 213) + 214 — T15 =

2x3(ys — 1) + day — 225 =

203 (xy — 1) — 2210 + 4ap =

203 (w19 — 220 + X91) — 291 =

23 (z7 — 228 + T9) — 219 =

2211 (Y3 — 1) + 4w19 — 2213 =

2y3 (z12 — 2213 + @14) — 2214 + 4215 — 2216 =
203 (x4 — 215 + x6) — 226 + 47 — 228 =

2y§(x15 —2x16 + x17) — 2217 =

o O O O O O O O O O o o o o o o o<

—2y2(2x10 + x18 + T2) — 2218 + 419 — 2790 =

where the solution of the above system defines a general cubic Beta-Spline in the study of

modelling curves in Computer Graphics.

Using the Bareiss/Edmonds/Lipson algorithm on page 16, we find that
o #B[n,n] = #det(A) = 1033,

o #B[n—2,n—2] =672 and #B[n,n| x B[n—2,n— 2] = 14348, so an expression swell
factor of 14348/1033 = 14.
Furthermore, we obtain the number of terms in the numerator and denominator polynomials

of #; = N;/D; and z; = f;/g;, and the expression swell factor labelled swell for computing
Z; in Table 1.5.
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1 2 3 4 5 6 7 8 9 10 11
AN, | 586 | 1,172 | 1,197 | 1,827 | 2,142 | 1,666 | 2,072 | 1,320 | 1,320 | 2,650 | 2,543
#D; | 2 3 6 9 9 9 9 9 18 18 27
#3; (293 | 586 | 504 | 693 | 882 | 686 | 840 | 536 | 424 | 879 | 638
swell | 2 2 3 3 3 3 3 3 3 3
4|1 2 4 4 4 19 16 8 8 8
#g | 5 3 10 7 4 22 16 16 26 12
12 13 14 15 16 17 18 19 20 21

#N; | 3,490 | 3,971 | 5,675 | 7,410 | 4,940 | 7,072 | 11,793 | 12,802 | 11,211 | 9,620
#D; | 36 | 36 | 117 | 153 | 153 | 432 | 672 672 672 | 672
#7; | 834 | 1,033 | 871 | 1044 | 696 | 348 | 690 | 836 693 | 528

swell 4 4 7 7 7 20 17 15 16 18
# fi 1 1 1 1 1 2 14 4 1
# g 3 3 ) ) 3 3 23 7 4 7

Table 1.5: Number of terms in the numerator and denominator polynomials of Z; = N;/D; and
x; = fi/9gi, and expression swell factor for computing Z;

The reader should note that the largest polynomial to be interpolated in x; by our new

algorithm for solving Az = b is g9 in xg = f9 where #g9 = 26.

The Gentleman & Johnson minor expaigsion algorithm [Gentleman and Johnson, 1974]
can also be used to compute the solutions x; by computing n + 1 determinants, namely, the
numerators det(A?) for 1 < i < n (A’ is as defined in (1.2)), and the denominator det(A)
only once. But then, we still have to compute g; = ged(det(A?),det(A)) to simplify the
solutions x; which is not cheap.

In this thesis, we avoid any gcd computations by interpolating the simplified solutions
x; = fi/g; directly using our new sparse rational function interpolation (See Chapter 4).
Similar to our approach for computing Dixon resultants, we use a black box representation
to denote any given parametric linear system. That is, a black box BB representing Az = b
denoted by BB : (Z;”,p) — Z,, is a computer program that takes an evaluation point
o € Z7" and a prime p as two inputs and outputs z(a) = A~ (a)b(a) € Z. The implication
of the black box representation of Az = b is that important properties of x such as the
number of terms in the polynomials f; and g, and their variable degrees are unknown so
we have to find them by interpolation.

Our new algorithm probes a given black box BB and uses our new sparse multivari-
ate rational function interpolation to interpolate the rational function entries in £ modulo
primes, and then uses Chinese remaindering and rational number reconstruction to recover
their rational coefficients. We have made a hybrid Maple 4+ C implementation of our new

algorithm for solving Az = b which can be downloaded for use from the web at:
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http://www.cecm.sfu.ca/personal /monaganm/code/ParamLinSolve/.

We present timing results comparing our new algorithm for solving parametric linear sys-
tems with a Maple implementation of the Bareiss/Edmonds/Lipson fraction free Gaussian
elimination algorithm with three other algorithms for solving Az = b. Finally, we give a
detailed failure probability analysis of our new algorithm for solving Ax = b and the com-
plexity analysis of our algorithm in terms of the number of black box probes required to

interpolate x.

1.3 Some Elimination Techniques

In this section, we review some classical elimination techniques, namely, the Sylvester and
Macaulay resultants, and Grobner bases. In Chapter 2, we will provide a detailed description

of the Dixon resultant.

1.3.1 Sylvester Resultant

The Sylvester resultant is commonly used to determine the existence of a common root of
two univariate polynomials. It has been studied extensively, and many computer algebra
systems have an efficient implementation of the algorithm. Maple has a dense modular al-
gorithm [Brown, 1971] that was implemented by Wittkopf. Before presenting the derivation

of the Sylvester resultant, we first give the following important lemma.

Lemma 1.13. [von zur Gathen and Gerhard, 2013, Lemma 6.13] Let F' be a field and let
f,g € Flx] be non-zero polynomials. Then ged(f,g) # 1 if and only if there exists non-zero
polynomials s,t € F[x] such that sf + tg = 0 with deg(s) < deg(g) and deg(t) < deg(f).

Consider the problem of determining if two polynomials f(z),g(z) € F|x] of positive

degrees dy and d, in variable x have a common root. Let

f(z) =ao + a1z + asx? +---adf:z:df

and
g(x) = by + bix + bea® + - - by x

9

where the coefficients a;,b; € F', for 0 <7 < dy and 0 < j < dy. Suppose
t=to+tw +tox” + - tg, gz !

and

s = 89+ s1x + 52:62 + - Sdg_lazdg_l
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where the coefficients t;, s; € F', Vi, j. Using Lemma 1.13, we can write
sf+tg=0,

which is equivalent to creating the following (dy 4 dy) homogeneous linear system in terms
of the s;’s and the ¢;’s:

spag + tobg =0
s1ag + spaq + t1bg +tgby =0
Soaq + S1a1 + Spas + tabg + t1by +tgby =0

Sdg—10d;—1 + Sd,—20d, + td;—1bd,—1 + ta,—2b4, = 0

Sdy—10d; + td;—1ba, =0

The above system can be written in matrix form as
S(f,9)"VE =0

where S(f,g) is the following (dy + d¢) % (dg + df) matrix:

ad;  Qdp_y - ag
ag; A4, - g
adf a’df,1 Tt ap
ad a/d _ o .. aO
_ po GQdyy
ba, ba,_, bo
bay, ba, . - ho
ba,  ba, , bo
ba, ba, . - bo

and

V= |:8dg—la Sdg—Za © 80, tdf—la td.f—2> e t0:| .

The matrix S(f,g) is known as the Sylvester matriz and its determinant denoted by
resy(f,g) is the Sylvester resultant of f and g with respect to z. The Sylvester matrix
S(f,g) has dg4 rows of a;’s, df rows of b;’s, and the blank spaces are filled with zeros. We
know from linear algebra that the system S(f, )"V’ = 0 has a non-trivial solution if and
only if det(S(f,g)) = 0.
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Example 1.14. Let f(z) = 2% + 52 + 6 and g(x) = —2? — 42 — 3. The matrix

1 5 6 0
0 1 5 6
SEO=| 1 4, 3 o

is the Sylvester matrix of f and g.

The following result describes how the Sylvester resultant can be used under certain

conditions to solve systems of polynomial equations.

Theorem 1.15. [Geddes et al., 1992, Theorem 9.5] Let k be an algebraically closed field
and let

o deg(f) , deg(9) .
f= filwp,as,... 2)al, §= gi(z2, w3, .., 27)T]
i=0 i=0
be elements of k[z1,x2, ..., z,] of positive degrees in z1. If « = (a1, ag,...,q,) is a common
root of f and g, then
resy, (f, 9)(ag, a3, ...,ap) = 0.
Conversely, if res,, ( 1, §) vanishes at (ag, a, ..., a,), then at least one of the following holds:
(@) faeg(py(@2:03,.. . 00) = -+ = fo(az,a3,...,00) =0,
(b) Gdeg(g) (@2, 3,...,0;p) = -+ = Go(az,as,...,a;) =0,
(C) fdeg(f)(a2’ a3, ... ,ar) = gdeg(g)(ag, asg, ... ,Ozr) = 0,
(d) There exists o € k such that o = (o1, a9, . . ., @) is a common root of f and §.

The above theorem provides us a way to use Sylvester resultants to extend partial solutions
of systems of polynomial equations to full solutions under certain conditions. In particular, if
conditions (a), (b), (¢) are not satisfied, then (d) assures us that the partial solutions can be
extended by one more coordinate. Also, note that Theorem 1.15 can be applied inductively
and modified to handle more than two polynomials.

The following example demonstrates how to use the Sylvester resultant to eliminate a

variable from two bivariate polynomials.

Example 1.16. Eliminating o from the two bivariate polynomials

flzl'gx%—xl—l

n 2
fg = Xox] + T2x1 — 2,
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we get that

resy, (fl, fg) = .%:{) + x71.

However, the resultant of fl and fg is 22 +1, so the factor 7 of res,, ( fl, fg) is an extraneous

factor.

The reader should note that the Sylvester resultant is not efficient when used to suc-
cessively eliminate n — 1 variables from a system of polynomial equations in n variables
[Lewis, 1996]. For future use in Chapter 6, we state the following facts about the Sylvester

resultant now.

Lemma 1.17. [von zur Gathen and Gerhard, 2013, Corollary 6.21] Let F' be an integral
domain and let f,g € F[x] be non-zero polynomials with deg(f) + deg(g) > 1. Then there

exist non-zero polynomials s,t € F[z] such that sf + tg = res,(f, g) where deg(s) < deg(g)
and deg(t) < deg(f).

Lemma 1.18. [Hu and Monagan, 2021, Lemma 4] Let F' be an integral domain. Let f and
g be polynomials in Flyi,y2, ..., ym| with dy = deg(f,y1) > 0 and dy = deg(g,y1) > 0. Let
aq, and by, be the leading coefficients of f and g with respect to the main variable y;. Let
Rs = resy, (f,g) be the Sylvester resultant of f and g with respect to y;. Let « € F™!
be an evaluation point. For any prime p, let ¢, be the modular mapping ¢,(f) = f mod p.
Then the following results hold:

(i) R, is a polynomial in Flya, ..., ym],

(i) deg(Rs) < deg(f)deg(g) (Bezout bound) and

(il) deg(Rs,yi) < dgdeg(f,y:) + dy deg(g,y:) for 2 <i < m.
If F'is a field, and ag, () # 0 and by, () # 0 then

(iv) resy, (f(y1, @), 9(y1,)) = Rs(a) and

(v) deg(ged(f(y1, @), 9(y1,a)),y1) > 0 <= Ry(a) = 0.
If F = Z, and ¢,(aq,) # 0 and ¢p(bg,) # 0 then

(vi) resy, (dp(f); dp(9)) = dp(Rs) and

(vii) deg(ged(¢p(f), dp(9)), 1) >0 <= ¢p(Rs) = 0.
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1.3.2 Macaulay Resultant

The material in this section follows [Cox et al., 2005, Kapur and Yagati, 1992]. Given a
system of homogeneous polynomial equations F = { fi,oons fn} in n variables, we describe
the classical formulation of the Macaulay resultant Rys. Let d; = deg( fZ) be the total degree
of the polynomial ﬁ for 1 <i<mn. Let

n

D=1+ (di—-1)=1-n+> d;

i=1 i=1

where n = | F|. The quantity D is often called the Macaulay degree.
Consider the monomial set of all terms of degree D in all the n variables x1,x9,..., 2Ty
defined by

n
T = {x‘flangmg" : Z%’ :D}
i=1

where the cardinality of T is
D+n-—1
n —

Note that |T'| counts the number of non-negative solutions to > i*; a; = D. Let

n
T = {x?lx?---xg":Zai:D—dl},
i=1
n
Ty = {x‘fleQ---xﬁ":Zai:D—dg and oy <d1},
i=1

n
Ty = {az‘flazgz---a:z”:z:ai:D—dg and as < do and oy <d1},
i=1

n

T, = {x?leQ---xa”:Z:D—dn and «o; < d; for 1§i§n—1}.
i=1

Macaulay referred to the set T; as the reduced set of terms with respect to x1,xo,...,x;,

and he proved that
n
Y ITi= .
i=1

One can also view the terms of set T; as terms of degree D — d; which are not divisible
by :L‘ill or :1:32 or - -+ or x?i‘ll. Thus, a term is reduced with respect to x1,xo,...,x; if it is
not divisible by any of ac‘lh , ng, . ,a:f;fl". Using the monomials from the sets 7; as multipliers
against the old polynomial system F, one can form a new square system of |T'| linear

equations G = {1, g2, - .., gy} in T unknowns which are power products of D, namely:
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n="Ti1fi
g2 =Tiafy
93 =Tishi

g =Ty 1
gry+1 =121 /2

42 = To2f2

air) = T, In

The order in which the polynomials ﬁ are considered for selection against the multipliers
from the monomial sets yields different (but equivalent) systems of linear equations G.

A resultant matrix (Macaulay matrix) A with |T'| columns and Y i ;|T;|= |T'| rows is
constructed from the system of linear equations G such that the columns of A are labelled
by the terms in 7" in some order. The first |71| rows of A are labelled by elements of 77,
the next |T3| rows are labelled by T5, and one continues in the same fashion way up to last
row of A labelled by the last element in T},. In a row labelled by the term ¢t € T;, one must
arrange the coefficients of tf;1 with the coefficient of a term t* in ¢f;11 appearing under
the column labelled by t*. As a reminder, the total degree of the polynomials ¢f;,1 is D.

We give the following example to illustrate how to construct a Macaulay resultant matrix.

Example 1.19. Let F = {f1, fo, -, fo} € Qy1, 92, - ., y15)[x1, 22, 23] Where

f1 = y12? + yor120 + Y3103 + YaTh + YsTaT3 + Yors
f2 = y7$% + ysr1x2 + Yox173 + y10$% + y11xex3 + y12$§

f3 = y13z1 + Y1z + Y1573
Clearly, (di,da,ds) = (2,2,1), and the Macaulay degree

D=1-3+(2+2+1)=3.

~1
o= (331 2 (5) 2o,
3-1 2

We have that
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and
_ a0, o 2 3 3
T = {331 $2 x3n Za, = 3} {$17x1x2,xlx3, xle,x1$2x3,$1x37x2,x2x3, x2x37.'1:3}

Furthermore,

3
]ty al® Zai = 1} = {z1, 22,23},

=1

=
Il
—N

l‘?lIgngg .

'M“

o; =1 and a7 < 2} = {x1, 22,23} and

e
I
—

1

(]

aq 02 Q3 |
Ty Ty Ty

,P'sjw

=2and ag <2 and o < 2} = {$§,$1x37x1$2,$2$3},

&

I
—
T
-

SO

3
S IT= 7= 10,
=1

Thus, the Macaulay matrix A is

¥} 23we 2y w3 zimows xiwd a3 23wy woad a3
wifi (v Y3 Ya Y5 Y6 0 0 0 0
zfi |0 w0 Y3 0 wa ¥ Y
asfi | 0 0 Y1 0 Y2 Y3 0 Ya Ys  Ye
vife |yr ws Yo w0 yn y2 00 0 0
zofs | 0y 0 Y8 Yo 0 yio yn w12 O
zsfs | 0 0 Y7 0 Ys Yo 0 w0 wyn Y2
zizafs | 0 w3 0 Y14 Y15 0 0 0 0
zixsfs | 0 0 Y13 0 Y14 yi5 0 0 0
zoxsfi | 0 0 0 0 Y13 0 0  yua  yis
#fs N0 0 0 0 0 ys 0 0 wyu s

Let det(A) denote the determinant of the Macaulay matrix A formed from the system
of linear equations G. The construction of A solely depends on the orderings of the homo-
geneous polynomial system F. That is, a different resultant matrix is produced each time
a different ordering is chosen for the polynomial system F. Let det(A,) be the determinant
of a matrix constructed using a permutation o of the polynomials in F. Let S, be the sym-
metric group on n letters. Then |S,|= n!, which means we have n! possible determinants.

Macaulay discussed two ways to obtain the Macaulay resultant denoted by Rj; from

all the possible determinants det(A,). First, the Macaulay resultant Rj; can be computed
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by computing the ged of all possible determinants det(A,). However, this is an intractable
way of computing the resultant of a polynomial system. As a result, Macaulay derived a

formula relating the Macaulay resultant Rj; and det(4,), namely,

— det(Ay)
=7/ 1.6
where B, is the determinant of a sub-matrix of A, obtained by deleting all columns labelled
by terms not divisible by any n — 1 elements of {xih,x;l?, ..., w3} and deleting the rows

which contain at least one non-zero entry a;, the coefficients of xfi in f’i, for1 <i<nin
the deleted columns. We remark that computing Rj; using (1.6) could result in expression
swell because

det(A,) = Ry det(By)

is much bigger than R);. This is another reason why we prefer Dixon resultants.

Example 1.20 (Continuation of Example 1.19). Recall (dy,d2,ds) = (2,2,1) and
T= {l‘?, $%1‘2, :L‘%l‘3, SL‘1$%, T1T2X3, 1:1$§, l‘% ,$%Q?3, J)zl’%, .’L‘%} .

To produce a sub-matrix B,, we first need to select which columns to delete from matrix
A, = A which was constructed in Example 1.19. We do this by checking the terms in T’
that are not divisible by any 2 of {z%, 23, x3}. By inspection, one can easily see that the
elements of the set {z3x3, ¥3z3} are the only terms that are divisible by two of the elements
from {22, 23, x3}. Thus, only columns 3 and 8 would remain after deletion.

To delete the rows, recall that the coefficients of {z%, 23, 23} in the original polynomial

system F are {y1, Y10, y15}. Thus,

rir3  x3T3
B, = ¥sf1 ( Y1 Y4 )
zafa \ Y7 Y10

We found out that # Ry = 234, # det(A,) = 432 and # det(B,) = 2, so an expression swell

of about a factor of 2.

Example 1.21 (Heron 3d system). Consider the parametric system F = { fi, fa, ... fg} C
Qly1,y2,- .-, ys][r1, 2, -, 6] listed in Appendix section A.4. Using Macaulay resultant
to eliminate variables s, x3,...,xg, we found out that A, is a 792 x 792 matrix and its
sub-matrix B, is a 600 x 600 matrix.

Our attempt to quantify the expression swell factor was unsuccessful because Maple ran
out of memory when computing det(A4,) and also det(B,). Using Dixon resultants, we were

able to determine that the number of terms in the Dixon resultant of F is only 23.

27



A drawback of the Macaulay resultant formulation is that it is possible that the matrices A,
and B, are singular, thus providing no information about the desired Macaulay resultant.
Another drawback of the Macaulay resultant formulation is that the sizes of the resultant
matrices are often large leading to an extraneous factor of high degree. Details on how to

address these hurdles are provided in [Kapur and Yagati, 1992].

1.3.3 Grobner Bases

The first Grobner basis algorithm [Buchberger, 2006] was given by Bruno Buchberger in
1965. The algorithm was named after his PhD advisor Wolfgang Grobner. Since then, many
variations of the algorithm have been developed and implemented in computer algebra
systems such as Maple and Magma. The theory of Grébner bases is much more extensive
and sophisticated than what we can delve into here. In this thesis, our focus is to only
review the parts of Grobner bases that are needed to perform variable elimination from

polynomial systems. We note that the material in this section follows [Cox et al., 2015].

Monomial Orderings

Definition 1.22. Let k be a field and let M be a set of monomials in k[x1, zo, ..., z,], i.e.,
M = {z% = 2" x3? - -~ zp™ : for alla € Z%}.

The vector « is called an exponent vector.

Definition 1.23. Let M be a set of monomials in k[x1,z2,...,2,]. An order relation < on

M is a total ordering if Vaz®, 2%, 27
(i) Either 2 < 2# or 2% > 2 or 2 = 2% and
(ii) ® > 2% and 2° > 27 = 2* > 27.
Definition 1.24. A monomial ordering on k[z1,...,z,] is a relation > on 7%, satisfying
(i) > is a total ordering,
(ii) Ve, B,y € Z%,, we have a > f = v+ a > v+  and
(iii) Every non-empty subset S C Z% has a least element under > .

Definition 1.25. Let a, 8 € Z%, with a # 8. Then o > [ in lexicographical order written
as a >ex O, if the left-most non-zero element in o — § is positive. That is, the monomials
are compared first by their degree in the first variable, with ties broken by degree in the

second variable and so on.
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Definition 1.26. Let o, 8 € Z%, with a # . Let deg(a) = 374 o = deg(z®). Then o > 8
in graded lexicographical order written as a >g1ex 5, if deg(a) > deg(3) or deg(ar) = deg(p)
and a >jex 0. That is, monomials are compared first by their total degree, with ties broken

by lexicographic order.

Definition 1.27. For graded reverse lexicographic order with 1 > x9 > - -+ > x,, monomi-
als are compared first by their total degree, with ties broken by reverse lexicographic order,
that is, by the smallest degree in x,,z,_1, -, 21. This order is commonly used because it

typically provides for the fastest Grobner basis computations.

Definition 1.28. The leading term of f denoted by LT(f) is the term whose monomial is
greatest with respect to the fixed monomial order. The coefficient and monomial of this term
denoted by LC(f) and LM(f) are called the leading coefficient and the leading monomial

respectively.

Example 1.29. Consider the polynomial f = zj23x3 + x125. The LM(f) = 212323 with
respect to lexicographic order with z; > x2 > x3 and the LM(f) = x123 with respect to

graded lexicographic order with z; > z9 > x3.

Next, we would like to discuss testing for membership in an ideal with respect to a

monomial order using the division algorithm.

Division algorithm in k[x, zo, ..., z,)]

Given f1, fa,..., fs € k[z1,29,...,2,) \ {0}, to compute f = {f1, fo,..., fs} with respect
to a monomial ordering means we seek quotients qi,qa,...,qs € k[x1,29,...,2,] and a

remainder r € k[z1, X2, ..., Ty], which implies that f is expressible as f = >"7 ;¢ fi + .

Algorithm 2: Division algorithm

Input: A monomial ordering on Z%, a polynomial f and non-zero divisors
fiooooy fs € Klxy, za,. .. x,) \ {0} .
Output: a polynomial » where no term of r is divisible by an LT(f;), and polynomials
q1,92,---,qs such that f =7 ¢ fi+ .
1 (1,42, -,4s) < (0,0,...,0); (r,p) < (0,f)
2 while p # 0 do

3 Select the first f; such that LT(f;)|LT(p).
4 if no such 7 exists then
5 (r,p) + (r +LT(p),p — LT(p))
LT (p)
6 else ¢«
LT(f:)
7 (¢i,p) < (¢ +t,p—tfi)
8 end if

9 end while

10 return (qla q2,---,4s, T)
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We remark that the output and the number of steps of the division algorithm depends

on the order of the f;’s. We give the following example to illustrate this.

Example 1.30. Suppose fi = xixo + 1,fo = 294+ 1 and f = :le% — x1. Computing
f+A{f1, fo} with respect to <je, with x; > z9 yields ¢ = x2, g2 = —1, and a remainder
r = —z1 + 1. But computing f + {f2, f1} with respect to <j, with xo > z; yields ¢; =
x1T2 — 21, g2 = 0, and a remainder r = 0, which implies that f € (fi, f2) .

Now consider the following example.

Example 1.31. Let {f1, fo} = {22 + 1,120 + 1}. Let I = (f1, f2). Notice that
g=r2—m=mfi-nfo=gecl

However, one cannot use the division algorithm in the above example with respect to any
monomial ordering to confirm that ¢ is indeed an element of I. This problem will be remedied

by Grobner bases.

Definition 1.32. Let I C k[z1,22,...,2,) \ {0} be an ideal and let < be a monomial
ordering. A set G is said to be a Grobner basis for I with respect to < if for every f € I,
LT(f) is divisible by LT(g) for some g € G.

Theorem 1.33. [Cox et al., 2015, Corollary 6, page 78] Fix a monomial order. Then every
ideal I C k[x1,z2,...,x,) has a Grobner basis. Furthermore, any Grébner basis for an ideal

I is a basis of I.

Example 1.34 (Example 1.31 revisited). Let {f1, fo} = {z3+1, 2129+ 1}. Let T = (f1, fa) .
Recall
g:xQ—x1:$2f1—$1f2:>g€I.

Thus {f1, fo,g} is a basis for I. The set G = {f1,g} is also a basis since fo = z19 +
f1- Therefore, I = (f1,g). Furthermore, notice that (LT(I)) = (x2,23) with respect to
lexicographical order z3 > z1. Since z1 ¢ (LT(I)), it follows that G is a Grobner basis for
1.

Proposition 1.35. [Cox et al., 2015, Proposition 1 and Corollary 2, page 83] Let G =
{91,92,...,9:} be a Grobner basis for an ideal I C k[z1,z2,...,z,] with respect to the
monomial ordering < . Let f € k[x1,x9,...,2,]. Then the remainder r of f + G is unique

and satisfies
(i) » =0 or no term in r is divisible by LT(g;).
(ii) There exists g € I such that f =g+ 7.
(ii) fel < r=0.
Notice that condition (iii) in the above proposition solves the ideal membership problem.
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Computing a Grobner basis

Definition 1.36. Let f,g € k[z1,z2,...,2,] \ {0},LM(f) = 2%, LM(g) = 2”. Let 27 =
LCM(z%,z”). The S-polynomial of f and g denoted by S(f,g) is defined as
x7 x7

S0 ! g

Definition 1.37. Let f,g € k[x1,z9,...,2,]. We define f mod g to be the remainder of
the division f +g.

Using S—polynomials, we now state Buchberger’s criterion for determining when a basis of

an ideal is a Grobner basis.

Theorem 1.38 (Buchberger’s S—polynomial Criterion). [Cox et al., 2015, Theorem 6, page
86] Let I be an ideal with the generating set G = {g1,92,...,9n}. Then G is a Grébner

basis for an ideal I = (g1, g2, ..., gn) With respect to a monomial ordering < if and only if
S(gi,gj) mod G = 0 for all i # j.
Example 1.39 (Example 1.34 revisited). Let
I = <:1:%+ 1, 2120 + 1> = <x%+1,x2 —x1>.
Let G = {F, F»} where F; = 22 + 1 and Fy = 25 — 21. Observe that
Fy = S(Fy, Fy) = xoF) — x%Fg =29+ a::f mod G = 0.

So, GG is a Grobner basis for 1.

Algorithm 3: Buchberger’s algorithm for computing a Grébner basis

Input: A set of generators F' = {f1, fo,..., fs} C k[z1,22,...,2,] \ {0} and a monomial
ordering < .

Output: A Grobner basis G = {g1, 92, - g:} for I = {f1, fa,..., fs) with respect to < .

G,:=F; k=1,

=

2 repeat

3 k:=k+1,;

4 G = Gr_1;

5 for each pair {f,¢g} C Gx—1 do
6 r:=S(f,9) mod Gy_q;

7 if r #0 then Gy := G, U {r};
8 end do

9 until G, = G4

10 return Gy,
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Buchberger’s algorithm for computing a Grobner basis terminates when
5(gi,95) mod G =0

for all g;, g; € G for ¢ # j. How can we be certain that this algorithm will always terminate?
We know this because the ideals generated by the leading term of the G;’s will stabilize
by the ascending chain condition, which states that every strictly increasing sequence of
ideals in k[z1,- -, xy] is finite. The ascending chain condition also implies that every ideal
of k[z1,- -+, x,] has a finite generating set (the Hilbert basis theorem), so we know that the
output of the Buchberger’s algorithm is a Groébner basis. In general, if G is a Grobner basis
for an ideal I, and LT(g;)|LT(g;) for i # j, then G \ {g;} is a Grobner basis for I.

Definition 1.40. Let G = {g1,92, - ¢:} be a Grobner basis for I = (f1, fa,..., fs) with

respect to a monomial order > . Then G is minimal if
(i) LC(g;) =1 for all 4,
(ii) LT(gi) f LT(g;) Vi # j.
Furthermore, G is reduced if
(i) LC(gi) =1 for all 4,
(ii) LT(g;) does not divide any term in g; for i # j.

We now state the most important result about a Grébner basis that concerns us which

is how to use a Grobner basis to solve a polynomial system.

Theorem 1.41 (The Elimination Theorem). [Cox et al., 2015, Theorem 2, page 122] Let

I C k[xy1,22,...,2,] be an ideal and let G be a Grobner basis of I with respect to lexico-
graphical order where ©; > x9 > -+, x,. Then G N k[z;, xiy1,...,xy,] is a Grobner basis for
the elimination ideal I N k[x;, Zit1,. .., x,] with respect to > for 1 <i < n.

We use the following example to demonstrate how to solve a parametric polynomial

system using Grébner basis by computing its resultant R as defined in Definition 1.6.

Example 1.42 (Heron2d system). Let F = {f1, fa, f3} C Q[y1, y2, y3][21, zo, 23] where

fi= x5+ x5 — Y3
f2 = (22 —yl)2 +1‘§ —y%
fs = —a3ys + 221
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Using lexicographical order with xzo > x3 > x1 such that the coefficient field is Q(Y'), we
obtain the Grébner basis G = {1, §2, 3} where

) 1, 1 1 1, 1 1,
91=x?+ﬁy1—gyfyg—gy?y?ﬂrﬁyz—§y§y§+ﬁy3,
9
ﬁz—af:s—ﬂad
Y1
2 2 2
R —y2 493 —
b3 = 29 + % 2@/2 Y3
Y1

If we seek to eliminate variables xo, z3 from F then the resultant R = §.

1.4 Thesis Outline

The generalized formulation of Dixon resultants is described in Chapter 2. A new proba-
bilistic algorithm for extracting a sub-matrix of maximal rank from a given Dixon matrix
D with its failure probability analysis is also presented in Chapter 2. Chapter 3 covers the
presentation of all the background materials and the sparse interpolation tools that were
necessary for designing our new algorithms. In Chapter 4, a new sparse multivariate ratio-
nal function interpolation algorithm is developed. Our new Dixon resultant algorithm which
uses our new sparse multivariate rational function interpolation method with benchmarks
is presented in Chapter 5. The detailed failure probability analysis and the complexity anal-
ysis (in terms of the number of black box probes used) of our Dixon resultant algorithm are
given in Chapter 6. Lastly, in Chapter 7, we present a new black box algorithm for solving

a parametric linear system using our new sparse rational function interpolation method.

1.5 Published Work

Some parts of this thesis on Dixon resultants have been published in the proceedings of
CASC’ 2022 [Jinadu and Monagan, 2022a]. We have also presented some of our work on
Dixon resultants at the Maple 2022 conference, and at the ISSAC 2022 poster session (a
4-page extended abstract was published [Jinadu and Monagan, 2022b] in ACM commu-
nications). Our results on solving parametric linear systems have been published in the
proceedings of CASC’ 2023 [Jinadu and Monagan, 2023]. A journal version of our results

on Dixon resultants is currently being prepared.

1.6 Demo of Software

We demonstrate how our new two software programs work by solving Example 1.10 (the
robot arms system) and interpolating the unique solution of a simple parametric linear

system.
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[ajinadu@cecm-maple ~1$ maple robotarms

with(CodeTools):

sys := [

ga *x t2"2 x t172 % b2"2 % bl”2 + 2 x 11 x ti"2 x b2"2 x b1"2 + aa x
t17"2 x b2"2 x b1"2 — 2 x 11 % t2"2 % b2"2 x b1"2 + aa * t2"2 x b2"2
*x b1"2 + aa *x b2"2 x bi"2

+ 2 x 12 % t2"2 x t1"2 % b1"2 + aa * t2"2 *x ti"2 *x bI1"2 + 2 *x 12 x
t172 % b1"2 + 2 % 11 % t17"2 * b1"2 + aa * t1"2 *x b1"2 + 2 x 12 %
t27"2 x b1"2 - 2 x 11 % t2"2 % bir2

+ @a *x t2"2 x b1"2 + 2 x 12 % bl"2 + aa *x b1l*2 — 2 x 12 x t2"2 %
t1r2 x b2"2 + aa x t2"2 x tir2 x b2"2 — 2 % 12 *x t1"2 *x b2"2 + 2 %
11 x t172 % b2"2 + aa * ti"2 x b2"2

- 2 % 12 % t2"2 % b2"2 — 2 x 11 *x t2"2 *x b2"2 + aa * t2"2 *x b2"2 -
2 x 12 % b2"2 + aa * b2"2 + aa x t2"2 x t1%2 + 2 x 11 x t1"2 + aa *
tir2 - 2 x 11 x t2"2 + aa *x t2"2 + aa,

2 x 11 % t2 % t172 % b2"2 * bi"2 — 2 % 11 x t272 % t1 x b2"2 x b1"
2 — 2 x 11 % tl % b2"2 x b1"2 + 2 x 11 x t2 x b2"2 x b1"2 + 2 % 12
*x t272 % t1"2 *x b2 x b1"2

+ 2 % 12 % t1"2 % b2 x b1"2 + 2 % 12 % t2"2 % b2 % bI"2 + 2 x 12
* b2 x b1"2 + 2 x 11 % t2 x t172 % bi*2 — 2 x 11 x t2"2 x t1 % bi*
2 -2 x 11 % tl x bl"2 + 2 x 11 % t2 x blir2

- 2 % 12 % t2"2 * t1"2 * b2"2 *x bl — 2 % 12 * t1"2 % b2"2 % bl - 2
x 12 x t2"2 x b2"2 x bl — 2 % 12 % b2"2 % bl — 2 x 12 % t2*2 % ti*
2 x bl — 2 % 12 % t172 x bl — 2 x 12 *x t2"2 %

bl — 2 % 12 % bl + 2 x 11 % t2 % t172 % b2"2 — 2 % 11 x t2"2 x t1
x b282 — 2 % 11 % t1 % b2"2 + 2 x 11 % t2 % b2"2 + 2 % 12 x t2"2 %
tir2 x b2 + 2 *x 12 *x t1"2 *x b2

+ 2 % 12 % t2"2 x b2 + 2 % 12 % b2 + 2 *x 11 % t2 x t1*"2 - 2 % 11
* t272 % t1 - 2 x 11 % t1 + 2 x 11 % t2,

- al*2 x x *x t1"2 % b1"2 — x % ti"2 x b1*2 — 13 % al™2 x ti"2 x bi"2
- 12 x al™"2 x t172 x b1"2 — 11 % al”2 x t1"2 x b1"2 + 13 % ti1"2 %
bir2 - 12 x t172 x b1"2

- 11 % ti"2 x b1"2 - al”*2 x x * b1"2 — x * b1"2 — 13 * al*2 * bi"2
- 12 % al”*"2 x b1"2 + 11 * al”2 % b1”"2 + 13 *x bl"2 - 12 x b1*2 + 11
x b1"2 — 4 x 13 % al x t1"2 %
bl — 4 x 13 % al *x bl — al”*2 x x x ti1"2 — x x t1"2 + 13 % al”2 *x ti”2



+ 12 x al*2 x ti1*"2 - 11 x al”*2 x t1*2 - 13 x ti*2 + 12 x ti*2 - 11
x t1"2 - al™*"2 x x — X
+ 13 x g1"2 + 12 % al*2 + 11 % al1*2 - 13 + 12 + 11,

- al”"2 x y % t1"2 x b1*2 — y % t1"2 % b1"2 — 2 x 13 * al *x t1"2 %
b1"2 + 2 x 11 % al”2 x t1 * bl"2 + 2 * 11 x t1 % b1"2 — al”2 x y *
bir2 — y % b1"2 — 2 % 13 % al x b1"2 + 2 % 13 % al*2 x t1"2 x bl + 2
* 12 % al™2 % t172 % bl — 2 % 13 % t1"2 x bl + 2 x 12 % t1”"2 * bl
+ 2 % 13 % al*"2 *x b1l + 2 % 12 x al*2 x b1l — 2 % 13 x bl + 2 % 12 *
bl — al”"2 x y % t1"2 — y %x t1"2 + 2 % 13 * al x t1"2 + 2 x 11 % al”2 %
t1 + 2% 11 % t1 - al*2 *xy —y+ 2% 13 % all:

Y := indets(sys);
Y := {aa, al, b1, b2, 11, 12, 13, ti1, t2, x, y}

Z := [ti=x1, aa=yl, al=y2,11=y3, 12=y4, 13=y5, x=y6, y=y7]:
Sys := subs(Z,sys):
elim := [t2,b1,b2];

elim := [t2, b1, b2]

X := [x1,y1,y2,y3,y4,y5,y6,y7];
X = [x1, y1, y2, y3, y4, y5, yé, y7]

read det; read newdeg; read dixon;read minor; read dixres; read nextprime; read Bmbot;

memory used=2.7MB, alloc=40.3MB, time=0.05
printf(" The number of polynomial equations = %d \n", nops(Sys) );
The number of polynomial equations = 4

printf(" The number of variables = %d \n", nops(elim)+1 );
The number of variables = 4
printf(" The number of parameters = %d \n", nops(X)-1 );
The number of parameters = 7
M := dixonmatrix( Sys, elim ): # Construction of the Dixon matrix

Dixon: n=3
Dixon: matrix done
Dixon: #minors=2
Dixon: #delta=104256
Dixon: 32 x 32
rank, rows, cols := minor(M): # Extracting a maximal minor
minor: 32 x 32
minor: #nonzero=580
memory used=68.1MB, alloc=47.0MB, time=0.33
minor: starting elimination
printf("The rank is %d \n", rank);
The rank is 16

Bi := M[rows,cols]: # extract minor
L := StronglyConnectedBlocks(Bi):
BlockStructure := map(RowDimension,L);

BlockStructure := [8, 8]

member( min(BlockStructure),BlockStructure, 'kat'):
if min(BlockStructure) = 1 then member( max(BlockStructure),BlockStructure, 'kat'):
fi:



n := BlockStructurel[kat]:
R := convert(L[kat],1istlist):
deg_M := [seq( max(seq(seq(degree(R[iil[kj]l,var),ii=1..n),kj=1..n)), var in X )1:
rt := [R,X,n 1:
GlobalCArray := Array(0..n-1,0..n-1,order=C_order,datatype=integer[8]):
E := CodeTools[Usagel(DixonRes(BB,X));
DO BASIS SHIFT
Number of Monic Square Factors = 3
Number of probes used to obtain the degree bounds is = 4096
memory used=124.0MB, alloc=79.0MB, time=2.88
Number of probes for the first prime = 13000
The returned answer(s) is correct with w.h.p
memory used=67.43MiB, alloc change=0 bytes, cpu time=3.52s, real time=3.51s, gc time=24.0
4ms

2 2 2 2 2 2 2 2 2 2 2 2 2
E:=(x1 y2 y3 +2 x1 y2 y3y6-x1 y2 y4 -2 x1 y2 y4y5 - x1 y2 y5

2 2 2 2 2 2 2 2 2 2 2 2
+ x1 y2 y6 + x1 y2 y7 -4 x1y2 y3 y7+ x1 y3 + 2 x1 y3 yé6 - x1 y4

2 2 2 2 2 2 2 2 2 2 2 2
+ 2 x1 y4y5-x1 y5 + x1 yé6 + x1 y7 + y2 y3 -2 y2 y3 y6 - y2 y4

2 2 2 2 2 2 2 2 2
-2 y2 y4y5-y2 y5 +y2 y6 + y2 y7 -4 x1y3 y7+y3 -2 y3 yb6 - y4

2 2 2 4 4 4 2 2 2 4 2 3
+2 y4ys5-y5 +y6 +y7) (x1 yl -4 x1 yl y4 + 2 x1 yl -8 x1 yl y3

2 2 2 2 2 2 2 2 4 3 2 2
+8 x1 yl y3 -8 x1 yl y4 + 16 x1 yl y3 y4 + yl -8yl y3 + 24 yl y3

2 2 3 2 4 2 2 2
-4yl y4 -32yly3 + 16 y1 y3 y4 + 16 y3 — 16 y3 y4 ) (x1 + 1)

printf( ,hops(expan
d(E)));
The number of terms in E when fractions are cleared is 450

read xtrafac;

Ident_Factors( Sys,X,E);
The number of terms in the largest polynomial to be interpolated is = 14
memory used=166.6MB, alloc=79.0MB, time=3.98
7, 5, JUNK(X1A2%ky1"2+25%xX1A2%y1kyb+yl N 2—L4ky1xy3+2%ky1kyb+bxy372—Lky3xys)
30, 14, GOOD-FACTOR(X1/2%ky272x%y37A2+2%xX1A2%y2/25%ky3kyb6—X1A 2%y 2N 2ky 4N 2—-2kX 1N 2%y 20 2%y hky5—
XAA2%y 20 2%y 5A 24X 1A 2%y 2/ 2k Yy 6N 24+ XA N2k Yy 2N 2%y 7 N 2—Lk X Lky 20 25k y 3ky 7+ X LA 2%y 3N 2+ 2% X LA 2%y 3ky 6-X 1"
2Ky LA 2+ 2% X AN 2%y Lky5—XT1A2kYyBA2+X 1A 2%y 6N 2+ XN 2%y 7 A 2+y 2N 25y 3N 2—2%y 21 25k y 3ky b6y 2N 2xy 4 2—-2%xy 2
A2xyhkyS—y2N2kyBN2+y 2N 2%y 6N 2+y 20 2%y 7 N 2—bx X Lky 3ky 7+Yy 3N 2—-2%y 3ky 6—y 41 242k y L4ky5-y 5N 2+y 61 2+
y712)
7, 5, JUNK(x172%y1r2-2%x1A2%y1kyb+ylr2—L4kylxy3—2%ky1xyb+bxy372+4%xy3xys)
2, 1, GOOD-FACTOR(x172+1)

memory used=182.2MB, alloc=111.0MB, time=4.06



[ajinadu@cecm—maple ~1$ maple test2

[\~/] Maple 2022 (X86 64 LINUX)
|\ |/|_. Copyright (c) Maplesoft, a division of Waterloo Maple Inc. 2022
\ MAPLE / All rights reserved. Maple is a trademark of
< > Waterloo Maple Inc.

| Type ? for help.
> with(LinearAlgebra):

# Solving a parametric linear system using sparse rational function interpolation
> gh := Matrix( [[y2+2,y3+6,0]1, [0,y3,y2+4]1] ); # 2 by 3 augmented matrix

[y2 + 2 y3 + 6 0 1
gh := [ 1
[ o y3 y2 + 4]

> gg := convert(gh,listlist):
> X := convert(indets(gg), list); ## These are the parameters
X := [y2, y3]

rt := [gg, X, RowDimension(gg)]:

OrderRow := rt[3]:

n,m := rt[3], rt[3]+1:

deg_M := [seq( max(seq(seq(degree(rt[1]1[iil[kj],var),ii=1..n),kj=1..m)), var in rt[2] )

V eV V V V

GlobalCArray := Array(l..n,1..m,order=C_order,datatype=integer[8]):
> read linsolve:
memory used=3.1MB, alloc=40.3MB, time=0.05
#trace(BB);
#trace(ParalLinSolve);
> gkl := ParalLinSolve(BB,X); # This is the output of my code
All the degree bounds have been obtained
[-y2 y3 - 6 y2 - 4 y3 = 24 y2 + 4]
gkl := [ , ]
[ y2 y3 + 2 y3 y3 1

> gk2 := LinearSolve(gh); # Using Maple's builtin linear solver

[ y2y3+ 6 y2+ 4 y3 + 24]
[- 1
[ y3 (y2 + 2) 1
gk2 = [ 1
[ y2 + 4 ]
r 1
[ y3 1

> quit
memory used=7.6MB, alloc=41.3MB, time=0.07
[ajinadu@cecm-maple ~1$



Chapter 2

Dixon Resultants

2.1 Summary of Contributions

In this chapter, we describe the generalized formulation of Dixon resultants in detail. But
first, we highlight our main contributions here. In Subsection 2.2.1, we obtain a new for-
mula (2.6) for constructing the cancellation matrix ¢ which produces the Dixon polyno-
mial Ax,. This new formula for constructing ¢ effectively avoids the occurrence of in-
termediate expression swell when computing Ay, . Thus, Theorem 2.3 is new. In Subsec-
tion 2.2.1, we show that the Dixon resultant R is a polynomial in the elimination ideal
J = <f1,f2,...,fn> N Q(Y)[z1] (Theorem 2.13). In Subsection 2.2.4, we present a new
probabilistic algorithm for extracting a sub-matrix of maximal rank (Algorithm 5) from a
given Dixon matrix. In Subsection 2.2.5, we give a failure probability bound for Algorithm

5 using the Schwartz-Zippel Lemma.

2.2 Generalized Formulation

We first begin with our usual notations. Let X = {x1,...,z,} be the set of variables and let
Y ={y1,...,ym} be the set of parameters with n > 2 and m > 1. Let F = {fl, fg, ol fn} C
Q[Y][X] be a parametric polynomial system where each f; is a polynomial in variables X
with coefficients in the polynomial ring Q[Y] such that |F|= |X]|. Let I = <f1, for.. ,fn>
be the ideal generated by F and let J = I N Q(Y)[x1] be the elimination ideal in Q(Y")[x1].
Let X = {Za, -+, T} be a set of new variables corresponding to the set X, = {xa,...,7,}

respectively. Let

o (02 ")] o
X = aftay? -z,
Let Z={2,...,n}. For each i € Z, let
. a\ __ 01502 2o 441 Q42 o
mi(x) = 27" 75 T i1 Tigo "
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so that

T (x%) = x*.

The evaluation map ; extended naturally to polynomials is defined as

Wi(f(xlax% T 75Un)) = f('rbj% T 7£i>$i+17xi+2 to 7:UTL)' (21)

Notice that for i € Z the evaluation map 7; replaces the (i — 1) variables after x; in f eF
with the z;’s, and the main variable x; is never replaced.

There are four major steps involved in computing the Dixon resultant of a given paramet-
ric polynomial system F. The first major step is to construct a matrix called the cancellation
matrix C, whose entries involve the given input parametric polynomial system F. Then the

determinant of C, which is called the Dixon polynomial, is computed.

2.2.1 Computing the Dixon Polynomial

Definition 2.1. Given a parametric polynomial system F, let X, = {x2,...,x,} be the set
of variables to be eliminated and let 1 be the remaining variable. Let X, = {Z, %3+, %}

be the set of new variables corresponding to X.. We define the n x n cancellation matrix

1 ( :1) 1 ( :2 Wl(fn)
o ma(f1) ma( 2) 7r2(.fn) (2.2)
() m(f2) . ma(f)
Definition 2.2. Let . )
P = l:Hl<Xez - X.,) = @_HQ(% - i)
and let o _delC) -
¢ P

We refer to Ay, € Q[Y, z1][Xe, X,] as the Dixon polynomial of F with respect to X,.

Notice that the determinant of the cancellation matrix det(C) is a multiple of the Dixon

polynomial Ay, in (2.3). Thus, if n is large, and since there are 2"~! terms in

n

i=2
when expanded, then computing determinant of the cancellation matrix may result in large
intermediate expression swell. This intermediate expression swell can cause the computation
of the Dixon polynomial to become the most expensive step of the Dixon resultant method.

We address this as follows.
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Let Row;(C) denote the j-th row of the cancellation matrix C. To avoid intermediate
expression swell which may occur when computing Ax,, we will not use formula (2.3) to
compute Ay,. Instead, we use an idea communicated to us by Lewis [Lewis, 2018a]. We

first use a bottom up approach to construct a new cancellation matrix ¢ using the identity

ROWj (C) — ROWj_1(C)

ROWj(é)Z T — T
J J

(2.4)

forj=n,n—1,---2 and
Row;(C) = Row,(C),

then we compute
Ax, = det(C).

Upon simplification of identity (2.4), a new formula for getting the entries of the new
cancellation matrix éij is derived in Theorem 2.3, which avoids doing polynomial divisions.
This new formula will also be used to obtain a height bound for Ay, in Theorem 6.5 of
Chapter 6 instead of using (2.3).

Theorem 2.3. Let F = {fl,fg, .. ,fn} C Zy1,Y2, - -, Ym][T1, T2, ..., ] and let dmaxj =
r£1ax jerF deg( 1, xj) denote the maximum partial degree in variable x; of all the polynomials
feF. Forj=23,...,n,and k=1,2,...,n, we have that

(i) the entries CA]-,;c of the new cancellation matrix C are polynomials and

A det(C
det(C) = AXe = ]:E )
(ii) Furthermore, by expressing
dmax,]’
mi(fe) = mi—1(fr) = D fujn®}, (2.5)
u=0
where
fu,j,k € Zlx1, %2, ..., Tj1,Tjq1, - -, T
for u # 0, and
fg}j}k S Z[:Cl,.f'g, RN a_cj,:cj+1, ... ,xn],
we obtain

dmax,j -1 dmax,j -1
5 75 (fx) — mi—1(fk = i\ =
Cin = 5 (fr) = ) _ ( S Furign ot ) z}. (2.6)
J u=1

—0

~

40



A

Proof. For 2 < j < n, observe that 7;(f) — mj_1(fx) =0 (mod ()x; — ;) since

A A A A

i (fr) = mj—1(fx) = fu(x1, T2, .. T, Tjq1, -, Tn) — fu(@1, T2, .o, Zj_1, 25 Tp).

Thus, the difference quotient

i (fr) = mio1(f)

Tj — Ij

has no remainder, which implies that the entries CAj,k are polynomials. Now let

m1(f1) m(f2) 71 (fn)
772(Jf1) —ﬂl(:l) 7T2(:2) —771(:2) 7T2(:n)—771(:n)
E=| m(fi)—m(fr) m3(f2) — m2(f2) 73(fn) — ma(fn)

where
Row;(£) = Row;(C) — Row;_1(C).

From elementary linear algebra, we know that adding a multiple of a row of a matrix to
another row of the same matrix does not affect its determinant. Thus, we have
det(€) = det(C).

A A

Next, since (x; — ;)| (wj(fk) - ﬂj,l(fk)> , we can write

A~ A A

i (fe) — mi—1(fr) = (x5 — 7;)Cjik

for some polynomial CAM € Zlx1,ZT2, ..., Tj,Tj,Tjq1,...,Tn). S0, & becomes
m(fi m1(f2) m1(fn)
(g — 22)Co1 (w2 — Z2)Ca2 (x2 — Z2)Can
E=| (x3—23)C31 (v3—3)C3 (x3 — Z3)Copn
(xn - :Z'n)én,l (xn - -fn)énﬂ (xn - jn)én,n
Therefore,

j=2

Using (2.3), we have
det(C) det(€) det(C) [Ty (xj — ;) R
Ax, = = — = — — = o — = det(C).
XTI -5 T —5) ol — 1) )
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This completes part (i). We proceed with the proof of part (i7) as follows. Recall that the

formal power series representation of ——— when expanded about Z; can be written as

Lj— Xy

1

o0
L
Lj— Ty i=1

Using (2.5), we have

N

P dmax,j [e’e]
5 7 (fr) — mj—1(fr ; i i
Gy = TR —Timalde) > Jujnry (ijzf’sz 1)
u=0 ;

Lj— Ty =1

X
1

dmax,j _
= 3 o (
u=0 i

u
1=

1=u+1

dmax,j o
- i1 = i
j >+ > Jugrry | D0 w'E
u=0

i1
J

G

Since the entries CAjyk are polynomials, we have that G = 0. Therefore,

dmax,j u
~ ~ i i1
= 5% o (Sar'a ),
u=0 i=1

Observe that

u k-1 1— (ﬁ) U _ mu
3 Ty ) . FiT
k—1 T -1 R

=1 % — Zj (zj — ;)

So,

i=1 i=1 7
u _ gu
I
Tj— Ty
u u
Fu (%) _ zu—1 ((Zj\"
#((2) -1z (8) -1

Therefore, we get
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Thus, (2.7) becomes

dmax,j u—1
r i i—1
C]7k - Z fu?.]?k x] x]
u=1 =0

By expanding (2.8), we get

max N

Z Fuik Zl’ F ) = P+ Fouk @5+ @5) + Fogn (27 + w525 + 1))

+ f4,j,k (:Ej?’ + xja?jQ + x?ij + 9:;’) +- 4

dmax,j -2

+ fdmax.j— 1,5k

8
LS.
81

<
U
=]
o
ke
<
[\~

~ i dimaxj—1—i
] 7 max,j
t S | 2 757

Rearranging the terms on the right-hand side of the above sum in powers of z; yields

G = 57 (f Ljk T fz,j,kxj + f3,j,k:cj2 + f~4’j,k$j3 R fdmax,j,j,kwdmx’j’l)
+ I ( 2k + Fajuty + frgpa + -+ fdmax,j,j,kﬂcdma"’f*)
+ :EJQ ( 3.0+ fujnaj + fo, kx +- 4 fdmx’j,jykxdmax,j_g)
+ z ( gk + fo gty + fojnas + -+ fdmax,j,j,kxdm"vf"l) N

—dmax,j=2 (7 7 pmax,j =1 7
+z;7 (fdmax,j—l,jyk + Sdmax ..k 5'3) T2 fda ik

By examining the sum on the right-hand side of the above sum, we can write

dmax,j max,] max,j
5 =0 3 w—1 =1 —2 =2 w—3
C],k =T, Z fw,j,kl' +$j Z fw,j k$ +-Tj Z fw,jk
w=1
dmax,j d 9 dmax,j
-3 r3 w—4 —Umax,j — r3 w—(d —1
2 D Jwgaa T 4 4T D fugut GV
w=4 w:dmax,j—l
_dmaxyjfl r
+ xj fdmax,jvjvk'
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Substituting ¢ = w — 1 in the above sum yields

dmax N dmax N dmax J

Cjk = 75 Z fz+1,j o' |+ 3 Z fHLJ A Z sz,a R’

dmax N d 9 dmax \J -1
_ G _9
E fH—L] KT et xjmax ! § fz+1,J,k$ dmax,j=2)
’L

dmax \J -2

—dmax,;—1 7 d i—1—(d i—1
+ $jmrl ! fdmax,jvij (x( - ( Y )
dmax,jfl dmax,jfl
r u—t | =@
= 2 | X JwenaraiT)
=0 u=t

O]

We remind the reader again that the essence of simplifying (2.8) further to get (2.6) is
to obtain a better height bound for the Dixon resultant R in Theorem 6.5. We now give the

following example to illustrate how to use (2.6).

Example 2.4. Let

100
n 4.4 3 3.3
1 =m1y; —5624‘23/]'90]
Jj=3
Then R R
3 =3
~ TolJ1) — m™1(J1 Ty — X _ _
Con = (/1) T (f1) _ 23 "2 5.2 4 Towo + 22
To — T2 Ty — T2

Using our new formula (2.6) which avoids polynomial divisions, we have

dimax,2 = 3, foo,1 = —T5, fi21 = fa21 =0, fso1 =1
Hence,

Co = (f1,2,196 0+ fz 2173 O+ f3212570) + (fozpzy ' + 2023 DT + (f2175 D)7,

To illustrate and quantify the gain realized by using (2.6) instead of (2.3) to construct

a cancellation matrix, we provide the following real example.

Example 2.5 (Heron 3d system). Consider the parametric system F = {fl, fo, fa, ..., f6} C
Qly1,v2,- .-, ys][r1, 2, . .., x4] listed in Appendix A.4. Suppose we want to eliminate vari-
ables X, = {x9,23,...,26} from F. Let X, = {Zo,73,...,T} be the set of new variables
corresponding to X,. Using (2.6), we have
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i fa fs fa f5 fo

To 4+ Ty To — 2y; + To 0 0 To — 2x4 + Ty 0

6 T3+ T3 T3+ T3 0 0 T3 — 225 + T3 —TeY1
0 0 Ta+Ta T4a—2Yy1+Ta Ta—2T2+ Ty 0
0 0 T5 + Ty T5 + T T5 — 2x3 + T5 0

0 0 Te + Te Te + Te T + Tg —T3y1

Thus, taking the determinant of the ¢ , we obtain the Dixon polynomial Ay, which is

8@35%@2:%3(7;? — 43@230%:%3(7;11 + 4x2x§53y%y% — 4x2x§fgy%y§ + 8@305532:%39%51/%

— dwowsTsTsy| + A0am5TaTsyiys — Av2wsT3Tsytys + 8TaxgTaTay; — dvawiisy]

+ 430233%:%33/%3/% — 4:U2:L‘%503y%y§ + 896230636212‘35063/% — 43021‘6503;1?6%1 + 41‘2x6§:3i6y%y%

— Axow6T3T6YLYs — ST3TT5TaT3Y} + Ar3T4w5T3y] — AT34T5T3YTYS + AT3TAT5T3YTYS

— 8m3:1:4:f:2:i3:i5y? + 81’31‘4:%%:%4@/% — 4:L‘3:L‘4:E§yi1 + 4:L‘3:L‘4:E§y%yi — 4x3x4:i‘§y%yg

— da334T3TsyLys + AT3TAT3ToYT Y3 + A5 TaTay] — AT3T5ToT3yTys + AT225T5y]

+ 4x3m5£2i3y%y§ + 8333135;5%{%53/% — 4x3:c5533y?y§ + 4m3x5i3y§’y§ — 4x3x5:ﬁ3y:{’y(23

+ 4$3§72:f‘3:f5y11 — 4:63:%2:%3575?;%3/2 + 4$3§72f3f5y%y3 — 4333%%574?;% + 4$3i§§?4y%yz

+ 82373y g — AwsTsTsylys + AasTaTsyiys — ATsTaTsyiys — STaT5T2T3Y}

+ daaws3ytys — 814Z2@3Tsyd + SwaTiTay} — dwaTy! + dwaTytyl — dwazdyiyl

— A, TP Ys + AngTATsyRys — ArieZzyl + AxiTeTsytys — AwiToTsyiys — Sxiziyd

+ 4.?65.53253%?;% — 4x5§:2§:§yfyz + 4x5£2§:§y%y§ — 41’552.533575?;% + 4x5§:2§:3f5y%y§

— dasTRyys + a5 T3y Y3 — ArsTRYTYE + SusTaTsylys — AagTaZsy] + Ar5TaTsyiys

— 8%%@%3}% + Sx%a_cgyi}’yg — 49065;2553576% + 43;63_5257392631%3/% — 4x6.a_cg£3§76y%y§ + 81‘6{2'3@63/“17)3/%
— Ay TT5Y Y] + AT2T3Tsy Yy — ATSEaYT + AT3TayTY] — AB3TayTyg — AB3Tsy Y3 + 8E3yTvg
— 43‘0%:7:5y:1)’yg — 48:1:1:U3x6£3y% — 48x1x3£3556y% — 48:1311'655%3/% — 481'1.1_0%3?6?;% + 4£’§£5yi’y§
+ 8x3x6£§£6y:{’ + 83:§:E3y%y§ — 4x3£§9%4y%y(25 + 4:L'3304:1"3:1_65yiL — 4x§£2£3y%y§ + 4:}04:1659%§yi1

-2 9 9 — = = 99 2. 4
— dzgx523Y1Y5 — 4x5T223T5Y1 Y5 + 424T3T5Y7

We determined that |Ax, |= |det(C)|= 96. If we choose to compute Ay, using (2.3), then
|det(C)|= 928, which yields an expression swell factor of about 10.

Note that the order in which the variables to be eliminated X, are replaced with the
corresponding new variables X, can result in different Dixon polynomials (but they are
still equivalent) with respect to their various orderings. In this thesis, we do not focus on
exploiting the variable orderings. For more details on ordering of these variables, we refer
the reader to [Lewis, 2019] and [Chtcherba and Kapur, 2002].
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2.2.2 Constructing a Dixon Matrix

After computing the Dixon polynomial, the second major step in the Dixon’s resultant
method is to build the Dixon matrix D from the Dixon polynomial Ax,.

To do this, we first need degree bounds for the Dixon polynomial Ax, in z; and z;
using (2.3). Let dmax;i = max i » deg(f, x;) denote the maximum partial degree of all the
polynomials in F with respect to the variable x;, and let the n x n cancellation matrix C

be viewed as
Row1(C)(x1, 22, ..., zp)

ROWQ(C)(xl, 9_32, v ,mn)

C —
Row,, (C)(x1, X2, . .. ,i’n>
where Row;(C) (1,2, ...,Zj,Zj4+1,...,%y) indicates that all the entries of the j—th row of
matrix C are polynomials in variables x1,Z2,...,Z;,Zj4+1,...,%y,. Since the evaluation map

m; defined in (2.1) does not affect x1, we have that
deg(AXe’xl) < ndmax,l-

Notice that
deg(AXea-%?) < dmax,Z - 1)

and
deg(AXe’jQ) < (TL - 1)dmax,2 -1,

because xo is only present in the first row, since it is been replaced with Ty from row 2 to
row n of matrix C, and after computing det(C), we also have to do a division by zo — Zo

from P in (2.3). Using the same reasoning, for 2 < i < n, it follows that
deg(Ax,,zi) < (i — 1)dmax,i — 1, (2.9)

and
deg(Ax,,zi) < (n—1i+ 1)dmax; — 1. (2.10)

Let V be a monomial column vector in X, when A x, is viewed as a polynomial in X,
and let V' be a monomial row vector in X, when Ay, is viewed as a polynomial in X,.
Notice that

n

’V| < H(n —1+ 1)dmax,i -14+1< (TL - 1)' Hdmax,ia
i=2 i=2
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because [{Z;}|=n — 1, and the maximum number of possible monomials that appears in V'
in z; including the constant term 1 is at most (n — i + 1)dmax,i. Similarly, one can see that
n n
V< J]6 = Ddmaxi — 1+ 1 < (n— D) ] dimax,i-
=2 =2

Writing out all the possible elements of vectors V and V would be of the form

i—1)d i—1 d -1 n—1)d —1
V — |: ;1:2 x’f ) max,i o meax,Q o xgl ) mazx,n R T 1 :| ’
and
. . T
_(n—i+1)d i—1 — (n— _ _d -1 _ _
V= |: ?:2 .’EE Ymax,i R 1’2(n Ddmax,2—1 co Ty Tp—1 -..,T2 1 } .

We remark that not all the monomials in V and V are typically present for non-generic

polynomials.

Example 2.6. Let X = {z1,22,23} and dpax i = 2 for 1 < k < 3. Suppose we want to

eliminate X, = {z2, z3}. The possible monomials in V and V can be expressed explicitly as
2 .3 2 3
V= {17 xr2,T3,T2X3,x3, T3, L2T3, $2x3} 5

and

17 = 422 23 223 5 =52 = 4
V= [1,ajg,x3,x2,x2,x3x2,x3$2,x3x2} .

Hence,
V= |V]=8=(3-1)!22%

Lemma 2.7. Let V be a monomial column vector in variables X, when A x, is viewed as
a polynomial in X, and let V' be a monomial row vector in X, when A x, is viewed as a

polynomial in X.. The Dixon polynomial Ax, can be written in bilinear form as
Ax, =VDV (2.11)

where D is an s x t matrix with entries in Q[Y, z1] and ¢, s < (n — 1)!T[;Lo dmax,i-

Proof. Since Ay, € Q[Y,z1][Xe, X¢] is a polynomial in two disjoint set of variables X, and
X., then it admits the bilinear form Ax, = VDV. Finally, the dimension of D follows from
the fact that |V|< (n— 1)! 1“5 dmax,i and |V|< (n — ! T]7 5 dmax,i- Otherwise, the matrix
multiplication of VDV will not be possible. O

Definition 2.8. The matrix D in the Lemma 2.7 is called the Dixon matrix.
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Algorithm 4: ConstructDixon
Input: A parametric polynomial system F = {f1,..., fo} € Q[Y][X] and the list of

variables X, = {2, x3,...,z,} to be eliminated from F such that n > 2.
Output: The Dixon matrix D as defined in Lemma 2.8.
1 Let X, = {Z2,73,...,%,} be new variables corresponding to X,.
2 Let C be a n X n zero matrix.
3 for j=1,2,---n do
a | Gy f
5 end
6 fori=2,---ndo
7 for j=1,2,---n do
8 ‘ Construct C; j using (2.6) //C is the cancellation matrix
9 end
10 end

A

11 Ax, < det(C) // Ax, is the Dixon polynomial

12 Let V be the vector of monomials of Ax, in variables X,
13 Let V be the vector of monomials of Ax, in variables X
14 Let D be a |V|x|V]| zero matrix.

15 fori=1,2,...,|V] do

16 vV

17 ¢« coeff(Ax,,v) // the coefficient of Ax, with respect to v
18 for j =1,2,...,]V| do

19 U< Vj

20 D, ; + coeff(c,7) // the coefficient of ¢ with respect to T
21 end

22 end

23 return D

Given a parametric polynomial system JF, Algorithm 4 can be used to construct the

Dixon matrix D.

2.2.3 Dixon Resultant

Definition 2.9. The Dixon resultant R of any generic polynomial system is the determinant

of its corresponding Dixon matrix D.
We illustrate the construction of a Dixon matrix with the Heron 2d system.
Example 2.10 (Heron 2d). Let F = {f1, f2, f3} € Q[Y][X] where
fr=ad+af -3

f2 = (w3 — y1)2 +$§ - y%
f3 = —a3y1 + 21
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with variables X = {x1,x9,23} and parameters Y = {y1,y2,y3}. Let X, = {x2,23} be the
variables to be eliminated and let X. = {Z2, Z3} be the new variables corresponding to X.

Using (2.6), we construct the cancellation matrix

vi+af—yd  (wa—y)’+ad -yl —wayr + 2m
C= T + T To — 2y1 + T2 0 )
r3+ T3 r3 + T3 -1

and the Dixon polynomial

Ax, = (—2229F + ¥} — v1vs + y13)T2 + (—2x3yf + 4$1y1) I3

+ (wzy? — Toy1Ys + 2oy — 2ytys + 4:619:31/1) :

The Dixon polynomial Ax, expressed in bilinear form yields

—2y} 0 Y3 — 1y + n1y3 Zo
VDV = [ T2 I3 1 } 0 —Zy% 43:1y1 53 5
Y —nvd +yyd dmy —2y2y3 1

where D is the Dixon matrix (it is square and non-singular) and the Dixon resultant

R =det(D) = 2y (1627 + v — 2y3y3 — 2y7v3 + v — 2y33 + 3).

Remark 2.11. The parametric polynomial system F considered in Example 2.10 is not
generic because for example, the coefficient of 23 in fl is 1, which is not an independent
parameter according to our definition of generic systems on page 4. F is also not n-degree.
In particular, notice that the maximum partial degree of F in x5 and x3 is 2, but the term
2322 is missing. We were able to obtain the Dixon resultant for F in 21 because the column

of the Dixon matrix D corresponding to the monomial 1 in the row vector V' is non-zero.

The Dixon resultant R may not give us the necessary condition for the existence of a
solution (common root) to a polynomial system F if F is not generic n—degree because
the linear homogeneous system formed when the Dixon polynomial is evaluated at roots of
F, and viewed in powers of products of xo,...,x,, might not have a non-trivial solution
despite the fact that F has a solution. This is because the constructed Dixon matrix might
not contain the column corresponding to the monomial entry 1 present in the column vector
of the formed linear homogeneous system (think of the Cayley-Bezout resultant formulation
described in the introductory part of this thesis), and hence, if F only has a trivial solution

then the linear homogeneous system only has a trivial solution which implies that the Dixon
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resultant need not vanish at all zeros of F. Furthermore, we might encounter a case where
the Dixon matrix D has a column corresponding to the monomial 1. However, the Dixon
matrix D could be singular, and in some cases, the Dixon matrix might even be rectangular
[Kapur et al., 1994]. We will discuss how to address these shortcomings in Subsection 2.2.4.

Our next goal is to show that the Dixon resultant R is a polynomial in the elimination
ideal J = <f1, fa, ..., fn> NQ(Y)[x1]. We do this by exploiting some properties of the Dixon
polynomial Ax,.

Definition 2.12. Let F = {fl, fg, ey fn} be a parametric polynomial system. Let us define

A

A oo f 1 fin o
m(f1) ma(fe) ... m(fic1) 1 m(fiyr) ... ma(fn)

T (f1) m(f2) ... 7"'n(fAi—l) 1 Fn(fAi-i-l) Wn(fn)

e = T 5 (2.12)

That is, the Dixon polynomial Ay, = Ay, ; if fi =1 for any i € {1,2,...,n}.

Using (2.6), we can write

i fo .o fin 1 firi ... fa
Coq1 Cop ... Coi1 0 Coip1 ... Con
Ax,;:=|C31 C32 ... C3i-1 0 Cgiy1 ... Csgn
Cn,l Cn,Q Cn,z—l 0 Cn,i—H Cn,n
Co1 ... Coic1 Coiy1 ... Cop
C31 ... C3i-1 C3i41 ... C3p
Cn 1 .- Cn i—1 Cn,iJrl v Cn,n

By expanding Ay, ; and viewing it recursively in powers of {Z2,Z3, - Z,}, we can write
dmax,n_l (n_k+1)dmax,k_1 (n_l)dmax,Q_]-
B j —ig ~i —ig ~in
Ax.j= >, - > > Hy o 5 25xg oyt apy (2.13)
in=0 i, =0 ig=0
where the polynomials HY i € QY][xy,m2,... 2] for 1 < j <.

12,0350

Theorem 2.13. Let s = (n — 1) [[iL5 dmax,i- Then

1. The Dixon polynomial Ax, is an element of the ideal I = <f1, fg, ey fn> .
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2. Let D be a square s1 X s1 non-singular Dixon matrix where s; < s. The Dixon resultant
R = det(D) is an element of the ideal J = <f1, far ..., fn> NQY)[z1].

To motivate the proof of Theorem 2.13, we revisit Example 2.10.

Example 2.14 (Example 2.10 revisited). Recall

fi=a3+a3—v3
fo= (22 — y1)2 +a5— 5
f3 = —x3y1 + 211
e X = {.’El,[l}'g,.’I)g},Y = {y17y27y3}7X€ = {.’L’Q,[Eg},ye = {j27£3}'

The cancellation matrix

vd+a3—y3  (r2—y)’+2i—yd  —asy +2m
C = x9 + To To — 2y1 + X2 0
xr3 + T3 T3 + T3 —Y1

The Dixon polynomial

Ax, = (—22297 + ¥} — 193 + y1y3)T2 + (—23333/% + 4£E1y1) z3

+ (2297 — 2ay193 + 2ay193 — 20303 + dwrzayn )

o The Dixon polynomial Ax, expressed in bilinear form yields

—2y} 0 YP — 13 + 3 To
VDV = [ xo w3 1 0 —2y3 4r19 z3 |,
yi— s +yiyd Ao —2y3y3 1

where D is the Dixon matrix. The Dixon resultant

R = det(D) = 2y1(162% + yi — 2y3y3 — 2yiy3 + vs — 2¥5Y5 + ¥3)-

Let Q1,0 Qo,1 be the polynomial coefficients of Ay, in variables x2, and Z3 respectively and

let Qo0 be the constant polynomial term. So,

Qo0 = T2y} — Tay1y5 + Tavny;s — 245Y5 + Az sy
Q10 = —2x2y} + Y} — 193 + v133
Qo1 = —2x3y; + 4711
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Using the cancellation matrix C, observe that

o —2y1+22 O _
Ax,1= _ = (*xzyl + 2?/%) + (—y1) T2
3 + x3 —U —_— N——
1 Hi
Hy, 1,0
To+x9 O
Ax, 2= _ = (—m2y1) + (—y1) 72
r3+x3 —Y1 - :
Hpy Hi)
T2+ To T2 — 2y1 + T _
Ax, 3= _ _ = (2w3y1) + (2y1) Z3.
xr3 + T3 T3 + T3 —_——  ——

3 3
HO,O HO 1

)

Thus,
Ax, = filx.1 — falAx. 2 + f3Ax, 3.

Let @ be a row vector such that
Q = [Q1,Q2, Q3] = [Q1,0,Qo,1, Qo] -

Observe that @ = V D. Also,

Q10 = lell,O - f2H12,0 + f3(0)
Qo1 = f1(0) — f2(0) + fsH
Qo0 = le(},o - szg,o + f3HS’,0-

The adjoint matrix of the Dixon matrix D is

—4y? (—y1ys + 221) (y1ys + 271) 4z y? (v —v3 +v3) 203 (v — 3 +43)
E = Azt (vi—v3 +v3) Es 8yiay
293 (v — v3 + v3) 8y3w1 4yt

where

Boo=—vyi(y1—y2+ys) (y1+y2+ys) (v —v2 —v3) (Y1 +v2 — y3) -

Finally, one can easily check that

R=QF3=Q10E31+ Qo1E32 + Qo033

where Es3; are the entries of the the third column Ej3 of the adjoint matrix E.

We are now ready to give the proof of Theorem 2.13.
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Proof of Theorem 2.13. We begin with claim (1). Recall

i o oo fa

Cg,l 6272 - C2,n
Ax,=1|C31 C32 ... C3nl.

Cn,l Cn,? Cn n

Expanding the above determinant along its first row and using (2.12) yields

n

Ax, =Y ()" fiAx, ;. (2.14)

j=1

Thus, the proof of claim (1) is complete. Now we prove claim (2). For claim (2), it suffices
to only show that R € <f1, fo, e, fn> since R € Q(Y)[x1] by definition. By substituting
(2.13) into (2.14), we obtain
Clmax,n_1 (nfk‘i'l)dmax,k*l (nfl)dmax,Zfl . . .
Ax, = Z ... Z - Z Qisis..in 551225;%3 .. jzk coogin (2.15)

in=0 1,=0 i2=0

where

n
Qinsisyin = Y (D H], 5 € QY21 22, ., ). (2.16)
j=1

By viewing Ax, in (2.15) as a polynomial in X., we can write
Ax, =QV (2.17)

where the entries of the 1 X s1 row vector () are the polynomials Q;, 4,.....i,, , and Visas; x1
monomial column vector in X, = {Z2,Z3,...,Z,}. For convenience, we assume s; = s and

write

Q=1[Q1,Q2,...,Qs5] =[Q00,..0,Q00,..15 s Qn-1)dmax.2—1,...dmmax.n—1]-
Thus, by comparing (2.11) which says
Ax, =VDV,

and (2.17), it follows that
Q=VD.

Since D is a non-singular square matrix, it follows the row vector V has a monomial 1 and

the column vector corresponding to it in D is non-zero [Kapur et al., 1994]. Otherwise, D
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would be singular. Therefore, we have
QD '=V.
Let E denote the adjoint matrix of D. So,
QF =det(D)V = RV

where R = det(D). Notice that one of the entries of the row vector RV is R and it is equal
to one of the entries of the row vector QF. Thus, our claim follows since entries of the row
vector QFE belong to <f1,f2, e ,fn> and Qi € <f1,f2, e ,fn> by (2.16).

O

2.2.4 Extracting a maximal rank sub-matrix M from a Dixon Matrix D

As discussed in the introduction section of this thesis, the Dixon resultant method has
shortcomings. The shortcomings include the singularity of a square Dixon matrix which
provides no information about the solutions of the polynomial system, and the problem of
computing the determinant of a rectangular Dixon matrix. We will construct the Dixon

matrix for the Heron 3d system from Example 2.5 to illustrate one of the shortcomings.

Example 2.15 (Heron 3d system). Constructing the Dixon matrix for F from the Dixon

polynomial given in Example 2.5, we obtain the following rectangular 16 x 14 Dixon matrix

o 0 0 0 A 0 O O OO0 0 0 0 C
o 0 A 0 0 O O O OO0 0 C 0 0
o 0 0 0 A 0 O O OO0 0 0 0 C
o 0 0 A 0 O O O 00 0 0 C 0
o 0 0 0 A 0 O O OO0 0 0 0 C
0O 0 —-A 0 0 0 0O A 0 0 —-B —C 0 0
o -A 0 0 0 0 O O 0 0 C 0 0 0
D:—AOOOOA—BOCOOOOO
o 0 0O 0 B O O 0 A0 O o0 o0 F|’
o 0 0 0 0 0 O O 0 A 0 0O 0 G
o0 0 B 0 0 0O O -B O 0 E F G 0
o 0 0 0 -C 0 —A 0 00 0 0 0 K
O B -Cc 0 0 0 0 O OO0 F K 0 0
o 0 0 0 C 0 0 —-A 00 0 0 0 K
o 0 0 C 0 0 0 0 00 G 0 K 0
B 0 0O 0 O 0 -B E 0 G 0 0 0 0
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where rank(D) = 13 and

A =8y}, B = 4yi — 4yl + iyg

C = —4yy +4yivs — 473, K = 8y}y3

E = 8yiyg, F = —4y}ys + 4yt3 — 4ytug
G = —48y3x;.

These shortcomings were addressed by Kapur, Saxena and Yang in [Kapur et al., 1994].
They proved that the determinant of any sub-matrix of the Dixon matrix D of maximal
rank is an element of the elimination ideal I N Q(Y')[x1]. So, once a Dixon matrix D is
constructed, the third major step is to identify a sub-matrix of maximal rank, and the final
major step is to compute R = det(M). Hence, the requirement for F to be generic n-degree
is no longer necessary.

Our new approach to select a sub-matrix M of a Dixon matrix D such that rank(M) =
rank(D) proceeds as follows. For simplicity, suppose D is a t x t matrix, and let Dpax =
max§:1 deg(D;;). We pick a random 62 bit prime p and choose an evaluation point 5 € Zg‘“
uniformly at random. Then we compute B = D(f3) and identify a sub-matrix of maximal
rank from B in D with high probability. Our approach requires Gaussian elimination over
Zy only and in contrast to [Kapur et al., 1994] crucially avoids doing polynomial arithmetic
in Q[Y, z1].

We also remark that our algorithm (Algorithm 5) for extracting a sub-matrix of maximal
rank does not explicitly switch rows. Instead, we use an ordered list to store the row indices
of B, which is updated each time row operations are performed (See Lines 19-20 of Algorithm

5). This was done to improve the overall performance of our code.

Example 2.16. Consider the 4 x 5 rectangular Dixon matrix

0 Y42z —yp 0 0 Y+ a1 —
Do 0 0 0 ziysy2 +yi + s 0
T1Y3Y2 0 0 0 0
0 yi+oi—y2  ys3 0 0

Using Algorithm 5, we obtain a maximal rank sub-matrix

T1Y3Y2 0 0 0
0 24 22 — 0 0
M= y12+ T1— Y2
0 Yi +x1—y2 Y3 0
0 0 0 z1ysy2 + 93 +ys

such that rank(M) = rank(D) = 4.
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Algorithm 5: ExtractMinor

Input: A rectangular matrix D where D; ; € Q[x1,91,- -, Ym]-
Output: A sub-matrix M of D such that rank(M) = rank(D).
1 Let n, and n. be the row and column dimension of D respectively.

2 Pick a 62 bit prime p and a random evaluation point 5 € Zg‘“

w

B <+ D(B) // B is the integer matrix over Z, obtained by evaluating D at
1 =P,y = P2, Ym = Bm1.
Initialize T = [1,2,...,n,] and (P,C) < ([ ],[ ]) // T,P,C are ordered lists.
rank(B) < 0
(rye) « (1,0)
while k <n, and ¢ < n. do

o N o ok

¢+ c+1 // Next column

Search for a non-zero pivot:

9 E+0

10 while £ =0 do

11 for i from k to n, do do

12 if Br, . # 0 then

13 E < Br, . //A pivot is found in column ¢ of B.

14 break;

15 end

16 end

17 if i =n, and E =0 then ¢+ ¢+ 1 end // A non-zero pivot is not found, so we
try the next column.

18 end

Swap rows and update the pivot columns and rows :
19 Ty, T;) < (T3,Ty), rank(B) <« rank(B) + 1.

20 (P,C)«+ (P UT,C+ CUc)

Row operations :

21 for ¢ from k+1 tor do

22 for j=c+1 ton.do
BTi,,c

23 Br, j < Br,j — By, ; mod p
BTk,C

24 end

25 Br, .+ 0

26 end

27 k«+ k+1 // Next row

28 end

290 Let M be a r X r zero matrix where r = rank(D).
30 for i from 1 to rank(B) do

31 for j from 1 to rank(B) do

32 Mi,j < DPi,C'j
33 end
34 end

35 return M
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2.2.5 The Failure Probability of Algorithm 5

Here, our main goal is to give a failure probability bound for Algorithm 5. In order to do
this, we first need the Schwartz-Zippel Lemma [Schwartz, 1980, Zippel, 1979].

Lemma 2.17 (Schwartz-Zippel Lemma). Let K be a field and let f # 0 € K[y1,y2, ..., ym]-

Let F be a finite subset of K. If « is chosen uniformly at random from F" then

deg(f)

We motivate the failure probability analysis for Algorithm 5 using the following example.

Example 2.18. Consider the 4 x 5 rectangular matrix

22y 1 0 0 0
2 2

D= T1Y1 0 0 0
1 0 5 22 0
7 8 10 4z, O

Performing fraction free Gaussian elimination on D yields

2y 1 0 0 0

J_ 0 Qx%yl — 2x1y1 0 0 0
0 0 1022y; — 1021y 221y — 223y 0

0 0 0 —20xty; + 6023y, — 4022y; 0

Using the pivots from J, a correct sub-matrix M of D such that rank(M) = rank(D) is

2?yr 1 0 0

M= 2.7}1:(/1 2 0 0
1 0 5 a2
7 8 10 4z

However, Algorithm ExtractMinor (Algorithm 5) may return an incorrect sub-matrix

22y 10
Mc = 21)1y1 2 0
1 0 5

with rank(M,) = 3 < rank(D) = rank(M) = 4, if the input random prime p = 2%? — 57,
and the evaluation point (3 selected at random in Line 2 of Algorithm 5 is 8 = (2,5) € Zg.

Therefore, it is important that we give a failure probability bound for Algorithm 5.
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Theorem 2.19. Let D be a s x s Dixon matrix of polynomials in Z[Y|[x1] and let Dyax =
max; ;_; deg(Djj). Let p be a prime such that rank(D) = rank(D mod p). Let 8 be an

evaluation point chosen at random from ZZ"“H and let B = D(f3). Then

$Dmax

Pr[rank(B) < rank(D)] < )

Proof. Let r = rank(D) and let M be a r x r sub-matrix of D such that rank(M) = r,
which can be found using fraction free Gaussian elimination in Q[Y, z1]. Since M is of full
rank, it follows that det(M) # 0. Clearly,

deg(det(M)) = rDmax < $Dmax-

In Algorithm ExtractMinor (Algorithm 5), we have to compute B = D(f3), and then perform
row operations on B over Z, using ordinary Gaussian elimination to extract a sub-matrix

of maximal rank. Thus, Algorithm 5 will return an incorrect sub-matrix of maximal rank if
rank(B) < r = det(M(B)) = 0.

By Lemma 2.17, it follows that

deg(M) < $Dmax
p o D

Pr[rank(B) < rank(D)] < Pr[det(M(5)) = 0] <

O
Example 2.20 (Example 2.18 revisited). In Example 2.18, notice that Dy.x = 3 and
assume that s = 5. Since p = 262 — 57, we have that

3X5
p

Prirank(B) < rank(D)] < <3.25 x 10718,

In Theorem 2.19, we assumed that rank(D) = rank(D mod p) in order to get a failure
probability bound. This is because p can also cause Algorithm 5 to return an incorrect sub-
matrix of maximal rank. Thus, it is important to bound Pr{rank(D mod p) < rank(D)].

To do this, suppose Algorithm 5 selects a random prime p from a list of primes P =
{p1,p2, -+, pN} and ppin = min(P). Then

log, ||det(M)||oo
Pr[rank(D mod p) < rank(D)] < ngmlnH]\(j (M)

where ||det(M)]|s denotes the largest integer coefficient of the determinant of a sub-matrix
M of maximal rank. We did not include this failure probability bound in Theorem 2.19
because we do not have the tools to bound ||det(M)||oc now. A bound for ||det(M)| o is
provided in Theorem 6.5(iv) of Chapter 6.
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Chapter 3

Sparse Interpolation Tools

3.1 Summary of Contributions

The materials in this chapter are background materials. However, we have made a hybrid
Maple implementation of Zippel’s sparse interpolation algorithm to interpolate the Dixon
resultant R in expanded form (see Subsection 5.4.3 for benchmarks). We have also imple-
mented the Maximal Quotient Rational Function Reconstruction algorithm (Algorithm 8)

modulo a prime for performing dense rational function interpolation in one variable in C.

3.2 Sparse Polynomial Interpolation

In this section, we review two sparse polynomial interpolation algorithms, namely, Zippel’s
sparse interpolation algorithm and the Ben-Or/Tiwari algorithm. Both algorithms can be
used to interpolate the Dixon resultant R. We will modify the Ben-Or/Tiwari algorithm to
serve as the primary sparse polynomial algorithm in our proposed Dixon resultant algorithm
and in the new black box algorithm for solving parametric linear systems. For an extensive

bibliography on sparse polynomial interpolation, we advise the reader to see [Roche, 2018].

3.2.1 Zippel’s sparse interpolation

Zippel’s sparse interpolation algorithm was developed in 1979 to originally compute GCD
problems in Z[y1,y2, . . ., Ym]. It is the primary built-in algorithm in many computer algebra
systems for performing multivariate polynomial GCD computation. Zippel’s algorithm is a
probabilistic algorithm which interpolates the desired sparse multivariate polynomial one
variable at a time. The interpolation of the target polynomial f can be done recursively, and
at the base of the recursion for one variable, we use dense polynomial interpolation [von zur
Gathen and Gerhard, 2013, Section 5.2, page 101]. We demonstrate how the algorithm works

with the following example.
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Example 3.1. Let prime p = 3137 and suppose

f =203 +v3 + 5 € Zply1, y2, 3]

is represented by a black box that outputs f(a) mod p when we input an evaluation point
a € Zg and a prime p to it. Let us assume that the partial degrees of f in y1,ys, y3 denoted
by dy, ,dy,,d,, are given. So, we have dy, = dy, = dy, = 2. We interpolate f as follows.
Using d,, +1 = 3 probes to the black box, we begin by picking two random points
say 1 = 2,61 = 3 in order to densely interpolate f(yi,31,61). Now we pick a; € Z, for

1=1,2,...,d, at random, and compute
zi = f(ai, B1,01)
for i = 1,2, 3 to interpolate y;. For simplicity, suppose a; =i for i = 1,2,3. Then
21 = 22,290 = 46, 23 = 86.

By performing dense interpolation using Newton’s algorithm or Lagrange algorithm [von zur
Gathen and Gerhard, 2013], one finds

f(y1,2,3) = 8y? + 14.

Now we assume that if we interpolate f(y1, 52, 02), it will have the same support as f(y1, 1, 61).
That is, we assume f(y1, y2, y3) has no linear term in y;. This assumption is called the sparse
assumption. So with high probability, the skeleton polynomial (the current structure of f)
will be

Gy1 = Aa(y2, yg)y% + Ao(y27 Y3)

where A (y2,y3), Ao(Y2,Y3) € Zply2, y3]. Thus, f(y1,B2,01) can be viewed as

f(yla ﬁ?a 01) = A2(627 el)y% + AO(BQ; el)a

so we only need to solve for Ag and As. Suppose S = 3, and the two points 3, 4 are selected

at random for y;. We form the system of linear equations:

940 + Ao = £(3,3,3) = 176
1645 4+ Ag = f(4, 3, 3) = 302

where 0; = 3. Solving the above system yields { Ay = 18, Ag = 14}, so
f(y15373) = f(y15ﬁ2791) = ]-83/% + 14.
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Notice that we used two probes on y;, whereas densely interpolating f(yi,3,3) would require
three probes. Since the degree d, = 2, we need one more image to interpolate the polynomial
coefficients in yo. Let f3 = 4,0, = 3, and let the random points selected for y; be 5,6.

Repeating the same process as before, we obtain the following system of linear equations

2545 + Ao = f(5,4,3) = 814
3642 + Ao = f(6,4,3) = 1166

which yields {As = 32, Ag = 14}. Hence,
fly1,4,3) = 3291 + 14.

We now proceed to interpolate the coefficients in yo. Since all the constant terms of f(y1, 3;, 3)
for 1 <4 < 3 are all 14, no interpolation is needed since the same value 14 will be returned
if any interpolation is done. Now, using the points (2, 8), (3, 18), (4, 32) whose & components
are the f3;’s, and the y components are the leading coefficients of f(y1,3;,3), we densely
interpolate the polynomial 2y3 € Z,[y2]. So,

Fly1,92,3) = 2y3y7 + 14.
Thus, the updated skeleton polynomial now becomes
Gyry> = Ba(y3)y3y7 + Bo(ys)

where Ba(y3), Bo(ys) € Zplys). In order to solve for By, Bz, we only need two evaluation
points to set up a system of linear equations. Let 81 = 4,a1 = 8, a3 = 9 and let y1,= 6,72 =

7. We set up a linear system by equating
f(ai7 Yis 91) = Gyl,yg (O[i, Yis 01)
which yields:

900B; + By = f(8,6,4) = 1821
832B, + By = f(9,7,4) = 412.

Solving the above systems yields { By = 2, By = 21}, so

Fy1,y2,4) = 2y7y3 + 21
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Since d,, = 2, we need 2 more images to interpolate the polynomial coefficients of
ys. Repeating the interpolating process as before for #o = 5,1 = 9,a2 = 10 and letting

Y1,= 8,72 =9, we get

f(y1,y2,5) = 2yiys + 30.

We now have enough images to interpolate ys;. Notice that the leading coefficients
of all the images f(y1,y2,60;) are 2, so no interpolation is needed. However, interpola-
tion has to be performed using the non-identical constant coefficients. Using the points,
(3,14), (4,21), (5, 30), we finally obtain y3 + 5. Hence, f = 2yiy3 + 33 + 5 and we are done.

Remark 3.2. The polynomial in the above example was interpolated using 11 black box
probes. However, if dense interpolation were performed, it would require a total of 27 probes
to the black box. Also, note that in the process of trying to get more images at the sparse
interpolation step, it is possible that the coefficient matrix of the linear system formed
is singular since we use random evaluation points. This issue can be fixed by using more
random evaluation points to add more equations until the determinant of the coeflicient

matrix of the linear system is not zero.

The number of probes required by Zippel’s algorithm is derived as follows. Let f €
Zply1,y2, ..., zn] where p is prime. Let d,, denote the partial degrees of f in each variable
z;, and let t; be an upper bound on the number of non-zero terms in f after it is evaluated
at Tj41 = Qj41,..., 2Ty = ay. At the base of the recursion, we need d,;, +1 evaluation points
to perform dense interpolation in g;. This yields the first skeleton polynomial in y;. Thus
only d,, images are needed to interpolate y2. For each of the d,, images, only ¢; probes are

needed. Repeating the process, it follows that the total number of black box probes is
O(dy1 +dy,t1 + dyta + -+ Ay, tn—1).
Zippel’s sparse interpolation requires O(Dt) black probes to interpolate f where D =
n
Y 1 d;.
=1 %

Remark 3.3. Let n be the number of variables in the polynomial f to be interpolated.
It might not be obvious from Example 3.1 that the gain of Zippel’s method over dense
interpolation is exponential in n. To see this, if a polynomial f with d = 10,n = 10 and
t = 10 is to be interpolated, then using dense interpolation requires 11'° points, which

means a gain of a factor of > 107 is realized if Zippel’s method is used.

3.2.2 Ben-Or/Tiwari Interpolation

The Ben-Or/Tiwari sparse interpolation algorithm is a deterministic algorithm (not ran-

domized) for interpolating sparse polynomials, and unlike, Zippel’s algorithm, it does not
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interpolate the target polynomial one variable at a time. The algorithm requires that a term
bound T" > t be known where ¢ is the number of terms in the polynomial f to be inter-
polated. It does 27" probes to the black box in order to interpolate f. The Ben-Or/Tiwari

algorithm is as follows. Consider the black box representation of

t

f = ZaiMi(ylay27 . ayn) € Z[yl’y% s ayn]
i=1

where the integer coefficients a; # 0, the monomials
n

€i,5

M; = [T v;"
j=1

and e; ; denotes the exponent of y; in M;. The Ben-Or/Tiwari algorithm uses 27" prime
point sequence of the form {(27,37,...,pl) : 0 < j < 2T} to interpolate f, where p,
denotes the n-th prime. Let m; = M;(2,3,...,p,) be a monomial evaluation. Then the

black box evaluations

¢ ¢
v = (20,3050, pl) =3 ai(2) BT (ph) T =Y amd.
=1 =1
We have that my, # m; <= k # j since my, and m; have different factorizations.

The Ben-Or/Tiwari interpolation algorithm can be divided into two main steps, namely,
first finding the value of ¢ and the monomial evaluations m;, then solving for the a; coef-
ficients. Once the monomial evaluations m; are known, the monomials M; are obtained by
performing repeated trial divisions by the successive primes p; = 2,ps = 3, - - -, p, to recover
the exponents in the M;’s. For the second step, after we have determined m; and ¢, we set

up the transposed Vandermonde system:

1 1 1 al Vo
mq meo my a2 U1
Va = = = (3.1)
t—1 t—1 t—1
ml m2 mt Q¢ Vi—1

where the transpose matrix of V, denoted by V7T is a Vandermonde matrix and the deter-
minant of V' denoted by det(V') = I;<;<;j<;(mi — m;). Since the monomial evaluations are
distinet (m; # m;), it follows that V=1 exists which implies that (3.1) has a unique solution.

Using transposed Vandermonde systems to solve for the coefficients was actually pro-
posed by Zippel in [Zippel, 1990] where he discussed how to choose powers of random eval-
uation points of the form o/ in the sparse interpolation step of his algorithm when solving

for the unknown coefficients. Zippel also shows how to solve the transposed Vandermonde
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system using O(t?) arithmetic operations and O(t) space. This is a huge improvement be-
cause solving a system of linear equations, say with ¢ unknown coefficients using classical
algorithms such as Gaussian elimination costs O(¢®) arithmetic operations and uses O(t?)
space. For the sake of brevity, we will not present the details involved in solving for the
coefficients a; using Zippel’s quadratic algorithm. However, a modified version of Zippel’s
quadratic algorithm will be presented in Chapter 4.

Now we discuss how to find the m; and ¢, which means we find the exponents e; ;’s.
As we have discussed earlier, this is the first major step of the Ben-Or/Tiwari algorithm.
Ben-Or/Tiwari’s idea to determine the exponents begins with a linear generator A(z), the
monic univariate polynomial

¢
Az) = H(z —my) =2+ Mo12i7h o M2+ N
i=1

whose roots are the monomial evaluations m; where \; € Z.
To determine the ¢ coefficients Ag, A\1,...,A\—1 of the linear generator A(z), we first
construct and solve an associated linear system involving the coefficients A; as follows. Let

L > 0. Now, consider the sum

t

Zalm)\mz Zal Z)\m
—Xt:iaw\ mL—l—j_Z <Z | L+j>

i=1j5=0 = =1

t ‘ .
= Ao (Z a;m ) + A1 (Z aimlf?+1> N VI (Z Gimf+t_1>
A i=1
t
At <Z aimiL-i-t) )
i=1

Observe that .
Zalm A(my;) = Za,miL H(ml —my;) =0.

Hence,

) o) o) ()

Let v = Y0, a;mET*. Then it follows that

Aovr + Mvr41 + Mvpg1 + - N—1Vp4¢—1 + v = 0 for L > 0,
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which gives A\vy + AMvp41 + Avpyp1 + - A—1vp4i—1 = —vp4¢ for L > 0. Since we need to
solve for t coefficients (the \;’s), we take L = 0,1,2,...,¢t — 1 to form the system of linear

equations in A; :

Vg U1 v Vg1 Ao —y
vy V2 e Ut A1 —Ut41
Ht)‘ = . . . . . = . =v.
Vi1 V¢ e U2i-2) [ A1 —V2¢_1
The square T' x T" matrix
Vo U1 o Ur—1
/l)l /1)2 .« .. /l)T
Hr =
VUr—2 Up—1 -+ V2r7-3
(V] (% o VT2

is a Hankel matrix of size T.

Theorem 3.4. [Ben-Or and Tiwari, 1988, Main theorem in Section 4, page 303] If T > ¢
then rank(Hr) = t.

The linear system HyA = v can be solved using Gaussian elimination which does O(t3)
arithmetic operations. But in coding theory, the Berlekamp-Massey Algorithm [Atti et al.,
2006] solves the linear system using O(¢?) arithmetic operations with O(t) space. Moreover,
one can modify the Extended Euclidean Algorithm (EEA) to also solve it [von zur Gathen
and Gerhard, 2013]. Thus, obtaining the values for the A; means that we have recovered the

monomial evaluations. The following pseudocode summarizes the Ben-Or/Tiwari algorithm.

The Ben-Or/Tiwari algorithm
Input: A black box for the polynomial f = >F_; aiMi(y1,y2, .-, Un) € Z[y1,Y2, - - - Yn)-
Output f - 2521 aiMi(y17y27 o 7y7l) € Z[yla Y2, .-, yn]

1. Compute vj = f(27,37,...,p)) € Z via the black box for j =0,1,2,...,2t — 1.
2. Compute \(z) using the Berlekamp-Massey algorithm (BMA)[Atti et al., 2006].
3. Compute the roots my, ma,...,m; of A(2).

4. Obtain the exponents e;; for M; for 1 < j < n by factoring m; via repeated trial
divisions by the successive primes 2,3, ..., p,. For example, 88200 = 23325272 which

yields the monomial 33y3y3y3.

5. Let Vj; = mg_l for 1 <i,j <tandlet v =[vg,v1,...,v_1]. Solve the t X ¢ transposed

Vandermonde system Va = v for the coefficients a;.
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6. Output >-f_q a; Mi(y1,92, - - -, Yn)

Remark 3.5. Recall that v; = f(27,37,...,p)). Notice that the size of the evaluations v;
may be as large as p,??7=1 where d = deg(f) which is O(T'dlogp,) bits long, so as the
parameters grow large, this bound will be very large to handle in practice. To avoid large
intermediate integers, the algorithm must be performed over Z, where p > m; < pfll so that

the monomial evaluations m; are uniquely determined.

3.2.3 Using discrete logarithms in the Ben-Or/Tiwari algorithm

Consider the black box representation of the polynomial

t
f - Z%’Mi(yl,?/%- )yn) S Z[y17y27"' 7yn]
k—1

where d; = deg(f,y;) and d = deg(f). Murao and Fujise in [Murao and Fujise, 1996] were
the first to modify the Ben-Or/Tiwari algorithm to use the discrete logarithm approach in
order to improve the prime requirement from p > m; < p2 to be p > (d+1)™. Thus, the size
of the prime p needed is now O(nlogd) bits long. Such a prime p can be easily determined
by picking small primes ¢; satisfying 2|q1,¢; > d; and ged(gi,q;) =1 for 1 <@ # j <n such
that p = 1+ [[}“; ¢ [Kaltofen, 2010, Subsection 2.1].

Now that we know how to get our working prime p = 1 + [[i"; ¢;, we pick a generator
« of Z, at random and set wy = a% —> w = 1. We probe the black box and compute
evaluations v; = f(w{,w%, .ooywl) for 0 < j < 2T — 1 where T > t. Then we input these

evaluations to the Berlekamp-Massey algorithm to obtain a feedback polynomial A(z) whose

roots over Z, are the monomial evaluations m; = M;(wi, w2, ...,wy) € Zy. So the prime
point sequence {(27,37,...,p?)} which served as evaluation points in the Ben-Or/Tiwari
algorithm is replaced with point sequence {(w{,wg, cowi)}for0< <27 — 1.

The exponent in all the variables present in a monomial M; can be recovered as follows: Let

n
— €i,j
M =119
j=1

so that m; = M;(w1,ws,...,wy). Then we can write
n o (p—Dej1 | (P—1e; o (p—1)ej pn
m; = H WEM —a @ e T
i=1

Applying log,, to both sides of the above equation yields

n (P*l)ei’k n . ‘
logo m; = log, (a2t w ) =y B ek
k=1 K
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Let z = log, m;. We have

()
Cik =T mod gg.
qk

(o)

exists since gecd(g;,qj) = 1. Hence, step (d) of the Ben-Or/Tiwari algorithm is replaced

Observe that

with solving the discrete logarithm problem x = log, m;. We note that solving the discrete
logarithm problem x = log,, m; is equivalent to solving for z € [0, p — 2] such that o = m; in
Zp. In general, no efficient algorithm (i.e., polynomial time in log p) is known for solving the
discrete logarithm problem. However, the discrete logarithm problem can be solved using the
Pohlig-Hellman algorithm [Pohlig and Martin, 1978] which costs O (Zle d; (log p+ \/ﬁz))
[Hu and Monagan, 2016] for a prime decomposition of p — 1 = Hle pfi. To use the Pohlig-
Hellman algorithm, we must choose p so that p — 1 has small prime factors, thus keeping
the cost of computing the discrete logarithms low. Thus, the algorithm works because p — 1

has small prime factors and the monomial evaluations do not collide, i.e. m; # m; for i # j.

Remark 3.6. In our proposed new sparse rational function algorithm which will be pre-
sented in Chapter 4, we reduce the size of the primes needed for our new algorithm which
requires that we map a multivariate rational function A = f/g to become a univariate ratio-
nal function K, (A) € Z,(y) using a Kronecker substitution K,. Thus, we only have to inter-
polate univariate polynomials in Z,[y] which means the point sequence {(w!,wl, ... wi)}
for 0 < j < 2T — 1 cannot be used. Instead, we pick a prime p of the form p = 2Fs + 1
where s is small, and we pick a generator « for Zj in order to compute v; = H (a?) for
0 <j < 2T —1, where H € Z,ly] is one of the polynomials to be interpolated in K,(A).
More detail will be provided in Chapter 4.

3.3 Rational Function Interpolation

In this section, we describe the problem of interpolating a rational function in the univariate
case because it is the main ingredient in our work. We begin with the discussion of the
Extended Euclidean Algorithm, as it is the basic component in most rational function

reconstruction algorithms.

3.3.1 The Extended Euclidean Algorithm

The classical Euclidean algorithm computes the greatest common divisor of two integers.
It can also be used to compute the greatest common divisor (ged) of polynomials in F[z]
where F is a field. The Euclidean algorithm is one of the important algorithms in computer

algebra, and it has many nice properties and applications that go far beyond computing a
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ged . The Euclidean algorithm performs the division algorithm repeatedly for say [ times,

and outputs the last non-zero remainder as the greatest common divisor.

Lemma 3.7. [von zur Gathen and Gerhard, 2013, Lemma 3.8] For 0 <14 <[+ 1, we have

sim + ut; = r; in Algorithm 6. In particular, s;m + ut; = ged(m, w) up to a unit.

The above result tells us that the classical Euclidean algorithm can be extended so that
it produces elements s; and ¢; and not only the ged. This extension is what is referred to
as the Extended Euclidean Algorithm (EEA). The main property of the EEA is that it
produces s;,t; such that s;7m 4+ ut; = r; at every division step. When the EEA terminates,

we have s;m + ut; = r; where 1 = ged(m, u).

Algorithm 6: Extended Euclidean Algorithm (EEA)

Input: 7, u € F[z] where F is a field and deg(m) > deg(u) > 0.
Output: 7, s;,t; € F[z]| such that s;m + ut; = r; where | € N.
rgm, Sg<+ 1 tog<+0.

=

2 ri¢u, 8§ 0, 13+ 1.
31+ 1

4 while r; # 0 do

5 q; < Tj—1quo Ty

6 Tit1 < Ti—1 — ;T

7 Sit1 < (Si—1 — qisi)

8 tiv1 < (tic1 — qiti)

9 14—1+1
10 end
11 l+i—1

12 return ry, s, ¢ € Flx].

For 0 < ¢ <141, the elements r;, s;,t; are generally referred to as the ith row of the
EEA [von zur Gathen and Gerhard, 2013]. The r;’s are the remainders and ¢;’s are the
quotients. The total cost of the EEA is O(deg(m) deg(u)) arithmetic operations in F', for
any m,u € Flx].

Lemma 3.8. [Khodadad and Monagan, 2006, Lemma 2.2] Let F' be a field and let m,u €
F[z] such that deg(m) > deg(u) > 0. In the EEA for m and u, we have deg(r;) + deg(t;) +
deg(q;) = deg(m) for 1 <i <[ where [ is the total number of division steps.

We give the following lemma which describes some nice properties of the EEA.

Lemma 3.9. [von zur Gathen and Gerhard, 2013, Lemma 3.8] For 0 < ¢ <, we have
L. ged(f,g) ~ ged(ri, riv1) ~ 11,
2. sif +tig =i,
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3. sitip1 — tisiv1 = (—1)7,
4. ged(ri, t;) ~ ged(f, t;),
5. f = (=1)"(tig1mi — tirit1),
6. g = (—1)" (54017 — 5i7i11),
with the convention that r;11 = 0. Here a ~ b means that a and b are associates.

Theorem 3.10. [von zur Gathen and Gerhard, 2013, Corollary 3.9] Let a,b € D where D
is a Euclidean domain. Then there exist s,¢ € D such that sa + tb = ged(a, b).

3.3.2 The Monic Extended Euclidean Algorithm

Let ged(m,u) denote a greatest common divisor of m and w. Since it is possible to have
more than one ged(m, u), the question of deciding which ged to choose arises naturally.
Whenever this happens, they differ by a unit. An extra condition may be imposed on gcd
computations if we want it to be unique. For example, we force the ged to be positive when
computing the ged of two integers. We are always concerned with computing the ged of
polynomials, and we want it to be unique for our purposes. Thus, we ensure that our ged

is unique by making it monic.

Algorithm 7: Monic Extended Euclidean Algorithm (MEEA)
Input: 7, u € F[z] where F is a field and deg(m) > deg(u) > 0.
Output: 7, s;,t; € F[z] such that [ € N.

1 po < le(m), ro«m/po, S0+ pal, to «— 0.

2 pp < le(u), ri<u/pr, s1+<0, 1+ pl_l.

3141

4 while r; # 0 do

5 q; < Ti—14quo T;

6 Titl < Ti—1 — ;T

7 Si41 < (Si—1 — ¢isi)
8 tiv1 + (tic1 — qity)
9 if ;11 # 0 then

10 pit1 < le(rivr)
11 Tit1 < Tit1/Pit1
12 Sit1 < Sit1/pit1
13 tiv1 < tiv1/pit1
14 end

15 11+ 1
16 end
17 l+—i—1

18 return ry, s;,t, € Flx].
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Similar to the EEA, the elements 74, s;, t; form the ith row of the MEEA [von zur Gathen
and Gerhard, 2013] for 0 <i <14 1. The r;’s are the remainders and ¢;’s are the quotients.

The elements s; and ¢; satisfying

sif +tig = ged(f, g)

are referred to as the Bezout coefficients of f and g. Since the main objective of the MEEA
is to guarantee uniqueness of the gcd, we restate Lemma 3.9 as follows for the entries of the
Monic Extended Euclidean Algorithm.

Lemma 3.11. [von zur Gathen and Gerhard, 2013, Lemma 3.15] Using the notations of
Algorithm 7 for 0 < i < [,we have

L. ged(f, g) = ged(ri, riv1) =71
2. sitiy1 — tisip1 = (—1)"(pop1 - - - pir1) .
3. ged(ri, t;) = ged(f, ts).
4. f = (=1 pop1 -+ pis1)(tig1ri — tirit1).
5. 9= (=1)"Ypop1 -+ pis1)(Sit1ri — SiTig1)-
3.3.3 Univariate Rational Function Reconstruction

Let F be a field and let (o, a9, --,aq) € F¢ such that o; # aj for i # j and d > 0.

Univariate rational function interpolation (Cauchy interpolation) is the problem of finding

f(x)

a rational function

with f, g € F[z] such that
g(ai) #0, B(a;) = ggzg =q; for 1 <i<d.

Without loss of generality, we require g to be monic [von zur Gathen and Gerhard,
2013] and ged(f, g) = 1. Newton or Lagrange interpolation algorithm [von zur Gathen and
Gerhard, 2013, Section 5.2] can be used to find the unique polynomial u(z) € F[z] of degree
less than d such that u(o;) = y; for 1 <i < d. The implication of this is that

u(z) =y (mod (z — ay)).
Thus, for 1 <1 < d, we have

B(x) = i;g) u(z) (mod (z — ay)). (3.2)
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Therefore, with the help of the Chinese remainder theorem, the rational function interpo-
lation problem now becomes a new problem of finding the rational function B(z) = % €
F(z), given a polynomial m(z) of degree d and the unique polynomial u(z) of degree less
than d. This problem is what we refer to as the rational function reconstruction prob-
lem [von zur Gathen and Gerhard, 2013]. We restate the rational function reconstruction

problem formally.

Problem 3.12. Let m,u € Fx] with d = deg(m) > 0, and d,, = deg(u) such that d,, < d.

We seek a rational function B € F(x) where

~

Ba) = 24,

<
—~

with the property that
/
g
such that ged(f, g) = ged(m,u) = 1, g is monic, and deg(f) + deg(g) < d.

u mod ™

Let N, D be degree bounds such that N > deg(f) and D > deg(g), with N + D < d. We

consider the following 2 cases:

@ Degree Bounds Known

If N and D are known, the univariate rational function B(x) = % can be recovered
using the EEA [von zur Gathen and Gerhard, 2013, Theorem 5.16]. For the sake of

brevity, this theorem will not be stated here, but the main steps involved are:

(i) Construct polynomials m(x) and u(x) such that deg(m) = d and deg(u) < d,

and use the polynomials 7(z) and u(x) as inputs in the EEA.
(ii) Terminate the EEA when deg(ry) < N.
(ili) The output should be & with deg(ty) < D and ged(ty, m) = 1.

(iv) To uniquely determine B(z) = %, make ¢ monic so that % = B(z) = %.

|

The method described above uses O(d?) arithmetic operations in F. Another approach is
to set up a linear system of d = N 4+ D + 1 equations involving d unknowns which can be
solved using Gaussian elimination. This method is expensive as it uses O(d®) arithmetic

operations in F.
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Example 3.13. Let F' = Zj9 and let

B:£:3x2—|—4.
g T+ 2

Suppose we aim to reconstruct B = f/g € F(z) with degree bounds N =2 and D = 1. So,
using d = 4 > N + d, suppose we are given values B(15) = 13, B(13) = 10, B(6) = 14 and
B(2) = 4. We construct

m=(x—15)(z — 13)(z — 6)(z — 2) = z* + 223 + 132° + 4z + 3,
and the interpolating polynomial
=132+ z + 12.

The following table shows the values of r;,t; when the EEA is called with inputs m and u.

Table 3.1: EEA computations for input polynomials 7 and «

7 T t;
0 at + 223 + 1322 + 42 + 3, 0
1 1323 + 2 + 12
2 1022 + 7 16z + 13
3 9z + 2 222 4 4z + 1
4 10 223 4 1422 + 182 + 18
5 0 20t + 423 + 722+ 82+ 6

Observe that in row 2 of Table 3.1, the degree of ro = N = 2 and deg(te) = D = 1. So, the

correct output is
re 1022 + 7

ty 162+ 13"
Making t2 monic, we obtain our desired rational function
[ 322 +4

B == .
g x4+ 2

@ Degree Bounds Unknown

For a black box representation of a univariate rational function, the degree bounds N
and D are unknown. We modify the EEA to use maximal quotient rational function
reconstruction to discover the degree of the numerator f and the denominator g with
high probability, provided we use more than enough evaluation points, say d points
with d > deg(f) + deg(g) + 1. Maximal quotient rational function reconstruction by
Khodadad & Monagan [Khodadad and Monagan, 2006] can be used to find the desired
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univariate rational function with high probability. Maximal quotient rational function
reconstruction is based on Monagan’s work [Monagan, 2004] for reconstructing a ra-
tional number from its integer image modulo another integer. We note that Paul Wang
was the first one who presented an algorithm based on the EEA that allows rational

number reconstruction [Wang, 1981].

Algorithm 8: Maximal Quotient Rational Function Reconstruction Algorithm (MQRFR)
Input: M, u, € Fz] where F is a field and deg(m) > deg(u) > 0 or v = 0 and deg(m) > 1 .
Output: Either f,g € F|x] satisfying

f/g9 =umodm, ged(u, g) = ged(f, g) = 1,1c(g) = 1,

and deg(f) + deg(g) + 1 < deg(m), or FAIL implying that no such solution exists.
Remark : The degree requirement deg(f) 4+ deg(g) + 1 < deg(m) is met by requiring that
one of the quotients ¢; in the Euclidean algorithm has degree at least 2.
if u =0 then return (f,g) + (0,1) end
(ro,r) < (Mm,u)  (to,t1) + (0,1)
(f,9) < (r1,t1)  Gmax <1
141
while r; # 0 do
q; < Tj—1quo T;

=

if degq; > qmar then
Imaz < degq;
(f,9) « (ri,ta)
10 end
11 (Pig1stivr) < (ric1 — qiris tio1 — qity)
12 141+ 1

© 0 N o «oks W N

13 end
14 if gax <1 or ged(f,g) # 1 then
15 ‘ return FAIL

16 end
17 return (f/lc(g), g/lc(g)).

Let [ denote the total number of division steps for the EEA with inputs 77 and u. The
maximal quotient rational function reconstruction algorithm returns a rational function
Z—: = B = 5 with degr; + t; minimal for ¢ = 1,2,---1, because Lemma 3.8 guarantees
the maximality of the quotient degree as long as d is large enough. Thus, we recover the

univariate rational function represented by a black box using the following steps.

1. Pick (aq,0a9, - ,aq) € ZZ at random where p is prime with d = deg(f) + deg(g) + 2.
2. Compute mi(z) = [[&;(x — ;) € Zp[x], and the interpolating polynomial u(z) with

d = deg(m) > deg(u) > 0.
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3. Call the MQRFR algorithm with input polynomials 7@ and w.

Note that Algorithm 8 is probabilistic, which means it could output a wrong answer.
Thus, the evaluation points must be chosen randomly from Z, and p must be large so that

the output is correct with high probability.
Example 3.14. Let F' = Z19 and let

B:i:3x2+4.
g z+2

Suppose we seek a rational function B = f/g € F(z) with d =5,
m=x(x—1)(z+1)(z—2)(z+3) =2°+ 2" + 122° + 182? + 61,
and the interpolating polynomial
u=12z" + 72® + 162* + 16z + 2.

The following table shows the values of ¢;,7;,t; when the MEEA is called with inputs m

and u.

Table 3.2: MEEA computations for input polynomials 7 and u

i g T ti
0 — 2 + 2t + 1223 + 1822 + 62 0
1 r+2 ot 41823 + 1422 + 142 + 16 8
2 22+ 18z z2 4+ 14 13z + 7
3 x+13 r+6 Ted 4+ 722 + 52+ 3
4 r+6 1 xt 4+ 1423 + 1122 4+ 162 + 10
5 — 0 182° + 182% + 723 + 22 + 13z

Observe that in row 2 of Table 3.2, the degree of quotient ¢o is maximal when compared to

other ¢;’s. So we get

2
T9 T2+ 14
~=—" (d=5>d d =3).
e e A eg(f) + deg(g) = 3)
Making g monic, we have that
B i _ 322 +4
g z+2

Also, notice in Table 3.2 that
degg; + degr; + degt; = 5 = deg(m) for 1 <i <4,
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which illustrates Lemma 3.8.

Note that if /' = Q, then our rational function computations must be done modulo suffi-
ciently many primes to recover the rational coefficients in Q(z) using Chinese remaindering

and rational number reconstruction [Monagan, 2004].

3.4 Sparse Multivariate Rational Function Interpolation

Let A = f/g be a sparse multivariate rational function where f and g are polynomials in
Y1,Y2, - - Ym. Suppose that A = f/g is represented by a black box. Let the degree of A be
deg(A) = deg(f) + deg(g) and let ¢t = max(#f,#g) be the maximum number of terms in
A=f/g.

Kaltofen and Trager developed a method in [Kaltofen and Trager, 1990] that evaluates
the numerator and denominator of A separately. Their central idea is to separately evaluate a
rational function A € F(y1,ya, -, ym) where F'is a field of characteristic 0, is to interpolate

a bivariate function T'(x,y) such that

T(a:,y) = A(LU, a2x + b2 + y(a2 — a0 — b2) Cee, AmX + bm + y(am — amQ1 — bm))
F(, a0z + by + y(ag — asay — ba) -+, am@ + by + Y(m — aman — by))  (3:3)
9(x, agx + by + y(az — azay — b2) -+, amx + by, + y(m — amar — b))

where (b2, b3, - -+, b), (a1, a2,a3, -+, am) € S C F™ ! are chosen randomly, and (a1, az, - - -,
is the evaluation point. Evaluating the bivariate function 7'(z,y) at * = a3 and y = 1 pro-
duces the desired separation f(aq, g, -+, qn) and glag, ag, -+, ap).

Kaltofen and Yang presented a more efficient black box multivariate rational function
separation algorithm in [Kaltofen and Yang, 2007]. This algorithm interpolates the univari-

ate rational function

T(z) = A(z,xf2 — P21 + 02, -+, 2Bm — Bmo1 + om)
_ f(x7x182 - /6201 + g2, 'axﬁn - 6m0'1 + Um) ) (34)
gz, xBo — Boo1 + 02, 8Bm — Bno1 + o)

for an evaluation point o = (01,09, -+, 0p), such that 5 = (B2, B2, -, Bm) is a point chosen
at random. One clearly sees that T'(o1) = % is the desired output. This black box
separation algorithm can be combined with any sparse polynomial interpolation algorithm
to interpolate A, by simultaneously interpolating the numerator and denominator of A from
the evaluations f(o1,092, --,0m) and g(o1,09,- -, 0n). Kaltofen and Yang’s method uses
O(deg(A)) probes to interpolate T'(x). Using the Ben-Or/Tiwari algorithm to interpolate f
and ¢ needs O(t) probes which implies O(t deg(A)) probes are needed to recover A = f/g.

The RATZIP algorithm by Monagan and De Kleine in [de Kleine et al., 2005] requires
O(mt deg(A)) probes to the black box in order to interpolate A. This algorithm reconstructs

A from monic univariate images using a sparse, one variable at a time, rational function
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interpolation algorithm. For example, suppose A = f/g in variables yi, y2 is to be interpo-
lated. The algorithm first reconstructs A at y;, then normalizes the leading coefficient of
the denominator so that it is monic. Then it uses enough points to interpolate the second

variable yo so that

where dy = deg(f,y1) and dy = deg(g, y1)-

Let f = Z?i%(f ) fi and let g = Z?i%(g) g; such that the polynomials f; and g; are
homogeneous and deg(f;) = deg(g;) = i. Let tmax = max;(#fi,#gi). To ensure that the
smallest number of black box probes are used to interpolate a sparse multivariate rational
function A = f/g in our proposed algorithms, we modify Cuyt and Lee’s [Cuyt and Lee,
2011] sparse multivariate rational function algorithm for our purposes. This is because Cuyt
and Lee’s method requires O(tmax deg(A)) probes to interpolate A if the Ben-Or/Tiwari
algorithm is used as the main sparse polynomial interpolation algorithm to interpolate f
and g. Thus, Cuyt and Lee’s method uses a factor of O(d) less probes than Kaltofen and
Yang’s method. For example, in Example 3.15, Cuyt and Lee’s method needed 42 probes in
comparison with Kaltofen and Yang’s method which required 56 probes to interpolate f/g.
Unfortunately, Cuyt and Lee’s algorithm is more complicated than Kaltofen and Yang’s
method.

3.4.1 Cuyt and Lee’s algorithm

Let K be a field and let A = f/g be a sparse multivariate rational function where f,g €
K[y1,...,ym] such that ged(f,g) = 1. Cuyt and Lee’s algorithm [Cuyt and Lee, 2011] to
interpolate f/g must be combined with a sparse polynomial interpolation algorithm to
interpolate the sparse polynomials f and g.

The first step in their algorithm is to introduce a homogenizing variable z to form the

auxiliary function
f(ylzv s 7ymz)
9z, ymz)’

which can be written as

f(ylz7 cee ,?/mz) _ fO + fl(y17 cee 7ym)z +-+ fdeg(f)(y17 cee ,?/m)zdeg(f)
91z, Ym2) 9o+ g1y, Ym)z + - +gdeg(g)(yla S ’ym)zdeg(g) ,

(3.5)

and then normalize it using either fy # 0 or gg # 0. Observe that if z = 1 in (3.5) then f =

Z;iigo(f) f](ylu Y2,..-, ym) and g= Zji%(g) gj(y17y27 s 7y’m)7 where deg(f]) = deg(gj) = ]

If A = f/g is represented by a black box, it is easy to detect the presence of gy. This
can be done by inputting (0,0,...,0) to the black box and the output A(0,0,...,0) € K

confirms the occurrence of gy. However, it is not uncommon to have fo = go = 0. Thus in
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the case when both constant terms gg and fy are zero, Cuyt and Lee choose a basis shift

B # 0 € K™ such that g(8) # 0 and form a new auxiliary rational function as

2 deg(f) 7 j
Fnz,ym2) _Fnz+ B ymz + Bm) _ Xm0 LiWrs - Ym)?
9z, ymz) 9z B ymz + Bn) D gy )2

The introduction of the basis shift 5 leads to the production of a constant term in f /4

so that f /§ can be normalized using either fo or go. Thus, we may write

('ieg(f) fj(y1,...,ym)zj

f(ylz,..-,ymz) — ZJ:O o
~ = ] 05 (Y1,-sym)27
g1z, ymz) 14 Zjigl(g) W

Note that go = ¢ x g(51, 52, - -, Bm) # 0 for some ¢ € K.
If a rational function A = f/g € Q(y1,¥2, ..., Ym) is represented by a black box, we can

recover it by first densely interpolating the univariate auxiliary rational functions

ﬁ‘f'flgaj)z—i-'--—i- fdeg(f)(aj)zdeg(f)
90

Ao z) = do o 90 __ € Zy(z) for 5 =0,1,2,---
1+%Z+...+%S(M)Zdeg(g) P

for a € Z;' from the black box, and then use the coefficients of fl(aj ,z) via sparse in-
terpolation to recover f/g. In order to densely interpolate A(a,z), we use the Maximal
Quotient Rational Function Reconstruction algorithm (MQRFR) [Monagan, 2004] which
requires > deg(f) + deg(g) + 2 black box random probes on z.

Note that the use of a basis shift in the formation of the auxiliary rational function does
not affect the total degrees and the leading coefficients of the numerator and denominator
of the rational function A = f/g, but it does affect the lower degree coefficients because
the sparsity of A = f/g is destroyed. The effect of this basis shift can be removed by
adjusting the coefficients of the lower degree terms in the numerator and denominator of
/Al(ozj, z) using the contributions from the higher degree terms, before sparse interpolation

is performed. We explain how this works using the numerator part of A = f/g. Let

deg(f)
f: Z fj(ylvaa"'vym)7
7=0

and let

f(y12+51,..~,ymz+ﬁm) _ ?O+?1(y1>-"7ym)z+"'+7deg(f)(y17'"aym)zdeg(f)
9z + B ymz + Bm) o+ Gi(Un - Ym)Z - Taeg(g) (W1 - Ym) 209

Since the basis shift § does not affect the leading coefficients and the total degrees of
flyriz4+ 51,y Ymz+ Bm) and g(y12+ B1, ..., Yymz + PBm) in z, suppose we have interpolated
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the leading term polynomial

facg(H) W1, Y25 - Ym) = Faea(r) (Y1, Y25 - > Ym)

in the numerator part and the basis shift 5 applied is known. Then we move on to interpo-
late the next lower degree term denoted by faeg()—1(¥1,¥2; - - -, ¥m). Recall that the sparse

representation form of f is written as
2 dgy d d
[= Z ak?hk’lyzm S T
k=1
Notice that in the expansion of f(y12z + 51,y22 + B2, - s Ymz + Bm)

= 3" ar(yrz + B1) % (yaz + Bo) ™2 - (ymz + Bpn) o

k=1
deg(f)
= Z ( Z ak(y1z + 51)dk’1 o (ymz + Bm)dkym) )
J=0 \dg1t+dg2+di,m=J

the coefficient of z3¢8()~1 is being contributed to by the expansions of

> ar(y1z + B1) ™ (y2z + B2) ™2 - (ymz + B) B (3.6)
di1+d 2+ di, m=deg(f)

and

> ar(y1z + B1)™0 - (ymz + Bn) . (3.7)
di 1 +dg 24-di,m=deg(f)—1

Since fdeg(f) (y1z+ P1,...,Tmz + Bm) can be written as

Faea(r)W1z + B1, -, Tmz 4 Bim)

= > ar(y12 + 1) % (yaz + B2) ™2 -+ (Ymz + Brn) o
di1+d 24-di, m=deg(f)
deg(f) A
= Z Uj(yl,yz, e Ym) 2,
j=0

we remove the effect of 3 for the coefficient of z48(/)=1 in the numerator by computing

fdeg(f)—l(yb Y2, .. ,ym) = ?deg(f)—l(yla Y2, ym) - udeg(f)—l(yh Y2, ,ym)- (38)

We emphasize that we do not actually have (3.8) since the sparse multivariate rational

function A = f/g is represented by a black box. Thus, for inputs o = (a4, ab,---,at)) to
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the black box representing f/g, the images
fdeg(f)fl(aliv aév T 70‘?1) = Tdeg(f)—l(aliv aév T 7ain) - udeg(f)fl(alb aé? ) a;n)

are computed via the dense univariate rational functions in z to interpolate fyeg(r)—1, and
these values must be stored in order to be reused when interpolating the lower degree
polynomials f;(y1,y2,...,Ym), until one gets to the constant term. Continuing in similar
fashion for the rest of the terms in the denominator and numerator, one successfully recovers
the rational function A = f/g. We give the following example to help the reader understand
the reconstruction of a sparse multivariate rational function using Cuyt and Lee’s method,

with the Ben-Or/Tiwari algorithm serving as the primary sparse interpolation algorithm.

Example 3.15. Let

Flyry2,ys) _ v+ s+ 93 +us
9(y1,y2,y3) Y1y2y3

Az, y,2) =

be a rational function represented by a black box B, which outputs FAIL if a division by 0

occurs. In other words, A(0,0,0) = gég’g’gg = %. Suppose we want to interpolate A. Since A

is represented by B, the only information available to use is the number of variables n = 3.

Let prime p = 3137.

1. We first compute B(0,0,0). Since A(0,0,0) is not defined, B(0,0,0) returns FAIL so

we need to use a basis shift 3.
2. We pick a random basis shift 5 € Zg137 until A(3) # 0. Here, we use 8 = (2811, 1186, 1298).

3. Algorithms for computing deg(f) and deg(g) probabilistically will be presented in the
next chapter. For this example, we assume that the total degrees deg(f) = 2 and

deg(g) = 3, and the maximum number of terms ¢t = max(#f, #g) = 4 are known.

4. Since we need to perform dense interpolation of auxiliary functions in the new ho-

mogenizing variable z, we pick random evaluation points in Zsi37 for z. Let
{2909, 2799, 1325, 2016, 6, 3003, 2348}

be the seven (deg(f)+deg(g)+2) random points needed to perform univariate rational
interpolation using the MQRFR algorithm. Let T denote the number of auxiliary

rational functions needed. In this case, T'= 6 < 2t.

We input the prime p and the evaluation points

(22 4 2811, 3"z + 1186, 52 4 1298)
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fori=0,1,2,---,T — 1 to the black box at each point
z = 2909, 2799, 1325, 2016, 6, 3003, 2348,

and then densely interpolate the auxiliary rational functions. The interpolated auxil-
iary functions F; = N;/D; for i =0,1,2,...,5 are:

5822 + 1900z + 2967

Fo() = 5575827 1 18602 + 595
Fi(2) = 282622 + 1608z + 2967
58023 + 90022 + 6832z + 1
Fyz) = 36522 + 3014z + 2967
171523 + 60822 + 884z + 1
Fy(z) = 266922 + 27852 + 2967
125823 + 225522 + 3024z + 1
Fu(z) = 32022 + 1478z + 2967
9623 4+ 109122 + 1367z + 1
Fi2) 141422 + 43z + 2967

T 288023 + 176822 + 29122 + 1

5. Starting from the highest degree in the numerator of F; which is 2, we collect the

sequence of coefficients of 2% which is given by
v = [58, 2826, 365, 2669, 320, 1414].

Then we input v to the Berlekamp-Massey Algorithm (BMA) to obtain the feedback
polynomial A(z) = 2% 4+ 30992% + 361z + 2237 € Z,[2].

6. Next we compute the roots of A(z). We obtain 7 = {4 = 22,9 = 32,25 = 52}
Performing repeated trial divisions on the elements of 772, we obtain {y?, y2, y3}. Next,

we set up and solve the transposed Vandermonde system

1 1 1 al 58
Va= ml =4 mg =9 m3 =25 as| = 2826| = wv.
m? =16 m3 =81 m3=0625| |a3 365

Thus, we recover
f2 = 1065y; + 1065y3 + 1065y3.

7. The next lower total degree in the numerator of A = f/g is 1 (the final degree in our
example is 1 as there is no constant term), so we move on to interpolate any degree
one polynomial in f. However, we need to remove the effect of the basis shift. We
do this as follows. Suppose we compute H; = f2(2'z + 31,32 + Ba,5'2 + B3) € Zp|2]
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directly for 0 < ¢ < 5, such that

822 + 835z + 877

Ho(z) =5

Hi(z) = 28262% + 25572 + 877
Hy(z) = 3652 + 1485z + 877
Hj(2) = 26692% 4 1414z + 877
Hy(z) = 3202% + 897z + 877
Hs(z) = 14142% + 2752 4 877.

8. Next, we compute
v = [1065, 2188, 1529, 1371, 581, 2905]

where v; = Coeff(N;, z!) — Coeff(H;, 2') for 0 < i < 5. Applying the BMA on v
yields the feedback polynomial A(z) = z — 5. Clearly, the root of A(z) is 5, so the
corresponding monomial is y3. Thus, f; = 1065ys.

9. The same process can be repeated for the denominator part.

We note that it took 42 probes to the black box to reconstruct

_ 1065y7 + 1065y3 + 1065y3 + 1065y3

A=
19 1065y1y2y3

€ Z3137(y1, Y2, y3)-

Finally, we normalize A using 1065~! to get our desired rational function A = f/g.

We emphasize again that the interpolation of the numerator and denominator polyno-
mials can be done at the same time. Also, if we were to use Kaltofen and Yang’s separation
algorithm [Kaltofen and Yang, 2007] to interpolate A(z,y, z), it would take 56 probes to
the black box to reconstruct A = f/g.
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Chapter 4

Modified Interpolation using a
Kronecker Substitution

4.1 Summary of Contributions

All the materials presented in this chapter are new. Our main contribution in this chapter is
a new sparse multivariate rational function interpolation method for interpolating a sparse
multivariate rational function A = f/g over Q represented by a black box which requires
the same number of black box probes as the Cuyt and Lee’s sparse multivariate rational
function algorithm (previously described in Subsection 3.4.1).

This new sparse multivariate rational function interpolation method modifies the Cuyt
and Lee’s algorithm and the Ben-Or/Tiwari sparse polynomial interpolation algorithm to
use a Kronecker substitution and a new set of randomized evaluation points.

The use of a Kronecker substitution in our new approach leads to a reduction in the
size of the prime p required for our algorithm to work, and consequently transforms the
problem of interpolating a multivariate rational function in Zy,(y1,y2, ..., ¥m) to the prob-
lem of interpolating one univariate rational function in Z,(y). We also randomize our new
evaluation point sequence in order to avoid unlucky evaluation points with high probability.

Probabilistic algorithms for computing the degrees required to interpolate A = f/g are
also presented. We note that parts of this chapter have been published in the Proceedings
of CASC ’22 [Jinadu and Monagan, 2022b].

4.2 Introduction

Let A = f/g be a sparse multivariate rational function over Q represented by a black box.
In this thesis, we adapt the sparse multivariate rational function interpolation algorithm of
Cuyt and Lee to interpolate A because it requires the fewest number of black box probes
when combined with the Ben-Or/Tiwari algorithm as the primary sparse polynomial inter-
polation algorithm. However, the use of the Ben-Or/Tiwari algorithm poses the following

two problems, namely,
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@ The working prime p needed to interpolate f = 3% _1 ax My (y1, ..., ym) € Z[y1, - - -, Ym]
over Z, must satisfy p > Igl_f‘:LlX m; < pfrfg(f ) so that the monomial evaluations 1; =
M;(2,3,...,pm) are unique and can be uniquely determined where p,, is the m-th
prime. Unfortunately, such a prime p may be too large for machine arithmetic use
if the total degree d is large. This is the main drawback of using the Ben-Or/Tiwari
algorithm point sequence (2¢,3%,... pt ) fori=0,1,2,....

Example 4.1. Suppose m = 6, deg(f,vy;) = 10 and deg(f) = 60 (the total degree of
the Dixon resultant R of the robot arms system described in Example 1.10 is 128).
Then p > 1350 = 6.8 x 106 which is larger than a 64 bit prime.

@ Using the Ben-Or/Tiwari algorithm point sequence (27,37,...,pl) can result in un-
lucky evaluation. We give the following example to help the reader understand what

an unlucky evaluation point means.

Example 4.2. Let a,b € Z[y1,y2,y3]. Suppose that a = ag and b = bg such that
a # 0 and g = ged(a,b). Suppose b = @ + (y2 — y3). Consider the evaluation point
B = (2°,3%). Suppose we want to compute g(y1,1,1). Observe that ged(a,b) = 1 but

ng(a(yh ]-7 ]-)7 l_)(yla ]-7 ]-)) = C_l(yh 17 1)

Thus, in order to use the fewest number of black box probes possible in our proposed
Dixon resultant algorithm, by using the Ben-Or/Tiwari algorithm as the primary sparse
polynomial algorithm in Cuyt and Lee’s algorithm, these two problems must be addressed.

We address these problems in the next section.

4.3 Using a Kronecker substitution on the parameters

Our goal now is to reduce the size of the prime needed in our sparse rational function inter-
polation algorithm. Our idea to reduce the size of the prime is based on using a Kronecker
substitution to map a multivariate rational function into a univariate rational function, and
then we evaluate at powers of a generator « of Z;, instead of powers of prime (27,37,...,p)).

To invert a Kronecker substitution, we first need to determine the partial degrees of f
and ¢ for all the variables involved in a multivariate rational function A = f/g. Thus, we
first discuss how to compute the partial degrees of A = f/g with high probability for all

the variables involved in A.

4.3.1 Pre-computing the partial degrees of A = f/g in each variable

Let A= f/g € Q(y1,y2, V3, - - ., Ym) be a multivariate rational function in variables y1, ..., ym
represented by a black box B. Let dy, = deg(f,y;) and dg, = deg(g, y;) be the partial degrees

83



of f and ¢ in variables y; respectively for 1 < i < m. Let A be viewed as

dy,
A _ o Zkio ak(yh e Yi—1,Yi+ 1, Yit2, - - 7ym)yf 4.1
=fl9= 20 - (4.1)
Do b (Y1, - Y15 Yik 1, Vit 2y - -5 Ym)Y;

such that f,g € Qy1,y2,- .-, Yi—1, Yit1, Yi+2, - - - » Ym][¥i]. Let p be a prime and let z be a new

variable. Let o = (v, ..., i1,y Qi 1, - - -y ) € (Zy \ {0})™ 1 be selected at random.
To obtain the partial degrees deg(f,v;) and deg(g,y;), we pick 6 € Z, \ {0} at random,

and we use enough random distinct points (at least dy, + dg, + 2 points) for z selected from

Z,, to interpolate the univariate rational function

Hi(z) := Hy,/Hy, = A(ovq, ..., i1, \9/2_/ Qi1 0y) € Lip(2)

the i-th component

such that deg(Hy,, 2) = dy, and deg(Hy,, 2) = dg4, with high probability.

Algorithm 9 implements this approach and it uses Algorithm MQRFR (Algorithm 8) to
discover the partial degrees of f and g with high probability. However, if LC(f, y;)(a) = 0 or
LC(g,yi)(a) = 0, then the wrong partial degrees would be obtained. We give the following

example to illustrate this.

Example 4.3. Let

2 —y3)yive +
A= fpg= 2B
Y1+ Y2
and suppose we want to determine deg(f,y1) and deg(g, y1). Let o = (a2, a3), where a; # 0
for j = 2,3 and prime p = 3137. Let z be a new variable. Clearly, we have
(2—a3) (0z) % ap + 0z 02 (2 — a3) 22 + 02z

Hi(z) :Hf1/H91 = A(0z, a2,03) = 02 + ao - 0z + as

Observe that if oz = 2, then LC(f,y1)(a2,2) = (2 — 2)ag = 0, for any ay € Z, \ {0}. So,

the wrong partial degree of f in y; will be returned in this case, because

0z
Ozt as

Hl(z) = Hfl/Hgl = A(HZ,O[Q, 2)

Since LC(f,y;)(a) = 0 or LC(g,; ) () = 0 implies that LC(f)(a)LC(g)(a) = 0, we have that

o deg(LC(f, i) + deg(LC(g, i) _ deg(f) + deg(g)
- p—1 - p—1

Pr[LC(f,yi)(a)LC(g, yi)(a) = 0]

by the Schwartz-Zippel Lemma (Lemma 2.17). Thus, it is important that we pick prime
p > deg(f) + deg(g), and the evaluation point o randomly.

Given a black box B for A = f/g € Q(y1,¥2,...,Ym) and an input prime p such
that p > deg(f) + deg(g), Algorithm 9 probes the black box B with evaluation points
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(a1, .oy im1,074, Qig1, . .., ) to output the black box evaluations
ag = A1, .-, 1,074, Qig1, - - Q)

in Line 6 for d = 1,2, ... in order to interpolate the unique polynomial u € Zp[z] of degree
< d and to compute the product polynomial 7m(z) = H?:1(Z —7j) € Zp|z]. It then attempts
to discover the partial degrees deg(f,y;) and deg(g,y;) for any ¢ such that 1 <14 < m using
the polynomials 7(z) and u(z) as inputs to the Algorithm MQRFR in Line 11. Algorithm
9 breaks out of the main for loop (Line 4-18) and returns the partial degrees with high
probability if the output of Algorithm MQRFR in Line 12 labelled as h(z) # FAIL.

Algorithm 9: PartialDegreeBound

Input: A prime p > deg(f) 4+ deg(g) and the black box B (Z;" p) — Zy, for the rational

fy1,y2,5-Ym)
9(Y1,Y2;--,Ym)

point v € Z;,” and 7 such that 1 <37 < m.

Output: (deg(f), deg(s)) where deg(f) = deg(f, yi) and deg(g) = deg(g, ) with high
probability.
Pick a = (a1, .., i1, Qig1y .-y ) € (Zp \ {0})™ ! and 0 € Z, \ {0} at random.

function over Q which returns "division by zero" if g(y) = 0 for some

=

2 Let z be a new variable.

3 m(z) «+ 1

4 for d=1,2,---do

5 Pick vq4 € Z,, at random such that v4 # ; for 1 < j < d.

6 ag < B ((aa,...,0-1,0v4, 041, -, ), p) € Zp. // Next black box evaluation.
7 if ag = "division by zero" then restart the algorithm (go to line 1) end.

8 if d> 2 then

9 Interpolate the polynomial u(z) € Zp[z] of degree < d using points

(visa; 1 1 <i<d).

10 Compute m(z) = (z — ;) x M(z) € Zplz]. // m(z) = H;izl(z — i) € Zylz].
11 h(z) < MQRFR (m,u,p). // d = deg(m) > deg(u) > 0.

12 if h(z) # FAIL then

13 Let h(z) = ’;Ezg with ged(f,g) = 1.

14 return (deg(f,)deg(g))

15 end

16 end

17 d+—d+1
18 end

We remark that if LC(f,y;)(«) # 0 and LC(g, y;)(a)) # 0, and the black box for A = f/g
does not output "division by zero', then Algorithm 9 computes the partial degrees of f and
g in variable y; for 1 < i < m with high probability (See Section 4.6 for a failure probability
bound).
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4.3.2 Kronecker substitution

Using a Kronecker substitution in Cuyt and Lee’s method, we reduce the problem of in-
terpolating a sparse multivariate rational function to many univariate rational function

interpolations.

Definition 4.4. Let K be an integral domain and let A = f/g € K(yi,...,ym). Let
r=(ri,ra,...,rm_1) € Z™ L with r; > 0. Let K, : K(y1,...,%m) — K(y) be the Kronecker

substitution e I
K,(A) flysy™ g2,y Tmen)
.

T gy g, Ly )
Let d; = max{(deg(f),v:),deg(g,yi)} for 1 < i < m. Provided we choose r; > d; for
1 <i<m—1, then K, is invertible, g # 0 and K,(A) =0 < f =0.

Unfortunately, we cannot use the original presentation and definition of the auxiliary
rational function given by Cuyt and Lee to interpolate the univariate mapped function
K,(A). Thus, we need a new method to interpolate the corresponding auxiliary rational
function relative to the mapped univariate rational function K,(A), and not the original
sparse multivariate rational function A = f/g.

Using a new variable z, we define our new auxiliary rational function

f(Zy, 2'3/”7 cee 72yT1T2"'Tm71)
g(zy, 2y, ..., zyrir2Tmo1)

Fly,z) = € Klyl(2)- (4.2)
We need to guarantee the existence of a constant term in the denominator of F'(y, z). So, we
use a basis shift 5 € (K\ {0})™, and instead formally define an auxiliary rational function

with a Kronecker substitution as follows.

Definition 4.5. Let K be a field and let f/g € K(y1,...,ym) such that ged(f,g) = 1. Let
r=(ry,...,rm—1) with ; > d; = max{(deg(f),v:),deg(g,vi)}. Let z be the homogenizing
variable and let K, be the Kronecker substitution. Let 8 € K™ be a basis shift. We define

[Py, 2)  flzy+ Bi,2y™ + Ba, ..., 2y T2 "=l 4 )
93y, z)  glzy+ Br,zy™ + Ba, ..., zy"T2 1 4 B

F(y,z,p) = € Klyl(2)

as an auxiliary rational function with a Kronecker substitution K.

We will often refer to F(y, z, ) simply as an auxiliary rational function.
Notice in the above definition that for 3 = 0,

SOy, 1)
9%y, 1)

F(y,l,O) = :KT(A)'

Thus, the univariate rational function K,.(A) can be recovered using the coefficients of 2
in F(al, z, B) for some evaluation point a € Z, and i > 0. If g has a constant term, then

one can use 5 = (0,...,0).
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Although the degree of y of the mapped univariate rational function K, (A) is exponential
in m, the degree of the auxiliary function F'(y, z) in z through which the univariate rational
function K,(A) is interpolated remains the same. Consequently, the number of terms and
the number of probes needed to interpolate A = f/g does not change. To uniquely recover
the exponents in y and to also make our discrete logarithm computations in Z, feasible, we
follow [Kaltofen, 2010] and pick a prime p > [, r; such that p—1 = 2Fs where s is small.
Any prime p of the form p — 1 = 2Fs where s is small is said to be a smooth prime. A prime

p is said to be y-smooth if the largest prime factor of p — 1 is at most y.

Example 4.6. In Example 4.1, m = 6,deg(f,y;) = 10, so, using a Kronecker substitution
now implies that p > 116 = 1.7 x 10% which is small.

4.3.3 Randomizing the evaluation point sequence

Let p be a prime. Since we map a multivariate rational function A = f/g in variables
Y1,Y2, - - -, Ym to become a univariate rational function K,(A) € Z,(y) using a Kronecker
substitution K,, we are now tasked to interpolate univariate polynomials in Z,[y].

Let H = Z§:1 a;M;(y) be one of the univariate polynomials to be interpolated in
either the numerator or denominator of K,(A). We avoid unlucky evaluation point with
high probability for our purposes, by randomizing the evaluation points o/ for j > 0. The
implication of doing this in our new sparse rational function method is that we do not want
to lose the total degree of the numerator and the denominator of the univariate auxiliary
rational functions in z with high probability. This modification is done as follows.

We pick a random shift § € [0,p — 2] and compute v; = H(a**9) for 0 < j < t —
1. Changing the point sequence from o/ to o7 does not affect the way we recover the
univariate monomials M; in y of H using our new approach. However, solving for the
coefficients a; means we now have to solve the shifted transposed Vandermonde system [Hu
and Monagan, 2016]

i ms my al Vg
mi—’—l 7 §+1 mf—H a9 U1
Va= ) i = =,
mi-f—t—l ms—f—t—l mf+t—1 a V1

where mg = M;(a’). We solve for the coefficients a; by first using Zippel’s O(¢?) algorithm
[Zippel, 1990] to solve the transposed Vandermonde system

1 1 1 C1 Vo
my o g | |co U1
We = ) = =,
~t—1 At—1 At—1



which yields ¢ = W~v. Notice that

1 1 1 m§ 0 0
my o e 1y 0 s 0
V=WD= '
~t—1 At—1 At—1 a8
ml m2 ... mt O 0 e e mt

where D is a t x t diagonal matrix with entries D;; = mf . Thus, we obtain the unknown

coefficients a; using a; = ;" ‘§cz- since
Va=v= (WD)a=v= (Da) =W lv=c=a=D""c

Note that the number of arithmetic operations performed in Z, to solve a shifted transposed
Vandermonde system is O(t2+t log(§)) where log(3) is the cost of inverting 725. Therefore, for
our new sparse rational function interpolation method which uses a Kronecker substitution,
we randomize our points by picking any generator a € Z;;, and a random shift § € [0,p— 2]

where p is prime to compute

F(a®t, 2, B) :fﬁ(angia z) _ (2ot 4 By, 2o+ 4 By L oSO Tt g
o gP(aé*i, 2)  g(za®ti 4 B, zaHIm 4 By 25tz T 4 B

€ Zp(z)

for i = 0,1,2,---. Randomizing our evaluation points ensures that deg(f’(a®t?,z2)) =
deg(f) and deg(g®(a®t?, 2)) = deg(g) with high probability.

4.4 An illustrative example of our new sparse rational func-
tion interpolation method

We demonstrate how our new sparse rational function interpolation method works with the
following example. The new algorithm is presented in Section 4.5. We advise the reader to
first go through this example before checking the steps involved in the new algorithm.

Suppose we are given a black box for the sparse multivariate rational function

y%1+y%1+y%1+yz?+y§+yse

A=f/g=
yet +ytt + it + ye

Z(y17y27 ce. 798)7

and we want to interpolate A. Let
fu=ylt' +ui' + st fs =yl + 93 fr = ys and g = y§' +y7' +yi' and g1 = ye.
So, f=fu+fs+ fiand g = g11 + g1

Suppose we have discovered the total degrees of f and g denoted by deg(f) = deg(g) = 11

with high probability (we will discuss how to do this in Subsection 4.4.1), and the maximum
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partial degrees of f and g in each variable denoted by d; for 1 < ¢ < 8 have been discovered
using Algorithm 9. Then we use r = (d1 +1,d2+1,...,dg+ 1) = (12,12,12,6,6,12,12,12).
For our new sparse rational function interpolation method, we use a smooth prime
p=232%041> ]_[?:1 r; whereas the Ben-Or/Tiwari algorithm requires p > 19! = 1.1x 104,
We use a Kronecker substitution K, : Zy(y1,- ., Ym) — Zp(y) where
Fly, g, yame, L yrireeTmet) g 8O5TO52 4, 51840 4 o 8640 4 o 1584 4 0182 4 11

K,(A) = =
r(4) gy, g, yrirz, Ly ) yOB53TAT2 | 211456 | 4684288 | 162208

So, K,(A) is what we want to interpolate. Suppose we pick @ = 5 which is a generator
for Z;, and let § = 2 € [0,p— 2] be picked at random. Let the random basis shift be
B = (85132797,34637621, 26107038, 10607916, 37522487, 4922352, 51780437, 52449057).

Step 1: Using the Berlekamp-Massey algorithm (BMA), suppose we know that the
(minimum) number of auxiliary rational functions needed to interpolate K,(A4) is 6, and
suppose we directly compute (one must interpolate these univariate rational functions be-
cause the black box only accepts list of integers and a prime. We also do not know what A
is) the auxiliary rational functions

fﬁ(aé-i-i’ Z) f(za§+i + Blv Za(§+i)r1 + 527 o 7za(§+i)r1r2..-rm,1 + Bm)

ati _ _
F(a™,2,P) TP 2) T g(zatti + By, zaCHOT 1 By, L. zaGHOTIr w4 B € Zy(2)

for 0 < i <5, so that

(a0, 2) = 5044560952 + 1271576935210 + 28946744262° + 192253686525 + 256622816327
+ 27810031242° 4 29615171032° 4 21051614072* + 21745509862> + 22210146342
+ 16421406282 + 2484490329

PPt 2) = 1799751883211 + 5185177420 + 16929052332° + 192663417928 + 9943871627
+ 12812055932° 4 17580338942 4 25913312672* + 14759114723 + 102028462922
+ 3756566782 + 2484490329

P2, 2) = 6906220672 + 2722183515210 + 13484272582° + 12204296352° + 178186102627
+ 11335545425 + 257214370625 + 10032390852 + 19844543762 4 26725911822
+ 19765258442 + 2484490329

Pa*+3, 2) = 253152013921 + 875452800210 + 5067502172 + 24820687302° + 110963663927
+ 18084812012° 4 19537916112° 4 15678062752* + 26860778112> + 138382582222
+ 11850596642 + 2484490329
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P14, 2) = 190206243121 + 1144884717210 4 12836998482° + 19287856622° 4 162196418727
+ 17912816892° + 28924494712° + 21669128292* + 246205354623 + 19974810322
+ 22330251222 + 2484490329

P+, 2) = 30666023612 + 85055445021 + 139815819627 + 10252357622° + 19261434427
+ 17971932812° + 12097850032° + 20200732102* + 196792230623 + 221451355922
+ 7722104952z + 2484490329

g% (010, 2) = 15806797412 4 31169901462 + 10579025182° + 31983380272° + 28684161927
+ 28905139962° + 18097952832° + 20726642162 + 119317335423 + 200380347422
+ 27132155292 + 1

Pt 2) = 46861898211 4 210248649320 + 29978000972" + 12467362492° + 41144478327
+ 12801046592° + 14167455332° + 27332117232* + 28064816162> + 230813256022
+ 2788585009z + 1

g% (@*T2, 2) = 2988454762 4 289832665020 + 30055071662 + 2759506212° + 89755429527
+ 22460835412° + 11044819692° + 10291377822* + 185850892023 + 191885527922
+ 27045794712 + 1

g% (13, 2) = 1565430745211 4 2205463094210 + 17109584862° + 25637303742° + 229297031227
+ 13362141242° + 22112189002° + 27832886432 + 293012979423 + 117630820022
+ 30363590352 + 1

g% (@*T, 2) = 468445372 4 279120978021 + 42916889627 + 999407102® + 138658210827
+ 1060098921 2% + 24580776442° + 21717122502" + 485100252% + 65316361022
+ 30021063562 + 1

g7 (a5, 2) = 3045384721 + 2861695808210 + 31224873142 + 9109166562° + 14865094527
+ 20860249342° + 34422214025 + 12619161912% 4 6832110272> + 221177666722
+ 1000246311z + 1

For the sake of brevity, suppose we only want to interpolate f. Since deg(f) = 11, we will
attempt to interpolate all homogeneous polynomials fi in f of degrees k = 11,10,9,8,...,0,
in that order using the coefficients of f#(a®?, 2).

Step 2: First, we check if deg(f®(a®?, 2)) = 11 for all 4, and then we collect the leading

coefficient sequence

v = [504456095, 1799751883, 690622067, 2531520139, 1902062431, 3066602361] ,
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such that v; = LC(f#(a**%, 2)) for 0 < i < 5. Next, we run the BMA on v which generates
the feedback polynomial

Ai(z) = 23 4 190509572622 4 23380186332 + 1009320183 € Lp|z].
Step 3: Computing the roots of \11(z) yields the monomial evaluations
m = {48828125, 1303095659, 3185431436} .

Using the baby step method due to Shanks [Shanks, 1971] and the Pohlig-Helman algo-
rithm [Pohlig and Martin, 1978], we solve the discrete logarithms {5 = 48828125,5° =
1303095659,5% = 3185431436} in Z; to obtain the exponents {e; = 11,e2 = 132,e3 =
1584}. Thus, the corresponding monomials in y are {y!!, y!32 41584},

Step 4: Now we solve for the coefficients of the monomials in y that we just found. Since
we only have three univariate monomials, we only need the first three entries from v to solve

for their coefficients. To do this, we set up the 3 x 3 shifted transposed Vandermonde system

s T0 = 2199625621 st = 2208617479 50 = 2865126349 | [ay
Va= | mith = 406005153 5™ = 1548294981 m5t! = 305961711 | |az| =v
i T? =1902207400 15T = 676383069 1h5 "% = 1310850391 | |as

where

504456095
v = [1799751883
690622067

and then solve for the coefficients a;. As explained in Subsection 4.3.3, this can be done by

first solving the transposed Vandermonde system

1 1 1 c1
1 = 48828125 Mg = 67242306 mg = 86401899 ca|l =v

We = m
m? = 2199625621 M3 = 2208617479 m3 = 2865126349 c3

using Zippel’s quadratic algorithm. Solving We = v yields

{c1 = 1679199919, c5 = 545880638, c3 = 1500601011},

¢ .
and then we compute a; = Zg for 1 <i < 3. The qg;’s are
ms

(]

a1 = 2686038870, ax = 2686038870, a3 = 2686038870.
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Step 5: Now we invert the Kronecker map K. using base conversion to obtain

1584 — 11.

y't =yt eyt and y Y3

Thus, the highest degree homogeneous polynomial of degree 11 in f is
fi1 = 2686038870y1! + 2686038870y4" + 2686038870y4!.

Step 6: Next, we move on to interpolate fi9 (a homogeneous polynomial of degree 10
in f) using the coefficients of 20 in f#(a*?, z). However, we remind the reader that the
coefficients of 210 in f#(a®t?, 2) for all i have to be adjusted in order to remove the effect

of the basis shift. Thus, computing the univariate polynomials
H(z) = fn(zozéﬂ' + 51,za(§+i)’"1 + B, ... ’za(§+i)r‘1rz--~rm_1 + Bm)

directly for i = 0,1,2,---,5, (these univariate polynomials must be interpolated to avoid

expression swell). We obtain

Ho(z) = 5044560952 4 127157693520 + 289467442627 + 19225368652° + 256622816327
+27810031242° 4 17114357572° 4 18910392092* 4 26847877592% 4 30367802862
+ 2245933062 + 2783755731

Hi(2) = 17997518832 + 518517742'0 4 16929052332 + 19266341792° + 9943871627
+ 12812055932° 4 27909937312° 4 16784911562* 4- 288445267423 4 21289258562
+ 10582093232 + 2783755731

Hy(z) = 6906220672 + 2722183515210 4 13484272582 4 12204296352° 4 178186102627
+ 1133554542% + 18335671792° + 279555034221 + 67981109923 + 227135041022
+ 26094053322 4 2783755731

Hj(2) = 25315201392 + 87545280021 + 5067502172 4 24820687302° + 11096366392"
+ 180848120125 4 13302506442° 4 28856723762* 4 164110228023 4 29270813732
+ 30202453642 4 2783755731

Hy(z) = 190206243121 4 114488471720 + 128369984827 + 19287856622° + 162196418727
4 17912816892° 4 28990067782° 4 19536363772* 4 232523485423 + 111677220223
+ 26655044682 + 2783755731

Hs(z) = 30666023612 4 85055445020 4 13981581962° 4 10252357622° 4 19261434427
+ 179719328125 4 10182829452° 4 21408339102* 4 22506767952> 4 23145880792
+ 13207616672 + 2783755731
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Step 7: To interpolate a possible degree 10 polynomial in f using the coefficients of z!°
in both H;(2) and f#(a*?, 2), we compute v = [0,0,0,0,0,0] where

v; = Coeff(f(a**?, 2), 219) — Coeff (H;(2), 21%) for 0 < i < 5.

The above computation is the coefficient adjustment that must be done to correct the
contributions due to the basis shift 8. Unfortunately, we do not have a homogeneous poly-
nomial of degree 10 in f since all the entries of v are zero. Observe that the sequence of
coefficients of 2/ in H;(z) are the same as the sequence of coefficients of 27 in f#(a*t?, 2)
for j =9,8,7,6, So,

v; = Coeff(fP(a*+, 2), ) — Coeff(Hy(2),27) =0, for 0 <i < 5.

This implies that there are no homogeneous polynomials of degree 9,...,6 in f.
Step 8: Now, we will attempt to interpolate any possible homogeneous polynomial of
total degree 5 in f. Observe that

v = [1250081346, 2188265636, 738576527, 623540967, 3214668166, 191502058]

where v; = Coeff(f?(a®1, 2), 2°) — Coeff(H;(2),2°) for 0 <i < 5.
Step 9: Next, we run the BMA on v which generates the feedback polynomial

As(2) = 22 + T44046774z + 2377407692 € Z,|z].

Computing the roots of A\5(z) yields the monomial evaluations m = {2469640426, 7538273}.
Step 10: Next, we solve the discrete logarithms {5 = 2469640426, 5°2 = 7538273} in
Z,, to obtain the exponents {e1 = 51840, e5 = 8640}. Thus, the corresponding monomials
in y are {yP1810 48610},
Step 11: Based on the two univariate monomials that we found, we only need the first
two entries from v to solve for their coefficients. Next, we set up the 2 x 2 shifted transposed

Vandermonde system

v,

Ve — [ m;T0 = 2113008848 m5T = 3142478809 1 lﬂ B [12500813461

miT = 2617252129  myt! = 21544114 | |ay 2188265636

in order to solve for their coefficients a;. But first, we solve the transposed Vandermonde

system

W 1 1 c1 1250081346
CcC = = =
my1 = 2469640426 1o =, 7538273 | |c2 2188265636

93



using Zippel’s quadratic algorithm to get {c¢; = 1019250191, ¢y = 230831155}. Then we

compute a; = G for 1 <i < 2. The a;’s are a; = 2686038870, as = 2686038870.
m

]

Step 12: Invzerting the Kronecker map K, yields

51840

yP18A0 sy gD 4yB040

5
= Yy

Thus
f5= 26860388703/2 + 26860388701/55,.

Step 13: Before we attempt to interpolate any possible polynomial of total degree 4 in
f, we must first update the H polynomials by computing

Hi(2) = Hi(2) + f5(zaT 4 B, 2a8HT 4 By zalstimirermt 4 g )

directly for ¢ = 0,1,2,---,5, because of the contributions by the polynomials fi; and f5
due to the basis shift 5. We get

Ho(z) = 5044560952 + 127157693520 4 28946744262° 4 19225368652° 4 256622816327
+ 27810031242° 4 29615171032° + 21051614072* + 21745509862> + 22210146342>
+ 28806888832 + 2554986495

Hi(z) = 17997518832 4 5185177420 + 169290523327 + 19266341792° + 9943871627
+ 12812055932° 4 17580338942° 4 25913312672* 4 14759114723 + 10202846292
+ 36146962 + 2554986495

Hy(z) = 6906220672 + 272218351520 4 13484272582 4 12204296352° 4 178186102627
+ 1133554542% + 25721437062 + 10032390852 + 19844543762 + 26725911822
+ 2236569642 + 2554986495

H3(z) = 25315201392 4 87545280020 4 50675021727 + 24820687302° + 110963663927
+ 18084812012° 4 19537916112° 4 15678062752* 4 268607781123 4 13838258222
+ 80104098z + 2554986495

Hy(2) = 19020624312 + 1144884717210 + 12836998482 + 19287856622° + 162196418727
+ 17912816892 4 28924494712° 4 21669128292* 4 24620535462% + 19974810322
4 1799790302 + 2554986495

Hs(z) = 30666023612 + 85055445021 + 139815819627 + 10252357622° + 19261434427
+ 17971932812°% 4- 12097850032 4 2020073210z* 4 19679223062° + 221451355922
+ 28910906352 + 2554986495

94



Step 14: For the sake of brevity, we note that the sequence of coefficients of 2/ in H;(z)
are the same as the sequence of coefficients of 27 in f3(a®*?, 2) for j = 4,3,2. So there are
no polynomial terms of degree 4,3,2 in f.

Step 15: To determine a possible polynomial of degree 1 in f, we compute
v = [1982677218, 372041982, 1752868880, 1104955566, 2053046092, 1102345333]

where v; = Coeff(f?(a®*, 2), 2')—Coeff(H;(2), 2') for 0 <4 < 5. Applying the Berlekamp-
Massey Algorithm to v generates the feedback polynomial

A1 (z) = 460205760 + z € Zy|z].

Step 16: Computing the roots of \(z) yields the monomial evaluation i = {2761019713}.
Next, we solve the discrete logarithms {5 = 2761019713} to obtain the exponent {e; =
8957952}, Thus, the corresponding monomial in y is 392752, Next, we set up the shifted

transposed Vandermonde system
Va = | m{=2761019713 | a;| = [1982677218] = 0.

Solving the above system yields a = 2686038870 and inverting the Kronecker map yields
f1 = 2686038870ys.
Step 17: Next we update the H polynomials for 0 < ¢ < 5 by computing

Hi(2) = Hi(2) + fi(za*T 4 B1, 2280 4 By za(stDrarzrm—1 4 g )

in order to interpolate fy of f. Fortunately, there is no constant term in f.

Step 18: We repeat the same process for the denominator part and we are done.

It took 144 = 6 x (11 4+ 11 + 2) probes to the black box to reconstruct

A= flg= 2686038870 (yi! + yal + yal + y§ + v2 + ys)
I = 2686038870 (4! + vl + yll + yo)

€ Zp(y17y27' . -798)-

Finally, we multiply the numerator and denominator by 26860388707! to get A.

Remark 4.7. Suppose

deg(f) deg(g)
f=> filyr, s ym) and g = > gi(y1,. -, Ym)
i=0 =0

where f; and g; are homogeneous polynomials and deg(f;) = ¢ and deg(g;) = j. Based on

the above example, we make the following two important remarks.
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@ Notice that the leading degree polynomials fyeg(r) and gqeg(q) in f and g respectively
are the first polynomials to be interpolated using the leading coefficients of the auxil-
iary rational functions in z, before we interpolate the lower total degree polynomials
Jaeg(f)—1> fdeg(f)—2,faeg()—3> o and Gdeg(g)— 15 Gdeg(g)—2,9deg(g)—3+ * * * Jo in that order.
However, if f and g are very sparse, but the number of auxiliary rational functions com-
puted to interpolate fyeg(r) O gdeg(s) is high, then a lot of unnecessary computation
will be done in an attempt to perform coefficient adjustments in order to interpolate
non-existent polynomials. This coefficient adjustment computation becomes particu-
larly expensive when interpolating a large number of multivariate rational function

coefficients (Our proposed Dixon resultant algorithm).
Example 4.8. Suppose

deg(f)
f=Y" filyr,y2, - ym) = froo000 + fo,
i=0

where deg(f) = 100000. After interpolating fioooo0, one will attempt to interpolate
polynomials fgg999,99908 , - - - , fo, Whereas the only polynomial that needs to be inter-
polated is the constant term fy. This is because f is represented by a black box, and
we do not know the total degrees of the polynomials f; and g; beforehand. We will

address this issue in Subsection 4.4.2.

@ Since A = f/g is represented by a black box, we do not know the size of the supports
of the polynomials f; and g¢;. Let #f; and #g¢; denote the size of the supports of
the polynomials f; and g; respectively. By design, we discover # fqeg(r) and #9deg(q)
first, by inputting the sequence of leading coefficients from f#(a*?, ) and g% (a**7, 2)
respectively from the auxiliary rational functions F(a**?, 2z, 8) for i = 0,1,..., to the
BMA to generate some polynomials Ai(z) and A2(z), and then wait until both the

degrees of A\;(z) and Az(z) are unchanged.

Let ¢ be the number of auxiliary functions in Z,(z) needed to determine # fqeg() and
#ddeg(g), and to interpolate the polynomials fyeg(r) and ggeg(q)- If the sequence of
coefficients from the already computed t auxiliary functions are used to interpolate
the lower total degree polynomials, it is possible that the wrong lower total degree
polynomials are interpolated. This is because #f; could be greater than # fqeg(s) or
#gj could be greater than #gqeg(q), Where i # deg(f) and j # deg(g). Thus, more

auxiliary coefficients are needed to interpolate the correct f; or g;.

We handle this problem by running the Berlekamp-Massey Algorithm on the sequence
of corresponding coefficients from the auxiliary rational functions to generate a feed-
back polynomial A(z), and we check if deg(),z) < % [Kaltofen et al., 2000]. The
condition deg(), 2) < % ensures that A(z) is correct with high probability. If the con-
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dition is not satisfied, then more auxiliary rational functions are needed. More detail

about obtaining the correct number of terms is presented in Subsection 6.3.6.

4.4.1 Pre-computing the total degrees of f and g in A = f/g

Given a multivariate rational function A = f/g in variables yi,y2, ..., ym represented by
a black box B, we describe how to find the total degrees of the polynomials f and g. As
we have demonstrated in the working example (Section 4.4), the total degrees of f and g
are needed in order to densely interpolate the auxiliary rational functions with a Kronecker
substitution K, in variable z whose coefficients are needed to recover A. We discuss how to
do this as follows.

Let o, 8 € (Zp \ {0})™. Let p be a prime and let z be a new variable. Using enough
random points for z from 7Z,, the total degrees of f and g that we seek can be obtained by
interpolating the univariate rational function h(z) where

f(z)  f(Biz+at,...,Bmz+ am)

hz) = g(2) - g(Brz+ai, ..., Bmz + o) -

such that «, 8 are selected at random. We emphasize that a, 5 € (Zy \ {0})™ are selected
at random to ensure that deg(f) = deg(f) and deg(g) = deg(g) with high probability.
Algorithm 10 implements this approach. To give reader an idea of how this approach works,

we give the following example.

Example 4.9. Consider the rational function

2
Yy + Y3

A=flg=">2
Y1+ ys3

such that deg(f) = 2 and deg(g) = 1. If A is represented by a blackbox then we need to

interpolate h(z) = % as described in (4.3) in order to determine the total degrees of f

and g with high probability. Computing h(z) directly yields

h(z) = ch(z) f(Brz + a1, Baz + g, B3z + a3)

() g(Biz + a1, Boz + az, B3z + a3)
2265+ (20B2 + B3) 2+ a3 + a3
(14 B3)z+ a1+ a3 :

Thus, deg(f) = deg(f) = 2 and deg(g) = deg(g) = 1. However, if o = (0,0,0), then

B3+ B3z 2B34 B3

hz) = (Br+B3)z B+ Bs

which gives the wrong degrees because deg(f) = 1 # deg(f) and deg(g) = 0 # deg(g).
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Algorithm 10: TotalDegreeBound

Input: A prime p and the black box B (Z7", p) — Z, for the rational function %

over Q which returns "division by zero" if g() = 0 for some point v € Z".

Output: (deg(f),deg(g)) where deg(f) = deg(f) and deg(g) = deg(g) with high
probability.
Pick a and 8 in (Z, \ {0})™ at random.

=

2 Let z be a new variable.

3 m(z) « L.

4 for d=1,2,---do

5 Pick 04 € Z,, at random such that 64 # 6; for 1 < j < d.

6 ag < B (8104 + a1, B204 + aa, ..., Brba + o), p) € Zy

7 if ag = "division by zero" then restart the algorithm (go to line 1) end.
8 if d > 2 then

9 Interpolate u(z) € Z,[z] of degree < d using points (0;,a; : 1 <14 < d).
10 Compute m(z) = (z — 04) x M(2) € Zp[z]. /] M(z) = H:-l:l(z —0;) € Zyp|z].
11 h(z) + MQRFR (m,u,p). // d = deg(m) > deg(u) >0

12 if h(z) # FAIL then

13 Let h(z) = gEj) such that ged(f(2),g(2)) = 1.

14 return (deg(f),deg(g))

15 end
16 end
17 d+—d+1

18 end

Algorithm 10 discovers the total degrees deg(f) and deg(g) with high probability (see
Section 4.6 for probability of failure).

4.4.2 Pre-computing the total degrees of the homogeneous polynomials
fiof fand g; of gin A= f/g

Let A = f/g be a sparse rational function in yi,y2, ..., yn over Q and suppose A is repre-
sented by a black box B. Let

deg(f) deg(g)
F= filyr,y2,- - ym) and g = > gi(y1, 42, -, Ym)
i=0 j=0

where f; and g; are homogeneous polynomials such that deg(f;) = i and deg(g;) = j. We
discover the total degrees deg(f;) and deg(g;) with high probability as follows.

Let p be a sufficiently large prime and suppose we have obtained the total degrees deg( f)
and deg(g) correctly. Then pick a € (Z,\ {0})™ at random, and use enough random distinct
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points for z selected from Zj, \ {0} to interpolate the univariate rational function

=

(2) _ flarz,. ., am2)

df

MO T S b T darsane)

€ Zp(2),

Sl =

where dy = deg(N) and dy = deg(D). Now, if dy = deg(f) and dy = deg(g), then deg(f;) =
deg(NV;) and deg(g;) = deg(D;) with high probability. But, if there is no constant term
in f or g, which we do not know beforehand, then deg(f) # d; or deg(g) # dy because
e = deg(ged(N, D)) might be greater than zero.

Since we do not know what e is, it follows that, if e = deg(f)—d; = deg(g) —d, with high
probability, then deg(f;) = deg(N;) + e and deg(g;) = deg(D;) + e with high probability.
We provide the following example to help the reader understand the approach.

Example 4.10. Let
A d _yitnw
g Y5 + Y3
where f3 =y}, f2 = y1y2, 92 = 3 and g1 = y3. Then

flarz,azz,a3z) a3z + ayanz?

W) (0322 + arasz) a3+ ajanz
Z) = = = = .
glarz, anz, a32) a3z2? + asz z(adz + ag) a3z + ag
So, N = a$2? + ajasz and D = a3z + a3. Thus, dy = 2 and d; = 1. We already know
that deg(f) = 3 and deg(g) = 2 so we may compute e = deg(f) — dy = deg(g) —dy =1
which implies that deg(f3) =2+ e =3, deg(f2) =1+ e =2, and deg(g2) =1+ e =2 and
deg(g1) = 0+ e = 1. However, if
A [yl e

9 Yt+uysta
then f3 = y:f,fg = y1Y2,go = y%,gl and go = a # 0, then we get

fla1z,a0z,032) a3 + ayanz?

W(z) = - ,
(2) glarz,a0z,32) a3z +azz+a

as long as the working prime p 1 a. So,

N=o322+ajapz, and D=a3z+ a3 +a
Clearly, deg(f) = df and deg(g) = 2 = dg4, and we have that
o deg(fs) =3, deg(f2) =2,

o deg(ge) =2, deg(g1) = 1, and deg(go) = 0.
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With high probability (see Section 4.6 for probability of failure), we obtain deg(f;) and

deg(g;) using Algorithm 11.

Algorithm 11: PolyDegreeBound

© ® N o ok~ W N

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

Input: The total degrees deg(f) and deg(g), a prime p and the black box B (Z;”,p) — Zy
9(y1,y2,-Ym)
g() = 0 for some evaluation point v € Zy'. Let

for the rational function over Q which returns "division by zero" if

deg(f) deg(g)
F=Y fivr,yz, - ym) and g = > g;(y1,v2, - Ym)
i=0 =0

where f; and g; are homogeneous such that deg(f;) = ¢ and deg(g,) = J.
Output: [deg(f;) : 0 < i < deg(f)] and [deg(g;) : 0 < i < deg(g)] with high probability.
Pick (a1, a9, -+, am) € (Z, \ {0})™ at random.

Let z be a new variable.
m(z) < 1.
for d=1,2,--- do
Pick 84 € Z,, at random such that 64 # 0; for 1 <1 < d.
aq < B ((a1b;, a20;, ..., a0;),p) € Zy
if ag = "division by zero" then restart the algorithm (go to line 1) end.
if d > 2 then
Interpolate the unique polynomial u(z) € Z,[z] of degree < d using points
(0;,a; : 1 <i<d).
Compte (2) = (= — 04) x T(2) € Zy[2]. // T(z) = [Ty (= — 01) € Z, 2],
h(z) «+ MQRFR (m,u,p). // deg(m) > deg(u) >0
if h(z) # FAIL then
Let h(z) = {8 such that f = Zdeg D f and g = Zde%(g) Gi
e1 ¢+ deg(f) — deg(f)
ez < deg(g) — deg(g)
if e; = e; then
‘ return [deg(f;) + 1 : 0 < i < deg(f)], [deg(g:) +e1: 0 < i < deg(g)]
else
‘ return FAIL
end
end
end
d+—d+1
end

The following pseudocode (Section 4.5) highlights the steps involved to interpolate a

sparse multivariate rational function A = f/g using our new sparse rational function in-

terpolation method. More details will be presented later when we apply our new sparse

multivariate rational function interpolation algorithm to interpolate many rational function
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coefficients over QQ in our proposed Dixon resultant algorithm, and in our proposed black

box algorithm for solving parametric linear systems.

4.5 New sparse multivariate rational function interpolation
algorithm

Input: The black box B : (Z;',p) — Z, for the rational function A = f/g in y1,...,Ym
over Q which returns "division by zero" if g(7y) = 0 for some evaluation point v € Z;".
Remark: The input prime p for the black box will be determined while the algorithm
is executing. In particular, it will be determined when the partial degrees of f and g are
discovered for all variables involved with high probability.

Output: A = f/g mod p with high probability.

@) Let f = 5% fi(yr,. .. ym) and g = 0% gi(yn,..., ym) where fi and g; are
homogeneous polynomials such that deg(f;) = deg(g;) = i. Let tymax = max(#fi, #gi).

@ Compute the total degrees deg(f) and deg(g) using Algorithm 10, the maximum
partial degrees d; = max(deg(f,y;),deg(g,y;)) for 1 < i < m using Algorithm 9, and
the total degrees deg(f;) and deg(g;) using Algorithm 11.

(c) Pick a smooth prime p = Ps+1 > [1;=1(di+1), a random shift 3 € [0, p—2], and any
generator « for Zy. Note that p is our working prime that will be used in the black
box B for A.

@ Let K, : Zp(y1, - - -, Ym) — Zp(y) be the Kronecker substitution with r; > d;.

(e) Let 3 =(0,0,...,0) € Z™ be a basis shift.
While B (53, p) = "division by zero" or B(S3,p) =0 do
Pick a new random basis shift g € (Z, \ {0})™.
end do

@ Pick deg(f) + deg(g) + 2 random points for z and probe the black box to interpolate
the auxiliary rational functions
fﬂ(a§+7«7 Z) f(ZO[ngl + /817 Za(g“l‘i)rl + /827 .. ?Za(g"!‘i)TlTZ""rmfl + /Bm)

S+1 _ _
F<a ' % B) _gﬁ(a§+i7 Z) - g(ZOé‘§+i + 181, Za(§+i)7‘1 + B2, ceey za(§+i)7“17”2"'7"m—1 + Bm)

where F(a** 2, 8) € Z,(2) such that g?(a**? 2) is of the form 1 + de:gl(g) apz" for
i=0,1,2, ..., 2 — 1.

Interpolate the polynomials fyee(f) and geg(q) first using the sequence of leading
coefficients LC(f?(a**, 2)) and LC(g”(a**?, 2)) respectively.
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@ Remove the effect of the basis of shift 3 by adjusting the coefficients of 2* in f#(a*1?, 2)
and 27 in g%(a®*, 2), before interpolating the homogeneous polynomials f; and g; for

k= deg(f) —1,deg(f) —2,...,0 and j = deg(g) — 1,deg(g) — 2, ..., 0 respectively.

@ Construct polynomials f = Z?i%(f) fityr,. .., ym) and g = Z?i%(g) Gi(Y1y - s Ym)-

@ Output A = f/g mod p.

4.6 The Failure Probability Analysis of Algorithm 10

Let deg(f) and deg(g) denote the actual total degrees of f and ¢ in the multivariate rational
function A = f/g represented by a black box B, and let deg(f) and deg(g) denote the output
degrees of Algorithm 10. We first remind the reader that Algorithm 10 is designed to output
deg(f) and deg(g) such that deg(f) = deg(f) and deg(g) = deg(g).

Since Algorithm 10 calls the MQRFR algorithm (Algorithm 8) at every step d in Line
11, a univariate rational function h(z) = f(2)/g(z) satisfying the degree restriction d >
deg( f ) +deg(g) +1 is produced only when a maximal quotient of degree 2 or more is found.
For example, if d = 2, we have that deg(m) = 2 and 0 < deg(u) < 1. So, if deg(u) = 0,
a maximal quotient of degree 2 can be found, and a univariate rational function satisfying
the degree requirement 0 < deg(f) + deg(g) < 1 will be produced.

Thus, Algorithm 10 will always attempt to find the total degrees deg(f) and deg(g)
with high probability as long as the number of evaluation points used is 2 or more (d > 2).
However, Algorithm 10 may fail by returning the wrong numerator and denominator total
degrees for f and g in A = f/g from the wrong univariate rational function h(z), when a
quotient of degree 2 or more occurs for d < deg(f) + deg(g) + 2 during the call to MQRFR
algorithm. Therefore, we need to find a bound for the failure probability of Algorithm 10.

First, we give an example to illustrate the failure.
Example 4.11. Consider the bivariate rational function

B Y3 + 21

A= = .
Ilg Y1 + 2y2

Suppose we want to determine the total degrees deg(f) = 2 and deg(g) = 1 using Algorithm
10. Algorithm 10 will attempt to find the total degrees of f and ¢ using d = 2,3,4,5,...,
evaluation points. If everything goes right, Algorithm 10 terminates at d = 5, and outputs
the correct total degrees of f and g. But at d = 2 or 3 or 4, the wrong total degree may be
returned. We consider the following case when d = 4 in which this error can happen using
the notation of Algorithm 10.

Let p = 3137 and let the evaluation points chosen for z be

01 = 2909, 0y = 2799, 03 = 1325,60, = 2016.

102



Suppose 8 = (27,1445) € Z2 and let oo = (3,6) € Z2 as defined in Line 1 of Algorithm 10.

We have that the images a; obtained in Line 6 will be
a1 = 1551, ay = 1550, a3 = 2753, a4 = 1460.

The product polynomial in Line 10 will be
4
m(z) = [[(z = 6;) = 2* + 3622° + 8572% + 1679z + 607 € Z,[7]

=1

and in Line 9, the interpolating polynomial

u(z) = 11652° 4 38222 + 27102z + 2246

which is obtained using the points {(6;,a;) : 1 < i < 4}. We present the intermediate

computations that occur when we input both 77 and u as inputs to the MQRFR algorithm

in Line 11 of Algorithm 10.

Table 4.1: MQRFR (Algorithm 8) intermediate computations for input polynomials m and u

{ q; i t;
0 — 2% + 36223 + 85722 + 1679z + 607 0
1 517z 4 749 116523 + 38222 4 2710z + 2246
2 2750z + 755 137522 + 10362 + 2922 2388 + 2620z
3 151222 4 2483z + 1680 1447 68922 + 88z + 836
4 — 0 285324 + 7132°% + 129822 + 31252 + 147

Notice that the maximal quotient occurs in row 3 as highlighted in Table 4.1. So, Algorithm

10 outputs the wrong degrees 0 and 2 from

1447 _ 767
68922 + 882 + 836 224 1794z + 1358

T3/t3 =

for f and g in f/g as highlighted in Table 4.1 when d = 4.

Remark 4.12. Suppose

de,

f(ylz + A1y .-y Ym~ + am) _ Ek:()(f) Mk(yh R ym)Z

k

A(Zaylw"aym) =

Let d = deg(f) + deg(g) + 1 and let 8 € Z. Let

s

(z
(2)

~—

A(Zvﬁ) =

€ Zp(z).

<
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We know that there exist polynomials v and 7 satisfying deg(m) > deg(u) such that

= u(z) mod m(z),

where u(f;) = A(6;, ) for 1 < j < d and m(z) = [[11] (z — 6;). Now let

fn0; + ai, ..., ymbj + o)

W~:A9~,y1,y2,...,y = for 1 <j <d.
J (6 m) g(y10; + o, ..., ymbj + am)
Using polynomial interpolation, we know there exists a unique function H € Z,(y1, . .., Ym)[#]

of degree at most d in z such that H(0;,y1,vy2,...,Ym) = Wj. Let

— Ni(y1,---,y
H(Z,yl,---,ym Z yl ymgzk € Zp(yla"'7ym)[z]
_ sy Ym

and let L = LCM{Dy, € Zp[y1,y2,...,ym) : 0 < k < d— 1}. It is not hard to show that
deg(Ng) < deg(f)+ (d—1)deg(g) and deg(Dy) < ddeg(g). Clearing fractions of H, we have
that H = HL. Note that the total degree of H in Y1, Y2, - Ym is at most

deg(f) + 2d* deg(g). (4.4)

Thus [:I(z,yl, ooy Ym) = L(yi, .-, ym)A(2,y1, ..., Ym) mod (z — 6;) which implies that
Ly, 42, ym) A(2, Y1, Y2, - Ym) = H (2,41, 42, - ym) mod m(z). Hence,

= H(z,8) modm = H(z,B) = ku(z) for some k € L.

Thus, inputting m(z) and u(z) to the MQRFR algorithm is equivalent to calling the
MQRFR algorithm with inputs m(z) and H € Z,[y1, .., ym][2], and then evaluating the

intermediate remainders which are rational functions at (y1, 42, ym) = (51,52, - -, Bm)-

Example 4.13 (Continuation of Example 4.11). We found out that inputting

H = (4y{’ + 3121y%y2 + 3100y, yg + 22y§) 2
+ (14483/% + 482yys + 2291y; y3 + 1690y5 + 3077y + 360y1y2 + 2972y§) 2

+ (1889y3y2 + 1923y2y3 + 7091 y3 + 2564y3 + 21215292 + 2210y y5 + 2210y;
+291y3 + 1973y2y2 + 1263y y2 + 99y5 + 239y 4+ 1703y1y2 + 245053 + 900y, + 2211y5)2
+ 641yt + 1418ydy, + 2433y7y3 + 680y1 ¥ + 2127ys + 154755 + 3008y2ys + 2879y1 v
+ 2965y5 + 1976y7 + 1630y1y2 + 1630y3 + 1569y1 + ya2 + 2942.
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and the product polynomial

4
m(z) = [[(z — 6;) = 2" + 362" + 8572% + 1679z + 607 € Z,[2]
i=1
to the MQRFR algorithm produces a remainder 13 € Zy(y1, y2)[2] whose degree in z is one
and LC(r3) = fi f2 where

f1 = 3059y1 y§ + 2981ys + 1505y + 2567y, ya + 1423y5 + 29561393 + 362y1 y5 + 1584y
B+ dyPyo + TA0y1 42 + 152243,

~ 16(y1 + 2y2)
=0
Ya

f2 :
However, computing LC(r3)(y1 = B1,y2 = fB2) = 0 implying that the remainder rj is a
constant. The evaluation points § caused the deg(rs,z) to drop by 1. This is why rs in
Table 4.1 is a constant and not a degree 1 polynomial in z. We are now ready to give a

failure probability bound for Algorithm 10.

Proposition 4.14. Let A = f/g € Z(y1,y2,...,Ym) Where f = Z?i%(f) fi and ¢ =
Z?i%(g) gi such that ¢ = deg(f;) = deg(g;) and deg(f) > deg(g). Let p be a prime such
that p does not divide fyeg(f) and ggeg(g)- If no evaluation point causes the black box for
A = f/g to output a division by 0, and the random evaluation point 5 # 0 selected in Line
1 of Algorithm 10 does not cause both fyeg(r) and ggeg(g) to vanish then

529 deg(f)”
—

Proof. Let D = deg(f) + deg(g) + 1 and let 2 < d < D + 1. Let m(z) and u(z) be as
constructed in Lines 10-9 of Algorithm 10 where deg(m(z)) = d and deg(u(z)) = d — 1. For
simplicity, suppose rd = m(z) and let r{ = u(z). Recall that the number of division steps
[ < deg(u) + 1 =d [von zur Gathen and Gerhard, 2013].

Let {T‘Zd, 2 < i < d} be the respective remainder sequence generated at each step d in
Line 11 of Algorithm 10 with the assumption that r3 # 0 when the MQRFR algorithm is
called with inputs 7§ = m(z) and 7{ = u(z). Notice that we exclude the final remainder ¢
in the MQRFR algorithm from {r¢,2 < i < d} because r4 = 0 for 2 < d < D + 1. Lines

1 —3 of the MQRFR algorithm takes care of this special case when a zero rational function

Pr[Algorithm 10 returns one or more wrong degrees] <

can be returned. Thus, we cannot output a zero rational function at step d of Algorithm
Ni,d(y17 3127 e 7ym)
Mi,d(yla 927 sty ym)

10 whenever d > 2 and degu > 0. Let be the leading coefficients of the

remainders rld and let
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with deg(f) = deg(rf(z)) and deg(g) = deg(t¢(z)), where the polynomials r¢,t¢ are gen-

1771

erated from the MQRFR algorithm for each step d in Algorithm 10 for 2 < ¢ < d. Note
that a quotient of degree 2 or more is generated when the degree of one of the remainders

in the remainder sequence {rfl, 2 < i < d} has degree 1 or more lower than its actual de-

Ni.a(y1,42;--Ym)

vanishes
M q(y1,y2,--Ym)

gree, which happens when their leading coefficient vanishes. Clearly,
when N; ¢(8) = 0 and M, 4(8) # 0.
d

If we define Ay = HNi,d(xl,xg, ..., @p), then Ay(B) = 0 whenever N;4(5) = 0 for
i=2
D

some i. Let A = H Ag+1. Using Theorem B.2 and (4.4), we have that
d=1

deg(Niq) < i(deg(m, z) + deg(u, 2)) max (deg (M, {y1, Y2, - Ym}), deg(u, {y1, y2, - ym}))
<i(2d—1) (deg(f) + 2d? deg(g)) .

Therefore, using the Schwartz-Zippel Lemma, it follows that

deg(A
Pr[Algorithm 10 returns one or more wrong degrees| = Pr[A(5) = 0] < egp( )
_ R e, dea(Nig)
N p
_ T S, i(2d — 1) (deg(f) + 2d° deg(g))
N p
< 529deg(f)7.

p
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Chapter 5

The Dixon Resultant Algorithm

5.1 Summary of Contributions

All the materials presented in this chapter are new. The main contribution of this chapter
is the design and implementation of a new Dixon resultant algorithm for solving parametric
polynomial systems over Q. A preliminary version of our Dixon resultant algorithm with
benchmarks has been published in the Proceedings of CASC ’22 [Jinadu and Monagan,
2022a]. The algorithm was also presented at Maple conference 22 and at the ISSAC ’22
poster session (a 4-page extended abstract was published [Jinadu and Monagan, 2022b]).
A journal paper presenting the improved version of the algorithm with new benchmark
polynomial systems, including its failure probability analysis and complexity analysis is
currently being prepared.

The improved version of our new algorithm with the benchmarks (real parametric poly-
nomial systems) will be presented in this chapter, and we compare our new Dixon resultant
algorithm with a Maple implementation of the Gentleman & Johnson minor expansion algo-
rithm [Monagan, 2023b], a Maple implementation of the Dixon-EDF algorithm [Monagan,
2023b] and a hybrid Maple+C implementation of Zippel’s sparse interpolation algorithm
for interpolating the Dixon resultant R. The failure probability analysis and the complexity

analysis of our new Dixon resultant algorithm will be presented in Chapter 6.

5.2 Introduction

To avoid ambiguity, any sub-matrix M of a Dixon matrix D such that rank(M) = rank(D)
will always be referred to as a Dixon matrix.

Let M be a Dixon matrix with polynomial entries in x1,y1,¥2, - ym and let R be the
Dixon resultant R = det(M). As we have discussed in the introductory chapter of this
thesis, our goal is to get rid of the unwanted repeated factors and the polynomial content
of R, by interpolating the monic square-free factors R; of the Dixon resultant R and not

R directly. We remind the reader that the monic square-free factorization of the Dixon
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resultant R is a unique factorization of the form 7 ngl R;: where

T;—1
dr; 3~ [i(y1,92, - Ym)

d:
By=a ot oy )xljk € Qy1, 2, - -, ym)[21] (5.1)
k::O ‘] Y yr oy dIdmMm

for non-zero fjr, gix € Qy1, 2, .., ym] such that
@ 7 = C/L for some L € Q[Y],

@ each R; is monic and square-free in Q(Y")[z1],

@ ged(R;, R;j) =1 for i # j.

@ ged(fik,gjx) =1 forall 0 <k <T; —1 and

(3) LC(gjn) = 1.

Let M be a Dixon matrix of polynomials in Z[z1,y1,. .., ym]. For our Dixon resultant
algorithm, our black box BB : (Z;”H, p) — Zyp is a program that takes an evaluation point
o€ Z;”H and a prime p as inputs and outputs det(M («)) mod p.

We have designed our new Dixon resultant algorithm to probe the black box representing
R = det(M) in order to interpolate the monic square-free factors R; of R from monic
univariate polynomial images of R in 1, using our new sparse multivariate rational function
interpolation from Chapter 4 to recover the coefficients of R; in Q(Y') modulo primes, and
then use Chinese remaindering and rational number reconstruction to recover their rational
coefficients.

For the purpose of a simpler description, in this thesis we assume that there is one monic
square-free factor to be interpolated. That is, our Dixon resultant algorithm is presented
to interpolate only one square-free factor R;. However, our implementation of our Dixon

resultant algorithm handles more than one monic square-free factor. Let

T-1
S =" Z Mgﬁlk (5.2)
k=0 gk(yla SRR ym)

be the one monic square-free factor to be interpolated where the polynomials fi and gi can

be expressed in the form

deg(fx) deg(gx)
fe= > firr,-- o ym) and gr = > gik(yi, - Ym) (5.3)
i=0 Jj=0

such that f;, and g; are homogeneous polynomials and deg(f; ) =i and deg(g;x) = J.
Based on our new sparse rational function interpolation method, we remind the reader
fk(yh s 7ym) of the

that the interpolation of the multivariate rational function coefficients ~——~—=
gk(Y1s - Ym)
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monic square-free factor S is reduced to the interpolation of univariate rational functions

fk(% y oy ’y7”11”2~-~7"m—1)
gk’(y’ yTl ) yrlr2; ey y7‘17'2""r‘7n,1)

K, (fe/9x) = € Q(y)

in our Dixon resultant algorithm, where r = (r1,79,...,7pm_1) € 7™ with

T-1
i > Iiljg(maX(deg(fk,yi)7deg(9k,yz—)),

and K, is the Kronecker substitution and T is given in 5.2. The corresponding auxiliary

rational function with a Kronecker substitution K, is
— fl/f(yv Z) fk(zy + 01, Zy(rl) + B2,..., Zy(’r‘17"2~~7“m_1) + Bm)

Fi(y,z,B) := = A .
W20 9oy, 2)  gr(zy + B2y 4 By, zylriretmet) 4 B)

(5.4)

The implication of the black box representation of the Dixon resultant R = det(M) is
that vital information such as the number of terms and the variable degrees are unknown.

We need to know

(i) deg(R,z1) needed for univariate polynomial interpolation,

(ii) the degrees [do,...,dr—1] as defined in (5.2), to ensure that there are no missing terms

in the interpolated univariate monic polynomial images of R,

(iii) the total degrees deg(fx) and deg(gy) for 0 < k <T — 1, which are needed to densely

interpolate the univariate auxiliary rational functions Fj(a**?, 2, 3) for = 0,1,...,

(iv) the maximum partial degrees maxg;&(max(deg( fr,vi), deg(gk, yi)) of S with respect

to each variable y; which are needed to apply a Kronecker substitution, and

(v) the total degrees of the polynomials f; ; and g; .

We can discover (i) — (v) before the start of our Dixon resultant algorithm with high
probability, but we cannot discover #f; ; and #g;  in advance. They are discovered while
the algorithm is executing. Thus, the first step in our Dixon resultant algorithm is to discover

these degrees.

5.2.1 Degree bounds

The first degrees that must be discovered are deg(R, 1) and the list of degrees [dy, ..., dr]
as defined in (5.2). Let p be a large prime and let o € Zy' be a random evaluation point. We
have designed Algorithm 12 to discover deg(R, z1) and degrees [dy, . .., dr] by interpolating
a univariate polynomial g(z1) € Zy[z1] from g(d;) := R(d;, ) via black box calls to BB
for i = 1,2,3,.... The algorithm stops when deg(g) = deg(R,z1) and the support of
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g(x1) € Zp[x1] yields [do, ..., dr]|. Algorithm 12 then uses one extra random point from Z,
to check if the degrees are correct with high probability.

Algorithm 12: ABound

Input: A prime p and a black box BB : (Z;’H‘l7 p) — Z, for the Dixon resultant
R € Zplx1,91,92, -, Ym)-

Output: The list of degrees [dy,...,dr] as defined in (5.2) and deg(R, z1).

Pick a € Z,, \ {0} at random.

D+ —1

=

2
3 fort=1,2,3,--- do
4 Pick §; € Z,, at random such that §; ¢ {61,02,...,0;-1}.
5 H; + BB ((d4, ), p)//probes to the black box
6 Interpolate the polynomial g € Z,[x1] of degree < t with points (d;, H;) for 1 <1i < t.
7 if D = deg(g,z1) then
8 // Break out of the main for loop (terminate) when degree does not change.
9 Probabilistic check : Pick 6 € Z,, at random. // An extra point.
10 if BB ((0,),p) = g(#) then
11 g« g/lc(g,xl) // Make g monic.
12 f« g/gcd(g7 ) // f is the monic square-free part of g.
13 Let f =7 + 3 -0 apa®™ with ay, # 0.
14 return [dy, ..., dr] and D.
15 else
16 ‘ Go to Line 1 // restart the algorithm
17 end
18 else
19 ‘ D «+ deg(g, 1)
20 end
21 end

Note that the returned output by Algorithm 12 might be incorrect. We give the following

three examples to illustrate how this can happen.

Example 5.1. Let the Dixon resultant
R = (y1 — a1)(y2 — az)a] + 5af + 7.
If the random point « selected in Line 1 is o« = (a1, a2), then
LC(R)(a) = 0 and g(x1) = 527 + 7 = deg(g) = 2 < deg(R, z1) = 4.

Example 5.2. Let the Dixon resultant

2 4
—l—Zy}-‘—i— H($1 —
j=1 j=1
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Since deg(R,z1) = 4, we need 5 points to interpolate a univariate polynomial g € Zp[z1] of
degree 4, plus one extra point to confirm that deg(g) = deg(R, x1) with high probability.

However, at t = 3, suppose the first three random points picked by Algorithm 12 in Line
4 are 61, 09, 03. Then the interpolated polynomial produced in Line 6 is

2

g(x) = 22 + Z a?.

Algorithm 12 is going to pick another point to check if it has the correct answer. At t = 4,
suppose the next random point picked is d4, so the four successive random points to be used

are 01, 092, 03, 04. Again, Algorithm 12 interpolates
e =+l

and it terminates since deg(g) has stabilized. But deg(g) = 2 < deg(R,z1) = 4 which

implies that Algorithm 12 terminated too early. This early termination problem led us to

add a probabilistic check in Lines 9-10 to ensure that the returned degrees are correct with

high probability. However, it is also possible that our probabilistic check fails by confirming

that we have obtained the correct degree even though deg(g) # deg(R, z1). To see this, let
2

0 € Z, be selected at random as in Line 9. Observe that g(f) = 62 + Z a? and
j=1

2 4
BB ((0,a),p) = R(0,a) =6+ > _aj + [[(60—5)).
j=1 j=1

Thus, if # = 0, for any j such that 1 < j < 4, then ¢g(f) = BB ((,a),p), which implies

that the check will confirm that we have the correct degree even though it is wrong.

Example 5.3. Let the Dixon resultant R = (z; + 1 — a)?. If the random point « selected
in Line 1 of Algorithm 12 is @ = a then the interpolated polynomial g(x1) = x2. Notice
that this yields the correct degree of R in z1 but the monic square-free part f € Lyp|z1] of
g(x1) in Line 12 is 1 which implies that [dy,d;] = [1]. However, the correct list of degrees
[do,d1] = [0, 1]. Therefore, Algorithm 12 will return the incorrect list of degrees.

Theorem 5.4. Let R € Z[x1, 41, . ., Ym] be the Dixon resultant and let S € Z(y1, - . . , Ym)[21]
be its only monic square-free factor where ||S||o and ||R||oc denote the largest integer coeffi-
cient of S and R respectively. If a prime p is chosen at random from a list of pre-computed N
primes P = {p1,p2,...,pn} such that pyi, = min(P) then the probability that Algorithm

12 returns the wrong degrees is at most

3 deg(R) deg(R, ZL‘1) + deg(R7 "'Ul) <logpmin HSHOO+ logpmin ”RHOO>
p N '

111



Proof. Let g = R(x1,a) be the interpolated polynomial as defined in Line 6 where o € Z;"

T—1
is the random evaluation point picked in Line 1 of Algorithm 12. Let f = ac‘liT + Z akxf’“
k=0

be the monic square-free part of g as defined in Line 12 of Algorithm 12. Clearly, Al:gorithm

12 returns the wrong degrees if
1. deg(g) < deg(R,x1) or
2. the coefficients a; = 0 for any k& (the monic square-free part f loses its support) or
3. g(x1) # R(z1,a) but BB ((0,a),p) — g(#) = 0.

We obtain the failure probability bounds for each of the cases as follows.
Case 1: Clearly, deg(g) < deg(R,x1) if p|LC(R) or LC(R)(ar) = 0. Therefore,

Pr[deg(g) < deg(R,x1)] = Pr[p divides one term of LC(R)] + Pr[LC(R)(a) = 0]

< deg(LC(R)) + logpminHRH < deg<R) + logpminHRH .
B p N T N

(5.5)

Case 2 : Since R is assumed to have only one square free factor S, we can write R = w.S k
for some k > 1. Thus, the coefficients aj of f vanishes for any k, if fr(a) =0 and gg(a) # 0
or p|fr and p { gr where fi and g are the coefficients of S (as defined in (5.3)). Therefore,

Prlthe coefficients ay, = 0 for any k]

T-1
< Pr| H fr(a) = 0] 4+ Pr[p divides one coefficient of fj for any k]
k=0

T—1
< Zk:o deg(fk) + TIngmiankHoo

P N

< » N

< deg(R, z1) deg(R) N deg(R,ﬁ)logpminHSH. (5.6)
D N
Case 3 : Finally, if g(z1) # R(z1, «) then
deg(R, x

PH{BB ((9.0).p) — 9(6) = 0] = PrlR(0.0) — 9(0)) = 0] « “EEIL 5
Adding (5.5), (5.6) and (5.7) proves our claim. O

Remark 5.5. The reader should note that bounds for ||S||~ and ||R|l are provided in
Theorem 6.5 of Chapter 6.

Next, we compute deg(fx) and deg(gx) for 0 < k < T — 1 using Algorithm 13. The
reader should note that Lines 4-16 of Algorithm 13 were added to emphasize that, at step
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Algorithm 13: TotalDegrees

Input: A prime p and a black box BB : (Zg”l,p) — Zy for the Dixon resultant

R e Zyx1,y1,Y2, - -, Ym], degree D= deg(R, x1), the list of degrees [dp, ..., dr]

and T.
Output: (deg(fx),deg(gr) : 0 < k < T — 1) with high probability where f, and g are as

defined in (5.2)

1 Pick € Z, \ {0}"™,6 € ZD*! and o € (Z, \ {0})™ at random.
2 (m,t,r) <« (1,0,0)
s h(z) « FAIL
4 for k=0,1,2,...,T—1do
5 if ¢ > 2 and h(z) # FAIL then
6 Let E = {Coeff(G;,z{¥) : 1 < j <t}
7 Interpolate u € Zy[z] using points (0;, E; : 1 <14 <)
8 h(z) « MQRFR(m,u,p) //deg(m) > deg(u).
9 if h(z) # FAIL then
10 Let h(z) = ‘;ég € Zy(z) with ged(a,b) = 1.
1 (deg(f), deg(gr)) « (deg(a), deg(b))
12 end
13 else
14 fort=r+1,r+2,---do
15 Pick 6, € Z, \ {0} at random such that 6, ¢ {61,62,...,6,_1}.
16 for j from 0 to D do
17 W; < BB ((6;,0:a1 + f1, 00 + B2, -+ -, 0t + B ), p) //probes to the
black box
18 end
19 Interpolate B; € Zy|x;] using points (6;, W; :0<i < D);............... 0(D?)
20 if deg(By, 1) # D then return FAIL end
21 B; + B:/1¢(By,x1). // Make B; monic.
22 Compute Gy = By /ged(By, Zflt ) O(D?)
23 if ¢t > 2 then
24 Let E = {Coeff(Gj,z{*):1 < j <t}
25 Interpolate u € Zp[z] using points (0;, E; : 1 < j<t)................. O(t?)
26 m(z) < mx (z —60;)
27 h(z) < MQRFR(m,u,p) //deg(m) > deg(u) >0..................... O(t?)
28 if h(z) # FAIL then
29 Let h(z) = Z((jg € Zy(z) with ged(a,b) = 1.
30 (deg(fr), deg (gr)) < (deg(a), deg(b))
31 T t.
32 break;
33 end
34 end
35 end
36 end
37 end

38 return (deg(fi),deg(gy)) for 0 <k < T — 1.
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Algorithm 14: MaxPartialDegrees

Input: A prime p and a black box BB : (Zg*l,p) —+ Zy, for the Dixon resultant

R e Zyx1,y1,Y2, .., Ym], degree D= deg(R, x1), number of terms T, the list of
degrees [do, . .., dr] and i satisfying 1 <i < m.
Output: The maximum partial degree mauxi:o1 (max(deg(fr,yi), deg(gk, y:)) of S with high
probability where fi,gr and S are as defined in (5.2).

1 Pick 8 €Z,\{0},0 € ZE‘H and o = (1,02, ..., Qi—1, Qig1, .oy Q) € (Zp \ o™ at

random.
2 (m,t,r) <+ (1,0,0)
3 h(z) «+ FAIL
4 for k=0,1,2,...,T—1do
5 if ¢>2 and h(z) # FAIL then
6 Let E = {Coeff(G;,z{%):1 < j <t}
7 Interpolate u € Zy[z] using points (6, E; : 1 < i <)
8 h(z) < MQRFR(m,u,p) //deg(m) > deg(u).
9 if h(z) # FAIL then
10 Let h(z) = ‘;g)) € Zy(z) with ged(a, b) = 1.
11 ey < max{deg(a),deg(b)}.
12 end
13 else
14 fort=r+1,r+2,---do
15 Pick 6, € Z, \ {0} at random such that 6, ¢ {61,02,...,6,_1}.
16 for j from 0 to D do
17 W; < BB ((6j, 01,00, -, -1, B0, qiy1, Qiya, ..., ), p) . //probes to the
black box
18 end
19 Interpolate B; € Zy[x;] using points (6;, W; :0<i < D);............... O(D?)
20 if deg(B;, 1) # D then return FAIL end
21 B; < B;/lc(By,z1). // Make B; monic.
22 Compute Gy = By /ged(By, GB); oo O(D?)
23 if ¢t > 2 then
24 Let E = {Coeff(G;,z{*):1 < j <t}
25 Interpolate u € Zy[z] using points (0;, E; : 1 <j<t)................. O(t?)
26 m(z) < M X (z —60;)
27 h(z) < MQRFR(m, u,p) //deg(m) > deg(u) >0..........cooii.... O(t?)
28 if h(z) # FAIL then
29 Let h(z) = 28 € Z,(z) with ged(a,b) = 1.
30 er < max{deg(a),deg(b)}.
31 T < t.
32 break;
33 end
34 end
35 end
36 end
37 end

38 return max,_, (ey)
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Algorithm 15: MonoTotalDegrees

Input: A prime p and a black box BB : (Z;,”H,p) — Z,, for the Dixon resultant
R e Zyx1,y1,Y2,- ., Ym], degree D= deg(R, x1), number of terms T, list of
degrees [do, . .. ,dr] and the total degrees (deg(fx),deg(gr) : 0 <k <T —1).
Output: The list of degrees [(Ey,, Ef,) : 0 < k < T — 1)] with high probability where
Ey, = [deg(fir) : 0 <i < deg(fy))] and E,, = [deg(gik) : 0 < i < deg(gk))]
where the homogeneous polynomials f; , and g; 5 are as defined in (5.3).
1 Pick § € ZEH and a € (Z, \ {0})™ at random.
2 Initialize (m,¢,7) < (1,0,0) and initialize h_;(z) < FAIL.
3 for k=0,1,2,..., T —1

4 if ¢>2 and hy_1(z) # FAIL then

5 Let E = {Coeff(G;,z{*): 1 < j <t}

6 Interpolate u € Zy[z] using points (6, E; : 1 < i <t)

7 hi(z) < MQRFR(m,u,p) //deg(m) > deg( ).

8 if hi(z) # FAIL then

9 Let hi(z) = Z:—Eg such that ged(ag,br) = 1 where ai = E;ﬁ%(ak) a; . and

by = Z?i%(b’“) b i, and deg(a; ;) = deg(bi ) = i.

10 (€ky, €k, ) < (deg(fi) — deg(ax), deg(g) — deg(bk))

11 if ey, = ek, then return (A, By) for 0 <k < T — 1 where

12 Ap = [deg(aik) +ex, 1 0 <0 < deg(fi))] // deglai ) = deg(fix)-

13 By = [deg(bik) + ek, 1 0 < i < deg(gr))] // deg(bix) = deg(gi,k)-

14 else return FAIL;

15 end

16 end
17 else

18 fort=r+1,r+2,---do

19 Pick 6, € Z,, \ {0} at random such that 6, ¢ {61,02,...,6,_1}.

20 W, < BB ((6;, 10, a0y - - -, i 8y),p) for 0 < j < D. //probes to BB

21 Interpolate B; € Zy|x;] using points (6;, W; :0<i < D);............... O(D?)
22 if deg(By, 1) # D then return FAIL end

23 B; + B:/1c(Bt,x1). // Make B; monic.

24 Compute Gy = B, /ged(By, d:vl)’ ........................................ O(D?)
25 if t > 2 then

26 Let E = {Coeff(Gj,z{*):1 < j <t}

27 Interpolate u € Z,|z] using points (0;, E; : 1 <j <t).................
28 m(z) + m X (z —6)

29 hi(z) < MQRFR(m, u,p) //deg(m) > deg(u) > 0.,
30 if hi(z) # FAIL then

31 Let hy(z2) = Zk((j)) such that ged(ay, by) = 1 where aj, = Z?z%(a’“) a; i

and by, = Y080, and deg(a, ;) = deg(bir) = i.

32 (€ny s €x,) < (deg(fi) — deg(ar), deg(g) — deg(br))

33 if ey, = ek, then return (Ag,By) for 0 <k <T — 1 where

34 Ap = [deg(aik) + ek, : 0 < < deg(fr))] // deg(as k) = deg(fi
35 By, = [deg(bik) + ek, : 0 < i < deg(gx))] // deg(bix) = deg(gik
36 else return FAIL;

37 end

38 r < t.

39 break;

40 end

41 end
42 end
43 end
44 end

45 return [(Ag,B;):0<k <T —1]

).
).




k of the main for loop, the coeflicients of the previous computed polynomial images G; at
step k — 1 can be re-used if sufficient. More probes to the black box BB are only necessary
when Algorithm 13 needs more polynomial images of R to discover the degrees.

We remark that it is possible that our algorithms for pre-computing the needed degrees
may output a smaller degree value but never a larger degree value. Finally, we compute the
maximum partial degrees max{;ol (max(deg(fx,v:), deg(gk, yi)) of S as defined in (5.2) with
respect to each variable y; for 1 < i < m and the the total degrees of the homogeneous

polynomials f;; and g;j using Algorithms 14 and 15 respectively.

5.3 Algorithm DixonRes

We now present our Dixon resultant algorithm labelled as Algorithm DixonRes (Algorithm
19). It calls Algorithms NewPrime (Algorithm 20) and MQRFR, and Subroutines Poly-
Interp, RatFun, Remove-Shift, VandermondeSolver and BMStep. The MQRFR, algorithm
(Algorithm 8) is the Maximal Quotient Rational Function Reconstruction algorithm. Algo-
rithm 19 to interpolate .S involves eight major steps, namely:

1. The computation of the degrees [do,...,dr| as defined in (5.2) by Algorithm 12,
the total degrees of the polynomials fx, gr by Algorithm 13, the maximum partial degrees
D,, = max(maxg;ol(deg(fk,yi),deg(gk,yi))) of S as defined in (5.2) for 1 < i < m and
the total degrees of the homogeneous polynomials fi, gr by Algorithm 15 in Lines 1-5 of
Algorithm 19.

2. The use of a Kronecker substitution (Lines 5-7) to reduce the interpolation of the mul-
tivariate rational function coefficients 5—: of S to a univariate rational function interpolation.
This consequently leads to a reduction in the size of the prime needed by our Dixon resultant
algorithm, because the prime p needed by our algorithm must satisfy p > [[;%, (D, + 1),
which is typically much smaller than the prime required for the Ben-Or/Twari sparse inter-
polation algorithm to work in practice.

3. The selection of a basis shift 3 # 0 € Z;" if needed by our Dixon resultant algorithm
in Lines 8-13. A non-zero basis shift may not be needed, if there is a non-zero integer in
the leading coefficient of the Dixon resultant R = det(M) in z1, that the input prime does
not divide. With high probability, we are assured of the presence of a constant term in the
denominator polynomials g, which is needed for normalizing the corresponding auxiliary
rational functions. We detect if a basis shift is needed at the start of the algorithm by
checking if the degree of R(z1,3) where 8 = (0,0,---0) € Z;" is equal to deg(R,r1) using
random evaluation points for z; via the black box representing R. If both degrees are the

same then our algorithm does not need a basis shift.

Example 5.6. If R = (y;—y2)z5+21+5 then we need a basis shift since deg(R(z1,0,0), z1) =
1 < deg(R,x1). But if R = (y1 — y2 + 7)2? + 21 + 5, and the input prime p # 7 then we do
not need a basis shift since deg(R(x1,0,0),z1) = deg(R, z1).
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4. The interpolation of many univariate monic square-free polynomial images H; in x
of S via probes to the black box BB. This is done by calls to Subroutine PolyInterp in
Line 20. We remark that H; in Line 20 is a list of eax monic polynomial images in 1,
since we need at most epax = 2 + max{;o1 deg(fr) + deg(gr) points to produce an auxiliary
rational function A; = % € Zy(z) where deg(N;) = deg(fy) and deg(N;) = deg(gy) with
high probability using Algorithm 8.

5. The dense interpolation of auxiliary univariate rational functions A; (Think of A; =
Fi(a*%9, 2, 3) where F}, is as defined in (5.4)) using the coefficients of the monic images H;.
These univariate rational functions are the intermediate functions whose coefficients are
used to interpolate the rational function coefficients of S, and they are produced in Line 24
via calls to Subroutine Ratfun which uses Algorithm 8. By design, these univariate rational
functions must have a constant term in their denominator, so a basis shift § may be needed
to force the production of a constant term (See Lines 8-13).

6. The discovery of the number of terms in the rational function coefficients of S using
the Berlekamp Massey algorithm (BMA). By design, the leading term polynomials Jaeg(f)k
and Ggeg(g, ),k referred to as Fy and Gy, respectively, in Lines 28-29 are interpolated first
by calls to Subroutine BMStep, before the lower total degree polynomial terms can be
interpolated. In Subroutine BMStep, the size of the supports #F} and #G} are discovered
with high probability when the BMA returns the feedback polynomials, say A1, A2 € Z,[2]
respectively. The roots of A\; and Mg, determine the supports of K, (F) and K, (Gy) in y.
The univariate functions K, (Fy) and K,(Gg) in y are the mapped images of Fj and Gy
since a Kronecker substitution K, was used.

Note that Subroutine BMStep generates a feedback polynomial A(z) using an input
P, a sequence of coefficients of length 7, collected from the coefficients of the auxiliary
rational functions A;. Line 2 of Subroutine BMStep will not cause the algorithm to return
FAIL if deg(), z) < 4. The condition deg()\,z) < & ensures that A(z) is correct with high
probability. Otherwise, it returns FAIL indicating that we do not have the correct term
bound, so more univariate polynomial images and auxiliary rational functions are needed.
Algorithm 19 then computes more polynomial images and auxiliary rational functions, so
that the process is repeated until a new term bound is found.

The next step is to assemble polynomials Fj, and G} by solving for their coefficients using
Subroutine VandermondeSolver (Section 4.3.3), an algorithm that solves shifted transposed
Vandermonde systems using Zippel’s quadratic algorithm.

7. The interpolation of the lower total degree polynomials f;  and g;  in Lines 31-32 by
calls to Subroutine RemoveShift. Before the polynomials f;; and g; can be interpolated,
Subroutine RemoveShift adjusts the coefficients of the auxiliary rational functions in order
to remove the effect of the basis shift § that was contributed by the higher total degree
polynomials f;; and g, for j > i, whenever 3 # 0.
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8. Performing sparse interpolation using additional primes in Line 41 whenever the
rational number reconstruction process fails on the integer coefficients of the first image of
S for the first prime. Algorithm 20 (an algorithm similar to Algorithm 19 which does not
use a Kronecker substitution K, since the first image of S has been found) uses the support
obtained for the first prime to get more images if additional primes are needed to recover S.
We remark that one 62 bit prime was often enough to interpolate the R;’s in our benchmark

systems. Finally, we check if the returned answer is correct using a probabilistic approach.

Subroutine 16: Polylnterp
Input: A prime p and the black box BB : (Z;”H,p) — Zyp for the Dixon resultant
R = det(M) with m > 1, a list of m— tuple evaluation points
Z =1Z; € 7y} 1 < j < emax), degree emax > 2, list of degrees d = [do, ..., dr] as

defined in (5.2) and degree D = deg(R, x1).
Output: A list of ey monic univariate polynomials
H = [monic(H;) € Zp[z1] : 1 < j < emax] or FAIL.
1 Pick § € Zpﬁ"‘1 at random with &; # d; for i # j.

2 for j=1,2,...,€emqs do

3 Compute G; = (BB ((6;, Z;),p) : 1 <i < D+1). // D+ 1 probes to the black box BB.
4 Interpolate B; € Z,[x1] using points (6;, G : 1 <i <D+ 1);. . 0ciiiiiiin... 0O(D?)
5 if deg(B;,z1) < D then return FAIL end

6 Compute the square-free part H; = B;/ged(B;, ZTBf); ........................... O(D?)
7 if supp(H;) # d then return FAIL end

8 end

9 return [monic(H;),..., monic(H,,_ . )]

Subroutine 17: BMStep
Input: A list of points P = [P; € Z, : 1 < j <i and 7 is even|, a generator « for Ly, 2
random shift § € [0,p — 2] and r which defines the Kronecker substitution K.

Output: A non-zero multivariate polynomial F € Zply1, Y2, - - -, Ym] or FAIL.
1 Run the Berlekamp-Massey algorithm [Atti et al., 2006] on P to obtain A(z) € Z,[z]; O(i?)
2 if deg(), 2) = % then return FAIL end // More images are needed

Compute the roots of A in Z,[z] to obtain the monomial evaluations ;. Let m C Z,, be the

w

set of monomial evaluations 7; and let t = |/, ... i O(t*logp)
if t # deg(\, z) then return FAIL end // A(z) is wrong.
Solve a® = 7, for e; with e; € [0,p — 2] // The exponents are found here.
Let M = [y :i=1,2---,t] // These are the monomials
F <VandermondeSolver (i1, [Py, P],8, M) /| F € Zp[yl; o oovvoeiiiiiii O(t?)
F« K7\ (F) € Zy[y1,---,Ym].// Invert the Kronecker map K.

return F

© 00 N o s
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Algorithm 19: DixonRes

Input: The black box BB : (Z;”‘H, p) — Zy, for the Dixon resultant
R =det(M) € Q[z1,y1,Y2, - - -, Ym] With m > 1.
Output: The monic square-free factor S € Q(y1, ..., ym)[x1] of R where S is as defined in
(5.2) or FAIL.
Compute d = [dy, ..., dr] as defined in (5.2) and D = deg(det(M), z;) using Algorithm 12.
Compute deg(fx) and deg(gy) for 0 < k < T — 1 as defined in (5.2) using Algorithm 13.
Let emax = maxfz_o1 er where e, = deg(fx) + deg(gr) + 2 and assume eg > e1,--+ > ep_1.
Compute Dy, = maxfz_ol (max(deg(fr,yi), deg(gk, y:))) for 1 <i < m using Algorithm 14.
Initialize r; = Dy, + 1 for 1 <i < m.
Compute [(Ey,, Ef, : 0 <k <T —1)] using Algorithm 15 where
Ey, = [deg(fir) : 0 <i < deg(fr))] and E,, = [deg(gix) : 0 < i < deg(gx))] where the
homogeneous polynomials f; 5 and g; » are as defined in (5.3).
7 Pick a random smooth prime p > [[/~, r;. // p is the prime to be used by BB.
Let K, : Zp(y1,- -, Ym)[z1] — Zp(y)[lxl] be the Kronecker substitution K, (S) where S is as
defined in (5.2)) and r = (11,72, ..., F'm—1)-
s Let 8= (0,0,...,0) € Z™.
o Interpolate G = R(x1,3) using D + 1 points for 2; via black box BB;.............. O(D?)
10 while deg(G) < D do
11 Choose a random basis shift 8 € Z".
12 Interpolate G = R(x1,3) using D + 1 points for 2 via BB;.................... O(D?)
13 end
14 Pick a random shift § € [0,p — 2] and any generator a for Zy.
15 Pick 0 € Zgm>* at random with 0; # 0; for i # j.
16 Let z be the homogenizing variable and initialize k = 0.
17 for i =1,2,--- while k <T —1
18 Y;  (aftim1 oti=m g ti=D)rre e rmo1)y -/ / Implements K,
19 Let Z = [Yiﬁj + B €Zy 1 < j < emax] be the evaluation points.
// Compute the monic univariate images H; € Zy[z1] where |H;|= emax-
20 H; « PolyInterp (BB, (Z,D) , emax; d, ]5) ................................. O(emaxD?)

21 if H; = FAIL then return FAIL end
22 if i € {2,4,8,16,32,---} then

[ BN B U VI

23 for j=1,2,...,7do
// Compute the auxiliary rational functions A;(a**t971 2) = % € Zy(z)
24 Aj = RatFun(H;, 0, di, €k,D); e evee e e O(e3)
25 if deg(N;, z) # deg(fx) or deg(N;, z) # deg(gx) then return FAIL end
// a*T771is a bad evaluation point or 3 is a bad basis shift or prime p is
unlucky (see Definitions 6.21 & 6.22.)
26 end
27 Let Fi = facg(fi),k a0d G = Gdeg(g,),k s defined in (5.3).
28 F}, + BMStep([coeff(N;, z4e8(fk)) 1 1 < j <], 0, 8,7); . ceennn... O(i% + #F2 logp)
29 G}, + BMStep([coeff(N;, 248(98)) 1 1 < j <], a,8,7); «.ovenn.. O(i* + #G3 log p)
30 if I}, # FAIL and Gy # FAIL then
31 fr < RemoveShift(Fy, 8, Ey,, 3, a, [171, .. jﬂ, [N1,...,N;],7)
32 gr < RemoveShift(Gy, 8, Ey,, §, Yi,..., Y], [Ne,..., Ni],r)
33 if fr # FAIL and g; # FAIL then
34 | k< k+1// The k-th rational function coefficient of S is interpolated.
35 end
36 end
37 end
38 end

30 S a0 % de /) Assemble S = S mod p where S is as defined in (5.2)

40 Apply rational number reconstruction on the coefficients of S mod p to get S
a1 if S = FAIL then S <—NewPrime(BB,S’, d,ﬁ,p) else return S end




Subroutine 18: RemoveShift

Input: A multivariate polynomial Fj, € Zy[y1, ..., ym], a basis shift 8 € Z", list of degrees
Ey,, a random shift § € [0,p — 2|, a generator « for Zy, a list of m-tuple evaluation
points [Y; € Z; : 1 < j < i], a list of univariate polynomials [N; € Z,[2] : 1 < j <]
and r which defines the Kronecker substitution K.

Output: A polynomial f; € Zy[y1,...,ym] where fi is as defined in (5.3) or FAIL

(A, fr,d) < (F, Fi, deg(F},))

=

2 Initialize H; =0 for 1 < j <.

s for d € Ey, do

4 if 50 then

5 Pick 6 € Z&*! at random.

6 for j=1,2,---,7do

7 fort=1,2,...,d+1do

8 Let Z;+ = A(y1 = )A’j,let + 81, Ym = Yj,mat + Bm) be the polynomial

evaluations of A ....... ... O(md#A).

9 end

10 Interpolate W € Z,[z] using points (04, Z;; : 1 <t <d+1);............ O(d?)
11 Hj Hi4 W O(d)
12 end
13 end
14 if d # 0 then
15 P« {coeff(Nj,z‘i:lgjgi} .
16 if 5 # 0 then

17 for j=1,2,---,7do

18 Pj « Pj — coeff(H;, z%)

// The P;’s are adjusted to remove the effect of the basis shift /.
19 end

20 end

21 if [P;=0:1<j<i]then

22 ‘ A < 0 // There is no monomial of total degree d.

23 else

24 A BMStep([Pr, .oy Pl 8, ) e ool O(i + #A log p)
25 if A= FAIL then return FAIL end // More P;’s are needed.

26 end

27 else

28 A <+ coeff(Ny,2°) // We get the constant term.
29 if 3 # 0 then A+ A — coeff(I'1,2°) end

30 end

31 (frrd) < (fx + A, d+1).

32 end

33 return fj
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Algorithm 20: NewPrime

© 0 N o ok W N

o
o

11
12
13
14
15

16

17

18
19
20
21
22
23
24
25
26
27
28
29
30
31
32

33
34
35

36

37

38
39
40
41

Input: The black box BB : (Z”H‘1 ) — Zgq for the Dixon resultant R, the first image

g T-1 Y250 5Ym) .d :
=29 4370 %ﬁjg x* € Zp(y1, ..., ym)[z1] of S obtained from

Algorlthm 19 with respect to a smooth prime p where S is as defined in (5.2), the
list of degrees d = {dy,d,...,dr} and D = deg(R,z1) > 0.
Remark : Additional primes are required to interpolate the monic square-free factor of R.
Output: The monic square-free factor F' € Q(y1, ..., ym)[z1] of R or FAIL.
Let By = [facg(fr)—1,ks - - - » fok] and By = [gdeg(gp)—1,k> - - - » Go,k] Where f; r, g; 1 are as
defined in (5.3).

er < deg(fx) +deg(gr) +2for 0 <k <T —1.
Let epax = maxfz_ol er and let P < p.
Eet Niax = max; {maxo<i<deg(fo) {# ik }> MaXo<i<deg(ge) {# ik} } -
o
Get a new 62 bit prime g # p. // The black box BB uses a new prime g.
Let 8 = (0,0,...,0) € Z™
Interpolate G = R(x1, 8) using D + 1 points for z; via black box BB;.......... 0(D?)
while deg(G) < D do
Choose a random basis shift 8 € Zg".
Interpolate G = R(z1, 8) using D + 1 points for 2y via BB; ................ O(D?)
end
Pick a € (Z,\ {0})™,0 € Zgm>= and shift 3 € [0, — 2] at random.
fori=1,2,..., Npax do
Let V; = (a5t a3t .. adti=1). // No Kronecker substitution is required.
Let Z = [ij/i +BeZy:1<j< emax) be the evaluation points.
H + Polylnterp (BB (Z,q) ,d, emax, D) J/H|= Cmax; cocvovvenenannnnen O(emaxf)z)
if H = FAIL then return FAIL end
end
for k = 0 ,...,I'—1do
(71, M) < (# facg( )0 SUPP(Faeg(£1),k))
(n, ) A (#gdcg (g0).k> SUPP(Gdeg(gr), k)
(1, 1) = ([M;(a) : 1 <@ < @], [Mi(@) : 1 < i < a));.... O(m(deg(fi)n + deg(gx)7))
if the monomial evaluations M, = 1M, or m; = my hen return FAIL end.
for j =1,2,..., Npax do
Bj < RatFun(H;, 0, dx, ex,q)// Let B; = Nj(2)/N;(2) € Zg(2). oovn... O(e?)
if deg(N;, 2) # deg(fx) or deg(Nj, 2) # deg(gx) then return FAIL
end
Let a; = LC(Nj, 2) and let b; = LC(N- z) for 1 <i < Npax-
Fy, +VandermondeSolver (i, [a, ..., ), 8, M); oo O(n?)
Gy, < VandermondeSolver(m [b17 N N 7 & O(n?)
Fy, + GetTerms(Fy,a, 3,8, B1,Y1,...,Yn.. ], [N1,..., Nn,..],q)
G, + GetTerms(Gy, o, 8,3, By, [Y1,...,Yn.. ], [N1,..., Nn,.. ], q)
if Fi, = FAIL or G = FAIL then return FAIL end
end
T ot + Yoy Grlsteeatnggde € 7, (yy, .., ym ) [21]
Solve {F = S mod P and F =T mod q} using Chinese remaindering.
Set P = P x q. // Product of primes
Apply rational number reconstruction on the coefficients of F mod P to get F.
if F # FAIL then return F else (3,p) « (F,q) end
end
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Subroutine 21: GetTerms

Input: A multivariate polynomial Fy, € Z4[y1,. ..

,Ym], evaluation points a € (Z, \ {0})™,

B € Zy', a random shift § € [0,q — 2], list of lower total degree polynomials

B1 = [faeg(f1)—1,k» - - - » fo,x] obtained using the first prime from Algorithm 19, a list

of m— tuple evaluation points [)A/J € Z7 : 1 < j < Nmax), a list of univariate

polynomials [N; € Zg4[2] : 1 < j < Npax] and a prime gq.
Output: A polynomial f, = fx mod ¢ where fj, is as defined in (5.3) or FAIL.
(A, f1,d) < (F, Fy,, deg(Fy,)).

1
2 Set H = (0,0,,...,0) € Z)m.

3 D« [deg(e) : e € By], M < [supp(e):e € By] // supp means support.

4 for h=1,2,...,|D| do

5 d+ Dy,

6 if 5 # 0 then

7 Pick 0 € Zg*l at random.

8 for j =1,2, -+, Npax do

9 for t=1,2,...,d+1do

10 Zig— Ayr = Y100+ 1oy Y = YimOe + Bn)i oo O(md#A)
11 end

12 Interpolate W, € Z,[2] using points (6;, Z;, : 1 <t < d+1) .. O(d?
13 D I o(d
14 end
15 end
16 if d # 0 then

17 P+ [coeff(Nj,zd) 1< < Nmax]

18 if 6# 0 then

19 for j =1,2,..., Npax do

20 ‘ Pj + Pj — coeff(Hj, 2%)

21 end

22 end

23 o= [Mi(e) 11 <i<n] where io= #Mp; oo O(mad)
24 if any monomial evaluations 7i; = 771; then return FAIL end.

25 A+ VandermondeSolver (v, P, 8, Mp); ..o oeeee e O(n?)
26 else

27 A <+ coeff(Ny,2°) // We use only one point to get the constant term

28 if 5 +#0 then

29 ‘ A+ A — coeff(T', 20)

30 end

31 Frod) = (Fo + A, deg(A) + 1)
32 end
33 end

34 return f,.
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Subroutine 22: RatFun
Input: A prime p and a list of univariate polynomials H = [H; € Zp[z1] : 1 < j < emax),

an evaluation point 6 € nga", degree d;, and degree ej, such that 2 < e < epax-

Output: A univariate rational function A(z) = 1158 € Zp(z).

1 (2) < [15E (2= 0:) € Zp[2]; o O(e

k
2 Interpolate u € Z,[z] using points (6;, coeff (H;, %) 1 1 < i < eg)ionvenianneniann., O(e?)
3 A(2) ¢ MQRER (T, Uy D)} e v eeeee et e O(e?)
4 Let A(z) = x%g € Z,(z) and normalize A(z) s.t. N(z) =1+ Z?igl(N’z) ajzd.
5 return A(z).
Subroutine 23: VandermondeSolver
Input: Vectors 11, v € Z;, a random shift § € [0, p — 2] and monomials [My, ..., M;]

Output: A non-zero multivariate polynomial F' = Zzzl a;iM; € Zyply, - - s Yml)-
1 Let Vj; = mf“*l for 1 <i,j <t.// A shifted transposed Vandermonde matrix

2 Solve the shifted transposed Vandermonde system Va = v using Zippel’s O(t?) algorithm.
3 Compute a; = (}ig for1 <i<t.
ms

K2

return F = 25:1 a; M;

'y

5.3.1 Probabilistic Test

The following algorithm (Algorithm 24) uses a probabilistic strategy to determine if the

returned R;’s by our Dixon resultant algorithm are correct with high probability.

Algorithm 24: CheckResultant
Input: The black box BB : (Z;”"H, q) — Zq for the Dixon resultant

R € Zglxz1,Y1,Y2, - - -, Ym], deg(R, z1) and the monic square-free factors
R; € Q(y1, Y2, --,Ym)[z1] as defined in (5.1) such that deg(R;,z1) > 0 for
1<j<l
Output: true (if all the R;’s are correct) or false otherwise.

1 repeat

2 Pick a new 62 bit prime ¢ at random.

3 Pick a € Zj" at random.

4 Pick g € Zf}eg(R’xl)H at random.

5 fori=1,2,...,deg(R,z1) + 1 do

6 ‘ 0; < BB ((8;,),q) // probes to the black box.

7 end

8 Interpolate the unique polynomial F' € Z,[z1] using {(5;,9;) : 1 < i < deg(R,z1) + 1}.

©

until g;; # 0 for all j and k where g, is as defined in (5.1) and deg(F') = deg(R, z1).
10 Compute the monic square-free factorization H§:1 Fjj of F in Z,[x1] where & € Z,.
11 for j=1,2,...,l do

12 ‘ if F; # Rj(z1,a) € Zg[z1] then return false end

13 end

14 return true

123



Example 5.7. Let p = 3137 be the input prime in our Dixon resultant algorithm and let
R = (y1 + y2)=] + y1 + 3138y3

be the Dixon resultant. The only monic square-free factor is

y1 + 3138ys

S =+
Y1+ 42

At termination, our Dixon resultant algorithm will return the incorrect answer z? + 1 as the
output for S because the rational number reconstruction process will succeed with respect
to this input prime p. Using Algorithm 24, we detect that the returned answer is wrong as
follows. Suppose we pick a new prime ¢ = 23! — 1, and evaluation points o = (2,7) € ZZ
and S = (1351727965, 581869303, 1742863087) € Zg at random. Probing the black box

representing R to interpolate the monic square-free polynomial Fy € Zg[z1], we get
Fy = 23 4 238611735 # S(x1, ) = 23 + 1 € Zy[21],

which confirms that we have the incorrect answer from our Dixon resultant algorithm.

Note that it is possible that the R;’s are correct, but our probabilistic test fails, that is,
it wrongly verifies that we have an incorrect answer. Similarly, it is possible that the R;’s
are incorrect, but our probabilistic test wrongly verifies that we have a correct answer. We

give the following example to illustrate this.

Example 5.8. Let p and ¢ be primes such that p,q # 2 and let R = (y1+1)z1+ (pg+y1+2)

be the Dixon resultant. Clearly, the only monic square-free factor of R is

(pg +y1 +2)

S=ux+
' y+1

Let p be the first prime used in our Dixon resultant algorithm and suppose that the ratio-
nal number reconstruction process succeeds on the coefficient of the returned answer with

respect to p. Then the output of Dixon resultant algorithm will be

+ 2
x1+(y1 ).
y1+1

For simplicity, let a = 0 be the evaluation point selected at random in Line 3. If the random
prime picked in Line 2 of Algorithm 24 is ¢ then Algorithm 24 will wrongly verify that we

have the correct answer. That is, in Line 12, we will have
Fi=x14+2=5(x1,q)
because ¢ divides an integer coefficient of S.
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We will give a failure probability bound for Algorithm 24 in Theorem 6.39 when we

perform the failure probability analysis of our Dixon resultant algorithm.

5.3.2 Identifying the Extraneous factors

After checking that the monic square-free factors obtained by our Dixon resultant algorithm

are correct with high probability using Algorithm 24, the extraneous factors are identified

using the following algorithm.

Algorithm 25: ExtraneousFactors

=

W N

10

11

12

13

14

15

16

Input: A parametric polynomial system F = {f1, fa,..., fu} C Q[z1, ..., 2n][Y1, - Ym]
and the monic square-free factors R; € Q(y1,y2, ..., Ym)[x1] as defined in (5.1)
such that the R;’s are relatively prime and deg(R;,z1) >0 for 1 <j <[

Output: The set of factors H such that

1. for each h € H, h is monic and irreducible in Q[y1, ..., ym][z1],
2. for each h € H, h divides one of the R;’s and

3. IIpeq b = g where g is the generator of <f1, fa, .., fn> NQ[y1, - Ymlx1]-

Remark : Conditions 2 and 3 hold with high probability.
Let E; = R; € Z{y1, Y2, - .., Ym][x1] for 1 < j <1 // We clear the fractions in the R;’s.
repeat
Pick a random 62 bit prime p and an evaluation point o € Z;" at random.
Evaluate the input system F at y; = a1,y2 = @2, -+, Ym = Qu, to obtain a new
polynomial system G = {g1,G2 -, Gn} C Zp[z1, T2, - Tn).
Compute the unique polynomial R € (g1, g2, . -, gn) N Zy[z1] using a Grébner basis.
until LC(Ej,x1) # 0 for 1 < j <1 and deg(g;,z1) = deg(fi, 1) for 1 <i < n, and
deg(R) > 0.
Factor E; over Q for 1 < j <[ and let A be the set all of irreducible polynomial factors
obtained.
Let H be an empty set.
for h € A do
if h(z1, ) divides R over Z, then
‘ H <+ HUhR // h divides g with high probability.
else
‘ // h does not divide g with high probability.

end

end

return H

Notice that Algorithm 25 continues to pick a new random prime p and a new ran-

dom evaluation point a € Z;' in Lines 2-6 until LC(E,z1) # 0 where E € Hé‘:1 R; €
Zly1,y2, - - -, ym][r1], and until we obtain a new polynomial system G = {g1,92---,dn} C

Lplz1, 2, - xp] such that deg(g;,x1) = deg(fj,azl) for 1 < j < n when the input para-
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metric polynomial system F is evaluated at y1 = a1,¥2 = a2, -, Ym = am, and until
deg(R) > 0 where R is the unique polynomial in {g1, g2, ..., gn) N Zy[z1] computed in Line
5 using a Grobner basis. Otherwise, the evaluation point « € Z;" or the prime p picked at
random in Line 3 of Algorithm 25 may cause the algorithm to wrongly identify a correct
irreducible polynomial factor of R; over Q as an extraneous factor, or it may cause the
algorithm to wrongly identify all the irreducible factors of the R;’s over Q as the correct

irreducible factors. We illustrate these potential problems with the following two examples.

Example 5.9. Let
F={fi.fa} ={(y2— 1)zl + 1,25 - 1}

and let « = (10,10) be an evaluation point. Then the new polynomial system without

parameters obtained when F is evaluated at a over Zsi37 is
G = {j1,92} = {1, 23 + 3136}.

Notice that deg(gr, x1) < deg(f1, 1) and the Grobner basis for < g1, §o > is {1} so R = 1.
Thus, all the irreducible factors of the R;’s with positive degree in 1 will be identified as

an extraneous factor.

Example 5.10. Let p # 2 be a prime and let
F={f1,fo} = {=} + az1 + 2oy + 2,27 + 22y1 + 2}

be a parametric polynomial system. If the random prime p chosen in Line 3 of Algorithm 25
divides the integer coefficient a of fl € F then the unique generator R computed in Line 5
of Algorithm 25 will be the zero polynomial. This will cause all the irreducible polynomial

factors of the R;’s of F with positive degree in 1 to be identified as the correct factors.

5.4 Implementation Notes and Benchmarks

We have implemented our new Dixon resultant algorithm in Maple. To improve the overall
efficiency, we have implemented in C, major subroutines such as evaluating a Dixon matrix
at integer points modulo prime p, computing the determinant of an integer matrix over
Zy, solving a t x t shifted Vandermonde system and performing dense rational function
interpolation using the MQRFR algorithm modulo a prime. Thus, each probe to the black
box is computed using C code. Our C code supports primes up to 63 bits in length.

5.4.1 Speeding up evaluation of the Dixon matrix

In our experiments, the most expensive step in our algorithm was, and still is, evaluating

the Dixon matrix M at o modulo a prime. Let p be a prime and let M be a ¢ x ¢ matrix of
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polynomials in Z|z1, ..., z,]. We need to compute det(M (a)) mod p for many a € Zj. Often,
over 80% of the time is spent computing M («) mod p. The Maple command

> Eval(M,{seq(z[i]=alphal[il}) mod p;

does what we want, however, because we want our implementation to handle many variables
and fail with low probability, we want to use the largest primes the hardware can support
which are 63 bit primes if we use signed 64 bit integers. Unfortunately, Eval uses hardware

231

arithmetic for p < 2°', otherwise, it uses software arithmetic which is relatively very slow.

Also, Eval evaluates each polynomial in M independently, that is, if M;; = 22329 and
Mo = 23 + bz3 say, Eval computes o} twice. To speed up evaluations, we have written
a C program to compute M () for p < 263 using hardware arithmetic. In Maple, we first

precompute a vector of degrees

D= deg(M;; :1<k< .
[1%%};‘, eg( Zjuzk) SR> n:|
For each a € Z;; we call our C program from Maple with inputs M, o, D, p. To save multi-

plications, our C program first computes power arrays
P, = {a}; : oging] for 1<k<n

then uses these Py to evaluate M; (o) for 1 < 4,5 < t. Maple uses two data structures
for polynomials, the SUM-OF-PROD data structure and the POLY data structure. POLY
was added to Maple in 2013 by Monagan and Pearce [Monagan and Pearce, 2015] to speed
up polynomial arithmetic. Figure 1 shows the POLY data structure for the polynomial
f=9xy32—49y322—6 2y>2—8 23 —5. Figure 2 shows how the same polynomial is represented
in the SUM-OF-PROD data structure. All boxes in Figures 1 and 2 represent arrays. The

first entry in each box is a header word; it encodes the object type and the array length.

‘SEQ4‘x‘y‘z‘

‘poLY12] & [5131] 9 [5032] -4 [4121] -6 |3300] -8 [0000] -5 |

Figure 5.1: Maple’s POLY representation for f = 9xy3z — 49322 — 6 xy%2z — 823 — 5.

In POLY, if M = ,z‘{llzg2 ---z% is a monomial in f, then M is encoded as the integer
d2nt + 3" 1 2ibd; where d = deg(M) = 7, d; and b = |64/(n + 1)]. For example, the
monomial zy>z with d = 5,b = 16,n = 3 is encoded as the integer 5-2%% 4232 4-3.216 1 1,
This is depicted as 5131 in Figure 1. This encoding allows Maple to compare two monomials
in the graded monomial ordering using a single 64 bit integer comparison. Also, provided
overflow does not occur, Maple can multiply two monomials using a single 64 bit integer
addition.
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PROD7| x [1 ]y [3]z][1]

PROD5[ y [ 3]z [ 2]

PROD7[ x [ 1 [y [2][z]1]
A

PROD3[ x | 3 |
A

EIR

(sum11] & [ 9 [ ¢ (-8 ]-5]1]

Figure 5.2: Maple’s SUM-OF-PROD representation for f = 9xy®z — 49322 — 6 2y%2z — 823 — 5.

EiR

When does Maple use POLY instead of SUM-OF-PROD? If a polynomial f has (i) all
integer coefficients, (ii) more than one term, (iii) is not linear, and (iv) all monomials in
f can be encoded in a 64 bit integer using B bits for d; and 64 — nB bits for d, then it
is encoded using POLY otherwise the SUM-OF-PROD representation is used. In a typical
Dixon matrix both representations are used so we have to handle both and we need to know
the details of both representations.

Also important for efficiency is how to multiply in Z,. We do not use the hardware
division instruction which is very slow. Instead, we use Roman Pearce’s assembler imple-
mentation of Moller and Granlund [Méller and Granlund, 2010] which replaces division with

two multiplications and other cheap operations.

Table 5.1: Timings showing improvements for Heron5d and Tot systems

System Eval Determinant Total C-Eval New Total
Heron5d | 70.17s (66.2%) | 9.74s (9.18%) | 106.07s | 18.02s (3.89x) | 42.82s (2.48x)
Tot 635.75s (83.3%) | 37.66s (4.9%) | 763.2s | 32.36s (19.64x) | 150s (5.08x)

This experiment was performed on an Intel Xeon E5-2680 v2 processor using 1 core (cecm jude server).

Table 5.1 shows the improvement obtained using our C code for evaluating a Dixon
matrix M at integer points modulo a prime for the Tot and Heron5d systems. Column Eval
contains the timings obtained using Maple’s Eval command, and column C-Eval represents
the timings obtained when our C code was used. Column Determinant indicates the amount
of time spent computing the determinant of integer matrices modulo a prime. Column Total
contains the total CPU timings using Eval, and column New Total is the new total CPU
timings for both polynomial systems when our C code for performing matrix evaluations

was used.

5.4.2 Pre-computing deg(f; ) and deg(g;x)

We did not pre-compute the total degrees deg(f;x) and deg(g; ) of the lower degree ho-

mogeneous polynomials f; j, g; » in our old benchmarks when our CASC paper [Jinadu and
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Monagan, 2022a,b] was accepted for publication. Since then, we have re-designed our Dixon
resultant algorithm to pre-compute these degrees. The timings reported in Table 5.2 show
the improvement when these total degrees were not precomputed (row Before), and the new
timings (row After) obtained when the degrees deg(f;x) and deg(g; ;) were precomputed in

our Dixon resultant algorithm.

Table 5.2: Timings showing improvements when deg(f; ) and deg(g; ») are pre-computed

Robot-ty | Robot-b; | Robot-bs Tot Flex-vl | Flex-v2 Pose Perimeter
Before | 316.99s 27.78s 241.61s | 82.11s 201s 461.4s | 461.4s 49.97s
After 222.60s 18.33s 171.97s | 49.04s | 100.99s | 154.20s | 243.88s 18.99s

This experiment was performed on an Intel Xeon E5-2680 v2 processor using 1 core (cecm jude server).

5.4.3 Timings

We present two tables (Tables 5.3 and 5.4) for our Dixon resultant algorithm. Table 5.3
contains basic information about our benchmark polynomial systems. This includes the
names of the real parametric polynomial systems (Column System) on which we tested
our code, the number of equations in each parametric polynomial system (Column #Eq),
the number of variables n and the number of parameters m (Column n/m), the dimension
of the Dixon matrix D obtained, and the rank of a sub-matrix M of D such that rank(M) =
rank(D) (Column dim(D)/Rank).

The timings for comparing our new Dixon resultant algorithm with three other methods
for computing R are also reported in Table 5.3. In particular, we report the timings for our
new Dixon resultant algorithm in Column DixonRes, the timings of an efficient Maple
implementation of the Gentleman & Johnson minor expansion method in Column Minor,
the timings of a hybrid implementation of Zippel’s sparse interpolation algorithm in Maple
+ C in Column Zippel and the timings of a Maple implementation of the Dixon-EDF algo-
rithm in Column EDF. The implementation of the Dixon-EDF algorithm involves sorting
the matrix M by placing the sparsest columns at the left of the matrix, removing the gcd of
each row before starting the elimination and it has a pivot selection algorithm. We remind
the reader that the Dixon-EDF algorithm was introduced by Lewis in [Lewis, 2017].

To make the comparison between our Dixon resultant algorithm and Zippel’s sparse
interpolation algorithm for computing R fair, we have implemented the most expensive
part of Zippel’s algorithm, which is the routine that solves for the coefficients of the Dixon
resultant R in C (Subroutine VandermonderSolver). We use our C code for evaluating matrix
of polynomials at a modulo a prime p.

Table 5.3 also contains the number of terms in the product of all the monic square-free
factors in expanded form after clearing the denominators (Column #S5). Additionally, it

includes the number of terms in the Dixon resultant R in expanded form (Column #R). In
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Column 6 labelled tmax = max(# fji, #9;k), we report the number of terms present in the
largest polynomial coefficient of an R; to be interpolated by our Dixon resultant algorithm.
The number of monic square-free factors with respect to each Dixon resultant R is reported
in Column # of R;’s. All our experiments were performed on a 24 core Intel Gold 6342
processor with 256 gigabytes of RAM using only 1 core (cecm maple server) running at
2.8GHz (base) and 3.5GHz (turbo) and the first smooth prime used in our code is the 62
bit prime p = (2°0)(61)(67) + 1.

As the reader can see in Columns 8,10, 11 and 12, our new Dixon resultant (DixonRes)
algorithm outperforms Zippel’s sparse interpolation and the Gentleman & Johnson algo-
rithm on most of our benchmark systems. This was expected because #R is much larger
than tax. Another reason why this is the case is because more primes are needed to recover
integer coefficients in R compared to the R;’s. Our algorithm is not always faster than the
Dixon-EDF algorithm. The evaluation cost of the Dixon matrix is still the bottleneck of our

algorithm while the determinant computation takes typically 10% of the total time.

5.4.4 Optimization

In our experiments, we found out some Dixon matrices have a block diagonal form and
often, the determinant of all the blocks produce the same Dixon resultant R. For the timings
recorded in Tables 5.3 and 5.4, we always compute the determinant of the smallest block
after confirming that all the blocks produce the same Dixon resultant. We give the following

example to illustrate how we do this.

Example 5.11 (Continuation of Example 2.15). The Dixon matrix D from Example 2.15 is
rectangular so extracting its sub-matrix of maximal rank yields a M, a matrix of rank 13 =
rank(D). The matrix M is diagonally decomposable , so we obtain the block decomposition
form of M using Maple’s command StronglyConnectedBlocks which yields the form

Bi| 0
0 | B

such that
-A —-B 0 0o —-C 0
0 —-A -B K 0 O
0 0o -A -C 0 0
B =
B FE 0 0 F G
0 0 B F A 0
0 0 0 G 0 A
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and

-A -C 0 0 0 0 0
0 E B -B F G 0
0 -B -A A -C 0 0
By=1 0 0 A 0 c 0 0
B F C 0 K 0 0
0 G 0 0 0 K C
0 0 0 0 0 C A

where AaB)CvaFvaK € Q[ylay27y3"'>y6][$1]-
Our idea to check if one block B; is enough to compute the Dixon resultant R is as

follows. We choose a prime p, say p = 3137 and random points
{y1 = 2372,y = 2491, y3 = 2088, y4 = 1484, y5 = 107, y = 2780}
from Zg. Then we interpolate
det(By,z1) = 93622 + 1801 and det(Bs, z1) = 282722 4 2507.
Making both det(B1,z1) and det(Bsz,z1) monic in Zp[z] yields
z? + 508,

which means that one block is sufficient to compute R with high probability.

Thus, the number of terms in S and R recorded in Tables 5.3 and 5.4 are obtained using
the smallest block obtained from the block decomposition of a sub-matrix of maximal rank.
Details about the block structure of all the Dixon matrices for our benchmark systems
are provided in Table 5.4. The details include block sizes of each Dixon matrix M and
the number of black box probes required by our Dixon resultant algorithm to successfully
interpolate the R;’s.

The number of black box probes done to obtain all degree bounds needed, and the
number of black box probes needed to get the first image of the I2;’s by our Dixon resultant
algorithm are reported in Columns degree and image-1 respectively. If the rational number
reconstruction process fails on the first image, then more primes are needed. The number
of black box probes used for each subsequent prime is reported in Column image-2. The
number of primes used to interpolate the monic square-free factors is labelled as #p;.

As the reader can see in column #p;, one 62 bit prime is typically enough to recover the
R;’s. In Table 5.4, the number of black box probes used by Zippel’s algorithm to interpolate
R is denoted by Z-probes.

131



pordwa)yy 10N = YN ‘AIowau JO JNo Uel = |

SZH0°0 SFFOT | S600°0 VGG e T0SF z0e | S1ve e/ (92 x 9g) 8/¥ i £soppen
S06'T SEPL'0 | Sq0T < S81°9 € eear LT 44! 7o/ (Ve X 98) ¢/€ i gsOPpPOD
S0LE0 STE'T 801 < 00°C T 6L1 €z 6L1 ge/(ge x gg) v/v i Aop101\
S0Z0°0 | S9G'GIT | SFLOO SGE°T z 0EVLI eve | vV v/(F X ¥) €1/ i OIUOOpg
S0¥°CI $,01 < | sge09 S89°L¢ ¢ 908¢2% | T9E1 | ¥199T 8/(6 % 8) /v v XH-H1S
SL81°0 80900 | STET'0 63T T 9¢1 1€ 9¢T T1/(11 X 31) /¢ ¢ 1070081
ST6'T ST6G°0 | Sg0T < SPI'T z 03 ¢ 8. 9%/ (7S x 89) ¢/€ i TSoMeY]
869'T $8Z°9 8,01 < SPT°LT I GT6C Gee | Su6% e/ (8% x 8¢) e/e i 00T
ST°0 SEGGE SET'8 S0S°0T I 8696 €0g | 0861 91/(91 X 91) /9 9 | 1090w
SEGL'0 | SYT9STE | S6TT $80°GS e €LLGY | L1GT | 101CI 8/(8 x8) q1/¢ g gA-Xo]
SIGL'0 | SLTFSLT | SSTT S68°9G z €LLGY | 18VT | G899 8/(8 % 8) S1/¢ ¢ TA-XO[]
S}L'T SR9¢ | SCT'GHTT SGG'TT € 66861 eve | L99F ee/ (0% X 0F) €/t ¢ | ummpuog
i VN , S0Z"GTL9 T - 8SSTS | £993S | €7e0T1/(9089T X 19¥SE) | 82/8C | 8¢ PLUOIOY]
$16°CE VN VN S6%°66 T - z0z9 | €029 L6L1/(€L8g X 186%) | 1¢/1g | 1% PYUOId]
STET 0 80T < i 67 ¥ T 665097 | ce8 €z8 ere/(L0L X ¥1F) 9T/¥T | <1 PGUOIO]
$280°0 S06°L $L9°C 8750 I TLyT 0€T £9! €9/(¢L x €01) 01/0T | o1 pyuoIol
S.01 < | S09'TGSY | Sp01 < | SEL'980F q z9v0T 8F 7691 7¥5/(260T % 86.L) /9 L £qr007,
S0T'299€ | S89'L¥S VN 896763 € &4 e GG91 792/ (8001 X 88¢) /9 L | moy-ezzig
SLG°T S0T°C 8,01 < SG6T"0 € 7651 LT 86¢ 0F/(58 X 96) g/11 | 11 Ioare]
S0EVTLET | Sq0T 8,01< S6T 6GEE 9 82996221 | TELE | G800ST ¢F/(85 % 88) /8 6 oI
SGET'0 S8LG°0 | S66°GT S£90°0 € 999 9 €z 81/(8T x 2¢) e/ G omy
$2L0°0 SG8T 0 20’8 8600 z z16 G 0% 11/(12 % 8%) 9/¢ G [[[ouooe]
VN VN VN SER T T69Y 4 - 01 0012 L96/(£9ST X €951) ¢/s 9 GOV
8,01 < VN VN S08 "L9¢ 6 - ) 719 L8z/(g1¢ X €18) /v G s I
890°9¢ S90°2T | 8401 < STZ'¢ i £T6¥ L &dd ¢g/(€9 x £9) ¢/€ i g-ot1y
$680°0 $820°0 890'T $£L0°0 e 70z ¢ 0F er/(er x €1) ¢/t g I
$860°0 SE10°0 | SPE'GL S7L0°0 z ze i z1 0g/(£T1 X ¥2) /s 9 1110}
SGEOPTS | SE8TST _ S20°9¢ 4 Z863S 8FE | 068 9¢/(¥6 x ¢8) S/ id 107,
$.0T < 80T < _ 8¢ 10T S LL8TOS9T | ¥29 | LELTT c1/(8% X zg) L7 id V2300
509°GZ S.0T < | S88'89T R z G0zS8e9 | S8 pee 91/(2¢ < 28) L7 i £2-10q0Yy]
Sc0T < 80T < _ S06°0€T S 928€969T | 169 | 9T0€T c1/(8% X zg) LIV i4 ¢r-40qoYy
S6L296 | Sc0T < | SSFGHIT eS¢ € GILFE69 | T 0S¥ 91/(z€ X 8) LIV i Lz-j0qoy
Aqd | 1eddiz | soury | seyguoxiq | sfy jo # q# x| S# squey/q wip w/u | b# | wayshg

uoryejodroyu s joddly pue JF-UoXI(] ‘UOISURAXH IOUIJN SNSISA SYUOXI(] 10j SSUIMUI) PUE S9OLIYeW UOXI(] INO IO0J UOIJRULIOJU] SW)SAS :€°Q 9[qe],

132



ysturg 30N PHd =ANd PU® [STT ‘€21 ‘00T ‘€6 ‘FTT ‘L0T ‘621 ‘TET ‘F6 ‘FTT ‘68 ‘€ET ‘TFT ‘€6 ‘86 ‘00T] = %,

AN 4 ¥8CLT | T0OGGOT | LLVFS [296] G-Iy
86980¢ | 9 8F0TY | S87TST | €€F9TI [ osdIqI
9TLITT T - 00,602 98¢ [q] o1uo))

ANA z | 0Z6T9LT | T6SES/SY | TI¥SS 7] oI
€OP19z | 1T | ¥61¢F | ¥91€SC | TL89TI [2L2] FAEELITS
G999z2T | T - OFLT 006 [L22L] [onqeurp
eCIvl | 1 - 08Z1 67V [#1] LIOULIOF]
082€1 T - z56 LLY 1] omy

091¥ z 918 968% L6VT l97] [SoMRH
8LETS | TIT | 09291 00LLE 9292 44 00T

QLG T - 08¢ L61 [171] [[[euooe |
9TLITT T - 00,60% 98¢ [q] BUYDOURI\
ANA I - 0£20v | €950 [L€2] p-on1y
€7L8¢ T - 8698 |§dd (99 g-oIy

168 T - 006 9Ly 1] zoY

6LT T - 918 9zF l0z] 1110}
GL01CC | 1 - 878GTT | Tvel [91] T9)OUILId
1.801€€ | 1 - V67997 | 9TTG (8] zA-XOL]
€20600T | T - 2€9.£9 | ¥P0T (8] TA-XO[]
660CF. | 1 - 000792 1L0S ez ‘1€ 107,
62C8CT | ¢ 0F0€S | 0T6VTT | 192€T 91 ‘L1] wnmpuog
ANA I - 09762 (443 Wy PYUOIOY
AN ! - 82629 ove | [eF ‘9¢ ‘T¥ ‘€€ ‘FF¥ ‘L¥ ‘b ‘ce] | pguoly
GOTV0T T - 09€6 Ve [FT 91 ‘L1 ‘81 PyuoIof
AN I - ¥8662G | 8709 1] V2-10(0Y
ANA T - 00016 96eF 98] €2-10q0Y
AN I - 96.50L | ¥2T9 1] 2r-10q0Y
ANA I - 000€T 960¥ 8 °S] z-30qoy

soqoid-7 | *d# | g-e8ewr | [-oSewl | 99130p 2an3oNI31§ joorg wosAg

uorjpejodroqur s joddly pue SoyUOXI(] WIHLIOS[Y Aq posn soqold Jo # pur oInjons yoog :F'g a[qel,

133



pordwe) )y J0N =Y N ‘AloWweow JO JNo uel = |

SOP9TF | Si0T < | 801 < SpL°LGY € PPELS 0FSS | TSTle e/ (92 < 92) 8/% i pSOppoD
S09Fg9 | S;0T < | s02'92Z | SO8'T6¥S z GLLTITT | 9868¢ | €8251€ |  6¢/(FF X 1¥) 11/9 9 paeoLIg]
$9Z°0 $600°0 S0 Sev0°0 1 L 9 L ¢/(gx¢) /¢ ¢ PGUOId]
SPTT°0 SPL T S600°0 ST 6 1 8F69 z16 VTre 7/(¢ x9) cr/e ¢ o1uo))
ST6VS6TY | SE8°.66 | S0T < | STP'8G9T z GoTS e 0seT | 222/(00v X 00%) | @/¥ G 101G
SCT0'0 | SOT'6EL | SIS0 SL8T°0 1 9912¢ i 1 8¢/(82 * 8¢) /6 6 | [oqueuep
8800 SGZ'61 SZ9'1 SPIT'0 z 916G 8 zr1 vI/(1€ x02) | el/¥1| ¥1 | poudy
S2L0°0 SF6C°0 | SST0°0 SOT6°0 T .9 08 1.9 8/(8 % 6) /v i gsomep|
SFP0°0 S9€0°0 | SP00°0 $660°0 1 €z & €z e1/(¥1 x 91) 9/9 9 PEUOIOY
S66'T SOV TG8E | SL0€°0 S89°GETT T 8EG08 | £090T | 8€S08 ¢/(g x9) 81/¢ ¢ CUIOA
S66'T | S09°C6LE | STTE0 STz €81 1 8€S08 | €090T | ¥681¢ ¢/(gxg) 81/¢ ¢ TUM
$220°0 STP0'0 | S200°0 ST6¥°0 e 68 e 68 71/(g % g) 61/¥ i o[eard
$280°0 STES'0 | ST6T0 SP1'Z 1 Ve 90T Ve I1/(81 X 11) /9 9 | KemjypeN
STO'TY | SO8¥FT | SOIC S6£°6ET 1 8907C TSYS | 890%¢ c1/(e1 x €1) 8/¥ i OGO
$L00°0 $900°0 | SZ00°0 $L60°0 1 TG 9 TG ¢/(z1 x T1) /¢ ¢ | yuodeseq
6200 SFOT'0 | SPS0°0 600 (4 869 i ere 8/(8 x 8) /e ¢ 0pAD
SE10°0 $L00°0 | SST0°0 $680°0 1 16T 1 e 6/(11 X 11) ¢/¢ ¢ todouug]
SF10°0 SET°0 €0°0 SEE°0 1 0ST 12 99 9/(9 x 9) 9/¢ G oday,
Sz0T°0 Sge'T ST67°0 8GEG 0 T 9G¥ 1 78 0¢1 061/(gST X 841) | 6/01 | 01T pgoseu]
STOFF66T | SISTLLE | S0T < | S6GFHIL e GoTS e 0SeT | #%¢/(¥81% % 008) | &/9 L osdiy
Sc0T < | Sc0T < | S87°2G0T | SPELETIT 1 9¥9¥5209 | ¥26£0Z | 1005 v/ (¥ % 7) 61/9 L umye(g
09°€EST | STL'66E | S,0T < S8G'VGT z 10€LE pL6T | 76892 | 09/(¥ST X LIT) | €/9 9 psomep]
Eleic! [eddiz | JourN | seyquoxiq | s./y jo # qH# Xy S# suey/q wip w/u | byg# | woshg
uoryejodrojuy

s oddry pue JOH-UOXI(] ‘uorswedxy JIOUIJ\ SNSIOA SOYUOXI(] J10J SSUIUI) PUE SOOLIJRU UOXI(] INO I0J UOIJRULIOJN] SWOISAG :panuIjuo)) €°G I[qe],

134



[20€ ‘28T ‘GTE ‘61€ ‘8EE ‘CTE ‘T0E ‘L8 ‘G0L ‘0TE ‘ThE ‘C0E ‘66T ‘FTe ‘The ‘1€ ‘eFe ‘T.LE ‘6SE '62€ ‘QTE ‘€L ‘62E ‘05E ‘€0L ‘FTE ‘G0E ‘66T ‘61€ ‘GLE ‘8L ‘eVe] = M.

ystuLy JoN PId =ANd

ANA I - 0F99%091 | 160€ [z L1] paeoLg
6E8FET | ¥ €866 86865 6600€ [ze1 ‘ee1] [10Y-®2Z1]
L012% I - 02¢ST (49 [07] ToIRH

ANA Z | 009L10T | 00919€Z | 1168 44 pSoppen
eveerT | 1 - YCI9v1 000T <] £soppon)

8T0L z GOGT 0€0.7 T09€T id zsoppen
1GE9T z 9106 80907 LESE ge] AoI0]y

ANA ! - TL9SY SIV1 i o1uoOpg
9023Ty | ¥ 08£0€ 08C¢Z8T | TGHI6 ¢ ‘Le] £q007,

ANA ! - V86618 49 8] XIS

GGTT T - 78.9€ 0T¥1 [11] 109008T¢]

- I - 898€ETE 454 (M PLUOISH
LST ! - 919 G6T (6] sodouug]

LTS T - z6€.L 019 9] oda,
6G6.3 T - 03EaT 9¢y [6T ‘ST ‘61 ‘ST ‘ST ‘FT ‘FT ‘€1] | pgoSewy
0LVELY | ¥ | 000STT | 000567 9726 [09] psomer]
L8801 T - 001G 9291 8] gsomey]

L5L ! - z6ET 09T [2 ‘9] PEuoIol
ANA ! - 896TEL6T |  TS9 i wmye(g
8TZOVLE | 1T - 92990611 | TSOT <] TUIOA
QL6STLT | T - 09T8GGE 98/, <] TUTOA

TELT T - 89.7T 106 <] ofear

67106 | 1 - 0FSTTeT | TLLT [z1] OYIOM
162 I - 08¥ 191 c] jurodosegy
£62¢ z 0£69 80LCT 7891 8] 04D
6€LTT z 0Z08T 08.6€ 119 [11] KomyyoeN
611 I - 88¢ 76 ] PgUOIOH

soqoad-7 | *d# | g-e8ewl | [-o8ewl | oo139p aanjonJa}§ yoorg wo)sAg

uoryejodioqur s joddiz, pur SO UOXI(] WILIOS[Y AQ pasn s9qold JO # pue 9INJonIls YPo[g:panuryuo)) #'g a[qel,

135



Chapter 6

Failure Probability and
Complexity Analysis

6.1 Summary of Contributions

In this chapter, we present the failure probability analysis and the complexity analysis of our
new Dixon resultant algorithm. Our main contribution includes the classification of several
causes of failure in our Dixon resultant algorithm with new failure probability bounds. New
bounds for the Dixon resultant R and bounds for its monic square-free factors I2; which are
potentially useful in other applications are obtained. Constructed examples are also given
to illustrate possible failure scenarios. A journal paper containing the results of this chapter

is currently being prepared. All the results in this chapter are new unless explicitly cited.

6.2 Introduction
6.2.1 Two Useful Results

Definition 6.1. Let f = Yf_; a;N; € Z[y1,92, ..., Ym] where a; # 0,t = #f > 1 and N;
is a monomial in variables y1, 92, ..., ymn. The height of f denoted by | f|lc is defined as
£ lloo= max?_|a;|. We also define ||H [loo= maxiZ (| filloo, |gklloc) where H = Y207 Lk
and fx, gk € Z[y1,y2, ..., yn] with ged(fr, gx) = 1.

We state the following two important results for later use.

Theorem 6.2. [Hu and Monagan, 2021, Proposition 2] Let A be a s x s matrix with A;; €
Zly1,- .., Ym), satisfying the term bound #A;; < ¢ and the coefficient bound || A;jlec< .
Then

|det(A)]loe < s2t°R5.

Lemma 6.3. [Gelfond, 2015, Lemma 2, page 135] Let f,g € Z[y1,y2,...,ym]. If g|f then

g0 e2oimr e8| £l
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where e ~ 2.718 is the Euler number.

6.2.2 Important Notations and Bounds

The failure probability analysis of our Dixon resultant algorithm will depend on the input

parametric polynomial system F = {fl,fg,fg, . ,fn} C Zy1,y2, - - Yml[T1, T2, . . o, Zn).
Thus, our first goal is to obtain height and degree bounds for the Dixon resultant R and
its monic square-free factor R;. For simplicity, the following notation (Notations 6.4) will

remain unchanged and will be used consistently throughout this chapter.

Notations 6.4. Let F = {fl,fz,fg,'--,fn} C Zly1,Y2, - - - s Yml[x1, 2, . . ., Tp] be a para-

metric polynomial system. For convenience, let the Dixon resultant

d
R= "7y, ym)zh € Zly1,yo,- .., yml[z1]
k=0

and let the monic square-free factors

T,-1
Iy Jz: Fik(Wi,v2, -+ Ym)

d.
R: =2 .T]k EZy1,y2,...7y 1
’ ' k=0 gjk‘(ylayQ,--.,ym) 1 ( m)[ ]

for fik, gjr # 0 in Zly1,y2, - . ., Ym) where ged(fjr, gjr) = 1 and d = deg(R,z1) > 0. Let

T-1
k )
S:flfcllT"‘ Z Mxllik EZ(y17y27”'7ym)[$1]
E—0 yee s Ym

be the one monic square-free factor to be interpolated by our Dixon resultant algorithm
(Algorithm 19) such that ged(fx, gx) = 1, so S := R;. Furthermore, let

@ H = max; 5|l

(2) Niax = max ;> #F,

@ Amax,i = max s r deg(f, x;) for 1 < i <mn,

@ Drax,e = max sz deg(f,yr) for 1 <k < m.

@ Amax = Max;_; dmax,i,

(6) Dinax = max}™; Dynax,i,

@ Dpg, = 231, deg(R, yi),

@ M be a s x s Dixon matrix where s = (n — 1)!T[;Ly dmax,; and

(9) Timax = max;_, #M;.
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Theorem 6.5. We have
(i) deg(R,z1) < nsdmax,1-
(ii) deg(R,yx) < nsDmax for 1 <k <m.

(it}) [|Ax, o< n% HON,

max

where Ax, is the Dixon polynomial (Definition 2.2).

(i) [Rlloc < T3

s 2 (H Niax )" 2.
(V) IRl < msmax1+2Pry || R||  where e & 2.718 is the Euler number.

Proof. For claim (i), we have
deg(R,z1) < s X max {deg(M;j,x1)} < s x deg(Ax,,x1) < nsdmax,1-
<i,j<s

Similarly, for claim (i), we have

deg(R,yr) < s X 12%8{(168;(]\%, yr)} < s x deg(Ax,,yr) < nSDmax k-

We prove clam (iii) as follows. Recall Definition 2.2, which says that the Dixon polynomial

det(C)
Ay — )
= [Ij—2(z; — 2n)

where C is the old cancellation matrix. Let

B= zn:deg(det((?),:vi) + Xn:deg(det(C), zj) + zm: deg(det(C), yx).
j=1 j=2 k=1

Since dmax,1 < dmax, it follows that

n n

m m

B < ndmax,l + dmax Z(Z - 1) + dmax Z(n —i+ 1) +n Z Dmax,k < nQdmaX +n Z Dmax,k‘
i=2 i=2 k=1 k=1

Now let P = [[i“o(x; — Z;). Since |P|loc= 1 and P |det(C) in (2.3), using Lemma 6.3, we

have that one possible bound for ||Ax, ||, namely
HAXe ”oo < eB n%HnNrﬁax < en2dmax+n Z;nzl Drmax,k nanNITILIaX' (61)

However, the above bound is too large. Instead, we obtain a tighter bound for ||Ax, | s
using the formula we derived for creating the new cancellation matrix € in (2.6), which was
used in our algorithm for constructing a Dixon matrix in order to avoid expression swell.
Recall

dmax,j -1 dmax,j -1
5 r ) u—i | =1
Gr= 2 | 2 furge)E
1=0 u=1
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where

Jujk € Llx1, T2, ..., Tj1,Tjq1,- . T

for u # 0 and

f(),ng € Zlxy, xa, . .. s Ly Tjtly .- y T

Since fu]k does not contain variables z; and z; for u # 0, we get
1Cs ko0 < M i lloo < | filloo< H.

Now, using Theorem 6.2, we have

AKX, o< [[det(C)lloo< n % 1Cijlli Nipae < 1% H" Nitys
which is tighter than the bound obtained for ||Ax, || in (6.1). Therefore,

1Blloc < (Tinax [ Mijlloov/5)” < Tt (H Nimax)"*s3,
by Theorem 6.2, since R = det(M) and

||Mij||oo < [[Ax, loo-
This proves claim (iv). Finally, we prove claim (v). Let
L = LCM{g;r € Zlz1,y1,.-.,ym] : 0 <k < Ty — 1}

(clearing fractions of R; in yi,y2,...,ym) and let

Hj = LR]‘ S Z[azl,yh e aym]

dr, L fi(yn, v Ym)
WhereRj::r1]+Z J ; yeeesYm
= 9y, 2, - Ym)

1Hlloo < etBBmTPR R < @omattPry || R .
Let H; = Zgio ag(y1, - - - ,ym)x‘li’“. Thus, we have

T,—1
H;  dr;,  ~ ap(y1,-- - Ym) d
L= eI R
Pt T

Let hj = ged(ag, L). Observe that

ak/hk _ M
L/he  gjk
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(6.3)

x(lij’“. Since H;|R, by Lemma 6.3, we have that



So, fjklar and g;,|L, which implies that g;,|LC(R). Using Lemma 6.3, we get
Ifirlloo < PR flarllo < ePRv||Hjllo < etmexi 28y || Rl

and
gjklloc < €”R|[LC(R)[o0 < €”Fv||R]|so.

Therefore,

;-1
1Rl < Ilégg(maX( 1Fiklloos gjulloc)) < @t T2PRy || R|o.

O]

Note that the height bound ||Rj|/~ obtained in Theorem 6.5(v) is a worst case because
R;||o is always smaller than ||R||o, in our experiments. It is very rare for factors of R to
j Y

have larger coefficients than R.

Remark 6.6. Recall that in (2.8), we first derived

dmax,j u—1
N - o w—iod
= S (S a).
u=1 1=0
W/ll
Clearly
||Wu||oo: 1 and #Wu <u< dmax,j < dmaX7
SO

HWufu,j,kHoog mln(#W’LU#fu,j,k)HWUHOOHf’LL,j,kHOOS dmafou,j,kHooS Hdma:v~

Hence, we have

max,j

d,
s Y, u< Hd,, (6.4)

u=1
which is still large when compared to (6.2). Thus, (2.8) had to be simplified further in order
to get a better bound. Using (6.4) would mean that

1C klloo < || fu,jk

1 ns
HRHOO < <521”T1171Lax n;Hd?naXNmax>

d2ns

which is worse than the bound obtained for ||R| s in Theorem 6.5(iv) by a factor of dil.

Theorem 6.7. We have
DRy < nmsDpax.

140



Proof. This follows from Theorem 6.5(i7) since

-DRy = Z deg(Rv yk)
k=1

m
and Dpax = max Dpax ;-
i=1

6.3 Problems

Having obtained all the needed degree and height bounds, we proceed with the classification

of several causes of failure in our Dixon resultant algorithm.

6.3.1 Evaluation Points

The first step in our Dixon resultant algorithm is to interpolate many monic univariate
polynomial images of the Dixon resultant R in x1, and then we compute their monic square-
free factorization using Subroutine PolyInterp (Subroutine 16). To ensure that our monic
square-free factors are consistent from one image to the next with high probability, it is

important that we avoid using some evaluation points.

Definition 6.8. Let p be a prime that does not divide any integer coefficient of R and
Rj. Let o € Zy be an evaluation point. We say that o € Z;' is bad if LC(R)(a) = 0. We
also refer to a € Z;" as an evaluation point that causes missing terms if any numerator

coefficient of an R; vanishes. That is fji(a) = 0 and gj(«) # 0 for some j and k.

Example 6.9. Let the Dixon resultant
R = (y1 — a)a? + y2(y1 — b)z1 + (¢ — y2).

Since R has only one monic square-free factor, we have

— b —
S = R1 = :L‘% + 7y2(y1 )CL'l + 7(6 y2)

Y1 —a yi—a
Let p be any prime such that p{a = p{ LC(R). By inspection, one sees that the evaluation
points {(a1, ag) € ZZ tap =a, and ag € Zp} are bad and {(«ag, a2) € ZI% cop =bor ag = ¢}

cause missing terms.

Lemma 6.10. Let p be a prime that does not divide any integer coefficient of R and R;.

If an evaluation point a € Z;" is chosen at random then

2nsDR,dmax,1

Pr[ais bad or causes missing terms| <
p

(6.5)

141



Proof. Using Lemma 2.17 (the Schwartz-Zippel Lemma), we have that

deg(LC(R)) _ Dg,
P - p

Pr[ais bad] = Pr[LC(R)(a) = 0] < (6.6)
Now we address the case when the evaluation point o causes missing terms. Let | = #R;’s

to be interpolated and let
T;—1

L 14
A(ylaaym):H Hf]k
7=1 k=0

Since T is the number of the rational function coefficients in each R;, we have

MN

l l
(Z ) ( T.) Z g(Rj,z1) < deg(R, z1) < nsdmax,1-
=1 j=1

Therefore,

l ijl

l m
deg(A) = Z Z eg fjk‘ < Z Z ]7yl < nSDR dmax 1-
j=1 k=0 j=1 =1

Thus, by Lemma 2.17,

deg(A Dpr, dmax
Pr[ a causes missing terms] = Pr[A(a) = 0] < ca(4) < D5 Ry Cmax]
p p

(6.7)

Adding (6.6) and (6.7) completes our proof. O

6.3.2 Primes

Let ¢p : Zy1, - ., yml[z1] = Zp(y1,- .., Ym)[x1] be the modular mapping ¢,(R;) = R; mod
p. For the remainder of this chapter, let Ps = {pn,, PNy, - - -, PN, } be the list of pre-computed
smooth primes to be used in Algorithm 19 such that ps,,, = min}* {py,} and N, = |P],
and let P = {p1,p2,...,pn} be the list of pre-computed primes (not necessarily smooth)
to be used in Algorithm 20 such that pyi, = min;{p;}, where N = |P|. For simplicity, we
will also assume that N > Ny and ppin > Ps,iy -

Generating random primes

For efficiency purposes, we used 62 bit primes in our Dixon resultant algorithm because of
our hybrid Maple+C implementation of our algorithm. Thus, the list of primes P and P
both contain 62 bit primes with pumin, Ps., > 261,

In order to obtain a low failure probability for our Dixon resultant algorithm, we want

N, N, > 10°. However, it is not efficient to generate the lists of primes P and P, with more
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than a billion primes as this computation will take a very long time. We discuss how to
generate a random prime from the lists of primes P and P, without creating the lists.

A random 62 bit prime from [261, 262] can be generated by first choosing a random integer
c € [261,262] then we pick the prime before or after the random integer c. Unfortunately, we
do not currently have an algorithm that can generate a 62 bit smooth prime uniformly at
random without creating the list of smooth primes P;. We believe we have enough smooth
primes for our Dixon resultant algorithm to fail with low probability because Monagan
[Monagan, 2023a] estimates that there are about 10'° smooth primes in (269, 263) based on
Algorithm RandomSmoothPrime which generates a random smooth prime (not uniformly)

pE (260’ 263)‘

Algorithm RandomSmoothPrime

repeat

Pick ¢; € [750,2500] for 1 <i < 6 at random.
6

p+—1+ H q;.
i=1
until p € (259,253) and p is prime.

Now we characterize the primes that must be avoided in our Dixon resultant algorithm.

Definition 6.11. We say a prime p is bad if p divides LC(R). We also say a prime p causes

missing terms if p divides any integer coefficient of R;.

Example 6.12. Suppose the Dixon resultant
R = 15y2w% + (Ty1 —49)21 + 7

and let
(Ty1 —49) 7

B T Thy

S =%+
The primes 3,5 are bad and prime 7 causes missing terms.

Example 6.13. Suppose the Dixon resultant
R = (3137Tys + 3)x? + (Ty1 + D)y + 7

and let 7 0 -
Y1 +

S:=R; =12 .

LS g 137 T 3137y, 1 3

Notice that ¢3137(LC(R)) = 3 # 0, which means the image

$3137(S) = 22 + 1046(7y; + 1)x1 + 1048.
Clearly, there are missing terms in the denominators of ¢3137(S).

143



By design, our Dixon resultant algorithm returns an answer when the rational number
reconstruction process succeeds on the R;’s for the first prime (See Lines 40-41 of Algorithm
19). If the rational number reconstruction process does not succeed with the first prime,
then more primes are used to recover the R;’s. Our algorithm is designed this way because
we do not know the number of primes needed a priori since R is represented by black box
BB, and we want to use the fewest number of primes possible. Therefore, in Example 6.13, if
¢3137(5) is the first image obtained, the rational number reconstruction process will succeed

with the input prime p = 3137 and Algorithm 19 will return
7y1 1 7

ot (]

]+ 3 + 3 r1+ 3

as the answer even though it is wrong. We have already discussed how to check probabilis-

tically if the returned R;’s are correct in Subsection 5.3.1 (Algorithm 24).

We now bound the failure probability of a prime p is bad or p causes missing terms.

Proposition 6.14. Let P be the list of primes such that |P|= N and pyin = min(P). If p
is chosen at random from P then the probability that p is bad or p causes missing terms in

the monic square-free factor R;

Proof. Let c be an integer coefficient of an R;. The number of primes p that can divide ¢

from the list of primes P is at most |log, . c|. So

log, ¢
Pr[p divides c] < —2un”,

By definition 6.11, p is bad <= p|LC(R) = p divides one term in LC(R). So

log, || R|loo
Pr[p is bad] = Pr[p divides LC(R)] < Pr[p divides one term in LC(R)] < w.
(6.8)

Furthermore, the probability that p causes missing terms (See Definition 6.11) is at most

Ingmm (#RjHRjHOO)
N

. (6.9)

Adding (6.8) and (6.9) completes our proof. O

Corollary 6.15. If p is chosen at random from the list of primes P and p is not bad then

Prlsupp(¢,(R;)) # supp(R;)] < 108 p, (#]\};jHRj’oo)

Proof. This follows from the above proposition. O
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6.3.3 Monic Univariate Polynomial Images of R

Recall that Subroutine 16 (Subroutine PolyInterp) interpolates monic polynomial images of
R in 1 with high probability for one monic square-free factor S. The integer coefficients of
these monic univariate polynomial images are what we use to interpolate the monic square-
free factor S. Therefore, we must avoid evaluation points and primes that are bad. We must
also avoid evaluation points and primes that could cause these monic univariate polynomial
images of R in x; to lose their support (the univariate monomials in z1 disappear).

A bad evaluation point can be detected in the same way as a bad prime. This is detected
with high probability in Subroutine 16 by checking that the degree of the interpolated
univariate monic polynomial images of R is the same as the degree of R in x;. Line 5 of
Subroutine 16 detects the occurrence of a bad evaluation point or a bad prime.

Similarly, an evaluation point that causes the supports of the interpolated monic polyno-
mial images of R in x1 to disappear can be detected in the same way as a prime that causes
the supports of these images to vanish. If the set of degrees d = {do,...,dr} as defined
in (5.2) are the same as the degrees of the support of the interpolated monic polynomial
images H in Subroutine 16, then we know we have a correct univariate monic polynomial
image of R with high probability. We detect this in Line 7 of Subroutine 16. Otherwise,
we interpolate a monic square-free factor R; that have missing terms. We now find the
probability that Subroutine 16 returns FAIL.

Lemma 6.16. Assume the degrees [do,...,dr| as defined in (5.2) are correct. Let epax =
2+ maxg;ol (deg(fx) + deg(gx)) - If prime p is chosen at random from the list of primes P
such that |P|= N and pmyin, = min(P) then the probability that Subroutine 16 returns FAIL

< ean <2nSDR;dmaX71 n Ingmin (HS”OOJLTRHOOnSdmaX,l)) .

Proof. There are two sources of failure in Subroutine 16. First, if an input evaluation point
Z;j € Zy" is bad for any 1 < j < emax Or an input prime p is bad then the degree of
the interpolated monic polynomial images B; of R in z; denoted by deg(Bj,z1) < D =
deg(R,x1) in Line 5. Thus,

Pr[prime p or evalaution point Z; is bad in Line 5 of Subroutine 16]
< Pr[p divides LC(R)] + Pr[LC(R)(Z;) = 0]
< Pr[p divides 1 term in LC(R)] + Pr[LC(R)(Z;) = 0]
1 JILC(R)|| o
105, JLC(R) | deg(LO(R)

l0g) il Blo  Dr
< Pmin Y . 610
< ~ = (6.10)
N——
by (6.6)
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Now we assume that prime p and Z; are not bad. If Z; € Z;" or p causes missing terms,
then supp(H;) # [do, .. .,dr] in Line 7 of Subroutine 16 where H; is the monic square-free
part of the univariate polynomial Bj;. Since 1" is the number of numerator polynomials fj,
in S, we have that T < deg(R, 1) < nsdmax,1. Thus

Pr[Z; or p causes missing terms in Line 7 of Subroutine 16]

< Pr[Any fi(Z;) =0for 0 <k <T — 1]+ Pr[pdivides any fi in S for 0 <k < T —1]

T-1
< Pr[H frx(Z;) = 0] + Pr[pdivides one term of fj in S for 0 <k < T —1]

T-1
log, i, (151107
< P Pmin
r[[] fx(Z;) = 0] + I
k=0
< nSDRydmax,l +10gpmin (HSHOORSdmaXJ) . (611)
P N
by (6.7)
Hence Pr[ Subroutine 16 returns FAIL] < emax((6.10) 4 (6.11)). O

Remark 6.17. If Algorithm 19 calls Subroutine 16 then the list of primes P is replaced

with the list of smooth primes Ps. Thus, the above theorem works accordingly.

6.3.4 Unlucky Content

Definition 6.18. Let the Dixon resultant
d
R=3 7y, ym)at € Zly1,va, .. ym][21]
k=0

where 7, # 0 and d = deg(R, z1) > 0. Let p be a prime such that ¢p(7;) # 0 for all 7. Let the
polynomial content of R be denoted by C' = ged(rg,71---,7;). We say p causes unlucky

content if ged (0 (3) .0 ()00 () ) £ 1.

Example 6.19. Let prime p # 2 and let the Dixon resultant
R = (247 + 2y1 + 2py1)71 + (207 + 201).-

Notice that the polynomial content C' = 2y, but

i 0(2) () =m0

Thus, our Dixon resultant algorithm (Algorithm 19) will output
S = xr] + 1,
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instead of the correct answer .
S =1 + L’
yp+p+1
because p has caused an unlucky content.

Unfortunately, we cannot detect in advance the occurrence of an unlucky content in our
algorithm because of the black box representation of R. But it can be detected after our

algorithm terminates. We have already discussed how to detect this in Subsection 5.3.1.

Theorem 6.20. Let R = Zgzo Pe(Y1, - - . yYm)2k such that 7y, # 0and 7 € Z[ya, y3, - - -, Ym)[y1]-
Let p be a prime chosen at random from the list of primes P where pyi, = min(P). If
¢p(LC(7;)) # 0 for all 4, then the probability that p causes unlucky content

- 2nmsDiax log, . ((1 4 21n5Dmax) || Bl )
- N

Proof. Clearly,
deg (gcd (¢p (fco) e Op (2))) >0 = deg <gcd (qﬁp (2) , Op (2))) >0
forany 0 <i#j < d which implies that
deg (ged(dp(7i), ¢p(75))) > 0 = deg (ged(¢p(7i), dp(7)), yx) > 0
for at least one k, say k = 1. So prime p causes unlucky content if
deg (gcd (qﬁp <2) ey Op (2))) > 0 = deg(ged(¢p(70), op(r1)),y1) > 0 = qbp(EoJ) =0
where Ry is the Sylvester resultant of 7,71 in y;. Therefore,

log,, .. IIR0,1]|

Pr[deg (gcd <¢p <2> ooy Op <ch>>> > 0] < Prl¢,(Ro1) =0] < 7

To complete our proof, we need a bound for || R 1||eo. We obtain a bound ||Rg1|le as
follows. Let S be the Sylvester matrix whose entries are coefficients of 7o and 7, in y1. Thus,
Ro.1 = det(S). The dimension of S denoted by

dlm(S’) < deg(an yl) + deg(flvyl) < 2deg(R7 yl) < 2n5Dmax,1 < 2nSDrnax

by Theorem 6.5. Let tyax = maxj’k{#gjﬁk}. Clearly,

(1 + 2nSDmax,k) S (1 + 2n3DmaX)m71

s
s

tmax < (1 + deg(R7 yk)) <

k=2 k=2
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by Theorem 6.5. Using Theorem 6.2, we get

1

[Rslloo = Hdet(S)Hoo < (tmax ngkHoo (2nstax)2)2nstax
<((1+ 2nstax)m71 | R0 2nstaX)2"5Dmax
< (HR”OO (1 + 2nSDmaX)m)2n8Dmax

and we are done. O

6.3.5 Auxiliary Univariate Rational Functions

Using a Kronecker substitution, we remind the reader that the interpolation of the multi-

variate rational function coefficients % of the R;’s is reduced to a univariate rational
function interpolation in our Dixon resultant algorithm. Let r = (r1,72,...,7m-1) € zm-1

where r; > 0 and let K, : Zy(y1,v2, ..., Ym) = Zp(y) be the Kronecker substitution

fk’(yv Yyt ,yr1r2"'7’m—1)
gk‘(y? yrl ) yT1T2, N ’yTlT‘Q'-'Tm,l)

K (fx/g9k) = € Zp(y)

where 7; > max (max;‘g:_&(deg(fk, yi), deg(gx, yz))> , prime p > [[72; r; and fi and gi are as
in (5.2). Let o be a generator for Z;, and let 3 € (Z, \ {0})™ serve as a basis shift, which

is chosen at random, as described in Algorithm 19 in Lines 8-13. Let
_SRWs2) Sy By 4 Bay 2y ) 4 B

Fi(y,z,08) == = S/ z).
v, 4,f) gf(y,z) 9e(zy + B, 2y + Ba, ..., zy(nrzTm-1) 4 B p(0)(2)

Recall that the introduction of the basis shift 3 ensures that the functions F (o, z, 3) are
normalized in Line 4 of Subroutine 22 using the constant term produced by g,f (o, 2). If g

has a constant term, then we use 5 = (0,...,0) in Line 8 of Algorithm 19.

Definition 6.21. We say that a € Z, \ {0} is a bad evaluation point if deg(f,f(oz, z)) <
deg(fx, z) or deg(g,f(a, z)) < deg(gx, z) for any k. That is, LC(f,f(a, z))=0or LC(g,f(a, z)) =
0 We say that 8 € (Z, \ {0})™ is a bad basis shift if gcd(f;, gx) = 1 but the degree
deg(gcd(f,f(a, z),g,f(a, z))) > 0 for any k.

Definition 6.22. We say a prime p is unlucky if p|LC(f,f(y, z)) in z or p\LC(gf(y, z)) in

z for any k.

Example 6.23. Let

2891y1 + y2 + y3

f1 g1 =
/ Y3 + 1 + U3

€ Z3137(y1, Y2, y3)-

Clearly, ged(f,g) = 1. The rational function f;/g1 does not have a constant term in the

numerator or denominator so we need a basis shift. Let 8 = (5,2,3) € Zs137 serve as the
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basis shift for A. Let r = (2,3) and let

fily,v*,y°) ¥ +y® + 2891y
g1(y,y%,y°) Yo+t +y

Kr(fi/g1) =
Then an auxiliary rational function Fi(y, z, 5) with a Kronecker substitution K, is

Fly,2) 1912+ (48 + 4% + 2891y) > .
Py z) 12+ + (08 + 4% +y)2

Fi(y, 2 8) = Zsi37]y)(2).

If o = 3 is randomly picked in Z3,5;, then the auxiliary rational function

123, 2) 1912

Fi(3 = =
1(3,2,8) 97(3,2) 8122 768z + 12

c 23137(2).

Thus, deg(fi(a, 2)) < 1 because LC(fIB(S7 z)) = 9411 = 3 x 3137 = 0 (mod p) which implies

that o = 3 is a bad evaluation point.

To avoid the occurrence of bad evaluation points with high probability in Algorithm
19, we remind the reader that we interpolate Fj(a’*?, z, 3) for some random § € [0,p — 2]
instead of F(af,z,3) for i = 0,1,2,---. This is labelled as A; in Line 24 of Algorithm 19.

Line 25 detects bad evaluation points, a bad basis shift and a prime p that is unlucky.

Example 6.24. Let
Y1 +y2+ys3

PYs + Y1+ ys
Let p be a prime and let 5 = (5,2,3) So

fl/gl = EZ(y17y27y3)'

A 10+ 0+ +y) e
Fl(yazaﬁ)_ 3 - 6 €
91 (Y, 2) 8+ (y°+y)z

Zply)(2)-

Notice that deg(glﬁ(a, z)) < 2 for any « since p|LC(gf(y, z)). Thus p is an unlucky prime.
Example 6.25. Let p be a prime and let

J1 Y1
== € Zp(y1,Y2,Y3)-
g (1 +y3)y2 2 )

Observe that the partial degrees d; = max{deg(f1,v:),deg(g1,v:)} = 1 for 1 < i < 3. For
the Kronecker map K, to be invertible, we need r; > d;, so let r = (2,2). Thus,

2,4
Kr(fl/gl):f(y,y ) y y

gy, v2, ) (y+yhy? i+ ys

Since g; has no constant term, we need a non-zero basis shift 5. To interpolate K, (f1/g1),

we need to densely interpolate Fy(a/, z, ) for 1 < j < 4 = 2 x #g;. Computing Fi(a, 2, 8)
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directly yields the univariate rational function

B ff(a, 2) az + f1
File,z 6) = (o, z) (20t +za+ i+ B3)(za% + fa)

The Sylvester resultant R = Res(flﬁ(a, z),glﬁ(a, 2),2) = (3B — B3)(aBy — B2) # 0 since

o #0and 8 = (Br, B2, B5) # (0,0,0). But, if B = By # 0 or B3 = 3By # 0 then R(B) = 0
which implies that § is a bad basis shift.

Theorem 6.26. Let N, be the number of auxiliary rational functions needed by Algorithm
19. If a smooth prime p is chosen at random from the list of primes Py with |Ps|= N, and
Dspin = Min(Ps) then the probability that Algorithm 19 returns FAIL in Line 25 is at most

SNQD%%ynsdmaXJ H;-n:l(l +n8Dmaxj) 2Ng logps ~ (IIS]lcomsdmax,1)
+ min .
p— 1 Ns

Proof. There are three causes of FAIL in Line 25 of Algorithm 19. They are bad evaluation
points, a bad basis shift and an unlucky prime p. We remark that all three failure causes
are a direct consequence of our attempt to interpolate auxiliary rational functions A; in
Line 24 of Algorithm 19 when it calls Subroutine Ratfun.

1. Bad evaluation point case: Let

T—1
Aly) = T LC(f (v, 2)LC (g} (. 2))
k=0

where the univariate polynomial A € Z,[y]. For 0 < j < N, —1, the evaluation point a’ti—l
in Line 18 is random on [1,p), since § € [0,p — 2] is random. Since a basis shift 8 does not
affect the degree and the leading coeflicients of auxiliary rational functions, we have that, if
a*t7~1 is a bad evaluation point then A(a*+t7~1) = 0. Since T is the number of numerator

polynomials f; in S, we have that T < deg(R, z1) < nsdmax,1. Also, recall that

T—1
ri = 1+ max (i (deg(fe, ). deg(gn, 1)) ) < 1+ deg(Rogi) < 1+ 15D

Thus,
m m
deg(A(y)) =2T H i < 2nSdmax,1 H(l + n$Dmax,j)-
j=1 J=1
Therefore,
oy N, deg(A
Pr[o®t77! is bad for any 0 < j < N, — 1] < Lgi)
p—

< 2Nansdmax,1 H;nzl(l + nSDmaX,j)
—_ p _ 1 °

(6.12)
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Notice that the bound [[7.;(1 + n8Dmax ;) is an exponential contribution in (6.12).
Furthermore, the bound in (6.12) allows A(y) to have deg(A(y)) roots. Fortunately, in
practice, we do not encounter such high degree for A(y) because the average number of
roots of a random A(y) over Zj, is 1 [Schmidt, 2006, Chapter 4].

2. Bad basis shift case: We will now handle the basis shift case. Suppose 0; := asti—1

is not a bad evaluation point for 1 < j < N,. Let w1, we, - - - w;, be new variables and let

£ (rire-rm—1)
Jr (w1, wy)  fe(@jz+wi, ..., 20; + wp,)

ij = o= ! j(mrz---rm,l) = S Zp(wl,wg, e ,’wm)(z).
gkj(w177wm) gk(ejz+w177zej +wm)

Recall that a basis shift 8 € (Z, \ {0})™ does not affect the leading coefficients of auxiliary
functions, so LC(fkj)(ﬁ) # 0 and LC(gx,;)(B) # 0. Let

Ek] = Res(fk‘j?.gk?jvz) S Zp[wl,wQ, .. .,wm]

be the Sylvester resultant of fkj and gy, taken in z and let

N, T—
A(wlaw%"'? H H

Clearly, g is a bad shift if and only if

deg(ged(fi, (2. 8), g, (2, 8)) > 0 <= A(B) =0

for any k£ and j. We now find a bound for deg(A). Using Bezout’s bound, we have

deg(Ry;) < deg(fr,;) deg(gr,) < deg(f) deg(gr) < D, -

Hence,
T-1 N, 2
deg(A Z Zdeg Rk]) < N,T Zdeg Ryyr) | < NansdmaleD%y.
k=0 j=1 Jj=1
Therefore,

Nansdmax,lD%y
p—1

r [B is bad basis shift] = Pr[A(8) = 0] < (6.13)

3. Unlucky Primes: Finally, we handle the case when p is unlucky. That is, prime p

causes the degree of a numerator or denominator polynomial in A; in z to drop lower than
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deg(fx) or deg(gr). Note that

Pr[p is unlucky in A;] < Pr[pdivides any fj; or gi in S|

< Pr[p divides one integer coefficient of fj or gi in 5]

< 210gpsmin (T[Slo0) < 2]'0gp5min (1Sl 5dmax,1)
- N, - N,

because there are T numerator and denominator polynomials fi and g in S. Thus,

Prlp is unlucky in A; for any 1 < j < Ng|
2N log,,. (1Sl sthnas)
Ny ’

= N, x Pr[p is unlucky] < (6.14)

Adding (6.12), (6.13) and (6.14) completes our proof. O

6.3.6 Discovering the supports of the polynomials f;; and g;

We would like to determine the probability of failure of finding the correct support for the
polynomials f; , and g; 1, and their support sizes (number of terms) in our Dixon resultant
algorithm. Subroutine BMStep (Subroutine 17) was designed to get the correct number of
terms when it receives an input prime p, and an input array P containing a sequence of
coefficients from the univariate auxiliary rational functions in z such that |P|= i and 1 is
even. This subroutine uses the Berlekamp-Massey Algorithm (BMA) to generate a feedback
polynomial A(z) € Z,[z] in Line 2 when the condition

deg(\) < (6.15)

N | .

is satisfied, and the number of roots of A(z) over Z, yields the number of terms in the
polynomial to be interpolated (f;x or g;j ) with high probability.

However, it is possible that an incorrect A(z) is produced even if the condition (6.15)
is satisfied. Thus, the wrong number of terms, and consequently the wrong f; ;. or g;; are
interpolated. To obtain a failure probability bound, we first state the following important
result proved by Kaltofen, Lee and Lobo in [Kaltofen et al., 2000].

Theorem 6.27. [Kaltofen et al., 2000, Theorem 3] Let f(y1,y2,---,Ym) € Zly1,Y2, - -, Ym]
be a polynomial with ¢ terms. Let a = (aq, ag, . .., @) be chosen uniformly at random from
a finite set S C Z. If we run the BMA on the sequence [f(ozil, aby.ooal) i > 0] then a zero
tt+1)(2t+1)

discrepancy is encountered after 2t points with probability of at least 1 — 6|§|

A zero discrepancy means that two consecutive feedback polynomials generated by the
BMA would be the same, implying that the correct term bound has been found with high
probability. That is, if we compute \(z) for j = 2,4,6, - - - points, we will see that deg(\) =
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1,2,3,...,t—2,t—1,t,t,t.... Thus, the above theorem assures us of obtaining the correct
feedback polynomial \(z) (correct number of terms) with high probability whenever we run
the BMA on an input of length 4 containing a sequence of points such that i > 2t.

In practice, an input sequence of length 2¢ would yield a feedback polynomial of degree
t (t is also the number of terms in f). Therefore, our stopping condition (6.15) definitely
obeys Theorem 6.27 because we are using at least two extra points to confirm that the
correct A(z) is found each time the BMA is called in Line 2 of Subroutine 17. As we have
said earlier, the condition (6.15) may be satisfied, but still the wrong feedback polynomial
is obtained because a zero discrepancy is encountered when ¢ < 2t¢.

By design, Line 2 of Subroutine 17 will be able to detect that there is a problem by
returning FAIL if deg(\) # ¢, where ¢, is the number of roots of A. But it will not be able to
detect the case when the feedback polynomial stabilizes too early and the number of roots
obtained is equal to the degree of the feedback polynomial. That is, deg(\) = ¢, # t. This
case will only be discovered by our Dixon result algorithm at termination when we check if
the returned answer is incorrect.

Unfortunately, we cannot use the failure bound from Theorem 6.27 because S = Z, and
f = K,(fir) € Zply] in our Dixon resultant algorithm because a Kronecker map K, has
been applied. We remind the reader again that #K,.(f;r) = #fi . Fortunately, we have the
following useful result which was proved by Hu in his PhD thesis [Hu, 2018]. Our Dixon
resultant algorithm also checks that # roots of A(2) is equal to the degree of A\(z) (See Line
4 of Subroutine 17).

Theorem 6.28. [Hu, 2018, Theorem 2.6] Let f be a univariate polynomial to be in-
terpolated and let ¢ = #f, p be a prime and p > deg(f). Let a be any generator of
Z,. Then the number of shift § which make the BMA encounter a zero discrepancy on
[f(ag), fla®th), ..., f(oz§+2t)} is at most w. Therefore, if § is chosen uniformly at

random from [0, p — 2|, then the probability that the BMA encounters a zero discrepancy
t(t+ 1) deg(f)

2(p—1)
We give the following example to illustrate the above result.

for the first time at iteration 2¢ is at least 1 —

Example 6.29. Let
f=y°+40y° + 45y* + 75y + 1 € Ziga[y).

Suppose we use the generator a = 87. Since t = #f = 5, we need 10+ 2 points to determine
the correct feedback polynomial, with the extra 2 points used for confirmation. Let § = 0.
We obtain

v =1[59,84,8,0,64,0,96,64,94, 76, 85, 83]

by computing v; = f(a*7), for 0 < j < 12. Running the BMA on input W; = [v1,va, . . ., v;],
yields the feedback polynomials A(z) recorded in the following table.
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# of points used (7) A(z) Number of roots of A(z) | deg(\) < & | i > 2¢
2 30+ 2 1 NO NO
4 22 + 842495 0 NO NO
6 22 + 842+ 95 0 YES NO
10 25 4+ 4324 + 7623 49322 + 252 + 71 5 YES NO
12 2% 4+ 4324 + 7623 49322 + 252 + 71 5 YES YES

By design, our Dixon resultant algorithm will terminate at 6 points, which means we have
an incorrect feedback polynomial. Hu in his PhD thesis [Hu, 2018, Example 2.6] has an
example where the feedback polynomial A(z) terminates too early while the number of

roots of A is equal to deg(\).
We are now ready to give a failure probability bound for Subroutine 17.

Theorem 6.30. Let N, be the number of auxiliary rational functions needed by Algorithm
19. If a smooth prime p is chosen at random from the list of primes Py with |Ps|= N, and
Dspin = Min(Ps) then the probability that Algorithm 19 returns FAIL in Lines 28 or 29 or

31 or 32 is at most
2N3DRy nsdmaX71 H;TL:I (1 + nSDmax,j)

p—1 '

Proof. Since N, is the required number of auxiliary rational functions needed by Algorithm
19, it follows that Line 2 of Subroutine 17 will never return FAIL. However, the feedback
polynomial A\ € Z,[z] generated to find the number of terms in f;; or g; in Line 4 of
Subroutine 17 might be wrong, so it will return FAIL, which causes Algorithm 19 to return
FAIL in either Lines 28 or 29 or 31 or 32.

Using Theorem 6.28, we have that the probability of getting the wrong #f; 1 or #g;
Vi and Vk using the Berlekamp-Massey Algorithm in Subroutine BMStep is at most

Tl desUn) o g (B fi + 1) deg(Kp(Ffin))  So0B60) srgn (#hgik + 1) deg(K,(gix))

2 20— 1) " 20— 1) |
Since
T < nsdmax,1,
# ik #9ik < Na,
deg(fir),deg(gix), < deg(R) < Dg,,
and .
deg(K;(fik)), deg(Kr(gik)) < 1_[1(1 + n8$Dmax,j),
i

154



we have that

S NaNa + DTT (14 75 Dmaxy) | S8 Na(Na+ 1T (1 + 15D

D

k=0 2( - 1) 2( - 1)
mo(1+ nstaXJ)N DRyT [1721(1 4+ nsDmax,j)NZDr, T
- —1 p—1
. 2
< 2 H;"Zl(l + nstaXJ)NaDRyT (6.16)
p—1

< 2N3D3yn8dmax’1 H;nzl(l + nSDmax,j)

_— p _ 1 .
O

6.3.7 Monomial Evaluations

We have to solve for the coefficients of the polynomials f;; and g;; in Algorithm 20,
whenever additional primes are required to interpolate the I2;’s.

Algorithm 20 uses the support obtained from the first image to solve for the coefficients
of a new image of the R;’s. However, it is possible that an evaluation point can cause two
distinct monomials to evaluate to the same value in Z,. Lines 24 and 34 of Algorithm 20
both detect the occurrence of getting the same monomial evaluation. Thus, we need to

obtain a failure probability bound for this case.

Lemma 6.31. Let ¢ be an additional prime chosen at random from the list of primes P to

be used by Algorithm 20 in order to get a new image of a monic square-free factor S. Let

. T—1 ,deg(fx) deg(g,
Pmin = min(P) and let Nyay = r}clagc( maf {#firts a>'3 {#9i1}) where f; 1, gik, fi: gk is

as defined in (5.2). We have

2n8dmax, N2 D2

max

qg—1

Pr[Algorithm 20 returns FAIL in Line 24 or 34 | <

Proof. Let the support of f; 5 (the monomials of f; in y1,¥2,...,¥ym) be denoted by

supp(fik) = [H;j(y1, Y2, -, ym) : 1 < j < #fix, where deg(H;) =1].

Let
J: H Hl(y17y27"'7ym)_Hj(y17y27”'aym)‘
I<I#AJ<#[ik
Let 7h; = H; ( 7) be the j-th monomial evaluation where V; = (a1 adti-l .. ofti1)

is the evaluation point in Line 15 of Algorithm 20 for 1 < i < Nyax, and § € [0,q — 2], and
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a=(a1,...,am) € (Zg\ {0})™ is picked at random in Line 13. By Lemma 2.17, we have

(*L+) deg(fix) '

Priy =1 : 1 <1#j < #fix) = PrlJ(V;) = 0] < 1

If the monomial evaluations obtained in Line 24 of Algorithm 20 or the monomial evaluations

obtained in Line 24 of Subroutine 21 are not distinct, then

Pr[Algorithm 20 returns FAIL in Line 24 or 34]
o Sioo SN (P deg(fin) | TS SR (75 deg(oin)

qg—1 q—1
d d
Z Z eg (fx) NI%laXDRy Z Z eg (gr) NrgnaxDRy
- 2((1 - 1) 2((1 -1)
2T N2, Dr,(Dg, + 1) _ 2n5dmax.1 N2y D%,
- 2(¢g—1) - (¢-1)
since deg(fix),deg(gix) < Dr, for Vi and Vk. d

6.3.8 Univariate Rational Functions without a Kronecker Substitution

Theorem 6.32. Let g be an additional prime chosen at random from the list of primes P

to be used by Algorithm 20, in order to get a new image of a monic square-free factor S.

de de
Let pmin = min(P) and let Npax = r:]r:laéc( nglgf {#firh Hglag??){#gz k}) where f; k. gi iy i, 9k

is as defined in (5.2). The probability that Algorlthm 20 returns FAIL in Line 27 is at most

SNmaXnSdmax,lD%%y 2Nmax logpmm (”SHoonSdmax,l)
+ .
q—1 N

Proof. Similar to Theorem 6.26, we have three causes of FAIL in Line 27 of Algorithm
20. The failure causes are the presence of bad evaluation points, a bad basis shift and an
unlucky prime ¢q. We again remark that all three failure causes are a direct consequence of
our attempt to interpolate auxiliary rational functions B; in Line 26. The reader should note
that auxiliary rational functions B; are different from the A;’s interpolated in Algorithm

19 because a Kronecker substitution map is not used. Let

T-1

A,y ym) = [ LC(FDLC(9)) € Zolyr.yo,- - -+ Y]
k=0

where 5
fk(y17y27"'7ymaz):fk(ylz+/817"'7ymz+6m)
gf(yl,yg,...,ym,z) k(Y12 + B1, - s Ym2 + Bm)

Recall that a basis shift 8 does not affect the degree and the leading coefficients of auxiliary

rational functions. Thus, for 0 < j < Npax — 1, the point Y (o s+l agﬂfl, c eIl
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in Line 15 is random since § € [0,¢ — 2| is random and o = (a1, az, ..., ) € (Zg \ {0})™
is picked at random in Line 13. Thus, if ¥ is a bad evaluation point then A(Y;) = 0.
Therefore, the probability that }A/] is a bad evaluation point for any 0 < j < Nmax —1

< Nmax deg(A) < 2]\Afmaxnsdmax71DRy

qg—1 - qg—1
where
T-1
deg(A,y) = Z deg(fx) + deg(gx) = 2T deg(R) < 2nsdmax,1 DR, -
k=0

Using Theorem 6.26 ((6.13) and (6.14)), it follows that

\J 2
Nmax'rLSdmaX,l DRy

Pr[ basis shift 5 picked at random in Line 10 is bad] < T
q —_—

and

< 2]\Afmax Ingmin (HSHoonSdmax,l)
= N .

Pr[prime ¢ is unlucky for any B; where 1 < j < Nmax]

Therefore, the probability that Algorithm 20 returns FAIL in Line 21 is at most

NmaandmaXJD%{y N QNmaandmaxleRy N 2N, log, . (IIS|lconsdmax,1)

q—1 q—1 N
< 3Nmaxn5dmax,1D%{y n 2N, Ingmin (HSHoonsdmaXJ)
- g—1 N '

O]

Remark 6.33. The error probability for the rational number reconstruction process when
applied on the coeflicients of S to reconstruct its rational coefficients using one prime by
Algorithm 19 or many subsequent primes in Algorithm 20 will not be accounted for, be-
cause Monagan’s maximal quotient reconstruction algorithm [Monagan, 2004] is used in our

implementation, and it will always succeed with a probability of one when the input prime

T—
p or product of the primes p = [[,cpq > 9h2 where h = max max (|nedil|)

k=0 "kq ko
—1 and —=
dkl efk n dkz €9k

6.4 Main Results

Our main technical results are presented in this section.

Theorem 6.34. Suppose Algorithm 19 only needs one smooth prime p to interpolate the
monic square-free factor .S and suppose p is selected at random from the list of N; smooth

primes Ps where ps . = min(F;). Let N, be the number of auxiliary rational functions
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needed to interpolate the monic-square-free factor S. If all the degrees pre-computed in

Lines 1-5 are correct then the probability that Algorithm 19 returns FAIL is at most

13N3D%ynsdmax,1 1721 (1 + n8Dmax, ;) N 6NaDr, log,  ([[S]loc | Rllocnsdmax,1)
psmin - 1 NS .

Proof. Clearly, the probability that Algorithm 19 returns FAIL is at most
Pr[Algorithm 19 returns FAIL in Lines 21 or 25 or 30 or 33].

Since emax = 2 + max; o {deg(fx) + deg(gr)} < 4Dp,, the probability that Algorithm 20

returns FAIL in Lines 21 or 25 or 30 or 33 is at most

8NansD} dmax,i  4NaDr, log,,  (|[S]lol| Bllconsdmax,1)
S < + min +
P N
by Lemma 6.16

2N3DRynsdmaX71 Hgnzl(l + nSsDmax,;) N

p—1

by Theorem 6.30
SNQD%ynsdmaXJ [T7%: (1 + nsDmaxj)  2Nglog,  ([[Slleonsdmax,1)
& + min .
b= 1 Ns

by Lemma 6.26

The rest of the argument follows by simplifying the above failure probability bound and
using the fact that p > ps, ... O

Theorem 6.35. Suppose Algorithm 19 needs more than one prime p to interpolate the
monic square-free factor S. Let ¢ be a new prime selected at random from the list of primes
P to be used by Algorithm 20 where |P|= N and pyi, = min(P). Let N, be the number of
auxiliary rational functions needed to interpolate the monic-square-free factor S. Then the
probability that Algorithm 20 returns FAIL is at most

6NaDRy logpmin(HSHOOHRHOOnSdmax,I) n 13D%%yNa2n3dmax7l
N (pmin - 1)

Proof. Notice that Algorithm 20 will return FAIL, if it returns FAIL in Lines 17 or 24 or
27 or 34. Since
T—1
emax = 2 + max{deg(fx) +deg(gr)} < 4Dr,,

and
N d d
Na > Nma 131;1 ( %glg‘];? {#fz k} ?Igléglé){#gz k})
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the probability that Algorithm 20 returns FAIL in Lines 17 or 24 or 27 or 34 is at most

_ 8NansD12%ydmaX,1 N 4N, Dpg,log, . (|[S|lcoll Rllconsdmax,1) ZnSdmaX,lNgD%y

q N (¢—1)
by Lemma 6.16 by Lemma 6.31
3Nan5dmax,1D%{y 2N, logpmin (H SHoonSdmaX,l)
+ .
q—1 N

by Lemma 6.32

Our result follows by simplifying the above failure bounds using the fact that ¢ > pmin.
O

Remark 6.36. The reader should notice that the difference between the failure probability
bounds given in Theorems 6.34 and 6.35 is the quantity []j2; (1 + n8Dmax,;) Which arises
because a Kronecker substitution was used for the first part of our Dixon resultant algorithm.

Again, we note that the average value of this quantity is 1 [Schmidt, 2006, Chapter 4].
Lemma 6.37. The probability that Algorithm 20 returns FAIL is at most

6Ny Dr, 1ngsmin(||S||oo||R”oonSdmaX,1) n 13D?{yN3n3dmax,l
NS (psmin - 1)

Proof. Use the fact that N > N; and pmin > ps,., in Theorem 6.35. O]

Corollary 6.38. Suppose Algorithms 19 and 20 are modified to interpolate I monic square-
free factors R; of the Dixon resultant R. Let IV, be the number of auxiliary rational functions
needed to interpolate all the monic square-free factors R;. Suppose all the smooth primes
needed by Algorithm 19 are selected from the list of smooth primes Ps such that ppmin =
min(P) and |Ps|= N, and the primes (not necessarily smooth) needed by Algorithm 20 are

selected at random from the list of primes P such that ppi, = min(P) and pmin > Ps,;, -

@ If Algorithm 19 only needs one smooth prime to interpolate all the monic square-free
factors R; then the probability that Algorithm 19 returns FAIL is at most

13N3D%ynsdmax,1 1721 (1 + nsDmax ) N 6NaDp, log,,  ([[R;llsc||Rllcomsdmax,1)
psmin - 1 NS '

Suppose Algorithm 19 needs more than one prime to interpolate all the monic square-
free factors RZ;. Then the probability that Algorithm 20 returns FAIL is at most

13D%2yN§nsdmax,1 6NoDr, log, (1R} ]| oo | R so 1S dmax,1)
(psmin - 1) Ns
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Proof. Recall that the number of the rational function coefficients of S denoted by T' <
NSdmax,1- Let T; be the number of the rational function coefficients in R;. So modifying Al-
gorithm 19 and 20 to handle [ monic square-free factors will not affect our failure probability

bounds since

l l l
(m) - (Z d) >~ deg(Ry. 1) < dog(R.1) < 1.
i=1 ' =1

O]

We are now ready to give a failure probability bound for our probabilistic test algorithm

(Algorithm 24) which verifies if a monic square-free factor is correct.

Theorem 6.39. Let N, be the number of auxiliary rational functions needed to interpolate
the monic-square-free factor S. Let g be a new prime chosen to be used by Algorithm 24 (Our
probabilistic test) at random from the list of primes P such that |P|= N and ppi, = min(P)

in order to determine if the output of Dixon resultant algorithm is correct. We have

log,, .. (2n5dmax,1 NaDr, || S| s0)
~ )

Pr[Our probabilistic test fails] <

Proof. Our probabilistic test (Algorithm 24) will correctly verify that the output of our

Dixon resultant algorithm is correct or wrong if the input prime g does not divide any

T—1 fr( y1, ym) dk . Since

integer coefficient in the monic square free factor S = 561 +> 10 Iy E

1 deg(fx) deg(gx)

N, > 111351()){( maX {# fin}, max {31},

and fj, = Zdeg (k) fik and g = Zdeg(gk) j.k, we have that

max (# fr, #9gr) < No (max(deg(fx),deg(gr)) < NoDRr, .
Thus, #S < T(#fr + #gr) < 2T'NoyDpg, < 2n8dmax,1NaDR,- Therefore,

1ngmin (2n8dmaX71NaDRy || S | | OO)

Pr[q divides any integer coefficient of S| < ~

and our result follows. O

Proposition 6.40. Suppose Algorithm 19 only needs one smooth prime p to interpolate S
and p is picked at random from the list of smooth primes Ps; where |Ps|= Ny and ps_, =
min(Ps). Let k € Z*. If the smallest prime ps,_. in Ps satisfies

m
Doy > 281 (13N3D§%ynsdma&1 [Ja+ nstax,j)> +1,
j=1
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and the number of smooth primes in P; denoted by N, satisfies
Ny > 2841 (6N, D, Tog,,, (|| S]|ocl| Bllocnsdmas,1))

2
then Pr[the returned answer S is correct] > (1 — 2%)

Proof. We define the events involved as follows.

e Let A be the event that Algorithm 19 returns an answer S with only one smooth

prime.

o Let B be the event that the probabilistic test (Algorithm 24) correctly verifies that

the answer S is correct.

By Theorems 6.34 and 6.39, we have that

L

1
Pr[A’] < o5 and Pr[BY|A] < oF

since prime q > Pmin > Pspin- LHUS,

1 2
Prlthe returned answer S is correct] = Pr[A N B] = Pr[4] x Pr[B|A] > (1 — Qk) .

O]

Proposition 6.41. Suppose additional primes are picked at random from the list of primes
P and they are needed to interpolate the monic square-free factor S by Algorithm 19. Let
k € ZT. If the smallest prime ps_,, = min(P;) satisfies

m
Psmin = 2k+1 (13N3D%yn5dmax7l H(l + nSDmaX,j)) +1,
j=1

and the number of primes in the list of smooth primes P; satisfies

Ny > 2841 (6N, D, 1og,,,  (|Sllocl| Rllocnsdimax1) )

1 3
then Pr[the returned answer S is correct] > (1 — 2k) .

Proof. We define the events involved as follows.

o Let A be the event that Algorithm 19 returns a support of S in Line 39.

e Let B be the event that Algorithm 20 uses H additional primes from the list of primes
P to produce more images of S using the support of S from Algorithm 19.
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o Let C be the event that the probabilistic test (Algorithm 24) correctly verifies that
the answer produced by Algorithm 20 is correct. So,

Pr[S is correct] = Pr[CNBNA] = Pr[C|BNA] x Pr[BNA] = Pr[C|BNA] x Pr[B|A] x Pr[A].
Using Theorems 6.34 and 6.39, and Lemma 6.37, we get
H H
c 2 1 1
Pr[B*[A] < <2k+1> < (2k> < ok
1

Pr[AE] < oF and
1

Pr[ct BN 4] < =

Thus, we have that Pr[S is correct] > (1 - 2116)3 . O
Example 6.42 (Heron 2d system). The following quantities, namely,
o Nmax =5, H =2,Tax =3, m=3,n=3,5=3,dmazr,1 = 1, and Dpax = 2.
are real data for the Heron2d parametric polynomial system (Example 1.42).
Using the bounds from Theorem 6.5 (since we do not know what R is), we determined that

o |[Rlleo =7.29 x 10™ and [|S]|oc = 4.676419456 x 102

Taking ps,,, > 2°! and solving for k as in Proposition 6.40, we get k = 29 and N; =
2.226511046 x 10'3. Since the number of auxiliary rational functions N, used in our exper-

iment to solve this system is 16, using Theorems 6.34 and 6.39, it follows that
Pr[Algorithm 19 returns FAIL] < 1.862645149 x 1072,

and
Pr[Our probabilistic test fails | < 1.347399558 x 10713,

We remark that one 62 bit smooth prime was enough to interpolate the only monic square-
free factor of this system (See Table 5.4). Thus, we do not need to determine a failure

probability bound for Algorithm 20 which involves using additional primes.

We present another parametric polynomial system which our Dixon resultant algorithm

used more than a prime to interpolate its only monic square-free factor.
Example 6.43 (Geddes2 system in Appendix section A.3). The following quantities, namely,
o Nimax =32, H =6, Thax =24, m =1,n=4,5 = 24,dmaz,1 = 2, and Dypax = 2

are real data for the Geddes2 parametric polynomial system. Using the bounds obtained in
Theorem 6.5, we calculate the heights bound for R and S to obtain
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e ||R|lso= 8.017623607 x 102! and ||S||co= 1.075796791 x 10542,

Additionally, the number of auxiliary rational functions N, used in our experiment to solve
this system is 54. Taking pmin > 2% and solving for k as in Proposition 6.40 yields k = 17
and N, = 5.870683423 x 10''. Using Theorems 6.34, 6.35 and 6.39, we get

Pr[Algorithm 19 returns FATL] < 7.629394531 x 107°,

Pr[Algorithm 20 returns FAIL] < 3.955982350 x 107°,

and
Pr[Our probabilistic test fails] < 4.939799663 x 1011,

The greatest probability of failure is highlighted in red which is Algorithm 19. We note that
the bounds that we have obtained are huge but the actual failure probability is much less.

In our implementation, two 62 bit primes were enough to solve this system (See Table 5.4).

6.5 Complexity Analysis

In this section, we estimate the cost of a black box probe for our Dixon resultant R and the
total number of black box probes required by our Dixon resultant algorithm. We remark that
no input primes caused our experiments to fail because the primes used in our experiments
are 62 bit primes and the support of the first image S of S obtained using the first prime

A

is always correct, i.e., supp(S) = supp(S).

6.5.1 The cost of a black box probe

Theorem 6.44. Let M be a s x s Dixon matrix such that #M;; < Tyax. Suppose the
integer coefficients of M;; are [ base B digits long. That is, ||M;j||cc< B'. Let prime p
chosen at random from the list of primes P satisfy B < p < 2B. Let

A

m
Dpax = max(dmax,la II?E{( Dmax,k)-

A black box probe costs

2 2 2 3
O(  slTmax  + s nmTaxDmax + s )
— D
Modular reduction Matrix Evaluation Gaussian elimination

arithmetic operations in Z,.

Proof. Let the entries of the Dixon matrix M denoted by M;; = ng‘i" apMij, (21,91, -, Ym)
where M;;, (21,¥1,...,¥Ymn) are monomials in variables 21, y1, ..., ¥m. The cost of performing

the modular reduction M;; mod p is O({Tiax). Thus the total cost of reducing M mod p
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is O(s*1Tmax)- Let o € Z;”“ be an evaluation point. The maximum partial degree of
the entries of M is at most max(deg(Ax,,z1), max}; deg(Ax,,yx)) < 7Dmax. The num-
ber of multiplications done to compute a monomial evaluation M;;, («) is mnDiay. For
1 < k < Thax, all monomial evaluations M;;, (o) are computed using O(anmaxﬁmaX)
multiplications and Ti,ax multiplications for the product ayM;;, (o). Hence the cost of eval-
uating Dixon matrix M is O(s2nmﬁmaXT max)- The cost of the determinant computation
which is done by Gaussian elimination over Z, is O(s3) arithmetic operations in Z,. Thus
a black box probe costs O(SQTmaxl + S2Tmaxmnf)max + 83).

O

6.5.2 The number of black box probes required by our algorithm

Theorem 6.45. Let epax = 2 + maxg;ol{deg(fk) + deg(gr)} be the number of points
needed to perform univariate rational interpolation and let d,, = deg(R,z1). Let Nuax =
maxZ;& (max?i%(f’“){#fi,k}, max?z%(gk){#gi7k}) where f; i, gi ks fr, g from S are as defined in
(5.2), (5.3). Let H be the number of primes needed by Algorithm NewPrime to reconstruct
the coefficients of .S using rational number reconstruction. The number of black box probes

required by our algorithm is O(H dmlemameax).

Proof. We need d;, +1 probes to the black box BB to interpolate a monic univariate image
of R in z1. In order to interpolate an auxiliary rational function A; in Line 24 of Algorithm
19, we need to use emax coefficients from the monic polynomial images H in z; obtained in
Line 20 of Algorithm 19.

The size of the supports # f; . and #g; . are unknown, and they will be discovered by the
BMA (Line 1 of Subroutine BMStep) via some feedback polynomial A(z). In particular, for
each i, # f; 1, is obtained when deg(A1, z) < # for some feedback polynomial A\; € Zj[z]
with a probability of at least

_ #fip(#fip + 1) deg(Kr (fik))

! 2(p—1)

However, by design, the size of the supports # faeg(f,)r and #ddeg(f, ),k arve discovered
first using O(2 max{# faeg(f,),k> Gdeg(gx ),k }) coefficients from the computed auxiliary rational
functions. These coefficients from the A;’s may be enough to discover #f; r and #g; 1. But
in most cases, they are not enough, so more auxiliary rational functions must be computed.
In the worst case, the maximum total number of auxiliary rational functions that need

to be interpolated for the first prime is O(4Npay). Furthermore, using the support obtained
from the first prime, O(H Nmax) new auxiliary functions are needed if additional primes are
required to solve for the unknown coefficients of the f;;’s and g;’s. Therefore, the total
number of black box probes required by our Dixon resultant algorithm is O(Hd,, €mameax).
O
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6.5.3 Theoretical Comparison

Let R be the Dixon resultant. Let d be the maximum partial degree of R and let t = #R.
The following table (Table 6.1) compares our Dixon resultant algorithm with Zippel’s sparse
interpolation algorithm and the Ben-Or/Tiwari algorithm for interpolating R in terms of the

number of black box probes required and the sizes of the primes needed for these algorithms.

Table 6.1: Comparing sparse algorithms in terms of # of probes and the size of their primes

Number of black box probes | size of prime

Our new Dixon resultant algorithm O(HdQNmax) p>(d+1)™
Zippel’s algorithm O(mdt + Ht) p > 2md>t?
Ben-Or/Tiwari algorithm O(Ht) p > pﬁ,’?*”d
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Chapter 7

Solving Ax = b

7.1 Summary of Contributions

Our main contribution in this chapter is a new black box algorithm for solving parametric
linear systems which uses the new sparse rational function interpolation method developed
in Chapter 4. We have implemented our algorithm in Maple + C and we compare our
new algorithm with 4 other algorithms for solving parametric linear systems. The failure
probability and complexity analysis for our new algorithm is presented. The results in this
chapter have been published in the Proceedings of CASC 23 [Jinadu and Monagan, 2023].

7.2 Introduction

Let Ax = b be a parametric linear system where the coefficient matrix A € Z[y1,y2, ..., ym]™ "

is of full rank n and the right hand side column vector b € Z[y1,y2, . . ., Ym]". Suppose that
the number of terms in the entries of A and b denoted by #A;;, #b; < t and the total
degrees deg(A;;),deg(b;) < d. We present a new black box algorithm that uses our new
sparse rational function interpolation method from Chapter 4 to interpolate the solution

vector of rational functions

W[l o )

Tr = {:Bl xT9
g1 92 dn

such that for fi, gx € Z[y1,y2,- -, Yml, gk # 0, gi|det(A) and ged(fx, gx) = 1for 1 < k < n.

7.3 The Algorithm

Let p be a prime and let BB : (Z?,p) — Zy, with m > 1 and n > 1 be a black box for the
augmented matrix B = [A|b] denoting a parametric linear system Az = b. That is, it takes

a list of integers a € Z;" and a prime p as inputs and solves for

z(a) = A7 a)b(a) € Z,
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using Gaussian elimination over Z,,.

Let the polynomials fi and g of the entries z; = g—z of the solution vector x be viewed
as
deg(f) deg(g)
fe=>_ firlyr,y2, - ym) and gx = D> gy, v2, - Um) (7.1)
i=0 j=0

such that polynomials f; and g;; are homogeneous polynomials and deg(f;x) = ¢ and
deg(gjk) = J-

Given a black box BB for a parametric linear system Ax = b, we divide the steps to
interpolate the unique vector z by our new black box algorithm (Algorithm 26) into seven
main steps. The first step in our algorithm is to obtain the degrees needed to interpolate
x. These include the total degrees deg(fx),deg(gx) for 1 < k < n, which are needed to
densely interpolate the univariate auxiliary rational functions, the maximum partial degrees
maxj_, (max(deg(fx,v:),deg(gk,v:))) for 1 < i < m, which are needed to apply Kronecker
substitution and the total degrees of the polynomials f;; and g;; which helps avoid doing
unnecessary work when the effect of the basis shift is removed in Subroutine 18 (See Lines
1-5 of Algorithm 26).

With high probability, we describe how to discover these degrees as follows. Let p be a
large prime. First, pick a, 5 € (Z, \ {0})™ at random, and use enough distinct points for z
selected at random from Z, to interpolate the univariate rational function

Ni(z)  frlanz+ Biy.. oy mz + Bm)

h(2) = Dy(2) - gr(arz+ B, ...y mz + Bm) € Zp(2),

via probes to the black box so that deg(fx) = deg(/Ny) and deg(gx) = deg(Dy) with high
probability. Next, pick v € (Z, \ {0})™ !, 0 € Z, \ {0} at random and probe the black box

to interpolate the univariate rational function

H(Z) L Hfl o fk(717'"77@’71’0'27775%*17"'777)1) =/ (Z)
i = = p\< )5
Hy,  ge(v1,- o %i-1,02,Yit1s -+, Ym)

using enough distinct random points for z from Z,. With high probability deg(Hy,,z) =
deg(fx,v:) and deg(Hy,, z) = deg(gk, y;) for 1 <i < m.
Finally, suppose we have obtained deg(fx), deg(gx) correctly for 1 < k < n. Then pick
a € (Z, \ {0})™ at random and use enough random distinct points for z selected from
Zy \ {0} to interpolate the univariate rational function
_ df, <
N > Nik(2)  fuloaaz,...,am2)

W )= —— = = EZ z
D T S bty () S

where dy, = deg(Ny) and dg, = deg(Dy). Now, if deg(fy) = dj, and deg(gx) = dg,
then deg(fix) = deg(Ni7k) and deg(g; k) = deg(DM) with high probability. But, if there
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is no constant term in f; or gi, then deg(fy) # dy, and deg(gr) # dg4, because e =
deg(gcd(Ny, Dy)) > 0. Since we do not know what e, is, it follows that if e, = deg(fx) —
dy, = deg(gr) — dg, with high probability then deg(fix) = deg(Nj’k) + ex, and deg(gi k) =
deg(Di7k) + e with high probability.

After obtaining all the degree bounds, the second step in our algorithm is to probe the
black box BB with input evaluation points a € Z;" to obtain images z(a) = A~ (a)b(a) €
Zy (See Lines 17-19).

The third step is to perform dense interpolation of auxiliary univariate rational functions
labelled as A;(z) using the images z(o) = A~ (a)b(a) € Zy (See Lines 23-27). By design,
the fourth step is to determine the number of terms in the leading term polynomials fqeg(f, )k
and ggeg(f,),x and interpolate them via calls to Subroutine BMStep in Lines 29-30.

Next, #fir and #g; ) as defined in (7.1) are determined by calls to Subroutine Re-
moveShift in Lines 33-34 where the effect of the basis shift 5 # 0 is removed and the
coefficients of the auxiliary rational functions A;(z) are adjusted in order to interpolate f;

and g; ;. Note that for each i, # f; 1, (or #g¢; 1) is obtained when deg(\, z) < #J;”“ for some

feedback polynomial A € Z,[z]| generated by the Berlekamp-Massey algorithm in Line 1 of
Subroutine BMStep.

Once f; i, gi,x modulo a prime have been interpolated, the sixth step in our algorithm is
to apply rational number reconstruction (RNR) on the assembled vector X = [g—i mod p,1 <
k < n] to get z in Line 41. If RNR process fails, then more primes and images of = are needed
to interpolate the vector x using Chinese remaindering and rational number reconstruction.

The final step is to call Algorithm 27, an algorithm similar to Algorithm 26, except that
#fix and g; are now known, and Algorithm 27 uses more primes to get the solution x

using Chinese remaindering and rational number reconstruction.

7.4 Analysis

7.4.1 Failure Probability Analysis

For the rest of this section, let
1. d = maxj;_, (deg(b;), deg(Ay;), deg(fi), deg(g:)),
2. t = max},;_ (#Aij, #bj, # fi, #9i)
3. ([ Ajlloos l[jllc0 < P

4. Ps = {psy,Psys - - - PN, } be the list of smooth primes to be used in Algorithm 26 such
that ps, . = ming\;sl{pi}, |Ps|= Ns and Nj is a large positive integer.

5. P = {p1,pa2,...,pn} be the list of primes (not necessarily smooth) to be used in
Algorithm 27 such that pp, = minlY{p;}, |P|= N and N is a large positive integer
with N > Ny and pmin > Ps,min-
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Algorithm 26: ParamLinSolve

Input: The black box BB : (Zgl,p) — Z,, for the augmented system [A[b] with m > 1.

Output: The vector « € Z(y1, ..., Ym)" such that Az = b or FAIL.

Compute total degrees (deg(fx),deg(gx)) for 1 <k <n.

ey < deg(fi) + deg(gr) +2 for 1 <k <n.

emax < max}_; {ex}.

Compute (Ey, , Eq, ) where Ey, and E,, denote the lists of the total degrees of the
polynomials f;; and g, in fi and g respectively as defined in (7.1).

Dy, + max (max}_, (deg(fr,yi), deg(gx, y:))) for 1 <i < m.

6 Initialize r; = Dy, + 1 for 1 <i <m and let 7 = (r1,72,...,"m_1).

7 Pick a random smooth prime p > H;nzl r; and a random basis shift 3 # 0 € Z;".

// p is the prime to be used by the black box.
8 Let K, : Zp(y1,y2, .-, Ym) = Zp(y) be the Kronecker substitution K, (fx/gx)-
9 Pick a random shift § € [0,p — 2] and any generator « for Ly,

W N =

%)}

10 Let z be the homogenizing variable.
11 Pick 6 € Zgm>x at random with 0; # 0; for i # j.

12 M =TI (2 = 0;) € Zp[2]; oo O(e2 )

13 k+ 1.

14 for i=1,2,--- while kK <n do

15 Y; « (afti=1 qGti=Dr g ($Fi=(mrermo1)) /[ Apply the Kronecker substitution
K, here

16 for j=1,2,...,emas do

17 Zj«0; Y+ B el

18 vj < BB (Z;,p) // Here v; = A~'(Z;)b(Z;) € Ly,

19 if v; = FAIL then return FAIL end // rank(A(Z;)) < n.

20 end

21 if i¢{24,8,16,32,---} then next end
22 for j=1,2,...,ido

23 Interpolate U € Zy[z] using points (6;, vk : 1 <j <eg)j..oovnviiiiii.. O(e3)
24 Aj(2) «~ MQRER(M, U, pP); o oo O(e?)
25 Let A;(z) = xJEZ € Zp(z) // This is the auxiliary function in z.

J
26 if deg(NV;) # deg(fr) or deg(N;) # deg(gx) return FAIL end
27 Normalize A;(z) such that N;(z) =1+ Z?igl(N) a;z".
28 end
29 Fy + BMStep([coeff(Nj,zdeg(f’“)) 1 <i<i],a,8,7r); i O(i® + #F? log p)
30 G}, + BMStep([coeff(N;, 23°8(9%)) 1 1 < § <], 0,8,7);. 0., O(i* + #G3 log p)

31 // Here Fy = faeg(f),x mod p and G = gaeg(g,.),k mod p
32 if I}, # FAIL and Gy # FAIL then

33 fr < RemoveShift(Fy, 8, Ey, , 3, a, [)71, cee )A/;}, [N1,...,N;i],r)
34 gr < RemoveShift(Gy, 8, By, , 8, o, [Y1,...,Yi], [Ny, ..., Ni],7)
35 if fi # FAIL and g, # FAIL then

36 ‘ k « k+1 // we have interpolated zj; mod p

37 end

38 end

39 end

10 X [Z—’;,l <k <n]//Here X =z mod p

41 Apply rational number reconstruction on the coefficients of X mod p to get
a2 if x # FAIL then clear the fractions of  and return x end

43 return MorePrimes(BB, X, ((deg(fx),deg(gx)) : 1 < k < n),p)
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Algorithm 27: MorePrimes

Input: The Black box BB : (ZI",q) — Z? for [A[b] with m > 1, a vector X =z mod p,
where p is the smooth prime used by Algorithm 26 and the list of degrees

[(deg(fx),deg(gr)) : 1 <k <n].
Output: The vector x € Z(y1, ..., Ym)" such that Az = b or FAIL.
1 Let ey = deg(fx) + deg(gx) + 2 for 1 <k <n and let emax = maxj_, (ex).

2 Let By = [facg(fr)—1,k> - - -» fok] and By = [gaeg(g)—1,k> - - - » Go,k] Where f; ., g; 1 are as
defined in (7.1)

3 Let Npax = maxp_, {max?i%(f"){#fi,k},max?i%(g’“){#gi’k}}} and set P = p.

4 do

5 Get a new prime ¢ { P. // The black box BB uses a new prime g # p.
6 Pick o, B € (Zy \ {0})™,0 € Zgm>x and shift 5 € [0,¢q — 2] at random.
7 fori712...Nrmxdo
8 Y — ( S4i—1 a;-&-z 1. ’afrjifl).
9 for j=1,2,...,emas do
10 Zjeffiw‘)jJrBEZZ’
11 vj < BB (Z;,q) // Here v; = A™Y(Z;)b(Z;) € L,
12 if v; = FAIL then return FAIL end // rank(A(Z;)) < n).
13 end
14 end
15 for k=1,2,...,ndo
16 (7, ]\Zf)  (#faeg(f1)k>SUPP(fdeg(f1).k)) // supp means support.
17 (n, M) + (#gdeg(gk),kaSupp(gdeg(_gk) k)
18 (m,m) + ([M;(a) : 1 <i<n],[Mi(a) : 1 <i<A); e, O(m(n +n))
19 if the monomial evaluations 7i; = ; or m; = m; then return FAIL end.
20 M IR (2 =0;) €Zgl2]; O(e3)
21 for j =1,2,..., Npax do
22 Interpolate u € Z,|z] using points (0;,vg; 11 <j <ep);..oooeiiiiiii... O(e?)
23 Bj + MQRFR(M,u,p)//Bj = N;(2)/Nj(2) € Zg(2).-vvevveniaiani.. O(e?)
24 Normalize Bj(z) s.t. Nj(z) = 1 + Zdeg(N) bi2".
25 if deg(NV;) # deg(fx) or deg(N. ;) # deg(gx) then return FAIL end.
26 end
27 Let a;, = LC(NVj, z) and let b; = LC(N~ z) for 1 <4 < Npax-
28 F}, +VandermondeSolver (i, [a1, ..., aal, 8, M); . oooooi i O(n?)
29 Gy, +VandermondeSolver (1, [b1, - .-, bal, 8, M); o ooviiii e O(n?)
30 Fy, + GetTerms(Fy,a, 3,8, B1,Y1,...,Yn.. ], [N, ..., Nn,.. ], @)
31 Gy « GetTerms(Gy,a, 3,8, Ba, [Y1,..., YN ], [N1,...,Nn... ],q)
32 if F), = FAIL or GG;, = FAIL then return FAIL end
33 end
34 X<—[k <k <n]//Here X =z mod ¢
35 Solve {13‘ X mod P and F' = X mod q} using Chinese remaindering and set
P=Pxaq.
36 Apply rational number reconstruction on coefficients of £ mod P to get z
37 if 2 # FAIL then return F else (X, p) + (F,q) end
38 end
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We now estimate the height of the entries zj, of the solution vector x.

Theorem 7.1. We have

kaHoo < enmdn%tnhn

where e is the Euler number and e ~ 2.718.

Proof. Let Rj, = det(A¥) where A* denotes the matrix obtained by replacing the k-th
column of the coefficient matrix A by the right hand side column vector b and let R = det(A).

By Cramer’s rule, the solutions of Az = b are given by

T = &
EE R
Let hy = ged(Rg, R). Observe that
R g
R/l gk

where ged(fx, gx) = 1. Therefore fi|Ry and gx|R. By Lemma 6.3, it follows that
lokloe < e2rma BN Rllg< @2t M| Rlo< €| R (7.2)
and similarly,
| filloo < €™ Ry oo (7.3)

because deg(R,y;) < deg(R) < n x max}_,{deg(4;;)} < nd. Therefore
lzklloe < maxx (|| filloos llglloo) < €™ max (|| Rilloo, | Rlloo) < €™ nz ¢" A"

by Theorem 6.2. O

We remark that the above bound for the height of xj is a worst case bound. Usually,
[fklloo< ([ Rilloo and [|gkfloo < [|R2]]co-

7.4.2 Unlucky Primes and Evaluation Points

Let A be our input n x n coefficient matrix where A; ; € Z[y1,y2, ..., Ym].
Definition 7.2. A prime p is said to be unlucky if p|det(A).

Definition 7.3. Suppose p is not an unlucky prime. Let o € Z}' be an evaluation point.
We say that « is unlucky if det(A)(«) = 0.

Lemma 7.4. Let p be a prime chosen at random from the list of primes P such that
Pmin = min(P) and |P|= N. Then

log,, .. (n%t” h”)

Prip i lucky] <
r[p is unlucky] < I
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Proof. Let R = det(A) and let ¢ be an integer coefficient of R. The number of primes p

from P that can divide c is at most [log,, . c|. So

1ngmin c

Pr[p divid <
r[p divides ¢| < N

By definition, prime p is unlucky <= p|R = p divides one term in R. So

108,10 [ Bloo

Prlp is unlucky] = Pr[p divides R] < Pr[p divides one term in R] < N

log,, . (n% t" h”)
N .

Lemma 7.5. Let p be a prime chosen at random from the list of primes P. Let a € Z;" be

Using Theorem 6.2, it follows that Pr[p is unlucky] < O

an evaluation point. If p is not an unlucky prime then

nd

Pr[ «v is unlucky | < —.
p

Proof. Using Lemma 2.17, we have

Pr[ « is unlucky | = Pr[ det(A)(a) =0] < <7

7.4.3 Bad Evaluation Points, Primes and Basis Shifts

Definition 7.6. We say that a € Z,, \ {0} is a bad evaluation point if deg(fkﬁ(a, z)) <
deg(fx, z) or deg(gf(a, z)) < deg(gg, z) for any k.

Definition 7.7. We say that 3 € (Z, \ {0})™ is a bad basis shift if gcd(f, gr) = 1 but
deg(ged(fL (o, 2), g2 (@, 2))) > 0 for any k.

Definition 7.8. We say a prime p is bad if p\LC(f,f(y, z)) in z or p]LC(g,f(y, z)) in z for
any k.

To avoid the occurrence of bad evaluation points with high probability in Algorithm 26,
we had to interpolate Fj,(a**?, z, 8) for some random point 3 € [0, p—2] instead of Fy(c?, 2, 3)
for i = 0,1,2,.... This is labelled as A; in Line 25. Line 26 detects the occurrence of bad

evaluation points, a bad basis shift or a bad prime.

7.4.4 Main Results

Theorem 7.9. Let N, be greater than the required number of auxiliary rational functions

needed to interpolate the vector z and suppose all the degree bounds obtained in Lines

172



1-5 of Algorithm 26 are correct. Suppose Algorithm 26 only needs one smooth prime to
interpolate z and let e be the Euler number where e &~ 2.718. If a smooth prime p is chosen
at random from the list of smooth primes P, such that ps_,. = min(Ps) then the probability
that Algorithm 26 returns FAIL is at most

6Nur?d (log,,,,, (thy/m)) +2Nan?mdlogp,  (¢) L 20(L+d)™ (N + £ + 2d) + 50°Nod?
N, p—1 ’

Proof. Recall that emax = maxj_,{deg(fx) + deg(gr) + 2} < 4d. Notice that
Prv; = FAIL in Line 19] = Pr[prime p or evaluation point Z; in Line 17 is unlucky].

By Lemma 7.4 and 7.5, we have that Pr[Algorithm 26 returns FAIL in Line 19] <

da log,, nzt"h" d log, (thy/n
emaxT Ny (n 4+ Pomin ( )> < 4n?dN, ( + M (7.4)
p p

N N

There are three causes of FAIL in Line 26 of Algorithm 26. Again, all three failure
causes (bad evaluation point, bad basis shift and bad prime) are a direct consequence of
our attempt to interpolate auxiliary rational functions A; in Line 25. We will handle the

bad evaluation point case first. Let

n

H C(ff (y,2))LC(g} (4, 2)) € Zyly).

Notice that the evaluation point a**/=1 in Line 15 is random on [0,p) since § € [0,p — 2]
is random. Since a basis shift 5 does not affect the degree and the leading coefficients of

auxiliary rational functions, we have that if a*7/~! is a bad then A(a**/~1) = 0. Thus

N, deg(A) < 2Nyn(1+d)™

Pr[oféﬂ'*1 isabad for 0 <j <N, —1] < <
p—1 p—1

Now suppose 0; := a*t771 s not bad for 1 < j < N,. Let wy,ws, - - - w,, be new variables
and let

B & B fk(ejz + wq, ... 720‘5‘7‘17‘2“'7"}71,71) + 'U)m)
9k; gk(05z + w1, ..., Zeg('rmmrmﬂ) + W)

D
&
|

€ Zp(wr, wa, ..., Wny)(2).

Recall that LC(fkj)(B) # 0and LC(gk; )(B) # 0. Let Ekj = res(fk],gkj, 2) € Lplwi, wa, . .., wn,]
be the Sylvester resultant and let A(wq,ws, ..., w H Clearly, 8 picked at ran-
)

1k=1
dom in Line 7 is a bad basis shift <= deg(gcd(fkj( gr;(2,8)) >0 <= A(B) =0 for

173



any k and j. Using Bezout’s bound [Hu and Monagan, 2016, Lemma 4], we have

deg(Ry;) < deg(fi,) deg(gy) < d*.
Thus
deg(A) < nd?N,
p—1 =~ p-1-
Finally, we deal with the bad prime case. The probability that p is bad is at most

Pr[8 is a bad basis shift] = Pr[A(8) = 0] <

nlog, (I fxllocllgilloc)
N '

Pr[p divides one term of LC(fx) or LC(gx) for 1 <k <n| <
Using (7.2) and (7.3), we have Pr[prime p is bad for any 1 < j < N,]

Nanlog, (enmdnz¢npm)2  2N,n? (]-ngs _(thy/n) +mdlog,, e)
< min < min min .
= Ns —= Ns

Thus Pr[Algorithm 26 returns FAIL in Line 26] is at most

2N,n? (logpsmin (thy/n) + md log,, e) . ONn(l+d)™  nd?N,

. 7.5
Ny p—1 +p—1 (7.5)

Since N, is greater than the required number of auxiliary rational function needed by
Algorithm 26 to interpolate x, then Line 2 of Subroutine 17 will never return FAIL. However
the feedback polynomial A\ € Zy[z] generated to find the number of terms in f; 5 or g;j in
Line 4 of Subroutine 17 might be wrong so it will return FAIL which causes Algorithm
26 to return FAIL in either Lines 29 or 30 or 33 or 34. By Theorem 6.28, we have that
Pr[ getting the wrong #f; , or #g; x| is at most

Sy (SR # fi (B fie + 1) deg(K (fir) + 508 #g: x(gik + 1) deg(Kr (i) )
2(p—1) '

We have

2nt?(1 4 d)m+!

Pr[Algorithm 19 returns FAIL in Lines 29 or 30 or 33 or 34] < 1 (7.6)

p —_—
since 4, #gix < 1, deg(fi), deg(gr) < d and deg(K, (i), deg(Kr(gix)) < (1+d)™. Our
result follows by adding (7.4), (7.5) and (7.6). O

Theorem 7.10. Let N, be greater than the required number of auxiliary rational functions
needed to interpolate z. Let ¢ be a new prime selected at random from the list of primes P to
reconstruct the coefficients of x using rational number reconstruction such that |P|= N and
Pmin = min(P). Let e = 2.718 be the Euler number. Then Pr[Algorithm 27 returns FAIL]
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is at most

6N, n2d (logpmin (th\/ﬁ)) + 2N, n%*md log,, . (e) 7n2d2N + dnd2t2
N g—1 ’

Proof. Using (7.4), the probability that Algorithm 27 returns FAIL in Line 12 is at most

d log, (th
An?dN, (q + W) . (7.7)

If the monomial evaluations obtained in Line 19 of Algorithm 27 or the monomial evaluations

obtained in Line 24 of Subroutine 21 are not distinct then

Pr[Algorithm 27 returns FAIL in Line 19 or 30 or 31]

<3 (S50 (Hf) degfia) + S50 (H44) desln)) _ 4nd?e
— q—1 I 1

(7.8)

Notice that the functions B; obtained in Line 23 are of the form

f]f(yluy27"'7yﬁhz) . fk(ylz+617>ymz+/8m)

g,f(yl,yg,...,ym,z) g1z + B1,- - Ym2z + Bm)’

and are different from the A; obtained in Algorithm 26 because a Kronecker map is not
used. Let

H (FOLC(9) € Zoly1,Y2, - - -, Y-

Since deg(A) < 2nd and N, > Vinax, we have that

. - 2ndN,
Pr[Y; picked in Line 8 of Algorithm 27 is bad : 0 < j < Nyax — 1] < n 7
q J—
Hence Pr[Algorithm 27 returns FAIL in Line 25] <
2N,n? (logpmin (thy/n) +mdlog, . e) N 2ndN, . nd2N, 4
N g—1 g—1" (7.9)
Our result follows by adding (7.7), (7.8) and (7.9). O

7.4.5 Complexity Analysis

Theorem 7.11. Let B = [A[b] be a n x (n + 1) augmented matrix such that #B;; <t
and deg(B;j) < d. Suppose the integer coefficients of B;; are [ base C' digits long. That is,
| Bijlloo< C!. Let prime p chosen at random from P and C' < p < 2C. A black box probe

costs O(n?tl + n*mdt + n3) arithmetic operations in Z,.
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Proof. This follows from Theorem 6.44. O

d
Theorem 7.12. Let Nypax = Iilréic( %a];’é {#fir} maX {#gZ k}) where fi k., ik, [k, gk are as
=
defined in (7.1) and let eyax = 2+maxk 1{deg(J“";cH—deg;(gk)} Let H = maxg (|| fxlloos [|9k|o0))-
Then the number of black box probes required by our algorithm to interpolate the solution

vector z is O(emmﬁmax logH).

Proof. This follows from Theorem 6.45. 0

7.5 Implementation and Benchmarks

7.5.1 Implementation

We have implemented our new algorithm in Maple with some parts coded in C to improve its
overall efficiency. The parts coded in C include evaluating an augmented matrix at integer
points modulo prime p, solving the evaluated augmented matrix with integer entries over 7Z,
using Gaussian elimination, finding and factoring the feedback polynomial produced by the
Berlekamp-Massey algorithm, solving a ¢ x ¢ shifted Vandermonde system and performing
dense rational function interpolation using the MQRFR algorithm modulo a prime. Each
probe to the black box is computed using C code, and it supports primes up to 63 bits
in length. We have benchmarked our code on a 24 core Intel Gold 6342 processor (maple
server) with 256 gigabytes of RAM using only 1 core running at 2.8GHz (base) and 3.5GHz
(turbo).

7.5.2 Benchmarks

To test the performance of our algorithm, we create the following artificial problem where
#det(A) > #gi, and # det(A*) > #fi. Let D € Zly1,y2, . . ., Y™™ with rank(D) = n.
Let the coefficient matrix A be a diagonal matrix such that its diagonal entries are non-zero

polynomials g1, ..., g, and let the vector

b:[ﬁ fo - fn}T-

Clearly, the vector

solves Az = b. But, suppose we create a new parametric linear system
Wax* =c
by premultiplying Ax = b by D so that

Waz* = (DA)x* = Db = c.
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Then both parametric systems Ax = b and Wx* = ¢ are equivalent. That is,

« w1 adj(DA)c adj(A)adj(D)Db  adj(A)b
w=Wle= 30 DA) = det(D) det(A) ~ det(d) ~ A =7

where adj denotes the adjoint matrix. Our main idea for creating this test problem is to
ensure that ged(det(W?), det(W)) is large, so that our new method avoids the ged compu-
tations and computing large determinants.

In Table 7.1, we compare our new algorithm (row ParamLinSolve) with a Maple im-
plementation of the Bareiss/Edmonds fraction free one step Gaussian elimination method
with Lipson’s fraction formula for back substitution (row Bareiss), a Maple implementa-
tion of the Gentleman & Johnson minor expansion method (row Gentleman) and using
Maple’s commands ReducedRowEchelonForm (row ReducedRow) and LinearSolve (row
LinearSolve) for solving the systems Wz* = ¢ that were created artificially. The artificial

systems Wzx* = ¢ for Table 7.1 were created using the following Maple code:

CreateSystem := proc(n,m,T,dT,t,d) local A, D,W,c,b,Y,i;
Y := [ seq(ylli,i=1..m) 1;

D := Matrix(n,n, () -> randpoly( Y,terms=T, degree=dT));

b := Vector[column] (n, () -> randpoly(Y, terms = t, degree= d));
i := [ seq( randpoly( Y, terms = t, degree= d),i=1..n) ];

A := DiagonalMatrix(i);

W,c := D.A, D.b; return W,c,A,D;

end:

The three input systems solved in Table 7.3 are real systems (Example 1.12 and two
other real systems) which were the motivation for this work. Note that the timings reported
for the real systems in Table 7.3 are in the columns and not in rows as in Table 7.1. The
breakdown of the timings for all individual algorithms involved for computing the system
named bigsys are reported in 7.2. Column max in Table 7.3 contains the number of terms
in the largest polynomial to be interpolated in the rational functions of the unique solution
of a parametric linear system.

The artificial input systems Wz* = ¢ were created by generating matrices D, A and col-
umn vector b randomly, with all of their entries in Z[yi, ..., ym] where m = 10, deg(D;;) <
dr = 5,#D;; = T < 2 and deg(4;;),deg(b;) < d = 10,#A4;,,#b; = t < 5 and
rank(A) = rank(D) = n for 3 < n < 10. Using the Gentleman & Johnson algorithm,
we obtain # det(A), # det(D), # det(W) (rows 2-4) and the total CPU time used to com-
pute each of them are reported in rows 10-13. We remark that we did not compute the
ged(det(AF), det(A)) when the Gentleman & Johnson algorithm was used. As the reader

can see from Table 7.1, our algorithm performed better than other algorithms for n > 5.
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Table 7.1: CPU Timings for solving Wa* = ¢ with #f;, #g; <5 for 3 <n < 10.

n 3 4 5 6 7 8 9 10
#det(A) 125 625 3,125 15,500 59,851 310,796 1,923,985 9,381,213
# det(D) 40 336 3,120 38,784 | 518,009 | 8,477,343 | 156,424,985 NA
# det(W) 5,000 | 209,960 | 9,741,747 NA NA NA NA NA

ParamLinSolve | 0.079s | 0.176s 0.154s 0.211s 0.220s 0.239s 0.259s 0.317s
LinearSolve 0.129s 1.26s 304.20s | 124200s ! ! ! !
ReducedRow 0.01s 0.083 11.05s 3403.2s ! ! ! !
Bareiss 2.02s ! ! ! ! ! ! !
Gentleman 0.040s | 3.19s 239.40s ! ! ! ! !

time-det(A) Os 0s 0.003s 0.08s 0.898s 0.703s 17.03s 25.32s
time -det(D) Os 0s 0.007s 1.21s 1.39s 601.8s 2893.8s !
time-det () Os 0.310s 20.44s ! ! ! ! !

= out of memory and NA means Not Attempted

Table 7.2: Breakdown of CPU timings for all individual algorithms for computing bigsys

Time(ms) | Percentage
Matrix Evaluation 151.48s 1.9 %
Gaussian Elimination 110.71s 1.4 %
Univariate Rational Function Interpolation 706.07s 9%
Finding A € Z,[z] using the Berlekamp-Massey Algorithm | 208.25s 2.6 %
Roots of A over Z, 4856.965 62 %
Solving Vandermonde systems 434.46s 5.6 %
Multiplication and Addition of Evaluation points 257.40s 3.3 %
Computing Discrete logarithms 586.64s 7.6 %
Miscellaneous 464.67s 9.4 %
Overall Time TT76s 100 %

Table 7.3: CPU Timings for solving three real parametric linear systems

system names | n | m | max ParamLinSolve Gentleman | LinearSolve | ReducedRow | Bareiss | # det(A)
Bspline 21| 5 26 0.220s 2623.8s 0.021s 0.026s 0.500s 1033
Bigsys 44 | 48 | 58240 7776s ! 17.85s 1.66s ! 6037416
Caglar 12| 56 | 23072 1685.57s NA 1232.40s 15480.35s NA 15744
Sys66a 66 | 34 | 145744 | 665507.32s (184.86) hours ! ! ! ! NA
Sys66b 66 | 31 | 107468 | 255819.27s (71.06) hours ! ! ! ! NA

!'= out of memory and NA=Not Attempted

178




In our experiments, the cost of evaluating augmented matrices over Z, is often the
most expensive part. But as the reader can see in Table 7.2, computing the roots of the
feedback polynomial for the bigsys system is the dominating cost. This is because the
number of terms in many of the polynomials f;, g; to be interpolated is large. In particular,
it has four polynomials where max(# f;, #g;) > 50,000 and our root finding algorithm for
computing the roots of \(z) costs O(t?logp) where ¢t = deg()\) is the number of terms of
the polynomials f; and g; being interpolated. Faster root finding algorithms such as the
Tangent Graeffe algorithm by Grenet, vander Hoeven and Lecerf [Grenet et al., 2015] and
vander Hoeven and Monagan [van der Hoeven and Monagan, 2020] which uses O(tlogp)

arithmetic operations in Z, could be used to speed up our new algorithm.
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Chapter 8

Conclusion

In this thesis, we have developed a new sparse multivariate rational function interpolation
algorithm which uses a new set of evaluation points and employs a Kronecker substitution
to effectively reduce the size of our working primes. This new approach transforms the
problem of interpolating a multivariate rational function using Cuyt and Lee’s method and
the Ben-Or/Tiwari algorithm into a univariate rational function interpolation problem.

We have designed a new Dixon resultant algorithm that computes the monic square-free
factors of the Dixon resultant R of a parametric polynomial system using our new sparse
rational function interpolation method. We have shown that there is a huge reduction in
the number of terms, the number of black box probes required, and the number of primes
needed when the monic square-free factors R; of the Dixon resultant R are interpolated
instead of interpolating the Dixon resultant R on problems in practice.

We have implemented our Dixon resultant algorithm in Maple and implemented several
subroutines in C including the evaluation of the Dixon matrix modulo a prime, computing
the determinant of integer matrices modulo a prime, solving a t x ¢ shifted Vandermonde
system and performing dense rational function interpolation using the MQRFR algorithm
modulo a prime. We have tested our new Dixon resultant code on many real parametric
polynomial systems that emerged from practical problems.

Our benchmarks showed that our new Dixon resultant algorithm is much faster than
other algorithms (Zippel’s sparse interpolation, Gentleman & Johnson and Dixon-EDF
method) for computing R in expanded form whenever the Dixon resultant is large while
it has relatively small square-free factors or a large polynomial content. However, our new
code is not always the fastest.

We have comprehensively identified all the causes of failure in our new Dixon resultant
algorithm. Additionally, we have presented a thorough analysis of failure probabilities, and
we have also presented the complexity of our new algorithm in terms of the number of black
box probes involved.

Furthermore, we have applied our new sparse rational function interpolation method

to solve the problem of interpolating the rational function entries of the unique solution
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vector of a parametric linear system. A new black box algorithm has been developed and
implemented in Maple and C. We have compared the performance of our new black box al-
gorithm for solving parametric linear systems to other known algorithms/implementations.

A detailed failure probability and complexity analysis was also presented.
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Appendix A

Input Parametric Systems for the
data reported in Table 1.3

A.1 Robot arms system

F = {fl, fz, fg, f4} C Qly1,v2,- .., y7][z1, T2, 23, 4] using lexicographical order with zo >
T3 > x4 > x1 where

fi = atwededadyn + eladadys + 20wdaefys + aiwdaiyn — 2afadadys + afadain
+ zhwiaiyn — 2wiwiadys + wiwdy: + aiadys + 2riadys + 2oiwiys + afady + 2riadys
— 2&?%334213/4 + x%ﬂfgyl — 233§J:§y3 + 2$3x§y4 + $§xiy1 — 2x%aziy3 — 293%1:21;4 + x§$2y1
+ x%yl + 2x%y3 + x§y1 - 2x§y3 + x§y1 + 2x§y4 + wiyl — 2w2y4 + 9y + 2x%x§w3y3
fg = 2x%x%w§$4y4 — 2&0%36%3:3:6?1?;4 + 2$%Z’2$§$3y3 — 2$1x%x§m3y3 — 2m%x§x3y4 + 2x%x%x4y4
+ 203 wow3y3 + 203 wawiys + 20 3 ways — 20 w3wTys — 201 T3ARYs — 213X LY3
+ 20503 w4ys — 2053375y + 2T203TTY3 + 207 TaY3
— 2x1x§y3 — 2x1xiy3 — 2%%3333/4 + 2x%aﬁ4y4 + 2x2x§y3 + QxQxiyg + 2a:§af4y4 — 2x3xiy4
— 231y3 + 2Ty — 23y + 2Tays — 207T3ya + 237 T4ys — 20175Y3 — 20173T3Y3
fa= —ﬁﬂ?%y%y&z - fffxgy%yz; - m%m%y%w - !U%ffgy%yﬁ - 93%%1/3 - x%l‘%lﬂx + $%$§y5
— dafw3yays — TY3Ys + TYsYa + TTY3Ys — TTYRYe + T3YYs — T3YRYA — T3Y5Ys
— atys + aTys — xiys — T1ys + 23y — w3ys + 23ys — x3ys — 4T3y2ys + Y2Ys + Yaya
— Y36 + U3 + Y4 — Y5 — Y6 — T103Ys — T3Y3Ye + YaUs + Y3Us
fr = —2ia3ysyr — 20T 03yays + 207 wsy3ya + 20 wsy5ys + 21a3Y3ys — 2aiyr — 2Tyayr
— 23ysyr + 2xiwsys — 20T wsys + 20Tyys + 201233 + 201Y5y3 — 2x3Y0ys

+ 223Y3ya + 22355 — TIY7 — T3Y7 — Y3yT + 2T1Y3 + 273Ya — 223Y5 + 2Y2y5 — Yr.

A.2 Circle system

‘F = {f17f27f37f47 e fg} C Q[917927y3>y4] [x1,$2,$3,$4, R 7‘:["9] uSing leXiCOgraphical order
with zo > 3 > x4 > -+ > 9 > x1 where
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fl = x% — 2x7y1 + arg — 2x8T9 + J:S + y% — yZ
fo = 22y3 + 2dys — yayi — dviarys — dasys + datys + 223y3 + 223y5 + 4ys — 2933
— dayw7ys — dasys + 2+ 23 — Y

A~

f3 = x1$7y§ — 21’%3/% — 2:1:8y§’ + 2m%y2 + 4y§’ — T1T7 — 22812

fa=—wsysys + 233 — xoyiys + 2dys — wsToys — 2maTTy + 211 Y1y — T3Ys — 228V
+ 2x9ys + 22 — 27y1 + T2 — 2879
fs = —aiadys — a3ysui + 20iadys + 2iys — 203y3yT — aiwl — 20iys — why] — dadys
+ a:% + 4y§

fo = a127y3 + zamrys + wswsys — 223ys — 2wi3ays — 2wsys + 2waz7ys + 20528y
— 2x8y5 + 2x7y2 — 20134y2 — 205Y5 + 4ys — T137 + T4y + T3T8 — 208y

fr = zaz7 — T4YL + T5T8 — T5T9 — TTs + TeT9 — T7Y3 + Y1Y3

fs = aTys + miaays + 2v127ys + wsys — 627ys—

2255 — 2y3 + 2127y + 47 — 2124 — 205y + Oys — T

fo = —way3ys + 212793 — T1Y1Y5 + 2347y — Tay1ys + 2T5T8Y5 — T5ToYs — TeTsYs
— T7Y3Ys — 2012ay2 + 2T1Y2y3 — Loyl — 205Y5 + 2T6Y5 — T147 + T1y1 + 2247
— T4Y1 + 20578 — T5T9 — Texg — T7Y3 — 2T8Y2 + 2T9Y2

A.3 Geddes2 system

F = {fl, fg, fg, f4} C Q[y1][z1, . - -, z4] using lexicographical order with z9 > x3 > x4 > 1
where

A

fi=2(x1 —1)* 4 222 — w30 + 220 + 17 (22 — 1) — 20120 + 2124 (1 — 22) (2 — 23)
42z 232014 (4 — 1) + 2223 (1 — 223) + 22127 (23 — ) + 27124y1 (23 — 1)
+ 2x12372 (Y1 + 1) + (JT% — 2:L"1> 2222 + 22202 4+ 4oy (1 — 1) 23 + 22 (23 — 29)°
fo =24 (w3 + 1) (w2 — 23) + 91 (w3 +2) (1 — 22) + 21 (21 — 2) 24 + 31 (1 — 221) w324+
x1y1 (—x3xe + 22 + 23 — 1) + 21 (21 + 1) JZ§$4
f3=—a% (x3 — 1)% + 2z3 (23 — 29) — 229 + 2
fa =a? — 422 + 4x3 + 3y? (29 — 1) — 322 (23 — 22)? + 30222 (x3 — 1) + 2223 (23 — 2)
+ 6x174y1 (372 + T2 + 23 — 1)
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A.4 Heron3d system

F={f1,fo.-, f6} CQly1,y2, .., y6][x1, 22, ..., x6] using lexicographical order with z >
T3 > x4 > T5 > Tg > x1 where

fr=a3+a3 -3

fo=(22—y)" + 23— v3

f3=af +ad +af -

fi= (w1 —y1)* + 23 + 25 — yi

fs = (w4 — 22)* + (w5 — 23)" + 25 — 2

fo = —x3x6ys + 61,

A.5 Heron4d system

F = {fi.fa--, fo} C Qly1,v2,-..,y10][x1, %2, ..., 210] using lexicographical order with
Tog > X3 > - > X9 > Tig > T Where

A=a3+a3—y3
f2=($2—yl)2+$§—yg
fa=ai+ 2+ 2% — g

fi= (s — ) +at+ad -y}
fs = (x4—x2)2+(a:5—x3)2+a:§—y§

fo = a7 +af +af +afy — 7

fr= (7 —y1)* + ad + 2§ + 23y — v}

fs = (w7 — 22)? + (w5 — w3)” + 23 + 23y — 3

fo = (27— 24)* + (w5 — 25)° + (w9 — 26)” + 23 — ¥y

fw = —x3T6T10Y1 + 2471
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A.6 Heronb5d system

F = {fl,fz,"-,fg} C Qly1,vy2,--.,y15)[T1, T2, ..., 215 using lexicographical order with
Ty > X3 > Ty > Ty > Te > -+ > T1s > x1 where

fi=af+a—v3

fa=—2wsy1 + vy} — 3 + 13

fs=af +ato +ads — g

fa=—2weyr + yi — v + 13

fs = —2a536 — 229210 + Y5 — Y2 + Y2

fo=ad+a?+ad + a2, — o}

fr= 2wy + 7 + 17 — 13

fs = —2asw7 — 2womn + Y3 + Y2 — yi

fo = —2z6w7 — 2210011 — 2713214 + Y2 + YR — ¥l

fio = a3 + 23 + 2§ + 2ty + 215 — vh,

fi1 = —2xsy1 + v +vh — v

fio = —2@528 — 2z9m12 + Y3 + 1y — vl

fis = —2w6as — 2x10712 — 2213715 + Vg + Uh — Y

fia = —zox3m9m13Yy1 + 12029

fis = —2w34 — 2w7ws — 2w11212 — 2v1415 + Y2 + yi — i
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Appendix B

Subresultants

Definition B.1. Let I be a field and let

f(x) = ap + a17 + aga? —i-'--adf:ndf

g(x) = by + bz + boa® + - - - by, %

g9

where the coefficients a;,b; € Flyi,y2,...,ym], for 0 < i < dy = deg(f) and 0 < j < d, =
deg(g). For 0 < k < min{dy,dg}, the k-th subresultant of f and g as denoted by oy, is
defined as the determinant o), € F' of the (dy + dy — 2k) x (dg + dy — 2k) matrix

adf bdg
ad;_, ad, bd,—1 bd,
adf,dg+k+1 cee e CLdf bk+1 cee e bdg
Sk _ . . .
Q41 I L2 bdg—df-i-k—i-l bdg
a2k7d9+1 cee e Qg ka*d]“Fl Cee e e e bk

where Sg is the Sylvester matrix of f and g.

The matrix Sy is the matrix obtained from the Sylvester matrix by deleting the last 2k
rows and the last £ columns with coefficients of f and the last & columns with coefficients
of g. We also note that the matrix Sy is a submatrix of .S; if k > 1.

Theorem B.2. [von zur Gathen and Gerhard, 2013, Theorem 6.53, Theorem 6.54 and
Exercise 6.49]

Let r},q;,s; denote the results of the Extended Euclidean Algorithm and let 74, g;, s;
denote the results of the monic Extended Euclidean Algorithm. Let «; = LC(r;) and n; =
deg(ry) for 0 < i <, oy is the k-th sub-resultant and Sy the sub-matrix of the Sylvester
matrix S(f, g) whose determinant is oy for 0 < k < n;.

1

Let KC; and \; be the constant coefficients of s; = a; "5} and t; = «; 1t;‘ respectively for

2 < i <. We have:
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det(Y; det(Z;
(i) K; = et( 2), A = M where Y;, Z; are matrices that result from S, by
On; On,;

replacing a certain column by a unit vector.

-1 i—1, _
(ii)) oo = Im2 and ;= (=)™ on; iy where 75 = det(Y2) and
72 Viti—1

Yi = det(Yi_l) det(Zl-) — det(ZZ-_l) det(Yi)

for 3 <i <.

(i+1)(i42) : —1)iti—
(i) i = (=1) 2 o [[VT dor2<i <.
=2

@ Let F be a field and let f,g € F[x,y| have degrees at most d in y and deg(f,z) =
n > deg(g,z) = m and 2 < ¢ < [. The results r}, ¢f, s’ of the Extended Euclidean
Algorithm for f and g in F(y)[x] have numerators and denominators (in the lowest
terms) of degree in y at most (n+m)d. The numerator and denominator of the leading
coefficient «y; has degree in y of at most i(n + m)d.
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