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Abstract

Let K = Q(ay, e, ...,a:) be an algebraic number field of degree D over Q, and
let f and g be polynomials in K[z]| of degrees at most n. Naively computing the
product f - g requires O(n?D?) arithmetic operations in Q. We developed a more
efficient algorithm that computes f - g modulo a series of primes to avoid working
with rationals, and uses the fast Fourier Transform. For each prime p, it also avoids
working over multiple extensions by computing a primitive element of K modulo
p, which can be done using linear algebra or resultants and gecds. Our algorithm
requires O(D? 4+ D*n + Dnlogn) arithmetic operations in F, for each prime p. We
have implemented our algorithm in Maple and present some timings to demonstrate

that there is good speed-up in practice.
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Chapter 1
Introduction and preliminaries

Let K = Q(ay,...,ay) be an algebraic number field of degree D where each «; is
algebraic over Q. Furthermore let f(x) and g(x) be polynomials in K [x] of degrees at
most n. We would like to compute the product of f and g efficiently. If m; € Q[u]
is the minimal polynomial of a; over Q and m; € Q(ay, ..., a;_1)[u;] is the minimal
polynomial of a; over Q(ay, ..., ;1) for 2 < i < t, a straightforward multiplication
strategy is to view f and g as (t 4+ 1)-variate polynomials in Q[uy, ..., u[z] and
classically multiply them modulo the ideal (my,...,m;). Unfortunately, performing
arithmetic operations in Q and divisions by the minimal polynomials m;, ..., m; can
be computationally expensive. In this thesis we speed up the multiplication using

various strategies. Namely:

e We eliminate the need for computing over multiple extensions by performing the
multiplication over a simple extension Q(y) = K, then converting the product
back to K[z] at the end. We discuss two methods for finding a primitive element
~ in Chapter 5. One is a linear algebra approach and the other is a resultant

approach.

e We eliminate the need for computing over Q by mapping the rational coefficients
of f and g to F,,,F,,,...,F,, where p;’s are primes that do not divide any
denominator of f, g, my,...,m;. That is, we consider f mod p; and ¢ mod p;
as polynomials over K, = F) [u1,...,w]/(M,..., M;) where M; = m; mod p;

for 1 < ¢ <'t, then compute the product over these rings. We use the Chinese
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Remainder Theorem and rational number reconstruction at the end to recover
the rational coefficients in the product. These ideas are classical in computer

algebra and are briefly discussed in Chapter 2.

e In Chapter 6, we modify the resultant approach for finding a primitive element
in K to apply it to K,, = F,,[u1,...,u]/(My,..., M) for suitable primes p;.
Because K, may not be a field (it is usually not a field), many modifications
to the method are necessary. We show that computing a primitive element

modulo p; requires O(D?) arithmetic operations in F,,, where D = deg(K).

e Once a primitive element 7 = v mod p; is found, one can convert f, g € K[x] to
polynomials in I, (7)[z] and perform the multiplication over this ring instead.
In Chapter 4, we discuss how to convert the representations of polynomials over
multiple extensions to a simple extension, and vice versa. We also show that

the cost of the conversions is O(D?) arithmetic operations in F,,.

e We employ a fast multiplication method for the multiplication over F,,, which
is based on the Fast Fourier Transform (FFT). The idea of using the FFT for
polynomial multiplication is classical in computer algebra and is discussed in
Chapter 3. If we naively compute the product of two polynomials in F,, (7)[z] =
Fy,[2]/(M,(2))[z] of degrees n, where m,(z) € Q[z] is the minimal polynomial
of a primitive element v of degree D and M,(z) = m,(z) mod p;, it would
require O(D?n?) arithmetic operations in F,,. Using the FFT reduces the cost

of multiplication to O(D?n + Dnlogn) arithmetic operations in F,,.

e In Chapter 7 we discuss further efficiency improvements to the primitive element
finding algorithm presented in Chapter 6, specifically faster gecd and resultant

algorithms.
Our polynomial multiplication algorithm requires
O(D? + D*n + Dnlogn) arithmetic operations in F,,,

for each prime p;. Since classical multiplication requires O(D?n?) arithmetic opera-

tions in Q, this is an improvement when D is less than n?. We note that it is also
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an improvement over performing the FF'T multiplication over the multiple extensions
when D < n.

Figure 1.1 gives an overview of various multiplication strategies. In this thesis,
we use the strategy indicated by the double arrows, which we implemented in Maple.
We present some timings in Chapter 8 and it shows a significant speed-up compared

to the nalve multiplication method.

modular reduction using; collapse .
f7g € K[z] . . L4 fpi’gpi € Kpi ['r] . 7 f"/wg’w € Fpi [Z]/<M71(Z)>[x]
primes p;, i =1,...,k extensions
multiply | mod (M, ..., M) multiply || mod (M.,,)
(using [FFT) (using FFT)
to multiple 4
multiply \umod <TTL17 Ceey mt> fpi “Op: € K;Di [33} < - f%‘ AT F;Di [Z]/<M’Yz (Z)>[$]
extensions
wese Remainder Theofem on {fp, gp, ;- - -, fpe Gps, } and

recover ratiorfal coefficients

Figure 1.1: Overview of various multiplication strategies

1.1 Preliminaries

In this section, we give definitions, notations and basic results from algebraic
number theory and computer algebra which will be used throughout this thesis.

In what follows, we will assume that K is a field and E is an extension of K.

Definition 1.1. Let K be a proper subfield of a field £. We say that E is an

extension field, or simply an extension, of K. To indicate that F is an extension
of K we write E/K.
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Definition 1.2. Let a € F and let K («) be the smallest subfield of E containing both
K and «. We say that K(«) is formed from K by adjoining a single element «, and
we call it a simple extension of K. More generally for ¢t > 2, let K(aq,...,q;) be
the smallest field that contains K and ay, ..., K(aq,...,qq) is called a multiple

extension of K. For ¢t > 1, if K(ay,...,a;) = K(a) we say that « is a primitive

element for K(aq,..., o) over K.

Definition 1.2 implies that K(«q,...,a;) can be regarded as a field obtained by

successively adjoining a single element to K as follows:

K(ag,a0) = K(a1)(az),
K(ai, a2, 03) = K(ou, as)(as),

K(aq,...,oq1,04) = K(aq, ... a0 1) ().

Definition 1.3. An element « in some extension of K is said to be algebraic over

K if there exists a nonzero polynomial over K with « as a root.

Example 1.4. Consider the field Q(v/2,v/5). Since v/2 is a root of 22 — 2 € Q] and
V5 is a root of 22 — 5 € Q[z], we conclude that /2 and /5 are algebraic over Q.

Definition 1.5. Let a be algebraic over K. A monic polynomial of least degree
that has «a as a root is called a minimal polynomial of a over K and is denoted
by mq(z). We say that o and [ are conjugates over K if they have the same
minimal polynomial over K. In such a case (3 (respectively «) is a conjugate of «

(respectively 3) over K.

Lemma 1.6. Let v be algebraic over K. Then a minimal polynomial my(x) is unique
and irreducible over K. Moreover, if f(x) € K|x] and f(a) = 0 then my(z) divides

f(z).
Proof. See, for example, Alaca and Williams [1, Theorem 5.1.1, p. 89|. ]

Theorem 1.7. Let K be a subfield of E and o € E be algebraic over K. If n =
deg(mg) then

K(a> :{C0+Cl@+""|‘cn7106n_1 Coy---,Cp—1 EK}
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Proof. Let
f(a) S "o
=5 f(x) = 20% ,g(x) = Ebm kb € Zso, aibi € K, g(a) 0 b .

Then L is a subfield of E that contains both o and K. Furthermore it is the smallest
subfield containing o and K, since any subfield of F containing both o and K must
contain all the elements of L. Therefore L = K(a). Now pick an element f € L =

K(a). Then g = M where

g9(a)

flx) =ag+ arx+ -+ apa® € K[z,
g(x) = by + bz + -+ + bpa" € K[z], and g(a) # 0 for some a;,b; € K.

Since g(a) # 0, we must have m,(z) 1 g(x). Moreover, since m,(z) is irreducible over
K, ged(mo(x), g(z)) = 1. By the Extended Euclidean algorithm there exist r(x) and
s(x) in K|x] such that

r(z) - me(z) + s(x) - g(x) = 1. (1.1)

Substituting « for z in (1.1), we get r(a) - 0 + s(a) - g(a) = 1, so

That is, every € L = K(«) can be expressed as
do + dioc+ - - - + djo where | € Z> and d, ..., d; € K.
Let h(z) = do + dyz + - - - + diz' € K|[z]. Since K is a field, we have
h(xz) = q(z) ma(x) + r(x), where r(z) =0 or deg(v(z)) < deg(mq(z)) = n.

Thus we have h(a) = g(a) - 0+ r(a) = r(a). That is, every element of K(«) can be

n—1

written as ¢+ i+ - -+ cp_10" 7, where ¢, ..., ¢,—1 € K and n = deg(mq(x)). O

Theorem 1.7 implies that K («) can be viewed as an n-dimensional vector space
over K with basis {1,q,...,a" '}, Furthermore, it is easy to see that there is an

isomorphism between K (a) and a quotient ring as follows:

K(a) = K[z]/{ma(z)).
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In general, if {ay,...,a4} C FE, each a; is algebraic over K, a1 ¢ Q and «; ¢
Q(aq,...,a;1) for 2 < i <t, then

K(ay,...,oq) =2 Kluy, ... u)/(my, ..o my), (1.2)

where each m; := m;(u;) represents the minimal polynomial of o; over Q(av, ..., ;1)

for 2 < <t and my := mq(uy) is the minimal polynomial of a; over Q.

In this thesis, we will assume that {mq, ms, ..., m;} is a triangular set of minimal
polynomials. By this we mean that if K(aq,...,a¢) = Klug,...,u]/{mq,...,my)
then:

e « is a oot of my(uy) € Kluy],

e a5 is a root of mo(ay, us) € K(ay)[usl,

e oy is aroot of my(ay,...,cq_1,u) € K(oq, ..., cq1)[uyl.

Example 1.8. The field K(ay,as) = Kluy, us)/(u? — 2,u3 — usuy + 3) involves a

triangular set of minimal polynomials {u? — 2, u3 — ugu; + 3} = {my(uy), ma(u1, us)}.

Definition 1.9. Let « be algebraic over K. The degree of a over K, degy (), is

equal to deg,(my), where m,(z) € Klx] is the minimal polynomial of o over K.

When the field K is clear from context, we will simply write deg(«).

Let a be algebraic over K and let m,(z) € K[z] be the minimal polynomial
of a over K so that K(a) = Klz]/(m,). If d = degg(a) then every polynomial
f(z) € K[z] can be reduced modulo m,(z) to some r(x) with deg(r) < d. Note that
two different polynomials r(z) and s(z) with deg(r), deg(s) < d cannot be congruent
modulo f(z), as that would imply that r(z) — s(z) (a non-zero polynomial) is a

multiple of m,(z). Thus every element A € K(«) has a unique representation

Az) = Zaixi + (my(x)), a; € K.

Hence we arrive at the following definition.
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Definition 1.10. Let a be algebraic over K with d = degy («) and let m,(z) € K|z]
be the minimal polynomial of o over K. We say that the unique representation of
any element A € K(«)

T
L

Ax) = a;x" + (my (1)), a; € K

i

I
=)

is the normal representation of A and sometimes write it as A(«).

Definition 1.11. Let K be a subfield of F and let o € E be algebraic over K of degree
n. The degree of K(«) over K, denoted [K(«) : K], is defined as [K(«) : K] = n.
More generally, if F is an extension of K, we denote by [E : K] the dimension of E

viewed as a vector space over K and call it the degree of E over K.

Lemma 1.12. Let F be a subfield of a field K and let K be a subfield of a field E.
Then
[E:F|=[F: K| [K:F].

Proof. See, for example, Gaal [9, Theorem, p. 34]. O
Example 1.13. Let us find [Q(v/2,v5) : Q]. Applying Lemma 1.12, we have
[Q(v2,v5) : Q] = [Q(v2,v5) : Q(v5)] - [Q(V5) : Q).

Since [Q(v/5) : Q] = degg(v/5) = deg,(z® — 5) = 2 and noting that 2? — 2 is irreducible

over Q(\/g),
[Q(V2,V5) : Q(v5)] = [Q(V2)(V5) : Q(V5)] = deg, (¢* - 2) = 2,

we conclude that [Q(v/2,v/5) : Q] = 2-2 = 4. One can also argue that, since
{1,v/2,4/5,v/2v/5} is a basis for the vector space Q(v/2,v/5) and it has dimension 4,

Throughout this thesis, we will denote by m,; the minimal polynomial of o; and D
the degree of K = Q(ay, ..., q) over Q. Since m; is irreducible over Q(ay, ..., a;_1),
it follows from Lemma 1.12 that D = []'_, deg(m;). The cost of arithmetic in K will
depend on D.
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Definition 1.14. Let f(z) be a polynomial over K. A field extension E over K in
which f(x) factors into linear factors is called a splitting field of f(x) over K.

Definition 1.15. Let R be a commutative ring. A polynomial f € R[xq,...,z,] is
square-free if and only if no square polynomial of non-zero degree divides f. That
is, if f is square-free then no polynomial g € R[z1,...,x,] with ¢ ¢ R exists such
that ¢ | f.

Theorem 1.16. Let f(x) be a non-constant polynomial in K|x] where K is a field of
characteristic 0. Then f(x) is square-free if and only if ged(f(z), f'(x)) = 1, where
f'(x) is the derivative of f(x) with respect to x.

Proof. Suppose that f(zr) is not square-free. Then it can be written as f(z) = g(z)?-
h(x) where g is a polynomial of degree greater than zero. Differentiating f with

respect to x, we have

f'(x) = 2g(2)g'(2)h(z) + g(2)*K (z) = g(x) (29'(x)h(z) + g(x)N'(z)).

Thus f(x) and f’(x) have a non-trivial ged since g(z) divides them both. Thus if
ged(f, f') = 1 then f is square-free.

On the other hand, if f is square-free we can write it as f(x) = H fi(z) where
i=1

the f;(z)’s are non-constant pairwise relatively prime irreducible polynomials. Again,

differentiating f(z) with respect to z, we get

flla)y=) (f{(fv) I1 fj(ft)) :

i=1 =l

Observe that f; divides all the summands of f’(z) except the i-th. Because K

has characteristic 0, f/(z) # 0 since f;(z) is a non-constant polynomial. Hence

ged(f(x), f'(2)) = 1. u

We remark that Theorem 1.16 does not generalize to polynomials over commu-
tative rings. For example, consider the polynomial f(z) = 2% +t € F3(t)[x]. Since
f'(z) = 0, we have ged(f(z), f'(z)) = 2® + t. However, f(x) is an irreducible (hence

square-free) polynomial. In our algorithm, we discard any polynomial f for which
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ged(f, f') € Fplug, - -+ ,ug]/(My,- -+, My)[x] does not equal 1 (see Algorithm 6.1 Line
12) even if f is a square-free polynomial. This scheme does not cause an increase in

the overall complexity of the algorithm.

One way to compute a primitive element of a multiple extension is by computing

resultants, which we define below.

Definition 1.17. Let R be a commutative ring and let f(x), g(z) € R[z]\{0} with
flz) =" a;x" and g(x) = Y1, biz'. The Sylvester matrix of f and g, denoted
Syl,(f,g), is the (m + n) by (m + n) matrix

Am  Qm—1 . al agp
Qm  Gm—-1 - A1 QaQ
am DY DY a/o
Syla:(f7 g) = b b b b )
n n—1 te 1 0
bn, bp—1 -+ b1 by
i bn e e bO i

where the first n rows consist of the coefficients of f(z), the remaining m rows consist

of the coefficients of g(z), and the entries not shown are zero.

Definition 1.18. Let R be a commutative ring and let f, g € R[z]. The resultant
of f and g with respect to x, written res,(f, g), is the determinant of Syl,(f, g).

We now list some properties of resultants as theorems and lemmas.

Theorem 1.19. Let R be a commutative ring and let f, g € R|x] with nonzero degrees

m and n respectively. Then

(1) res(f,g) = (—1)""res(g, f).

(ii) If R is an integral domain and g(x) = b, [[[_,(x — ;) then

res(f, g) = b [ [ £(8)-

=1
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Proof. See Geddes et al. [11, Theorem 9.2, p. 408] and Zippel [22, p. 142]. H

Lemma 1.20. Let R be a commutative ring, f(x) € R[z|, and g(x,y) € Rlz][y]. If
deg,(g) =n >0 and deg,(g) = 0 then res,(f(x), 9(y)) = (f(x))".

Proof. The Sylvester matrix formed by f and ¢ (in y) is a diagonal matrix of the

form: -~ _
f(z) 0
0 2) -0
Syl (f(x),9(y)) = f(: ) = (f(z))".
00 @)

O

Theorem 1.21. Let J be an integral domain and let f(z), g(z) € J[z] have degrees m
and n respectively with m+n > 1. Then there exist s(x),t(x) € J[z] with deg(s) < n
and deg(t) < m such that f(x)s(z) + g(z)t(x) = res(f, g).

Proof. See Geddes et al. [11, Theorem 7.1, p. 287|. ]

Corollary 1.22. Let U be a UFD and let f(x),g(x) € Ulz], not both zero. Then f

and g have a non-trivial common factor if and only if res,(f,g) = 0.

Proof. 1f res(f, g) # 0 then, by a consequence of Theorem 1.21, any common factor
of f and g must divide res(f, g). But since res(f, g) belongs to U, a common factor of
f and g must have degree 0. So there cannot be any non-trivial factors. Conversely,
if res(f,g) = 0 then, again, Theorem 1.21 tells us that f(z)s(z) = —g(z)t(z) with
deg(s) < deg(g) and deg(t) < deg(f). Suppose for contradiction that f(x) and g(z)
do not have a non-trivial common factor. Then g(x) must divide s(xz). However

deg(s) < deg(g), so this is impossible. O

Remark 1.23. Let K be a field of characteristic 0. Corollary 1.22 and Theorem 1.16
imply that f € K|[x] is square-free if and only if res,(f(x), f'(x)) # 0.

One can use resultants to compute norms, which we define below.
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Definition 1.24. Let h(z, ) belong to K (a)[z] where K is a field of characteristic
0, and let m,(x) € K[x] be the minimal polynomial of « over K. The norm of h,
denoted by normyg )]/ k=) (R(7, @)), is

n

normk (o)) /(e (A2, @)) 1= | | A, )

i=1

where oy = a, g, . . ., a,, are conjugates of o over K in an algebraic closure of K.

When the minimal polynomial of « is clear from context, we simply write norm(-).

The following theorem describes a relationship between resultants and norms.

Theorem 1.25. Let K be a field of characteristic 0. Further let h(z, ) be a monic
polynomial over K(a) and let m,(y) € Kly| be the minimal polynomial of o over K.
Then

norm(h(z, o)) = resy(h(z,y), ma(y)) € K[z].

Proof. Let the roots of m,(y) be a3 = a, ..., ay,. By Theorem 1.19,
res,(h(z,y), ma(y)) = [1;, h(z, o;), which, by definition, is equal to norm(h(z, c)).
Clearly, norm(h(z, ) belongs to K|z], since taking the resultant of h(z,y) € K[z, y]

and m,(y) € Kly] with respect to y eliminates the variable y. ]

Example 1.26. Let K(a) = Q(v/2). Then mq(y) = y*> — 2 and the conjugates of
a =2 are /2, —/2. If h(x,a) = 2* — aa® + 5, then

norm(h(z,)) = h(x,v2) - h(z, —v/2)
=28 4+ 102" — %2t + 25
=8 + 81 + 25
= norm(h(z, —a)) € Qx].

Furthermore,

—z? 2*+5 0
resy (h(z,y), ma(y)) = det 0 —z2 245 =28 + 82* + 25 = norm(h(z, @),
1 0 -2

as expected.
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1.2 The Polynomial Representation

In what follows, let K = Q(av,...,a¢) = Qluq, ..., ul/(my, ..., my) where
mi(uy) € Q[uy] is the minimal polynomial for oy over Q, m;(u;) € Q(aq, ..., a;i—1)[w]
is the minimal polynomial for a; over Q(ay,...,a;—1), and f,¢g € Klz|. In this

chapter, we introduce the data structure we will use to represent f and g.

1.2.1 The recden representation

We will represent each «a; by the variable u;. Hence f and ¢ will be stored as
t-variate polynomials in Q[us, ..., w]/(m,...,m)[x]. Since f and g can be dense
polynomials, we will use a recursive dense (recden package in Maple) data structure to
represent them. The recden data structure takes as input a polynomial together with
information about the polynomial ring and outputs a recursive list that represents

the polynomial.

Example 1.27. Let f(z) = 8/512 — 4(\3/5)2\/3 +13 e IF7(\3/5, \/§) [z]. Observe that
f can be equivalently expressed as f(z,y, 2) = 8x%y—4y*2+13 € F[y, 2] /(y> =5, 22 —

3)[z]. We can represent f using the recden data structure in Maple as follows:

> fi= 8*x72xy - 4dxzxy~2 +13:

> F:=rpoly(f, [x,y,z], [z=Root0f (a~2-3), y=Root0f(a~3-5)1,7);
F:= (2% + 6+32¢%) mod ( ¢*+2, 22+4,7)

> lprint(F);

POLYNOMIAL([7, [x, y, =zl, [[[2], O, O, [11]1, [4, O, 1111,

(frel, o, o, 311, o, [0, [111DD

The first list [7, [x, y, z], [[[2], O, O, [11], [4, 0, 1111 provides in-
formation about the polynomial ring, namely the characteristic, the list of variables,
and a list of the minimal polynomials in recden representation. The second list
(ceel, o, [0, 311, 0, [0, [11]1] is the recden representation of f, as depicted
in Figure 1.2.
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f(x,y, 2) = 8x%y — 4y*z + 13 € Fq[y, 2]/ (y® — 5, 2% — 3)[x]
= | (6y° + 0y + (02° + 321)y?) b0+ [0] 2! 4 (0y° + 1y') |22 mod 7
xo l’l ZL‘2
N
[ |[rel, o, [0, 311| ,[o], [0, [111] ]
y° y' YQ y° y'
(6] (0, 3] [1]
20 20 2t 20
6] 0]

Figure 1.2: The recden representation of f in Example 1.27

Observe the recursive nature of this data structure and the importance in the
ordering of the variables. It is a “dense" representation because some zero coefficients
of aiyizk (for i = 0,1,2, j = 0,1,2, and k = 0,1) are stored. For example, the
coefficient of ! is 0 so it does not recurse on this coefficient. We also remark that this
polynomial representation is not unique to Maple. A recursive dense data structure

in Magma can be constructed using the command quo:

Q := RationalField();

K<z> := PolynomialRing(Q); # build the polynomial ring Q[z]

m := z72-2;

L<a> := quo<K|m>; # build the field Q[z]/<m>

K2<y> := PolynomialRing(L); # build the polynomial ring Q[z,y]/<m>

m2 := y~2+axy+1l;
L2<b>
f :=
g :
fxg;
(2*a

P<x>

:= quo<k2|m2>; # build the field Q[z,y]l/<m,m2>

atb;

2%a+b+1;

+ 1)*b + a + 3
:= PolynomialRing(L2); # build the poly. ring Q[z,yl]/<m,m2>[x]
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f .
g :
fxg;

axx~2 + ((a + 1)*b + (a + 4))*x + 3%b + 2*%a + 1

x+a+b+1;

a*x+b+2;

14



Chapter 2
Working modulo p

Let mi(uy) € Q[uy] be the minimal polynomial for a; over Q let m;(u;) €
Q(a, ..., a;-1)[u;] be the minimal polynomials for «; over Q(av, ..., ; 1), 2 < i < t.
Multiplying polynomials in K[z] =Q[uy,...,u]/{(m1,...,m)[x] is relatively expen-
sive partly due to expression swell in the size of the rationals. To control the swell,
we shall make use of modular homomorphisms.

A basic tool in elementary number theory and computer algebra is the ring ho-
momorphism @, : Z — F,, where p is a prime. This morphism naturally extends to a
homomorphism Z[uy, ..., u] — Fylu, ..., u] via coefficient-wise application, which
we also denote by ®@,,. It follows that for any ideal (my,...,m;) C Z[uy, ..., us] where
the m,;’s form a triangular set so that m; € Zluy, -+, u;—1][w;], and leoeft,, (m;) = 1,

we get a ring Z[uq, ..., u]/(mi,...,m;) and a corresponding homomorphism

Zluy, . ..,w)/(my,...,me) — Fplug, ..., u]/(@p(ma),..., 2p(my))

[a¥)

= Zlug, .. ugl/{(py,ma, .. my),

which is denoted yet again by ®,. The context will clarify which ®, we mean. Many
computational tasks in Zlus, ..., u]/(ms,...,my) can be solved by performing the
tasks on the images under various ®,. The original answer can later be constructed
by applying the Chinese Remainder Theorem. In Section 2.1, we will investigate to
what extent the homomorphism @, can be extended to Q. In Section 2.2 we discuss
the Chinese Remainder Theorem and rational number reconstruction, which is used

for reconstructing the rational answers. In Section 2.3 we show by example how we

15
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will use this method for the purpose of polynomial multiplication.

2.1 Modular homomorphism

Not all elements in @ can be mapped to F, for prime p. In particular, any
element in Q whose denominator is divisible by p cannot be mapped. For example,
if my(z) = 2? — 2 then p =5 and p = 11 cannot be used since ®y;(m;) and P5(m;)
are not defined. On the other hand, if the denominator r € Z is not divisible by p

then ®,(r) is invertible in IF,, so we can extend @, to Z[1/r| by prescribing

®y(1/r) = (Dp(r)) .

The subset of QQ consisting of 0 and elements whose denominators are not divisible
by p is a subring of Q, and it is called the localization of Z at the prime ideal (p). It
is denoted by

Lpy := Z[1/r v prime,r # p] = Q\{n/d: p|d, p{n, d # 0}.

The ring Z;, has a unique maximal ideal pZ, and by construction Z,/pZy) =
Z/pZ = F, so the homomorphism ®, : Z — [, naturally extends to ®, : Zy, — F,.
It is straightforward to check that any element a € Q\ Zy,) is the inverse of an element
b € Zy with ®,(b) = 0. This shows that ®, cannot be extended to any subring of Q
bigger than Z.

In our setting, we are given f,g,my,...,m;y € Qluy,...,u;] and we are interested
in computing a representative of the residue class of f-g in Q[uq, ..., w]/{(mq,. .., my).
Since there are only finitely many coefficients in f, g, my, ..., my, there are only finitely
many primes that occur in any of their denominators. Hence we have f, g, mq,...,m; €
Zylur, ..., u for all but finitely many p. If p is a prime such that f,g,mi,...,m; ¢
Zgylur, ..., u), then we say that it is a bad prime. For any non-bad prime p, we
can study the class of ®,(f - ¢g) in Fylug, ..., w]/(®y(m1),...,P,(m)) and use fast
multiplication techniques for polynomials over finite fields (Chapters 3 and 6). We
repeat this procedure for several primes p, then use the Chinese remainder Theorem

and rational number reconstruction to lift the answer back to our original quotient

ring Q[uq, ..., w]/(my, ..., my).
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As it turns out, we need to impose additional conditions on our primes p in order
for efficient multiplication techniques to apply. We explain these conditions below.

In our original description, we consider a triangular system my, ..., m; and write
«a; for the residue class of u; in Q[uy, ..., w;]/(m,...,m;). Furthermore, we insist
that each such quotient ring is a field, so each polynomial m;(cq, ..., ;_1,u;) €
Q(ayq, ..., a;-1)u;] must be irreducible and hence certainly square-free. For ease of
notation, suppose that p is a non-bad prime and consider the induced reduction

homomorphism (which we call modular homomorphism)

D, Ly [un, . ug] [ (ma, . omy) = Fylug, o ug [(Pp(ma), .., §p(my))

and write @; := ®,(a;). Insisting that the monic m;(@y, ..., @1, ;) is irreducible
over
F,[ay, ..., @_1]turns out to be too restrictive and computationally expensive to check,

but we do impose that it is square-free. The reason for this restriction is explained
in Chapter 6. Primes that do not satisfy the square-free condition for some m; are
called fail primes. A non-bad, non-fail prime is called a good prime.

If mq, ..., m; are monic and have integral coefficients then algebraic number theory
associates to a ring Zlay, ..., = Zluy, ..., ul/(mq,...,my) an integer called a
discriminant whose definition can be found in, for example, Lang [12, pp. 64-66]. A
prime p is a fail prime if and only if it divides the discriminant of the ring. One
can extend this notion to more general m,;. The important observation for us is that
primes are fail primes only if they divide an integer that depends only on my,...,m;

and hence there are only finitely many fail primes.

2.2 Chinese Remainder Theorem & rational number

reconstruction

Let f,g € K[zx] = Q(av, ..., a)[z]. Furthermore let py, ..., py be good primes and
suppose that we computed h; = ©,,(f) - ®,.(9) € Fylan,...,a][z] for 1 <i < k. To
recover the product f - g as a polynomial in K [z], one can apply Chinese Remainder
Theorem and rational reconstruction to the h;’s.

The integer Chinese remainder problem can be stated as follows:
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Given moduli my, ..., my € Z and the corresponding residues u; € Fy,,

for 1 <i <k, find an integer u € Z satisfying u = u; mod m;.

An algorithm for solving the Chinese remainder problem is the “inverse” of the
modular homomorphism, since it reconstructs the integer u from the residues u; = u
mod m,;.

The following theorem provides the sufficient condition for which the Chinese

remainder problem can be solved with a unique solution.

Theorem 2.1. Let mg,my,...,mi € Z be pairwise relatively prime. Further, let

u; € Fp,, for1 <i <k be the k+1 residues. Then there exists a unique integer u € Z

satisfying

u=wu; modm; for0<1i<kand

O<u<mg -my...mg.
Proof. See Geddes et al. [11, Theorem 5.7, p. 175]. n
The Chinese remainder theorem generalizes to any finitely generated torsion-free Z-
module. We will apply it to the coefficients of polynomials in F, [ay, ..., &][z] for
primes pq,...,pg. Since the moduli py,...,ps are relatively prime, Theorem 2.1 im-

plies that given h;(x) = @,,(f) - ©,,(g9) € Fp,[aq, ..., a][z] for 1 <i <k, we can find
a unique h(x) satisfying h(x) = h;(z) mod p; for 1 <i < k, where the coefficients of
h(z) lie between 0 and m — 1 inclusive, where m = pypy - - - py.

Once we obtain h(x), we must find the rational coefficients of f - g, which cur-
rently belong to F,,,. We accomplish this using rational number reconstruction on the
coefficients of h(z).

The rational number reconstruction problem can be stated as follows:

Let & € Q with ged(n,d) =1 and m € Z be the modulus with

ged(m,d) = 1. Ifu =14 mod m, recover & from u and m.

We use the Euclidean algorithm to recover n and d given u and m. Recall that on
input of m and u, the extended Euclidean algorithm computes a sequence of integers
r;, Si, and t; satisfying

ro=m, sg =1, tg =0,
rr=u,s; =0,%t =1, and

si-m+t;-u=r; fori>1.
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i
ti

theorem states that if the modulus m is “large enough”, then one of the s is equal

n
to 7

Thus the rationals 7 with ged(t;,m) = 1 satisfy * = u mod m. The following

Theorem 2.2. (Wang et al. [20]) If m > 2|n - d| then there exists i € N such that
T n

t, d

The question then is, how do we select 4 from the ;—:’s? The approach taken by
Wang et al. [20] requires input bounds D > |d| and N > |n|. However, we will use
the algorithm of Monagan [15] which does not require bounds and succeeds with high
probability when m is a few (= 30) bits longer than 2|n-d|. Since both algorithms use
the Extended Euclidean algorithm, the cost of rational number reconstruction of %
from u € F,, is O((logm)?). Both algorithms are implemented in Maple’s iratrecon

command and irrrpoly command (for the recden data structure).

2.3 New multiplication strategy

We now illustrate our multiplication strategy using an example.

Example 2.3. Let K = Q[uy, uo]/{u? — 2,u3 — 5) = Q(v/2,v/5)[z]. Furthermore let

2, 19 6 , 1 51
— 2229 - K d =— S - = Klz|.
f(x) =T uixr + v € [x], and g(x) T27% + U2 — 3 + ug € K|z]
We first note that the answer we seek is

12 2 12 47648 51
(#) = fl@)-9(®) = g+ (21 ut 121) et (27951 “TT ) :

(s 1588 99~ 95
Y27 T3 T T gy 2y

To find the product of f and g, we apply a modular homomorphism on f and g. Let
|n| and |d| denote the maximum coefficients (in magnitude) in the numerator and the
denominator of the product, respectively. We remark that one can compute a bound
on |n| and |d| by examining the coefficients appearing in f(x) and g(x). Recall that
we must choose the modulus m = [[_, p; to be a few bits larger than 2|n - d| in order

for the rational reconstruction to succeed (Monagan [15]). In this example, 2|n - d| =
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20147648 - 27951| = 2663618496. Let p1 = 101, ps» = 103, p3 = 107, pa = 113, ps = 131,
and ps = 137. Then m = [[°_, p; = 2257421632331 > 2|n - d|. We compute the

product of f and g modulo these primes in Maple as follows.

> £:=2/7%x"2 + 2%u_1*x + 19/11%u_2:
> g:= 6/121xx~2 + 1/3 *u_2*%u_1*x - 51/2 + u_2:
> p:=[101,103,107,113,131,137]:
> FGp:=Array(1..nops(p)):
> vars:=[x,u_1,u_2]:
> r:= [u_1=Root0f (x"2-2), u_2=Root0f(x~2-5)]:
> for i from 1 to nops(p) do
> Fp:= rpoly(f,vars,r,p[i]) :# modular homomorphism (f mod p[il)
> Gp:= rpoly(g,vars,r,p[i]) :# modular homomorphism (g mod p[il)
> FGp[i] := mulrpoly(Fp,Gp); # Fp x Gp (over K mod p[il])
> FGp[i] := retextsrpoly(FGp[i]); # Make FGp[i] an element of
# Zplx,u_1,u_2] (i.e. drop extensions)
> od:

Now we use Chinese remaindering to find the product mod m, where m is the product

of primes in the list p.

> fg:= ichremrpoly(convert (FGp,list));
fg := 538369739942z + (859970145650us + 1511166547263) uqz°

+ (22524950565Tus + 1934932827705) 2 +  (2ug + 1162914174183) uyx

+ 718270519334ug 4+ 1231320890371 mod 2257421632331

Finally we apply rational number reconstruction on fg.
> FGrat:= irrrpoly(fg);
12 2 12 47648 51 1588
FGrat := —a* — S 3 — ) 22 Yy — 22
Grat:=gmze + <21“2 * 121) e (27951“2 7 ) v < 127 733 )“”

_ 969 95
ST

22 "



Chapter 3
Fast multiplication using the FFT

We will use the Fast Fourier Transform (FFT) to efficiently multiply polynomi-
als in K,[z] =F,[ay,...,@[z]. In Sections 3.1 and 3.2 we describe the FFT and
the inverse FFT. In Section 3.4 we explain how they can be used to speed up the

multiplication process.

3.1 The Fast Fourier Transform (FFT)

n—1

Let a(z) = Z a;x" € R[z] where R is a ring and let N be the smallest power of
i=0

2 greater than or equal to n. The idea of the FFT is to evaluate a(z) at N points

using O(N log N) arithmetic operations in R. As a comparison, the cost of these N
evaluations using the classical Horner’s method requires O(N?) multiplications and
O(N?) additions in R. To explain the FFT algorithm, we first need some definitions

and lemmas.

Definition 3.1. Let F be a field, N € N, and w € F. We say that w is an N-th
root of unity if w" = 1. Moreover, we say that w is a primitive N-th root of
unity if w¥ =1 and w* # 1 for 0 < k < N. The set of N points {1,w,w?, ..., 0wV "1}

are called Fourier points.

We remark that if w € F is a primitive N-th root of unity, then w™! =WVt € F,

since wt = WV,

21
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Lemma 3.2. Let w be a primitive N-th root of unity in F' where N is even. Then the

N/2+i _ i

N Fourier points {1,w,w?, ... ,wN"t} satisfy the symmetry condition w —w'.
Furthermore, w? is a primitive (N/2)™ root of unity.
Proof. See Geddes et al. [11, Lemmas 4.2 & 4.3, pp. 125-126]. O

Lemma 3.2 implies that if N = 2* for some positive integer k, then the Fourier
points recursively satisfy the symmetry condition; that is, the symmetry condition
holds for the set of N points {1,w,w?, ...,wN"!} the set of N/2 points

{1,0?,...,w¥72} and so on.

Definition 3.3. We say that a commutative ring R over a field F' supports the
FFT for N = 2% if F has a primitive N-th root of unity.

Definition 3.4. Let a(z) € R[z] where R is a ring (over a field F') that supports
the FFT for N where N = 2* > deg(a) for some integer k. Furthermore let w be a
primitive N-th root of unity in F. If a; denotes the coefficient of 2’ in a(x), then the

mapping T : RY — RY given by
TN (ag,ay,...,an_1) = (a(1),a(w),...,a(w™))
is called the discrete Fourier transform (DFT).

The Fast Fourier Transform is an efficient algorithm that computes the DFT by
utilizing the fact that the primitive N-th root of unity satisfies the recursive symmetry
condition as follows. Let R be a ring over a field F' and let a(x) € R[z| have degree
less than N where N = 2%, Moreover, let w € F be a primitive N-th root of unitye F.

Observe that we can express a(x) as

a(x) = b(z?) + z c(z?), (3.1)
where b(y) = vaz/g‘la% y' and c(y) = 2?202_1 agi1y'. Since wyjay; = —w;, we have
w?\,ﬂﬂ- =wfor0<i< N/2-1.

Hence by evaluating b(y) and c(y) at N/2 points w§,wf,...,w5/, ;, We can evaluate

a(x) at the N points wy,ws, . ..,wy, saving approximately half the work.
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Algorithm 3.1 returns the DFT of a(x) € R[z] using the FFT, where R is a commu-
tative ring over a field F' that supports the FFT for N = 2 > deg,(a).

Algorithm 3.1 : FFT(a(x), R, N,w)
Input: a(z) = > ja;x" € R[z] where R is a commutative ring over a field F,

N: integer satisfying n < N = 2¥, w: a primitive N-th root of unity in F'.
Output: the Fourier transform of a(x): [a(w?),a(w?),...,a(wN"1)] € RV,
1. if N =1 then return [q]; end if
2: A « array of length N; W « array of length N/2;

N/2-1 N/2-1
3: b(x) Z Qg - T c(x) — Z Agip1 - T
i=0 i=0
WI0] « 1;

fori=1to N/2—1 do W][i] < W[i—1]-w; end for { note: W[i] =w’ }
B « FFT(b(x), N/2, W[2]);
C «— FFT(c(z),N/2, W[2]);
for i =0to N/2—1do
T — WIi] - Cil;
10.  A[i] « B[i|+T; {note: Bli],C[i] € R}
11:  A[N/2+1i] « B[i]| - T;
12: end for

13: return A;

Lemma 3.5. Algorithm FFT returns the Fourier transform of a(x).

Proof. Lines 6 and 7 of Algorithm FFT outputs
B = [b(1), b(w?), b(w"), ..., b(wV2)] and € = [e(1), e(w?), e(w?), .., (™).
Further, by Eq. (3.1) and Lemma 3.2,

Ali] = Bli]+ W[i] - C[i] = b(w?¥) + w' - ¢(w?) = a(w’) for 0 < i < N/2 and
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A[N/2+1i] = B[i] — W[i]-C[i]
= (W) + (—w') - e(w™)
— b( N+2z) + wN/2+z ) ( N+2i)
— D(WAN/ZH) | GN/2FE o 2AN/24))
= a(wN?*)  for 0 <i < N/2.
In other words, Afi] = a(w’) for i =0,..., N — 1, as required. O

In our application, the ring R is equal to Fplus,...,u|/(My,..., M), and D =
[1._, deg(M;). Thus we analyze the complexity of Algorithm FFT for
R = Fp[ul, oo ,Ut]/<M1, Ce ,Mt>.

e Line 5: Computing all the required powers of w’ uses g — 1 multiplications in
F,.

e Lines 8 - 12: C[i] € R, so it has at most D = [['_, deg(M;) terms. Hence
multiplying W[i] € F, by C[i] requires at most D multiplications in F,. Thus
this for-loop requires at most

N/2-1

ND
Z D = —— multiplications in [F,,.
2

Hence if T'(N) denotes the number of multiplications (in F,) in executing Algorithm
FFT using the primitive N-th root of unity w, then T'(/N) satisfies the recursion
T(1)=0,
M) (3.2)
T(IN)=(F-1)+27(§)+ %2, N>1
Solving (3.2), we obtain

T(N) = gu + D)(log, N) + 1 € O(NDlog N).

3.2 Inverse FFT

Definition 3.6. The inverse discrete Fourier transform (IDFT) for the Fourier

points {1,w,w?, ..., w1} is the mapping

Sg(Q&Qla s 7QN—1) = (CjU)th s 7q1V—1) where QZ = N_l Z qk - (w ayk
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One can show that DFT and IDFT are inverses of each other, and that IDFT is
also a Fourier transform (Geddes et al. [11, Theorem 4.2, pp. 130-132|). In fact, if

Tév(ao, ar, ... ,CLN_l) = (&0, &1, PN ,dN_l) is a DFT then

Sg(do,dl, .. -adN—l) = NﬁlTév(dQ,dl, .. ,dN_l) = (ao,al, . ,CLN_l).

3.3 Choosing the right prime

In our application, we are interested in finding a primitive N-th root of unity in
[F,, where p is a prime. As such, we can only use p in which there exists a primitive
N-th root of unity in F,,. We call such primes Fourier primes. The following lemma

tells us how to find a Fourier prime.

Lemma 3.7. Let p be a prime. F, has a primitive N-th root of unity if and only if
N divides p — 1.

Proof. See Geddes et al. [11, Theorem 4.3, p. 133]. n

In our Maple implementation, we choose p to be between 23° and 231 so that
p is large but all multiplications can be performed using signed integers on a 64-bit
machine without causing overflow. To find a Fourier prime of this magnitude, we will
first find the largest integer M < 231° for which N divides M — 1. If M is a prime,
we have found a Fourier prime by Lemma 3.7. Otherwise, we subtract N from M as

many times as necessary, until M is prime.

3.4 Fast multiplication using the FFT

The following lemma explains how to utilize the FFT to speed up the multiplica-

tion of polynomials.

Lemma 3.8. Let f and g be polynomials in R[x] where deg(f)+deg(g) < N = 2¥ and
R is a ring over a field F' that supports the FFT for N. Let us write f and g as f =
S firt and g = Y10 gixt and define f= (fo, ..., fn-1) and g = (go, .., gn-1)-
If w is the primitive N-th root of unity in F, then

TY(f-9) =T (H-T)(g) € RV,
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where - denotes component-wise multiplication.
Proof. See von zur Gathen and Gerhard [18, Lemma 8.11, p. 228-229|. O

In light of Lemma 3.8 we can use the FFT for multiplying f and g over K, =
Fplut, ..., u]/{My,..., M) as follows. First compute the Fourier transforms 7. (f)
and TN (g) using the FFT, then apply component-wise multiplication of the Fourier
transforms (that is, perform N multiplications in K,), and finally apply the inverse
Fourier transform. Algorithm FFTMult uses the FFT to multiply polynomials in
K,lx] = Fpluy, ..., w]/(M, ..., M)[z].

We now present the fast FF'T polynomial multiplication algorithm.

Algorithm 3.2 : FFTMult(f(z), g(z), K},)

Input: f(z),9(x) € K,[z] = Fpluy, ..., u]/(Mi,..., M)[z], p a good Fourier prime.
Output: h(z) = f(z) - g(x) € K,[z] via the FFT.
N « the smallest power of 2 greater than (deg,(f) + deg,(g));
w « primitive N-th root of unity in [F;
F — FFT(f(x), K,, N,w); {F € K]’}
G — FFT(g(z), K,, N,w); {G € K’}
for:=0to N —1do
H[i] = F[i] - G[i]; {component-wise multiplication where F[i|,G[i] € K}

end for
N—

8 he N'-FFT()_ Hli|-a',K,,N,w"); {inverse FFT}

—_

1=

9: h(z) «— Zh[z] - a;

1=0

10: return h(x);

We analyze the cost of Algorithm FFTMult where we assume D = []._, deg(]M;).

e Algorithm FFT is called three times in Algorithm FFTMult and one exe-
cution of Algorithm FFT requires & (1 + D)(log N) + 1 multiplications in F,

(Section 3.1). Thus the number of multiplications in F,, required in performing
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three FFTs is

N
3 <5(1 + D)(logy, N) + 1) ~ gNDlogQN € O(NDlogN).

e Lines 5 to 7: Since F[i], G[i] € K,, this for-loop requires N multiplications
in K,. An arithmetic operation in K, can be done using O(D?) arithmetic
operations in F, (von zur Gathen and Gerhard [18, Corollary 4.6, p. 72]), so
this for-loop requires O(N D?) multiplications in F,,.

e Line 8: since N™! € F,, we perform at most N D multiplications in F,,.
In total, Algorithm FFTMult uses

O(NDlog N)+ O(ND?*) + O(ND)
C O(NDlog N + ND?) multiplications in F,,.

If n = max{deg(f),deg(g)}, then N < 4n € O(n). So Algorithm FFTMult requires
O(nDlogn + nD?) multiplications in F,,.

In comparison, classical multiplication of f and g requires O(n?D?) multiplications

in [F,.



Chapter 4

Polynomial Representation

Simplification

Multiplying polynomials over K, = F,[ay, ..., ;] is inefficient even with the use
of the FFT because the recden data structure becomes more “complicated" with in-

creasing number of variables in the polynomial ring. Consider the following example.

Example 4.1. Let f = x+a+b+c+d € Fipi[a, b, c,d]/{a*—2,0>—3,c*—5,d*—T7)[z].
Let us build the recden data structure for f in Maple.

> f:=rpoly(a+b+c+d+x, [x,a,b,c,d], [a~2-2,b"2-3,c"2-5,d"2-7],101);
f= (a+b+c+d+x) mod ( a®+99, b>+98, ¢*+96, d*+ 94, 101 )

> lprint(f);

POLYNOMIAL([101, [x, a, b, c, d], [CLL[[9911], o, [[[1111],

(Cresll, o, [[1111, [C96]1, o, [111, [94, o, 1111,[CCLCLo, 11, [11],

(01111, [C011331, CCCC11111D)

Note the high levels of lists in the recden representation of f. In general, a
polynomial with ¢ variables has at most t levels of lists. Thus the overhead cost of
computing over a multiple extension is high. In particular, if the degree of the first
minimal polynomial M is relatively low (in particular if deg(M;) = 2) then the cost of
performing arithmetic in IF,, is overwhelmed by the cost of data structure operations
(see Table 8.3).

28
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We can avoid this problem by computing 7 := v mod p satisfying Q(ay, ..., ap) =
Q(v) (see Chapters 5 and 6). Once 7 is found, we can represent f and g as bivari-
ate polynomials in F,[7] = F,[2]/(®,(m,(2)))[z], multiply them over this ring, then
convert the product back to a polynomial in K. This method reduces the overhead
and allows for fast arithmetic in F,[7], but introduces extra costs associated with the
conversions between the rings, which we show in Chapter 5 to be O(D?) arithmetic
operations in F,,, where D = [Q(az, ..., a:) : Q.

In Section 4.1, we present a linear algebra method for converting a polynomial
represented over a multiple extension field of characteristic 0 to the equivalent poly-
nomial over a simple extension field, and vice versa. This method relies on the use of
change-of-basis (COB) matrices. In Section 4.2 we modify this method to apply to

convert polynomials from Fy[ay, ..., a;[z] to F,[¥][x], and vice versa.

4.1 Change-of-basis matrix (in characteristic 0)

In what follows, let K = Q(avy, ..., a;) and let v be a primitive element for K. Let
us first find the bases for K and Q(v). Fori=1,... ¢, let d; = [Q(aq, ..., a1, ) :
Q(a1,...,a;-1)] and D = [Q(v) : Q]. By application of Lemma 1.12,

t

D =[Q():Q] = [Qas,...,-1,0) : Q] = [ [ di.

i=1
Moreover, Theorem 1.7 implies that a basis for Q(7v) is

By ={" "

I

and a basis for Q(ay, ..., ) is
B,={al'aP. ..ol 0<j; <di—1,1<i<t}.

Using the bases B, and B,, we can build a change-of-basis matrix C' that converts
any element in Q(v) to an element in Q(ay, . .., a;) (and naturally C~! would convert
an element in Q(ay,...,a) to an element in Q(y)).

Unfortunately, the recden data structure is not suitable for constructing the

change-of-basis matrix, as the following example illustrates.
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Example 4.2. Let the field be Q(aq, as) with a; = v/2 and ay = /3. Then one can
show that Q(aq, as) = Q(7) where v = oy +as = V24 /3. In recden with oy > ay,

70 = (o +a2)” = [[117,

v = (o + o)t = [[0,1], [1]],

V2 = (a; + @)? =2+ a3 + 20 = [[2, 0, 1], [0, 211, and
V3= (o + a2)® = 3+ 6az + (3ad + 2)ay = [[3, 6], [2, 0, 3]].

Because not all zero coefficients are stored in the recden data structure, the lists
of 4% are of different lengths. For building the change-of-basis matrix, it would be
convenient to use a data structure in which each element in the polynomial ring will
be of equal length. To that end, we introduce the following data structure, which is

simply a dense one-dimensional array of size D.

Definition 4.3. Let R be a ring and let f € Rluy, ..., w)/{g1(u1), ..., g:(us)). The
completely dense representation (CDR) of f is the list of coefficients of all
monomial basis elements in R[us, ..., u]/{(g1,- .., in lexicographical ordering with

U > ... > Ug.

Example 4.4. Let R = Q[u,v]/{u® — 2,0* + 7). Then every element in R can be
written as

Co + ciu + 02u2 + c3v + cuuv + c5u2v.

Moreover, the CDR with v > u has the form: [co, ¢1, ¢z, ¢3, ¢4, ¢5).

Unlike the recden data structure, the completely dense data structure is an array

of depth 1 and every polynomial in a ring in this representation will be of equal length.

In what follows, we let ¢ denote the isomorphism from K = Q(a,...,q;) to
Q(7), and naturally ¢! denotes the isomorphism from Q(7) to Q(ax, ..., a).

Let us use the CDR to construct a change-of-basis matrix from
B, = {9 ... ;7P "} to By = {ad'af - adt, ji = 0,1,...,d; — 1,0 = 1,...,t},
which is the change-of-basis matrix for ¢~'. We show in Chapter 5 that we can find
a primitive element v of K of the form v = ¢y + coa + -+ - + 141 + 4 where

¢; € Z. Consider the following D x D matrix

C=[Us| Ul .| Up]
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where each U; is the CDR (as a column vector) of

7= (crag+ ...+ 11 + at)i € Qlan,...,oq) ZQug,...,ul/{(m,...,my).

We claim that C' is a change-of-basis matrix (COB) for ¢! (i.e. from B, to B,). To

verify this, we first prove the following lemma.
Lemma 4.5. The columns of C are linearly independent over K.

Proof. Suppose towards a contradiction that the columns of C' are linearly dependent.

Then
D—1

U, = Z kj-U; where each k; € Q. (4.1)
J=0,57#1

But since U; is the CDR of 7" for 1 <i < D — 1, (4.1) is equivalent to stating that
D-1
V=) ki,
=0,

which is impossible since {7°,4!,...,¥P~1} is a basis of K (7). Thus the columns of

C must be linearly independent over Q. O]

Now define G; to be the CDR (as a column vector) of 4% for 1 <i < D —1 written

as a linear combination of the elements in B, = {1,7,72,...,7?7'}. That is,
T
Gi:[() o0 1 0], (4.2)
where the only 1 is in the (i + 1)-th row of G;. Note that
C-G; = (i + 1)-th column of C' = U,.

Since U; by definition is the CDR of 4* expressed as a linear combination of the
elements in B,, C' must be the COB matrix for ¢. Moreover by Lemma 4.5 C' is
invertible, so C~! must be the COB matrix for ¢—1.

Example 4.6. Let K = Q(ay,as, as) = Qlu,v,w|/(u?* — 21,v? — 13,w? — 5). One

can show that v = a5 + as + a3 is a primitive element for K (Chapter 5).
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One can show that K = Q(v) and D = [Q(v) : Q] = 8. Since

1

a1 + ag + ag,

a1 + as + a3)? = (202 + 2a3)a; + 20309 + 39,
6agas + 75)ay + 9lag + 107z,

1962 + 260a3) 1 + 324azas + 3293,

780aizca + 7141) g + 9029y + 1296503,

200702 + 30246cu3) vy + 38374z + 332163,
88690cv3vy + 744303)cv; + 9455032 + 14661913,

Y
Y
o
o
oh
o
o
o4

=
= (
= (
=
(
=

the basis of Q(a1, ag, a3) in lexicographical order with ag < g < g is
{1, as, a, asas, oy, ajasz, aas, ajasas}. Hence the CDR’s of 4% (denoted by Uy) for
0<:< 7 are:

Uy = [1,0,0,0,0,0,0,0,0]7, U; =[0,1,1,0,1,0,0,0]7,
UQ =[39,0,0,2,0,2,2,0]7, Uz = [0,107,91,0,75,0,0,6]7,

332163, 0,0, 38374, 0, 30246, 20070, 0],

[
[
= [3293,0,0,324, 0,260,196, 0]7, Us = [0, 12965,9029, 0, 7141, 0,0, 780]7,
= [
U7 = [0, 1466191, 945503, 0, 744303, 0, 0, 88690]7 ,

SO

39 0 3293 0 332163 0

1 0

01 0 107 0 12965 0 1466191

01 0 91 0 9029 0 945503

0 0 2 0 324 0 38374 0
C=[Uy|U|U:| U3 | = (4.3)

01 0 75 0 7141 0 744303

0 0 2 260 0 30246 0

0 0 2 196 0 20070 0

0 0 O

0 780 0 88690

is the change-of-basis matrix for ¢. It follows that the change-of-basis matrix for ¢!
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18

24909 16445 31955
1 0 0 2048 0 T 1024 T 2048 0
o 1038997 1009739 0 2544427 0 0 33891
514048 257024 514048 1004
5547 3979 1387
0 0 0 2048 0 1024 2048 0
0 _ 82115 181805 0 445725 0 0 5833
o1 — 514048 257024 514048 2008 ( 4 4)
159 143 127 ’
0 0 0 2048 0 T 1024 2048 0
1655 5833 13321 39
0 514048 257024 0 © 514048 0 0 " 502
1 1 1
0 0 0 2048 0 1024 2048 0
9 39 87 1
L 0 - 514048 = 257024 0 514048 0 0 2008

Note the expression swell that occurs when computing with rationals. We control

this swell by working modulo a series of primes p1, ..., p.

4.2 Change-of-basis matrix modulo p

We now discuss the modifications necessary for applying the change-of-basis ma-
trix method for converting from the finite ring F,[a@, ..., ;] to F,[7], and vice versa.
Let C' be the change-of-basis matrix from Q(«, 3) to Q(v) and let p be a good prime
(recall that if p is a good prime then all the minimal polynomials of the extension
exist mod p), so that C' exists. Observe that C' is non-invertible in F, if and only
if det(C') = 0 mod p. Let us call good primes p that satisfy det(C') = 0 mod p

unlucky.

Example 4.7. The determinant of C' over Q in Example 4.6 is —12. Since the prime

divisors of —12 are 2 and 3, the only unlucky primes in this case are 2 and 3.

As mentioned in Chapter 3, we choose p to be a random Fourier prime between
230 and 235, We would like to bound the probability of choosing an unlucky prime

in this range. To that end, we first state some lemmas.
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Lemma 4.8. (Hadamard’s inequality) Let A € GL,(R) and let a;; denote the entry
of A in i-th row and j-th column. Then

n

Proof. See Garling [10, Theorem 14.1.1, pp. 233-234]. ]

Definition 4.9. Let R be aring and f(x) € R[z] where f(z) =Y 1", fiz". The max
norm of f, denoted by || f|| is

11l = max{|fol, [f1], -, [ful}-

Lemma 4.10. Let f(z), m(x) € Z[z]|, where m(x) is monic and deg,(m) = d. Further
let deg(f) > d and 6 = deg(f) —d+ 1. If r(x) = f(x) mod (m(x)), then

Il < (1 [lml])° - 1 £
Proof. See Chen and Monagan [6]. O

Applying Hadamard’s inequality and Lemma 4.10, we provide a bound on the
number of digits (in base B) of the determinant of change-of-basis matrix when the

quotient ring is Z|x, y]/(my, me) where my(x) € Z[x] and my(y) € Z[x]/(m1)ly].

Lemma 4.11. Let my(x) € Z[x] be monic and mo(y) € Z[z]/{m1)[y] with deg,(m,) =
dy and deg,(mg) = dy. Furthermore, let ||mq||, |mal| < M , D = didy and

ri = (cx+y)' mod (mi,my) forc€Z and2<i<D—1.

If C'is a D x D matriz whose i-th column consists of the coefficients of
(cx+y)™' mod (my,my) and ¢ = max{|c|, 1}, then the number of digits (in base B)
of det(C) is

logs(|det(C)]) < Dlogp(D) +logp(D - &) + (LEE=2) (log (e +1) + dy log (M)

€ O (D*(logp(¢) + di logg(M))) -
(4.5)

Proof. See Appendix A. n
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One can also prove a more general form of Lemma 4.11 for extensions of more

than two steps.
Lemma 4.12. Let my(x1) € Z[z1] be a monic polynomial of degree dy, and
my(zy) € Zlz, ..., xp—1]/(mi(z1), ..., mp_1(Tr—1)) |2k

be a monic polynomial of degree dy, for k= 2,... .t and {||mq]], ||mz|l,...,|m|} <
M. Further, let D = HZ:I d; and let C' be a D x D matriz whose i-th column consists
of the coefficients from

i—1

(crry + comg + -+ 2™ Fa) " € Zlwy, ... 1]/ (ma, ..., my), ¢ € Z.

If

= max{|c|, 1} + max{|co|,1} + - - - + max{|c;—1|, 1}, and
d=di+dy+ - +dioy + (t = 2),
then the number of digits (in base B) of det(C) is
logs(det(C)) < Dlogs(De) + (LE=2) (logy(5 + 1) + dlog(M))
€O (D2 [1ogB(§) + cilogB(M)D :
Proof. See Appendix A. m
Example 4.13. Let

my(z1) = 22 — 2 € Q[ry],

my(z2) = 25+ 3 € Qlz1]/ (mu) (2],

ms(x3) = 22 — x1 — 4 € Q[x1, T2]/ (M1, m2)[x3], and
my(xy) = 23 + 1129 — 2 € Q[11, T2, T3]/ (M1, Mo, M3)[74].

Since all coefficients of m;’s are integers, we can apply Lemma 4.12. One can show
01'Qil+CQ'$2+03'$3+C4'ZE+4:26'$1+330'$2+905'I3+$4
is a primitive element (modulo p) for Q[z1, za, 3, 4]/ (M1, ma, m3, m4). Thus we have

D =T[;_, deg, (m;) = 2* = 16,

¢ = max{|c|, |cal, |esl, |ca|, 1} = max{26, 330,905, 1, 1} = 905,

§ = max{|c1|, 1} + max{|co|, 1} + max{|cs|, 1} = 26 + 330 4+ 905 = 1261,
d=37 deg, (mi)+(t—2)=2+2+2+(4-2) =8,

M = masc{lmall, [ mall, sl mall} +1 = 5.
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Hence the length of digits of det(C') in base B = 23! must be at most
Dlogy(Dé) + (W) <logB(§ 1)+ JlogB(M)> < 105.

In fact, if we compute det(C') we find that det(C) is between 38 digits and 39 digits

long in base 23!

To execute the FF'T, we pick p to be a Fourier prime. We would like to determine
the probability that a randomly chosen Fourier prime between 23° and 23!° is unlucky.
Let p be a Fourier prime of the form k- 2" + 1, where p — 1 is divisible by 2% for
some given R € Z*. Further suppose that 230 < p < 2315 and C'is a D x D change-
of-basis matrix with integer entries. Table 4.1 lists the number of primes between 23°

and 23! for which p — 1 is divisible by 2%, 1 < R < 28.

R | 1 2 3 4 5 6 7
n(R) || 91744200 | 45872521 | 22936042 | 11468644 | 5734170 | 2867571 | 1433414
k(R) 0 0.999988 | 2.000002 | 2.999924 | 3.999962 | 4.999717 | 6.000091
R 8 9 10 11 12 13 14

(R) 716387 358119 178951 89409 44749 22377 11181
kE(R) | 7.00074 8.00104 9.00191 | 10.00298 | 11.00155 | 12.00139 | 13.00235

R 15 16 17 18 19 20 21
n(R) 5581 2773 1377 698 363 178 88
k(R) 14.0048 15.0139 16.0238 17.0040 17.9473 | 18.9754 | 19.9917
R 22 23 24 25 26 27 28
n(R) 45 21 14 9 5 2 0
k(R) 20.9593 22.0588 22.6438 23.2812 24.1292 | 25.4511 -
Table 4.1: n(R) denotes the number of primes between 230 and 23! of the form

c- 2% 4+ 1, and k(R) satisfies the equation 91744290/(2®) = n(R), where 91744290

is the number of Fourier primes between 230 and 23!

One can see by inspection that k(R) < R —0.98 for 1 < R < 27. Hence

91744290 91744290

SR0ss < ouE) | # of Fourier primes in (2%°,23'%) of form k-2" + 1,7 > R.
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Let ¢,35,d, and M be as defined in Lemma 4.12. Then by that lemma, there are at
most D logysi (Dé) + (W) (log231(§ +1) + dlogys: (M )) unlucky primes between
230 and 2315, It may be the case that all of these are Fourier primes. Hence we arrive

at the following remark.

230 231.5

Remark 4.14. The probability that a randomly chosen prime between and

of the form k -2" — 1 for r > R is unlucky is at most

D log231 (DE) + <(D_l)#> [log231 (<§ + 1) + CZlngsﬂ (M)]
01744290/ (27-0-9) ’

where ¢, §, ci, and M are as defined in Lemma 4.11.

The probability given in Remark 4.14 is a very conservative since it is derived
from the assumption that | det(C)| can be factorized into a product of primes which
are each between 20 and 231-°. This probability equals 1 if | det(C)| factors into all
the Fourier primes between 230 and 23!5 of the form k- 2" + 1 for all r > R, which is
highly unlikely. However, in the unlikely event that not enough lucky Fourier primes

can be found, it may be necessary to use 63-bit primes on a 64-bit computer.

Example 4.15. Suppose we wish to multiply f(z) and g(z) in

Zlxy,...,x4)/{mq, ..., my)[x] where the m;’s are as in Example 4.13 and deg,(f) +
deg,(g) = 500. Since 2® < 500 < 2, R = 9. Furthermore, recall from Example
4.13 that at most 105 Fourier primes may be unlucky in this case. Therefore, if we
randomly pick a random Fourier prime p between 23 and 23!5 such that p — 1 is

divisible by 2%, the probability that p is unlucky is at most

105
91744290 ,/29-0-98

< 0.00029708.



Chapter 5

Finding a primitive element

(characteristic 0)

Let K = Q(aq,...,a¢) = Qluy, ..., u]/{my,...,my). If the number of extensions
t is large, it is expensive to perform multiplication over K due to the overhead of the
recden representation and a large number of polynomial divisions required. One can
avoid this problem by computing a primitive element v for K/Q. After ~ is found,
one can express a polynomial in K[z] as a polynomial in Q(v)[z] = Q[z]/(m,(2))[z], a
bivariate polynomial in x and z. The recden representation of this new polynomial
is a nested list of depth 2, which requires less overhead and possibly offers faster
arithmetic operations than the nested list of depth (¢ + 1) required to represent the
polynomial in K[z] =Qluy, ..., u]/(m1,...,m)[z].

In this chapter, we present two approaches for finding a primitive element of a field
of characteristic 0: a linear algebra approach and a resultant approach. We discuss
these methods for fields given as a two-step extension, then generalize to fields given

as a tower of more than two extensions.

5.1 Finding a primitive element of K(«, f3)

In what follows, let K be a field of characteristic 0. In order to explain how to

compute a primitive element of K («, 3), we must state some lemmas.

38
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Lemma 5.1. (Trager [17]) Let o be algebraic over Q with minimal polynomial m(y) €
Kly] and let f(x) € K[z] be square-free. Then there exists ¢ € K such that

NOIM (K (a)[2)/ K[a]] (f (T — cv)) is square-free.
Proof. Let the roots of f(x) over some splitting field be f, ..., 3, and let the roots

of m,(y) over a splitting field be o = ay, ..., ay. Since f is square-free, the (;’s are

distinct and the «;’s are distinct as well since « is separable over K. Suppose that

d

N(z) :=norm(f(z — ca)) = H f(x — caj).

j=1

If ¢ = 0 then N(z) is clearly not square-free, since we can assume that d > 1. If
¢ # 0, the roots of f(x — coy;) for a fixed j are {f; + caj, i = 1,...,n}. N(z) has a

multiple root if and only if
Br + cay, = PBs + cay, where r,s € {1,....,n}, t,u € {1,...,d}, and t # u.

Thus N(z) has a multiple root if and only if ¢ belongs to

S :{O}U{gr:gs crose€{l,...,n}t,u € {1,...,d},t7éu}
P (5.1)
= {M:r,se{1,...,n},t,u€{1,...,d},t7£u}.
O — Oy,

Since |S| is finite and K has characteristic 0, K\S is non-empty. So there exists
c € K\S for which N(x) is square-free. O

Example 5.2. Let m,(y) = v* — 2 € Q[y] and f(z) = 2* + 3 € Q[z]. The roots of
f(z) over a splitting field are: {81, B2} = {V/3i, —V/3i}, and the roots of mq(y) are
{a1, a5} = {/2,—/2}. The set S as defined by (5.1) is:

g VB (VB VB (VB L e 1
S_{O’ Vi (—vV2) V2- (V) }_{O’Qﬁ’ 2V

By the proof of Lemma 5.1, g(x) = norm(f(x —ca)) is square-free if and only if ¢ ¢ S.
Since SN Q = {0}, norm(f(x — ca)) is square-free for every ¢ € Q\{0}.
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Alternatively, one can compute the elements in S as follows. By Theorem 1.25,

g(z) = norm(f(z — ca)) =res,(f(z —cy), v —2)
=ax* — 4222 + 622 + 9 + 12¢% + 44

Since g(x) is square-free if and only if res,(g(x), ¢'(x)) # 0 by Remark 1.23, and the
roots of
res,(g(x), ¢’ (z)) = 147456(3 4 2¢)*c*

belong to S = {0, %\/62, —%\/éi}, any element ¢ € S yields a non-square-free
norm(f(x — ca)). As expected, S = S.

The following lemma provides an upper bound on the number of ¢ € K that yields

a non-square-free norm(f(x — ca)).

Lemma 5.3. Let m,(y) and f(z) be defined as in Lemma 5.1. Furthermore let
d = deg,(mq) and n = deg,(f). Then

(n—1)-d(d—1)

n
S| <
5] < )

+1,

where S is defined in (5.1).

Proof. There are at most 2 < Z > (non-zero) distinct possibilities for the numerator

0B, — B, and at most ) distinct possibilities (up to sign) for the denominator,

oy — oy,. Also, 0 € S since the two elements in the numerator can be the same. Hence
d —1)-d(d—1
si< (2 ")) L e Dedd=l)
2 2 2

We now state a generalization of Lemma 5.1, which is the basis of Trager’s algo-

O

rithm for factoring polynomials in Q(«)[z].

Theorem 5.4. (Trager [17]) Let mo(y) € Kly| be the minimal polynomial for o and
f(z,a) € K(a)lz] be square-free. Then there exists ¢ € K for which norm(f(x — ca))

1S square-free.
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Proof. Let a = ayq, ..., be the roots of m,(y) over a splitting field and f,..., 3,
be the (distinct) roots of f(x,«) over a splitting field. Let us write norm(f(z, «)) as

norm(f(z, o)) = Hgi(fﬁ)]’ € Klz],

where each g;(z) is square-free. Since f(z, «) is square-free and divides norm(f(z, o)),

it must divide the square-free polynomial
g(x) = [[a(x) € Kz].

By applying the proof of Lemma 5.1, there exists ¢ € K for which norm(g(z — ca))

is square-free. Since the roots of norm(f(x — car)) = [[, f(x — ca;) belong to
R:={fj+ca;|i€{1,....d},j€{1,...,n}},

and f divides g, (1,..., 3, must be roots of g. That is, every element in R must
be a root of norm(g(z — ca)) = [[, gz — ca;). Hence norm(f(z — ca)) divides
norm(g(z — ca)), so if norm(g(x — ca)) is square-free then norm(f(z — ca)) must be

square-free as well. O

Lemma 5.5. Let m,(y) € K|[y| be the minimal polynomial for o and let oy, s, . .., aq
be the roots of ma(y) € Kly| over a splitting field. Furthermore let py (), Ba(v), ...,
Bn() be the roots of f(x, ) € K(a)[z] over a splitting field. The number of elements
c € K for which norm(f(x — ca)) is not square-free is at most
n?d(d — 1)
2

Proof. Let
d

N(z) = norm(f(z — ca)) = Hf(:c — cay, ),

i=1
and let {#;(a;),1 < i < n} be the roots of f(x,a;) for 1 < j < d. Since the roots of
f(x —coj, ;) are {Bi(j) + caj, 1 < i < n}, N(z) has a square-free norm if and only
if B.(cw) + cay, = Bs(aw) + cay for some rys € {1,...,n} and t,u € {1,...,d} where
t # u. That is, N(z) has a multiple root if and only if ¢ belongs to

S = {Br(au) - ﬁs(at)

Oy — Oy,

:7",36{1,...,n},t,u€{1,...,d},t7éu}.
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d
There are 5 distinct choices for the denominator. For fixed a; and «,, there are

n choices for (3,(a,), as we must choose from {31 (av,), B1(w), - ., Bn(aw)}. Moreover,
there are n choices for Gs(cy), since we must choose from {5 (ay), fa(v), - - ., Bn(ay)}.

Thus there are at most n? distinct possibilities for the numerator 3,.(a,) — Bs(ay). In

d 2 —
mgnz.( ):w,
2 2

summary,

]

Example 5.6. Let o be algebraic over Q with minimal polynomial m,(y) = 3? —
2 € Qy] and let f(z,a) = 2° —a+ 1 € Q(a)[z]. Then n = deg,(m,) = 2 and
d = deg,(f) = 2. By Lemma 5.5, the number of ¢ € K for which norm(f(z — ca)) is

not square-free is at most

ndd-1) 221
2 -2 7
We verify this by explicitly computing the elements in Q for which norm(f(z — ca))

is not square-free. The roots of mq(y) are {a = a1, a5} = {V/2, —v/2}, the roots of
f(z,a) = f(z,aq) are

(Bi(a). Balan)} = {\/—1 va -1+ \/5} |

and the roots of f(z,ay) are

[Br(02), Balaz)} = {Ml Vi1t ﬂ} |

By the proof of Lemma 5.5, f(z — car) has a multiple root if and only if ¢ belongs to
g - {51(041) — Ba(az) Pa(on) = Bi(az) Pulen) = Pilaz)  Palon) — 52(042)}

ag—a; ag—a; ag—a; az —ag

{i “1+V2+iV1+V2 i\/—1+\@—z’\/1+¢§}
—2v/2 ’ -2V/2 '

Observe that |S| = 4 as expected, and SNQ = @, so every ¢ € Q yields a square-free

norm(f(z — ca)).
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Alternatively, by Theorem 1.25,
g(z) = norm(f(z—ca)) = res,(f(z—cy),y*—2) = 2*+2 2> —4 2’ —1+4 2 +4 ' —8 xc
is square-free if and only if res,(g(z), ¢'(x)) # 0. Since
r(c) = res.(g(z), ¢' () = —1024(1 + 4c* + 8¢*)?,

r(c) has at most four distinct roots in K. With some algebra, one can show that the

elements in S are exactly the roots of r(c).

In practice, we will choose ¢ from Zs( for simplicity. Rather than explicitly de-
termining S and choosing ¢ from Z>o\S which can be computationally expensive,
Trager’s algorithm ([17]) counts up by one starting from ¢ = 0 until he find a square-

free norm(f(x — ca)).

Let us return to the problem of finding ~, algebraic over K, such that K(v) =

K (o, 3). To that end, the following lemma and theorem will prove useful.

Lemma 5.7. (Trager [17]) Let m,(y) € Kly] be the minimal polynomial for a and
let B be a root of square-free g(x,a) € K(a)[x]. If norm(g(x,)) is square-free then

ged(ma(y), 9(B,y)) =y — a € K(B)[yl.

Proof. We wish to show that « is the only common root of g(f3,y) and m,(y). Let
a; = @, Qo,...,04 be the roots of m,(y) over a splitting field and suppose that
g(B,0;) = 0 for some a; # oq. But this implies that § is a multiple root of
Hle g(z, ;) = norm(g(z, a)), which contradicts the assumption that norm(g(z, «))
is square-free. Thus the only common root of ¢g(3,y) and m,(y) must be a. This

proves that ged(g(5, ), ma(y)) = y — . 0

Theorem 5.8. (Trager [17]) Let m,(y) € Kly] and mg(z, o) € K(a)[z]| be the min-
imal polynomials for o over K and B over K(«a), respectively. If norm(mg(x,®)) is

square-free then

K(a, 3) = K(B).
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Proof. Note that K(3) C K(«, 3). Therefore it is sufficient to show that o € K ().
By Lemma 5.7,

ged(ma(y), ms(B,y)) =y — a. (5.2)
Since mq(z) and mg(B,y) are polynomials over K (f3), their gecd must also be over

K(B); that is, a € K(f). That is, the solution to (5.2) is the normal representation
of a in K(f3). O

In what follows, we let m,(y) € K[y] be the minimal polynomial for o and
mg(z,a) € K(a)[z] be the minimal polynomial for . Further, we let g(z,a) =
mg(x — ca, ) where ¢ € K is chosen so that norm(g(z, «)) is square-free. Then we

can show the following.

Theorem 5.9. If f(x,«) is an irreducible polynomial over K(«) then
norm( f(x,a)) = h(z)*

where h(z) is an irreducible polynomial over K and k € Z*.

Proof. See Trager [17]. O

Observe that since mg(x, o) is irreducible over K (), the polynomial g(z, o) must
also be irreducible over K (a) by Theorem 5.9. Furthermore, v := 3+ ca is a root of
g, so we can apply Theorem 5.8 with m,(y) and g(z, @) to conclude that K(a,vy) =
K (7). But since K(a,v) = K(a, 8+ ca) = K(«, ), we have

That is, 7 is a primitive element of K (a, 3).

Remark 5.10. ~ is a root of the irreducible monic polynomial
N(z) = norm (mg(z — ca, o)) € K[z|, so N(x) must be the minimal polynomial for

v over K.

We now discuss two methods of finding a primitive element v of K(a, 3), namely

a linear algebra approach, and a resultant approach.
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5.2 Finding a primitive element using linear algebra

As previously mentioned, to find a primitive element v = 3 + ca of K(a,[3),
we count up by one starting from ¢ = 0 until we find a ¢ which yields a square-free
norm(mg(z—ca)). To test if a chosen f+ca yields a primitive element of K («, ), one
can find the change-of-basis matrix from K(«, 3) to K(v) (or from K(v) to K(«, 3))
and test that it is invertible (Chapter 4). We illustrate this with an example.

Example 5.11. Let us find a primitive element v of Q(«v, 8) = Q[y, z]/(ma(y), ms(z))
where m,(y) = ¥* — 5 € Qy] and mg(z) = 2 — 2 € Q[z]. Let ¢ = 0. Then
v=040-a=08. A basis for Q(v) is B, = {1,7,7%,7*} and a basis for Q(«, 3) is
B, ={1,a, 3,af}. Note that

P=1 7' =6, =5 =2 ady =45 =3 5=20

Hence the change-of-basis matrix from B, to B, is

Ly 7y 7

10 2 0

00 0 0
c=°
glo 1 0 2
af\0 0 0 0

Clearly C' is not invertible, so 5+ 0 - « is not a primitive element for Q(«, 3).

Thus we let ¢ = 1. Then the change-of-basis matrix from B, to B, is

Loy 7 7

10 7 0

01 0 11
c=*° (5.3)

Blo o0 0 17

ag\0 1 2 0

One can verify that C' is invertible. Thus v = 4+ 1 - « is a primitive element of
Q(a, B).

To express a polynomial in Q(«)[z] as a recden polynomial, one must compute

m+(z) € Q|z], the minimal polynomial for . We explain an efficient method for this.
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Lemma 5.12. Let K(v) be an extension field and D = [K(v) : K]. If
P =ay+ary+---+ap_1yP' € K(v), then m.(z), the minimal polynomial for v,
18

my(2) = —ap — a2z + - — ap_12P7t+ 2P,
Proof. Let
m(2) = mo+myz +mez® + - +mp 12771+ 2P € K[z).
By definition, m(y) = mo + myy + may* + - - + 7P = 0. Rearranging, we get
=P =mo+miy +mey’ -+ mpyP
On the other hand, by Theorem 1.7 we have
AP =ay+ayy+---+ap Pt € K(v), ao,...,aq-1 € K.
So
—(ag+ a1y +---+ap 1y?Y) = mo +myy +Fmey? 4+ -+ mp_yP

Since {1,~%,...,7P71} is a basis for K(7), we must have m; = —a; for 0 <i < D —1.

That is, m,(z) = —ag — a1z — -~ — ap_12P~1 + 2P| as required. O

Lemma 5.12 implies that one can compute m.(z) by finding y” expressed as a
linear combination of the 7’s, 0 < i < D — 1. Observe that when we computed the
change-of-basis matrix C, we have already computed v”~! in terms of the elements in
B,. Thus at this stage, m.,(z) can be found via a single multiplication y”~1 -~y = 4

and a single matrix-vector multiplication of C~! by the CDR of 4" to obtain m.(z).

Example 5.13. Continuing from Example 5.11, let us find m,(z) € Q[z]. Since
D=[Q"):Q] =[Q(,B) : Q] =4 and v* = 11 + 1703, we have

=793 = (a+ B)(11la + 173) = 89 + 28a0.

To represent 74 = 89 4 28a3 as an element in Q(7), we multiply C~! (the change-of-
basis matrix from B, to B,) by the CDR of 4*, which is [89, 0,0, 28]", and C' is given
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by (5.3):
89 1 I - -1 89 -9
4 |0 0 1 —3 0 0 0
¢ B 1ou1 B
0 o -1 & 1 0 14
28 00 £ 0 28 0

17

Hence m,(z) = —9 + 142% + 2%

5.3 Finding a primitive element using resultants

A second method for determining a primitive element and its minimal polynomial
of K(«,3) is by using resultants and geds. This method is based on the fact that
norms can be computed using resultants (Theorem 1.25). We illustrate this method

with an example.

Example 5.14. Let us find a primitive element v = S+ ca of Q(«, 5) where m,(z) =
2?2 — 5 € Q[z] and mg(z) = 2% — 2 € Q[x]. These polynomials are the same as in

Example 5.11. When ¢ = 0, we have
norm(mg(z — ca, ) = norm(mg(z — 0 - o, ) = res,(mp(x,y), ma(y)) = (2 — 2)2.

This polynomial is not square-free, so we recompute the norm of mg(x — ca, a) for

c=1
N(x) = norm(mg(z — o, @) = res,((z — y)*> — 2, y* — 5) = 2* — 142 + 9.

N(z) is square-free, so v = 3+ 1 -« is a primitive element of Q(c, 5) whose minimal
polynomial over Q is N(z). This result is consistent with that obtained using the

linear algebra method in Example 5.11.

5.3.1 Finding «a(v) and ((7)

Suppose that we have found a primitive element v = 3 + ca satisfying K (a, 8) =
K(v). To convert f € K(«,3)[x] to a polynomial in K (v)[z], we need to substitute
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the as and (s in f with their normal representations a(7), 5(y) € K(7), respectively.
In the linear algebra approach, we can do this by inverting the change-of-basis matrix
C and performing a series of matrix-vector multiplications.

In this section,we explain a different method for computing () and (), which
requires computing a ged, and avoids computing the change-of-basis matrix. By the

proof of Theorem 5.8, the solution to the linear equation

ged(mp(y — ey, y), ma(y)) =0

is equal to (7). Furthermore, since v = 3+ ca = 5+ ca(y), () can be found by

a simple formula:
B(y) =~ — caly).

We illustrate this with an example.

Example 5.15. Continuing with Example 5.14, let us find a(7), 5(y) € Q(y). We

have
ged(mp(y = 4, 9), ma(y)) = ged((y =)' —v* (v —9)* = 2,4" - 2)

16049 5883 o 025 8T
YT 628 T T 4628 T 9256 37024

Hence
16949 _5883 5 925 87 13

1628 7 16287 92567 T 37024”

a(y) = and

8T iy, 925 5883 o 21577
T 37024 9256 " a628) " 4628

Bly)=v—1-a(v)

Notice the expression swell that occurs from computing with rationals. We will

eliminate this swell by working modulo a prime (Chapter 6).

5.4 Algorithms

We present the algorithms for finding a primitive element of K («, 3) using resul-
tants and geds. Algorithm sqfr  norm finds ¢ € Z for which norm(mq(z — ca, @) is
square-free, and Algorithm prim__elt returns the minimal polynomial for the prim-

itive element v of K («, 3) and the normal representations «(v), () € K(v).
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Algorithm 5.1 : sqfr norm(mg(z, o), ma(y))

Input: mg(z,a) € K(a)[z], and m,(y) € Kly|, the minimal polynomials for 3 over
K(a) and « over K respectively, where K is a field of characteristic 0.
Output: ¢ € Z, g(x,a) = mg(z — ca) € K(a)[z], and square-free N(z) =
norm(g(z, «)) € Klz].
I ¢ 0; g(z,0) — ma(z, )
2: while true do
3 g(z,a) — gz —c-a,);
£ N() o res,(g(z, ) ma(y)); {N(z) € K[a]}
5. if deg(ged(N(x), N'(x))) = 0 then
6 return ¢, g(x,a), N(z); {N(x) is the minimal polynomial for 5+ ca by Rem.

5.10}
7. else
8: c—c+1;
9: end if

10: end while

Algorithm 5.2 : prim__elt(mgs(z, o), ma(y))

Input: mg(z,a) € K(a)[z], and m,(y) € K[y|, minimal polynomials for 3 over
K(a) and « over K respectively, where K is a field of characteristic 0.

Output: ¢ € Z, N(z) € K]lz|, minimal polynomial for v where K(a,f) =
K(v), and A(y) € K(v),B(y) € K(7),the normal representations of « and £,
respectively.

L ¢, g(z,a), N(x) «— sqfr_norm(mg(z, ), ma(y));

2: h(v,y) < the monic ged(g(7v, y), ma(y)) € K(7)[y] where N(v) = 0;
{h(y) =y + a(y) by Lemma 5.7}

3 A7) « —a(v);  B(v) «—v—c A(v);

4: return ¢, N(x), A(vy), B(v);
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5.5 Towers with more than two steps

We now generalize the resultant approach to apply to fields given as a tower of
more than two extensions (¢t > 2). To find a primitive element v of such fields, one

can find a primitive element of two extensions at a time repeatedly as follows:

K(ag,ag,...,00) = K(ag, ... 043, 49)(q_1, )
~ Ko, -3, 02)(7-1)
= K(a,. .. ap3)(—2,%-1)
>~ K(aq, ... 00-3)(1-2) (5.5)
= K(ai,72)
= K(7).

Remark 5.16. One can alternatively collapse the extensions “bottom-up” as follows:
Koy, ag,...,0q) 2 K(y,as,...,00) 2 K(v, 04, y0q) - = K (o, ) = K(7).

The complexity of this method is comparable to the “top-down” method we proposed

above.

To find the normal representations of all the «;’s in K (), one needs to perform
extra computations than in the two extension case. We illustrate this for the case
t=3.

Example 5.17. Let us find a primitive element of Q(«, s, a3) = Q[z, y, x|/ (m1, ma, ms3)

where
mi(2) = 22 —2 € Q]

ma(y) = y* — any +11 € Q(au)[y], and
ms(z) = 22 + 20100 — 3 € Q(ay, an)[z].
Let us find 7y, algebraic over K; := Q(ay) such that Kj(as,a3) = Ki(y11). If ¢ =0,

then ms(z — cas, ay) is:

Ni(x,0q) :=norm(ms(x, ag)) = res,(ms(z,y), ma(y))
= res, (2 + 20qy — 3,y* — yay + 11) (5.6)
=2t — 222 + 85 € Ky[x].
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Since Ni(z, aq) is square-free, we conclude that v; = ag + 0 ag satisfies K (as, a3) =

Ki(m) and Ny(z,aq) € K;|zx] = Q(a)[z] is the minimal polynomial for ~;. Since

3 1
ged(ms(1,9),ma(y)) = y — o1 + Jaat,
we conclude that the normal representations of a and a3 in Ki(7) are
3 1
ag(11) = Ton — 7a17f € Ki(m), and as(y1) =71 —0-0a2 =7 € Ki(n).

4 4
Now we find ~, algebraic over Q, such that Q(vy) = Q(ay,~;). Note that

norm(Ny(z, ay)) = res, (N1 (z), mi(y)) = resy(z? — 22% + 85,9? — 2) = (24 — 222 + 85)?2
is not square-free. Thus we try ¢ = 1. The norm of N(z — ay,aq) is

N(z) :=norm(Ny(z — a1, 0q)) = res,((x — )t —2(x —y)? + 85,9% — 2)
= 28 — 1225 4 2062 + 166822 + 7225 € Q|z].

N(z) is square-free. Hence
Q(v) = Q(au, az, a3) where vy =1 + a; = a1 + (a2 + 0 - a3),

and the minimal polynomial for « over Q is N(z). Let us now find the normal

representations of as and a; in Q(7). Since

1
ged(N(y = y,9),m(y) =y — =25 (v + 29597 — 1937° 4+ 977)

we have

a1(y) =g (V+ 295973 —193v% +997) and
7(Y) =v—1-1(y) = g5 (977 + 22983y — 295943 + 193+5°) .

Finally, recall that as(y;) = —0-as = 1. So

az(7) =M (Y) = gm0 (977 + 22983y — 295943 + 193+°) .
Moreover, recall that as(y1) = 3a; — $aq - 7. Thus

a1(y) — g1 (7) -1 (7)?

3

1

= % (25840 (7 +2959+° — 1937° + 9y )) i (ﬁ ('7 + 295973 — 193~° + 9’77)) :
(m (=997 + 22983~ — 295943 + 193y )) mod (N (%))

= 981920 (1119097 — 9151~% + 81547 + 17361917) .
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In general, if the field is a t-step extension where t is greater than 2, and we
execute Algorithm prim_elt (¢t — 1) times to compute a primitive element 7 of the

field, we obtain the normal representations

a1(7), 042(71), 043(71), cee Oét—2(%—2)7 Oét—1(%—1), Oét(%—1) and
v 71(7)7 ’72(’71)7 ceey ’Yt—l(’yt—Q)a
where ~,’s are as in (5.5). Thus we must convert as(y1), ..., @ (7y—1) to

as(y),...,a(y) € K(v). Note that for a fixed j € {2,...,t},
Oéj(’)/J;l) - K(Oél, s, OGg, 7]'71).
Hence for each a;(7;-1), we must make the substitutions

;= o;(7),1 <i<j—2 and 1 —v-1(7).



Chapter 6

Finding a primitive element

(characteristic p)

In what follows, we let K = Q(ay,...,q,) = Quy, ..., u|/{(May, ..., Ma,) Where
Ma, (1) € Q(a, ..., a;_1)[w;] is the minimal polynomial of a; over Q(ay, ..., ;1)
for 2 <i <r and mg, (u1) € Q[uy] is the minimal polynomial for ay over Q.

Consider

K(aaﬂ) = K[yvx]/<m17m2>>

where my = my(y) € Kly] and my = ma(z) € K(«)[z] are the minimal polynomials
of a over K and (3 over K(«) respectively. Furthermore, let f,g € K(«,3)[x] be
the polynomials we wish to multiply. As we have seen in Example 5.13, performing
arithmetic in Q leads to a blow-up of coefficients. To control the growth, we work
modulo primes.

Rather than working over K (a, (3), we will work over the finite quotient ring
Kp[a7 B] = Kp[ya ‘r]/<M17 M2>7

where p is a non-bad prime (so that ®,(f), ®,(9), Pp(c1), ..., Pp(a;), Dp(a), P, (0)
are all defined), @ := ®,(a), B = ®,(8), My = Mi(y) = ®,(m1) € K,ly], and
My = My(z, @) = ®,(ms) € K,[a][z]. For many primes this ring is not a field, so the
theorems mentioned in Chapter 5 may not apply. Nevertheless, we can implement

modifications to Algorithm prim_elt (and Algorithm sqfr norm) so that it takes

23
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as input the ring K, [@, §] and returns

®,(m,(2)), aAF) = Pp(a(y)) and B(T) = ,(B(7)),

where v is a primitive element of K(a, ), ¥ = ®,(7), and a(vy),3(y) are normal
representations of a and (3 respectively in K (). In this chapter, we examine the

modifications that are necessary for the algorithms to work modulo p.

6.1 Modifications to Algorithm sqfr norm

In what follows, let p be a non-bad prime and denote by K, the ring
K, =F,la,....,a;] =Fplur, ..., u]/(Pp(Mmay), - Pp(ma,))-

We first describe modifications necessary for Algorithm sqfr norm to run modulo
p, specifically when the input ring is K,[@, 3] & K,ly,z]/(Mi, Ms). Recall that
Algorithm sqfr norm finds ¢ € Z such that res,(mq(x — cy,y),mi(y)) € Klz] is

square-free. In this section, we show the algorithm may fail over K, [a, ] if:

(i) division by a zero divisor is encountered,

(i) Mi(y) = ®,(my(y)) or My(z, @) = ®,(ma(z,a)) is not square-free over K, or

K, [a] respectively, or

(iii) p is not large enough for a suitable ¢ to be found.

We now discuss how to handle each case.

6.1.1 Handling zero divisors

Executing Algorithm sqfr norm modulo p may fail if a zero divisor is encoun-
tered while computing the resultant (Line 4) using evaluation and interpolation (Sec-
tion 7.2) or the ged (Line 5) using the Euclidean algorithm. Normally, division by a
zero divisor is encountered only for certain values of ¢, in which case we can simply
choose a different ¢ and re-enter the while-loop. However, there may exist a prime p
in which every ¢ € [F,, results in a division by a zero divisor. In Section 7.1 we provide

an example of such a case, and explain how to handle it.
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6.1.2 Handling non-square-free M; or M,

Certainly m; may be square-free over K, but not over K,,. For example, if K = Q
and K, = F5, then m; = 22 —5 € Q[z] is square-free over K but M; = ®,(m;) = z? is
not square-free over K,. We insist that M; and M, must be square-free over K, and
K,[a] respectively. To see why this condition is required, we refer to the following

lemma.

Lemma 6.1. Let p be a non-bad prime, deg,(m1) > 1, and deg,(mo) > 1. If either
M (y) = ®,(mq) € Kply] or My(x) = &,(m2) € Kp@l[z] is not square-free over K,
and K,[@] respectively, then there does not exist ¢ € F, for which N,(x) = res,(Ms(x—
cy,y), Mi(y)) is square-free over K.

Proof. Let dy = deg,(m;) and dy = deg,(my). Because m; and m, are monic in y
and z respectively, it follows that deg,(M;) = d; > 1 and deg, (M) = dy > 1.
Let aq,...,aq, be the roots of mi(x) € K[z] over a splitting field and suppose

that M;(z) is not square-free. Then we must have
o = o, where 1 < k < r <dj.
If k = deg, (Ma(z — cy,y)), then by Theorem 1.19 (i) and Theorem 6.2,
Np(z) = resy(Ma(z — cy,y), Mi(y))
= (=1)2% - resy (Mi(y), Ma(z — ¢y, y))

= (=1)2% - resy (Dp(m1(y)), Pp(ma(w — cy,y)))

_1)d2d1
- lcoe(ffya"bl)dz—k - @y (resy (ma(y), ma(z — cy,y)))
_1)d2dx
= (12k "y ((-Udﬂ1 resy (ma(z — ¢y, y), m (y)))
—1)2d2d1
= (1)12 - ®p(norm(me(z — car)))
dy
=1 [[ (@p(ma(z — cai)))
=1
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Since deg, (P, (mz(z—cay))) = deg, (ma(x)) > 1, N, cannot be square-free for ¢ € F,,.

Now let 31, ..., B4, be the roots of my over a splitting field and suppose that M,
is not square-free over Kj[a|. Then ®,(8x) = ®,(8,) for some 1 < k < r < dy. Using
the result above,

d1 dl
Np(z) = resy (Ma(z — cy,y), Mi(y)) =[] (@p(ma(e —cai)) = [T (Ma(e — ¢ @4(a))).
i=1 i=1
Thus for each i = 1,...,dy, {®,(5;) —c- Pp(ai), j = 1,...,d2} are roots of N,(z).
But since ®,(8x) = ®,(8,), there are repeated roots in this set. Hence N,(z) cannot

be square-free over K, regardless of the value of ¢ € F,,. m

Lemma 6.1 implies that if M; or M, is not square-free over K, and K,[@] respec-
tively, then Algorithm sqfr norm will fail for all ¢ € F,,. Recall that we call a prime
in which M; or M; is not square-free a fail prime (Chapter 2).

To prevent the algorithm from running for many choices of ¢ which yields a non-
square-free IV, or worse, running for all choices of ¢ €F, before returning FFAIL, we
modify Algorithm sqfr norm to return F'AIL if three choices of ¢ € F,, do not give

a square-free N,(x).

6.1.3 Choosing a “large enough” p

Suppose now that p is a good, non-fail prime (so that M; and M are square-free)
and let

Np(x> = resy(MQ(a; - Cy7y)7 Ml(y))

Observe that, by Remark 1.23, NN, is not square-free if ¢ is a root of
r(z) := resy(Np, N}) € K,[z].

If p is less than the number of distinct roots of r, then every choice of ¢ € F, may
yield a non-square-free N,. Thus must choose p to be larger than the number of
distinct roots of r(x) that belong to F,. For this, we need to find an upper bound on
the number of such roots of r(z). The following theorem and lemma are helpful for

this purpose.
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Theorem 6.2. Let R and R be commutative rings and let f,g € Rz with nonzero

degrees m and n respectively. Furthermore let ¢ : R — R be a homomorphism. If

deg(o(f)) = m and deg(o(g)) = k,0 < k <n, then

d(res(f, ) = ¢(lcoeft(f))"* res((f), ¢(9))-
Proof. See Geddes et al. [11, Theorem 9.2, p. 408|. O

Lemma 6.3. Let A(x) € K,[z] where K, =F, or F,[ay,...,a,| and
M; € Fylan, ..., a;][w)] for2 <i<r and My € Fylwy]. If deg,(A) =d > 0, then

the number of roots of A belonging to F, is at most d.

Proof. Suppose that A(x) € F,[z]. We show that A(x) has at most d roots in F,
using induction on d = deg,(A). If deg,(A) = 0 then there are no roots and we are
done. Suppose now that deg,(A) = d+1 and that the statement holds for A of degree
d. If py € F, is a root of A, then A(x) = (x — p1) - B(z) where B(z) € F,[z]. If
deg,(A) = 1, then deg,(B) = 0 so we are done. Otherwise, let ps be a root of A, not
equal to p;. Then f(p2) = (p2 — p1) - g(p2) = 0. Since ps — p; # 0 and F,, is a field,
we have B(ps) = 0. By induction hypothesis, B has at most d roots. Thus A has at
most d + 1 roots. This proves that A(z) of degree d can have at most d roots in I,
Now suppose that A(z) € K,[z| where K, = F,[ay, ..., a,] =
Fplu, ... u]/(My,..., M) and d; = deg,,,(M;),1 <i < r. Let
ci(hi,hay ... hy) = coef‘l?(yc"uil”ug2 coeult A)ETF,, 0< h; <d;,1<j<r.

r o

If A(o) = 0 for some o € F,, then ¢ must also be a root of all of the following

dyds - - - d, polynomials

ci(0,0,...,0) - 2" € F,[z],

M-

=0

all

¢(0,0,...,1) ot e IF,[z], (6.1)

@
Il
=)

Ci(dl—1,d2—1,...,d7‘—1)'1‘iGIFP[JZ],

M-

@
Il
=)
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at least one of which is non-zero since A(z) is non-zero. By the proof above, each
polynomial in (6.1) can have at most d roots in [F,. It may be the case that all the

polynomials in (6.1) have the same d roots in [F,,. Thus there can be at most d roots

of A(z) in IF,. O

By Lemma 6.3, the number of roots of r(z) = res,(/NV,, N)) belonging to [, is at
most the degree of r(z). We now determine an upper bound on degree of r(z). Let
My(x — cy,y) = @,(ma(x — cy,y)). By Theorem 6.2,

Dy (resy(ma(z — cy,y), mi(y))) = @p(N(x)) = Ny(x) = res,(Ma(x — cy,y), Mi(y))-
(6.2)
Because N(x) is a minimal polynomial by Remark 5.10, N(x) must be monic. Hence
we must have
deg, (V) = deg,(N). (6.3)
Moreover, by Theorems 1.19 (i) and 6.2,
O, (res, (N, N')) = ®,(res,(N',N))
= 1e5,(B,(N'), B,(N)
(Nys No) (6.4)
= (=1)m resx(Np, NI’,)
= (=1)mr(x),
where m = deg,(N,) and n = deg,(N,). Let d, = deg,(r) and d, = deg,(res (N, N')).
By Lemma 5.5 and (6.4), we must have d, < d, and d, < d3d;(d; — 1)/2. That is,
there can be at most d3d; (d; — 1)/2 distinct roots of () that belong to F,. Thus we
require p > dsd;(dy — 1)/2 to guarantee that a square-free N,(z) exists. In fact, we

pzzC@ﬂ@lﬁ)zﬁmurn> (6.5)

= res,

will choose p so that

2
so that the probability of randomly choosing ¢ € F,, for which N,(z) is square-free will
be at least 1/2. However, in theory the first |d3d;(d; — 1)/2] consecutive choices for
¢ € F, may yield a non-square-free N,(z). If this happens, the while-loop in Algorithm
sqfr norm would have to run |d3d;(d; — 1)/2] + 1 times, which is inefficient. For
this reason, we also modify the algorithm to choose ¢ at random from F,, rather than

starting from 0 then counting up by 1.
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6.1.4 Proof of correctness

We now show that if Algorithm sqfr norm is modified as discussed above and

terminates successfully, then its output, a square-free N,(x), satisfies
Ny(z) = ©,(N(z)) = resy(ma(z — cy, y),mi(y)) mod p,

where N (x) is square-free over K.

To show this, observe that by (6.2), if N,(x) is square-free over K, for some ¢ € [,
then N(x) must be square-free over K for this ¢ as well. Hence a square-free N,(z)
will always be equal to N(z) mod p, where N(x) is the minimal polynomial for some

primitive element of K(«, 3).

6.1.5 Modified algorithm of sqfr norm and its complexity

We present the modified Algorithm sqfr norm and its time complexity.
Suppose that d; = deg,(Mi(y)) and dy = deg,(M(z)). We analyze the cost of
Algorithm sqfr norm_p for K, =F,[ay,...,&,].

e Line 7: To find the expanded form of Ms(x — c@, o), we pre-compute C' = —ca
then apply the substitution x « z + C' from the rightmost x to the leftmost x

in the Horner form of Ms(x,@):
My(z,@) = ao(@) + 2(a1(@) + 2(az(@) + -+ + z(ag, (@) + 7) -+ ).

When substituting the k-th rightmost x for x + C (for 1 < k < dy), we are

required to compute the expanded form of
ad2*k(a> + (LL‘ + C) ) r(x,a) = a’d2*k(a> +- T(l’,a) +C- r(x,@),

where r(z,@) is a polynomial in K,[@][z] whose degree in z is k — 1. Mul-
tiplying = by r(x,@) is equivalent to shifting the degrees of z in r(x,@) by
+1, so no arithmetic operation is required for this step. On the other hand,

multiplying C' = —ca by r(z, @) requires deg,(r) multiplications in K,[a], or
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Algorithm 6.1 : sqfr norm_ p(M(z,@), Mi(y), K,)

Input: My(z,@) = ©,(ma(z,a)) € Kya][x] and M;(y) = ®,(mi(y))) € K,y where
ma(z, ) and m4(y) are minimal polynomials for § over K(«) and « over K
respectively where K = Q(ay,...,q,) and K, = F)[ay,...,@,] for a good prime
p satisfying p > (deg,(M2)? - deg, (M) - (deg, (M:) — 1)).

Output: c € F,, g(x,@) = My(x — ca) € K,[a][z], and square-free
Ny(x) =resy(g9(z,y), M1(y)) € Kp[z], or FAIL.

Loce0; S {0}; i 1; g(z,@) « My(z,@);
2: if deg;(g) = 0 then

3:  {norm(g(z,@)) = Ms(z, @) is known to be not square-free by Lemma 1.20}

4: ¢« random integer in F,\S; S «— SU{c};

5. end if

6: while true do

7. gz, @) «— My(x — ca,a);

8 Np(@) —resy(g(z,y), Mi(y));

9:  {compute N,(z) using evaluation homomorphism & interpolation (Section 7.1)}

10:  {N,(x) returns FAIL if a zero divisor is encountered}

11 if N,(x) # FAIL then

12: T(r) < ged(Ny(x), Ny(z)); {compute T'(z) using the Euclidean algorithm
over K; if the Euclidean algorithm encounters a division by a zero divisor,
it returns FAIL}

13: if {T'(z) # FAIL and deg,(7) =0} then

14: {No division by a zero divisor is encountered during the computation of

T(x), and N,(z) is square-free over K}

15: return c, g(z, @), Ny(z);

16: end if

17.  else if N,(x) is not square-free for three values of ¢ then

18: return FAIL;

19:  end if

20: ¢« random element in F)\S; S «— SU{c}; i—i+1;

21: end while
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(deg,(r) - (deg(a)?) = k - d% multiplications in K,. Hence the total number of

multiplications required (in K,) for expanding out M (x — ca, @) is

do
1
Sk = BRI g c o,
k=1

e Line 8: In Section 7.1 we discuss an efficient method for computing multivariate
resultants (based on evaluation and interpolation of the variable z), and show

that it requires

O(d3dy + d}d3) arithmetic operations in K.

e Line 12: By (6.3), deg,(N,) = dids. One can attempt to find the ged of Ny(z)

and N)(r) via the Euclidean algorithm, which requires

O((dydy)(dydy — 1)) C O(did3) arithmetic operations over K.

Since the while-loop in the algorithm will be executed at most three times, the number

of arithmetic operations in K, in executing Algorithm sqfr norm_p is
O(dydy + didy) + O(didy) + O(did;) € O(dydy + didy).

We remark that, because of the asymmetry in the cost, if d; < dy then this cost can
be simplified to

O(dyd; + didy) € O(dids).
Thus in the special case where ms(x) has no dependence on « (i.e. ma(z) € Kp[z])

and deg,(m1) > deg,(ms), switching the variable ordering allows the resultant to be
computed in O(d3d2), rather than in O(d3ds).

6.2 Modifications to Algorithm prim elt

We now discuss modifications we must implement to Algorithm prim elt so
that it takes inputs M (y) € K,ly] and Msy(z, @) € K,[a][z] and, if it does not return
FAIL, then it successfully outputs

®,(m4(2)), @(7), and 3(7),
where a(7) = ®,(a(y)) and 5(7) = ,(B(7)).
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6.2.1 Handling zero divisors

In Section 7.2 we introduce a method for computing a gecd required in Line 5 of
Algorithm prim__elt for which no inversion of zero divisors is encountered. However,
the ged found using this method may not be monic. Since Algorithm prim elt
requires the monic ged, Algorithm prim__elt may still fail over K, if a zero divisor
is encountered while trying to make the gcd monic. If this is the case, we will choose
a new prime p and restart the algorithm. Experimentally, we have found that such

failure is rare.

6.2.2 Proof of correctness

Let m.(x) € K[z] is the minimal polynomial for a primitive element v satisfying
K(a,B) = K(v). We have already shown that Algorithm sqfr norm p either
returns FAIL or correctly returns ®,(m.(x)). Thus here we show that if Algorithm
prim_elt over K, successfully terminates for input polynomials M; and My, then
it outputs @(¥y) and 3(%).

Suppose that Algorithm prim_elt successfully terminates and let

G(z,y) == Ma(x —cy,y) and g(x,y) = ma(z — cy,y),

where ¢ € F, is chosen so that N,(z) = res,(G(z,y), M;(y)) is square-free over
K,. We know by Theorem 5.8 that deg(ged(g(vy,y), m1(y)) = 1. However, it could

be that deg(ged(®p(g(7,y)), ®p(ma(y))) > 1. If deg(ged(Py(g(v, ), Pplma(y))) <
deg(ged(g(7,y), m1(y)) and the geds are monic, then one can show that

D, (gcd(g(v,y), mi(y))) = ged(G(v,y), Mi(y)) (Geddes et al. [11, Lemma 7.3, p.300]).
Hence after we compute ged(®,(g9(7,y)), Pp(m1(y)) in the modified algorithm, we
check that its degree is one. If it is not, then it returns FAIL.

Moreover, by Theorem 5.8

ged(g(v, ), mi(y)) = v — a(y) € K(y)[y] = Klz]/{m,(z))[y], (6.6)

where a(7) is the normal representation of « in K (). Thus the solution to

gcd(G(7,y), Mi(y)) = @p(y — a(v)) =y — Pp(a(y)) =y —a(¥)



CHAPTER 6. FINDING A PRIMITIVE ELEMENT (CHARACTERISTIC P) 63

is a(y) = ®,(a(7)), as required.
Furthermore, recall that () can be found by the formula G(y) = v — ¢ - a(y).
Thus 3(7) = ®,(8(7)) can be computed in an analogous way:

7= aF) = Pp(y — c-aly)) = ).
In summary, if Algorithm prim __elt, is executed over K, successfully, then it returns
@, (m, (2)), Bp(a(y)) = a(¥) and @,(8(7)) = B(Y).
Example 6.4. Let m;(y) and ma(x, o) be as in Examples 5.14 and 5.15:
mi(y) =y* —2 € Q[y] and my(z,a) = 2* — o*2* — 2 € Q(a)[x].
We wish to find ¢ € Z for which Q(5 + ca) = Q(«, #). By (6.5), we choose the prime

p to be greater than

deg, (m2)? - deg,(m1) - (deg,(my) — 1) _ 4% .4 (4—-1)

= 96
2 2

so that there exists ¢ € F, for which @+ ¢ is a primitive element modulo p of Q(«, 3)
with probability greater than 1/2. Let p = 113. Then

Mi(y) == @p(mu(y)) = (y — 47) (y +27) (y + 47) (y — 27) and

My(z,@) := ®p(ma(z,a)) = 2* — @®2? — 2, where @ is a root of M;(y).

One can check that M;(y) and My(x,@) are square-free over K, and K,[a] respec-
tively.
We let ¢ = 0 and compute the resultant of My(x — cy,y) and M;(y):

res,(Ma(z,y), Mi(y)) = res,(a* —y?z® — 2, y* —2)

= (2% — 6z* 4+ 4)% € F,[z]. 6.7)

Since (6.7) is not square-free, we choose a new, random c¢. We use ¢ = 1 so that we

can compare the output with Example 5.14. Using this new ¢, the resultant is:

Ny(x) = res, (My(z — y,y), Mi(y)) =res,((z —y)* — v*(z —y)* — 2, y* — 2)
=20 — 442" — 162° + 132* + 16 € F,[z].

One can check that N,(z) is square-free over F,. Thus 5 := ®,(y) = 8+c-a = f+a

is a primitive element (modulo p) of Q(e, 5), and N,(x) is equal to ®,(m.(x)), where
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my(z) € Q[z] is the minimal polynomial for v over Q. Indeed, one can verify this by
comparing N,(x) with m,(z) found in Example 5.14.

Now let us find @(¥) and 3(%). In this example, we will do this using the Euclidean
algorithm over F,[7] = F,[z]/({(N,(z)). No zero divisor is encountered during the

computation and we obtain
ged(Ma(T — y.y), Mi(y)) = y — 457 — 247" — 367 + 57" € F,[7][y].
Therefore,

a(y) = 455 + 2455 + 367° — 5713 € Fp[5] and
B() =7 — A(R) =7 — (457 + 247° + 367" — 57'%) = —447 — 245° — 367" + 572 € F,[7].

Again, one can verify that a(y) = ®,(a(y)) and 3(¥) = ®,(8(y)) where a(y) and
B() were computed in Example 5.15.

6.2.3 Modified algorithm of prim elt and its complexity

We present the modified version of Algorithm prim _elt to work modulo p and
its time complexity.

Let d; = deg,(M;) and dy = deg,(M;). We analyze the cost of Algorithm
prim_elt p.

e Line 1: we showed in Section 6.1.5 that Algorithm sqfr norm p requires

O(d3dy + did3) arithmetic operations in K.

e Line 5: We will use evaluation & interpolation to find the ged (Section 7.2).

There, we show that this method requires

O((dydy)?) arithmetic operations in K.

e Line 13: Since deg,(N,) = dids, in computing B(7) we perform at most one
scalar multiplication and one subtraction in K,[z|/(N,(x)). Since deg,(N,) =
dyds, the cost of finding A(%) and B(%) is

O(dyds) arithmetic operations in K,.
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Algorithm 6.2 : prim_elt p(M(z, @), Mi(y), K),)

Input: My(z,@) = ©,(ma(z,a)) € Kya][x] and M;(y) = ®,(mi(y))) € K,y where
ma(z, ) and m4(y) are minimal polynomials for § over K(«) and « over K
respectively, where K = Q(ay,...,q,) and K, =F,[ay,...,&,] for good prime p
satisfying p > (deg,(M3)* - deg, (M) - (deg, (M) — 1).

Output: ¢ € F,, square-free N,(z) € K,[z] satisfying N(§ = 3 + ca) = 0, and

A(%), B(7), the normal representations of @ and 3 respectively in K,[§] =

K,[z]/{Ny(x)), or FAIL.

¢, g(z, @), Ny(z) <« safr_norm_ p(M(z, @), Mi(y), Kp, p);

if Algorithm sqfr norm _p outputs FFAIL then

return FAIL;

end if

h(7,y) < monic ged(g(7,y), M1(y)); {h is computed over K,[7] = K,[x]/(N,y(x))

via evaluation & interpolation (Section 7.2). Note: h(7,y) = y+a(¥) € K,[7][y]}

if division by a zero divisor is encountered while computing h(7,y) then
return FAIL;

end if

if deg,(h) # 1 then

10: return FAIL;

11: end if

12 A7) — —a(7);

13 B() — 7 — cA®);

14: return ¢, N,(x), A7), B(7);

Thus in total, the cost of running Algorithm prim_elt p is
O((didy + did3) + (dida)? + dyda) € O(didy + dids) arithmetic operations in K.
As with Algorithm sqfr norm p, if d; < d, then this cost simplifies to

O(d3d5 + did3) C O(did3) arithmetic operations in K.
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6.3 Towers with more than two steps

Recall that to find a primitive element of a field towers with more than two steps
of the form K(aq,...,a;) where m;(u;) € K(oy,...,q;_1)[u;] fori =2,... ¢, we find

a primitive element of two successive towers at a time:

K(ala ag, ... 7at) = K<O517 ceey (3, ath)(atfla Oét)
= K(Oéh ceey O3, Oét—z)(%—l)
= K(a1,...ap3)(0r—2,v-1)
= K(an, ..., ap-3)(7-2)
= K(a1,m)
= K(7).
Let
M; = ®,(m;) fori=1,...,t, M, =d,(m,,) fori=2,...,t,
d; = deg,(m;) fori=1,...,t, and D = [['_, d.
For the algorithm to work, we need to choose p such that a set {co,..., ¢} € F;_l

exists for which we can find square-free

M, (z) = resy(M(x — cry, y), My—1(y)) and
M, (x) = resy (M., (v — cpy,y), M1 (y)) for k=2,... .t — 1.
By Lemma 5.5 there are at most
d? - di_q(dy_y — 1) _ d? - d?
2 2

distinct ¢, € [F, for which M., () = res,(M;_1(x — ¢y,y), M,(y)) is not square-free.
Note that deg,(M,,) = d;_1d;. Thus once we have found M., there are at most

deg(M,,)* di_s(ds—5 — 1) (dp—1ds)* dy—o(dy—o — 1) - dj_od;_\d}

2 2 2

distinct ¢,y € F), for which res, (M.,

for 2 <i <t —1, there are at most

(x—cy,y), M;_o(y)) is not square-free. In general,

Bk
2
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distinct ¢; € F, for which res,(M.

Yi+1

(x — ¢y,y), M;_1(y)) is not square-free. By

application of Lemma 5.5, if we choose p so that it satisfies

(6.8)

di_d} d}_odi \d} did; - - df _ dids - - - d?
9 ) 9 e 5 5 ’

p>max{

then there must exist {cy, ..., c;} € F, " such that every res, (M, (z—cy,y), Mi—1(y))

(for 2 < i <t —2) and res,(Mi(x — cty,y), M;—1(y)) are square-free. In fact, if we

choose p so that
d2d2'~~d2
p>2 (—1 T t) = did;---d} = D?,

the probability that a random ¢; gives a square-free resultant at the (i — 1)-th step is
at least 1/2.

6.3.1 Finding the normal representations

As mentioned in Section 5.5, if the number of extensions t is greater than two,
then executing Algorithm prim elt p does not directly give us the normal repre-
sentations @;(7). For example, if t = 3 then running Algorithm prim_elt p twice

returns the normal representations

@2(73), @3(73), @1(¥) and 75(7),

where Koy, ay, as] = Ky[ay,7,] and Ky, @z, @3] = K,[7]. Thus at this point we
must still determine @, (%) and @s(7). In this section, we explain in detail how to do
so, and also analyze it complexity.

To find the normal representation ay(%) from as(@;,7;) we need to make the

substitutions @; +— @ (7) and 75 — 75(7) to @y(a@y,75). Note that

di—1 [dody—1 ‘

52(61,73) = Z ( Z kl]7§> @jl, where kij € FP' (69)
j=0 \ =0

We first pre-compute @y (y)? € F,[y] for 2 < j < d; — 1 and 74(7)" € F,[5] for

2 < i< dyds— 1. If D = dydsds, then computing all of the required powers of @; (7)

and 75(7) requires O(d; D?) and O(dad3D?) arithmetic operations in F, respectively.
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Now we make the substitutions
@ a@)ifor1 <i<d —1 and 7} — 74(F)7 for 1 < j < dyds — 1

to (6.9). Making these substitutions in the inner summation of (6.9) for a fixed j
requires O(dydsD) multiplications in F, since k;; € F,. Therefore, the total cost of

computing the inner summation for all ¢ and j is
O(d; - (dad3D)) = O(D?) arithmetic operations in F,,.

Now for each j, the inner summation Y2 "k, 7,(F)" is a polynomial in F,[F] of
degree less than D. So the cost of computing the outer summation is equal to the

cost of multiplying (d; — 1) pairs of polynomials in F,[7], which is
O(d, D?) arithmetic operations in F,.
Hence computing @ () from as(ay,7;) from (6.9) requires
O(d1D?) + O(dyd3 D*) + O(D?) + O(d1D?*) C O(D*(dy + dods))

arithmetic operations in [F,,.

To find @3(7), we can simply solve the equation 7,(7) = ax(7) + csas () for az(7)
where c3 € F, is returned by Algorithm prim elt p. This requires at most D
arithmetic operations in [F,. In summary, the cost in I, of computing the normal

representations ay(7) and as(7) is
O(D?(dy + dadsz) + O(D) C O(D*(dy + dads)).

In general, one can show that the total number of arithmetic operations in I,
required in finding @ (), k = 2,...,t, where t is the number of extensions, is

O(D?*(dg -+ -dy + dr)) + O(D*(d3 - - - dy + dydg)) + - - -
+O(D?(dy—1dy + dy - dy—3)) + O(D)
gO(D2(d2--'dt+d3'”dt+"'+dt_1dt)+D2(d1+d1d2+~-+d1--'dt_2)).
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Observe that

1
do---dy+da--dr+-+d1d =D R S
2 t +d3 t + + a0 & d1d2+ +d1d2-~-dt_2>

didg -~ dy—o

<d2 digtdydig o digdia + zdt2>

dg---dio +d3"'dt—2+"'+3dt—3dt—2>
didy - - - di—2

(t—3)d2---dt2> <t—3)
<D =D .
< dida - - - di—2 dy

Using a similar argument, it is easy to see that

t—3
d1+d1d2+'--+d1"'dt—2<D( )
di—1d;—2

Therefore, the total number of arithmetic operations required in IF,, in finding @ (%), k =

2,...,t can be simplified to

. . C . .
@) (D D < ) DD o)) co( P+ oo (6.10)

Note, in particular, that if d, = dy = --- = dy, then d; = v/D for all i, so (6.10)

becomes
3 1 Dt _ 3-1/t
O(Dt(\/_ >>C0<_\7_>_O(D t).

We now present a generalization of Algorithm prim elt p which outputs a

primitive element v modulo p of Q(ay, g, . .., ) = Q[uq, . .., w)/{my, ..., my) for ar-
bitrary finite ¢, together with the minimal polynomial (modulo p) of v, and @ (%), .. .,
@;(7), the normal representations (modulo p) of ay(7),...,a: (7).

Let us analyze the cost of Algorithm prim__elt multi. As before, we denote by
d; the degree of m;(u;) € Q(av, ..., 1)[w;) for 1 <i <t, and let D = [['_, d;.

e Lines 3 to 13: When we execute this loop the first time, we perform O(d;d? | +
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d?d?_,) arithmetic operations over F,[ay, ..., @; o], which is equivalent to

O ((didi_y + ded}_y) - (di -+~ dy—2)?)

O ([(didi_y) - (di -~ di2)?] + [(dyd?_y) - (di -+ - di—2)?])
O([D?] + [(ded}_y) - (da -+ - d—2)*])

O(D? + D?d;_4)

@)

(D*d;_) arithmetic operations in F,.

N 1N 1NN

In general, one can show that when executing the loop for the k-th time (1 <
k <t—1) we perform O(D?(d;_)) arithmetic operations in F,. Thus the total

cost of executing the while-loop is

t—1 =1
O (Z (Dzdtk)> cCO <D2 (Z dl>> arithmetic operations in F,. (6.11)
k=1 i=1

e Lines 14 to 17: this for-loop computes @;(7), 2 < i < t in F,. The analysis in

Section 6.3.1 shows that this requires

1 1
@) <D3 ( + )) arithmetic operations in [F,,.
di dia1di—2

The cost of Algorithm prim__elt p_multiis dominated by the computations above.
Thus the total cost of running this algorithm on a ¢-step extension for ¢ greater than
three is

1 1 1 1
2 (\~t-1 3, (L c 3. (L
o <D (Zz:l d1>) +0 <D t <d1 + dtldt2>> <o <D t <d1 + dt1dt2>)

arithmetic operations in F,. Observe that unfortunately the cost of the algorithm is

dominated by the cost of finding the normal representations @;’s.
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Algorithm 6.3 : prim_elt multi(M;(u1),. .., M(w), Kp)

Input: M;(uw;) = ®,(m;(u;)), 1 < i < t, where m;(u;) is the minimal poly. for «;
over Q(ay,..., ;1) for 2 < i < t, my(uq) is the minimal poly. for a; over Q,
and p is a good prime satisfying p > Hﬁzl(degui (my))?2.

Output: 7: a primitive element (mod p) of Q(cv, ..., ), Np(y) = ®,(m,(y)) where
m~(y) is the minimal polynomial for v, and A = [a; (%), ..., a:(7)] where &;(¥) =

P, (cvi(7)), or FAIL.

A «— empty list of length t; B <« empty list of length ¢ — 2;

¢ < empty list of length ¢t — 1; &k «—t—1;

while £ > 1 do

if k=t—1then
c[k], Np(y), Alk], A[k + 1] «prim_elt _p(M;(z,ax), My (y),Fplan, ..., qk-1],p);
else
c[k], Np(y), Alk], Blk] — prim_elt _p(N(z,ak), Mi(y), Fplay, ..., ak—1],p);
end if
if (Algorithm prim_elt p outputs FAIL) then
return FAIL;
end if
k—k—1;
: end while

{Note: A = [@(), %), - G-2F;2),@-1(F1-1),(F;-1)] and B =
(

—_ = =
Wy 22

V2(7), - V-1 (Ve—2)], where 7 = and 7y satisfies Q(ar,...,aq) =
Qat, .. yap_9,vk—1) for 3 < k < t.
Qag,...,aq). }

14: fori=2tot—2do

15 A[i] «subs({7, = B[i — 1],a1 = A[1],...,a;—1 = Ali — 1]}, A[i]);

16:  Bli] — Bli = 1] —cli+ 1] Ali + 1] ; {;10 = Vi1 — it }

17: end for

18: if ¢ > 2 then

19:  A[t — 1] «<subs({7, = B[t — 2],a1 = A[1],...,qs—2 = Alt — 2|}, A[t — 1]);

20 Alt]«—Blt—2|—c[t—1]-Alt — 1] ;{ @ — 7, — ct—1q4—1 }

21: end if

222 Y —c[l] a1 +c2] a4+t — 1] - + oy

23: return 7, Ny(y), 4;

k)
®,(v) and v is a primitive element of




Chapter 7
Algorithmic improvements

To improve the time complexity of Algorithm sqfr norm p and Algorithm
prim_elt p, we developed efficient methods for computing the resultant and ged.

In Algorithm sqfr norm p we must compute the resultant
Np(z) = res, (Ma(z — ey, y), Mi(y)) € Ky[z].

Although one can compute N,(x) by computing the determinant of a Sylvester’s
matrix, it is more efficient to use the subresultant algorithm of Brown ([4], [5]).
The subresultant algorithm computes N,(z) by modifying the Euclidean algorithm
to use pseudo-division instead of ordinary polynomial division and by scaling the
polynomials appearing in the Euclidean remainder sequence by elements of K[x].

Suppose that d, = deg, (M,),dy = deg,(g) and d, = deg,(g). Since d, < dy, the
subresultant algorithm performs O(d;d,) C O(d?) arithmetic operations in K[x],
which is the same as the cost of the Euclidean algorithm in K, [z]. The polynomials
appearing in the sequence belong to K[z, y] and have degree (d;d)/2 in x on average.
Hence if classical algorithms for multiplication and exact division in K,[z] are used,
the algorithm performs O((d3)(dydy/2)?) € O(d{d2%) arithmetic operations in K.

To improve on this for multivariate polynomials, Collins [7| showed that one can
compute their resultant using evaluation and interpolation. The idea (as applied
to our application) is to evaluate x in g(x,y) at points chosen from F,, use the
subresultant algorithm on the univariate polynomials in K,[y], then interpolate in x

to obtain the resultant N,(z) € K,[r]. We show that this approach reduces the cost

72
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to O(d3dy + d3d3) arithmetic operations in K.

Recall that N,(x) is the minimal polynomial (mod p) of degree D = d;d, for a
primitive element v of K(«, ) & Kly,z]/(m1,ms). As before, assume that 7 =
®,(y). To determine the normal representation A(¥) = ®,(a(y)) by computing
ged(Me(7 — cy,y), My(y)) using classical quadratic algorithms for polynomial arith-
metic in K,[7], we require O(d3 - (d3d3)) C O(d}d3) arithmetic operations in K. In
Section 7.2, we show that we can modify the subresultant algorithm to use evalua-
tion and interpolation (for x) to simultaneously compute @(¥) as well as N,(x) in
O(d3dy + d3d3) arithmetic operations in K.

7.1 Resultant computation

We now explain how to use evaluation and interpolation to compute bivariate

resultants.

7.1.1 Evaluation and interpolation

Let J be an integral domain, R = J[x,y|, and o € J. An evaluation homomor-

phism ®,_, : J[z,y] — J[y] is a homomorphism defined by

Do (f(r,y)) = floyy), f(z,y) € R.

We say that ¢ is an evaluation point. We may alternatively write f(z = o,y) or

f(@,y)|s=0 to mean @, (f(z,y)).
The “inverse” of evaluation homomorphism is interpolation, defined as follows:

The Interpolation Problem (over a field):

Let K be a field. Given distinct evaluation points {0y, ...,0,} € K and
the values {yo, 1, ..., yn} C K, find a polynomial f(z) € K[z] satisfying

flo))=vy;, i=0,...,n.

The following well-known theorem gives the condition for which there exists a (unique)

f():
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Theorem 7.1. If the evaluation points oy, 01, ..., 0, are distinct, there exists a unique

polynomial f(x) € K|x] of degree at most n such that f(o;) =vy;, 1 =0,...,n.
Proof. See Geddes et al. [11, Theorem 5.8, p. 185]. O

There are several algorithms for interpolating f(z) € K|[z] of degree at most n.
For example, the algorithms known as Newton interpolation and Lagrange interpola-
tion both perform O(n?) arithmetic operations in K (von zur Gathen, Gerhard [18,
p. 132)).

In our application, we wish to interpolate over K, = F,[uy, ..., u,.]/(My, ..., M,).

We can state the interpolation problem over K, as follows.

The Interpolation Problem (over the ring K,):

Let K, = Fpluy, ..., u.]/(My, ..., M,), where M; € F,lu;] and

M; € Fpluy, ... uiq]/(My,..., M;_1)[u;] for 2 < i < r. Given evalua-
tion points {0y, ...,0,} C F, and the values {yo,y1,...,yn} C K, find a
polynomial f(x) € K,[x] satisfying

floi)=wvi;, 1=0,...,n.

When working over K, and one runs the Newton or Lagrange interpolation, one may
encounter divisions by zero divisors. However, the following lemma says that if the

evaluation points are chosen from [F,, no zero divisors are encountered.

Lemma 7.2. (existence) If all the evaluation points belong to F,, and are distinct,
then Newton interpolation can be performed over K, = F,[uy, ... ,u.|/(My,..., M),

even if K, has zero divisors.

Proof. We wish to find f(z) € K,[z] satisfying f(o;) = y; for i = 1,...,n where o; €
[F,. Let us write f(x) as

f(x) = ap+ai(x—o1)+as(x—01)(x—02)+ - -Fan(x—01)(x—09) - - - (x—0,) € K,[z],
where ag, a1, ..., a, € K, are unknown. Substituting o, for z in f(z), we obtain

f(O'l) =ap =11 € Kp.
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Next, substituting o9 for  in in f(x) we obtain

_a JE—
Y2 0 _ Y2 — U1 c Kp.
02 — 01 02 — 01

f(O'Q) =ag+ CL1(O’2 — 0'1) =Y = a1 =

Since 09 — 01 € F,\{0}, a; is well-defined. Similarly, substituting o3 for = in f(x)

gives

0y = 1 (?Js—yz _ y2_y1> €K, (7.1)

03 — 01 \ 03 — 09 02 — 01

Again, every denominator in (7.1) is invertible, since it is a non-zero integer. Contin-
uing in this manner, one can show that the only inverses that need to be computed
in determining as, as, ..., a, are of the form o; — o; € F,\{0},1 < i # j < n. Thus
if the evaluation points oy,...,0, belong to F, and are all distinct, then one can

successfully find the polynomial f(z) € K,[z] satistying f(o;) =vy;, i =0,...,n. O
In fact, the interpolated f(x) € K, |x] is unique, as the following lemma states.

Lemma 7.3. (uniqueness) Let K, = F,[uy,...,u,|/(My,...,M,). Gien distinct
points {oo,...,0,} C F, and corresponding values {yo,...,y,} C K,, there exists a

unique polynomial f(x) € K,|x] of degree < n such that f(o;) =vy;, i =0,...,n.

Proof. Let deg, (M;) = d; for 1 <i <r. Then K, = Fy[uy,...,u,|/(M,..., M) is a

vector space of dimension D = d;ds...d, over F, whose monomial basis is
B = {uMubz ...yl 0<h;<d;j—1, 1<j<r}

Since {yo, - .., yn} C K, each y; can be written as a linear combination of elements in
B. Let ¢;(hy, ha, ..., h,) € F, denote the coefficient of u bl iny;, i =0,.. . n.

T

Then interpolating the y;’s is equivalent to interpolating the values
Co(hl, hg, ey hr), Cl(hl, hg, Ce 7hr); Ce ,Cn<h1, hg, N hr)

with the corresponding evaluation points oy, 01,...,0, for 0 < h; <d; —=1,1<j<r
separately, which is an interpolation over the field IF,,. Since each of these interpolated

polynomials is unique by Theorem 7.1, f(z) € K,[z] must be unique as well. O
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7.1.2 Resultant computation using evaluation & interpolation

To compute N,(x) = res,(Ma(x — cy,y), Mi(y)) € K,[z,y] using evaluation and
interpolation, we first evaluate g(x,y) at * = o, € F, to obtain a univariate polyno-
mial g(o;,y) € K,[y| for sufficiently many evaluation points o;’s. We then compute
the resultants of the univariate g(o;,y) and M;(y) and apply interpolation to recover
the resultant of g(x,y) := My(x — cy,y) and M;(y).

Let us determine an upper bound on the number of evaluation points needed. Let

dy di
g(l’, y) = Zai(‘r)yz) M1<y> = Z biyz7 and d2 - degx(g)
=0 1=0

Observe that by, = 1, deg,(g) < d1 and deg,(M;) = 0. For reasons that will become
apparent in the next section, we will compute res, (M, g), rather than res,(g, My).
Since the two are equal up to a multiplication by (—1) and res,(g, M) is monic, we
may need to multiply res,(Mi, g) by (—1) if necessary. The Sylvester matrix formed
by g(z,y) and My(y), Syl, (M, g), is the (dy, +d1) by (d, +d;) matrix of the following

form

row 1 1 bd1—1 e b1 bo

row 2 1 bd1—1 e bl bo

TOW dy 1 e N bO
Syly(Ml’ g) = row (d, +1) aq,(x) aq,—1(z) e a1(z)  aolx)

row (dy + 2) aq,(r) ag,—1(x) - ai(z) ap(z)

Tow (dy + dl) aq, (gj) e R ao(fE)

Observe that ag(z) contains the term with the largest degree of x in Syl, (M, g),
namely x%. Thus 2% appears in the last d; rows of Syl (M, g). Since every element
in the first d, rows of Syl, (M, g) has degree 0 in x and the determinant of a matrix
is a sum (up to sign) of the products obtained by multiplying one element from every

row of the matrix, we conclude that

deg, (resy(g(x,y), Mi(y))) = deg,(det(Syl, (M, g))) = dida.
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That is, dids + 1 distinct evaluation points must suffice to interpolate the resultant.

One may ask, are there any evaluation points from [F, that cannot be used? In
particular, it may not be obvious whether or not an evaluation point ¢ for which
aq,(0) = 0 still satisfies det(Syl, (M1, g))|z=0 = det(Syl,(Mi]o=¢, glo=0)). Let Ny(z) =
res, (M (y), g(x,y)). Since lcoeff, (M;) = 1, Theorem 6.2 implies that

Np(z = 0) = resy (Mi(y), 9(2, y)) o= = resy(Mi(y), g(z = 0,y)) Vo € F,.

That is, every element from IF,, can be used as an evaluation point.
We have now reduced the problem of solving a bivariate resultant to that of solving
the resultant of univariate polynomials M;(y) and g(o,y) over K,. For this, we use

an efficient algorithm involving computation of a polynomial remainder sequence.

7.1.3 Polynomial remainder sequences

To understand the definition of a polynomial remainder sequence, we first need to

give some preliminary definitions and lemmas.

Theorem 7.4. Let J be an integral domain, f(x),g(z) € J[z]\{0} and m = deg(f) >
n = deg(g). Then there exist polynomials q(x),r(x) € J[x] such that

lcoeff(g)™ ™"+ - f(z) = q(@) - g(x) + r(2) (7.2)

where either r(xz) = 0 or deg(r) < deg(g). We call r(z) is the pseudo remainder of
f and g, which we denote as prem(f,g).

Proof. See Winkler |21, Theorem 2.2.2, pp. 40-41]. O

Definition 7.5. Let U be a UFD. The polynomials f(z), g(z) € U[z] are said to be
similar, written f(z) ~ g(x), if there exist o, 5 € U\{0} such that a- f(z) = 3-g(z).

Lemma 7.6. Let U be a UFD and f,g € Ulz]\{0}. If deg(f) > deg(g) and r ~
prem(f, g), then ged(f, g) ~ ged(g, 7).

Proof. See Winkler [21, Lemma 4.1.2, p. 83]. ]
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Definition 7.7. Let J be an integral domain and fi, fo,..., fni1 be polynomials in
J[z], n > 2. We say that {f1, f2,..., fur1} is a polynomial remainder sequence
starting from f; and f5, denoted PRS,(fi, f2), if and only if:

o deg(f1) > deg(f2),
o fi#A0fori=1,... kand f,,1 =0, and

[} fz ~ prem(fi,g, fi*l) for 1 = 3, o, -+ 1.

Remark 7.8. If fi, fo € Ulx] and {fi1, fo,. .., fn,0} is a PRS, then Lemma 7.6
implies that

ged(fi, f2) = ged(fo, f3) = ... = ged(fu—1, fn) = ged(fn,0) = fa
That is, the ged of two polynomials can be computed using their PRS.

A subresultant polynomial remainder sequence (sPRS) starting with fi(z) and
fa, denoted by sPRS,(f1, f2), is a PRS whose last non-zero polynomial is equal to
res,(f1, f2). In this thesis, we will not provide the rather cumbersome definition of
the subresultant PRS (for this one can refer to Brown [4]), but we do present the
sPRS algorithm and its time complexity. Even though PRS’s are defined for integral
domains, Algorithm sr prs (Algorithm 7.1) takes as input polynomials over any
commutative ring. It returns FAIL if a division by a zero divisor occurs.

We analyze the cost of Algorithm sr prs assuming that R = K),,d; = deg,(f1),
dy = deg,(f2) and d; > dy > 0.

e Line 5: The asymptotic cost of computing all the pseudo-remainders in this
algorithm is the same as that of the Euclidean algorithm, which is O(d;ds)
arithmetic operations in K, (von zur Gathen, Gerhard [18, Theorem 3.11, pp.50-
51]).

e Line 7: Since h,g € K, we perform § multiplications and one inversion in K,
when computing 1/(g - h®). Moreover, we perform at most deg,(f’) multiplica-
tions in K, in multiplying f’ by 1/(g - h°). Since § < d; and deg, (f') < dy, it

requires

O + 1+ deg,(f) C O(dy + dy) C O(dy) arithmetic operations in K.
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Algorithm 7.1 : sr_prs(fi, f2, R)

Input: fi, fo € R[x], R a commutative ring.
Output: r(z) = res,(f1, fo) and subresultant PRS [f1, fa, ..., fu] where f,.1 =0, or

1:
2:
3:

10:
11:

12:
13:
14:
15:
16:
17:
18:
19:
20:

FAIL.
g Lh—1 [l foi—3s—1
while f' # 0 and deg(f’) > 0 do

0« deg(fi—2) — deg(fi-1);
5« 5+ (—1)desfi-2)deg(fi1),
f" e prem(fi—a, fi1);
if f' # 0 then
fi = (=11 f /(g - 1)
if f;=FAIL then {g-h°is a zero divisor in R} return FAIL; end if
g < leoeft(fi_1);
ho— B0 . gf.
if h= FAIL then {0 > 1 and h°! is a zero divisor in R} return FAIL;
end if
1 — 1+ 1;
end if
end while
7 5 (fi_g)deeli-2) . pl-des(fi-2),

if r = FAIL then
{deg(fi_2) > 1 and hd°8\fi-2)~1 is a zero divisor in R}
return FAIL;

end if

return r, [f1, fo, ..., fi_1];

e Line 10: If 6 = 1, no operations are necessary. If § # 1, in computing h'~?
we perform |1 — 0| — 1 multiplications and < 1 inversion (if 6 > 1), each in
K,. Moreover, we require § additional multiplications in multiplying h'=° by

¢°. Hence this line requires

O(([1 =6 —1)+1+6) CO(0) C O(dy) arithmetic operations in I,.
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e Line 15: This line can be analyzed in a similar manner as in Line 10, and it
requires

O(d;) arithmetic operations in K.

Since the while-loop is executed at most dy times, we conclude that Algorithm sr__prs

requires

O(da(dy + dv) + di) € O(dydy) arithmetic operations in K.

7.1.4 Failure cases of the algorithm

In our application, we wish to use Algorithm sr_prs to compute the resultant of
Ms(0—cy,y) and M;(y) over K. However, in some cases the choice of the evaluation
point o € [F, may lead to a division by a zero divisor. In other cases, the choice of p
results in a division by a zero divisor for every o € IF,. In either case, the algorithm

will return FAIL. We illustrate these two types of failure by examples.
Example 7.9. Let p = 101,

Mi(z) = 22+ 37 € F,[2],
Ms(y) = y* + (46 2 — 8) y* — 30y — 1 € Fy[2]/(My(2))[y], and
Ms(z) = 2® 4+ (31 4+ 65+ 46 2) y* + 2%y + 3 € Fylz, y|/(Mi(2), Ma(y))[x].

We must find res,(Ms(x — cy,y), M2(y)). Suppose that we choose ¢ = 0. Let us
find res,(Ms(x — 0 - y,y), Ma(y)) using evaluation & interpolation. Consider the
evaluation point 0 = 0. Then M;(o,y) = (65 + 46 2) y* + 3 € F,[z]/(M1(2))[y]. We
use Algorithm sr_ prs to find res,(Ms(c,y), Ma(y)). Since deg, (M) > deg, (M3), we
start the sequence with f; := M, and f, := Mj3. After executing the while-loop the
first time, we obtain f3 = (17 +402)y + (29 — 9z). The second time in the while-loop,

the algorithm computes

fao=(=1)prem(fo, f3)/(g - h).
However, g - h = 21z — 34 mod (M;(z)) = 21(z + 8) mod (M;(z)) is not invertible
in K, = F,[z]/(Mi(2)) since (z + 8) divides M;(z) = z* + 37. One can check that
Algorithm sr__prs also fails for the evaluation point o = 24 as it encounters a division

by a zero divisor, but does not fail for all other evaluation points in IF,,.
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Example 7.10. Let

mi(z) = 22 — 2 € Q[z],

ma(y) =y' — 3 € Q[z]/(mu)[y], and

ms(x) = 22 + (2 — 11)y® — 2 € Q[y, 2]/(my, mo)[x].
If p =17, then

Mi(z) = 22 + 15 € F,[2],

My(y) = y* + 14 € Fy[2]/(My)[y], and

Ms(z) = 2?4+ (2 + 6)y® + 15 € Fly, 2]/ (M1, Ma)[z].
Consider the evaluation point o € F,. We first find the resultant of Ms(c — cy,y)
and M,(y) using Algorithm sr_prs. After executing the while-loop the first time,
we obtain

fsi=(*+(22z+12)oc)y? + (1530 + 12+ (162 + 11) 02 +22) y

+((6?+15)*+5+15z).
The second time in the loop the algorithm computes f' = prem(Ms(o,y), f3(y)).
Then a division of f" by

A(x) = leoeff, (M3 (x — cy,y))? = 22 + 122 + 2 = 122 + 4 = 12(2 + 6)

is required in Line 7. However, (2 +6) divides M;(z) = 22415 = (24 6)(2+11), so it
is a zero divisor in F,[2]/(M;). Hence the algorithm returns FAIL. Since A(x) does
not have any dependence on o, a division by a zero divisor will always be encountered

regardless of the value of o.

In such cases, a new prime must be chosen. In light of the fact that such a
situation can occur, if three (random) evaluation points cause Algorithm sr_prs to
output F'AIL, then we return FAIL. A new prime must be chosen and the algorithm
must be re-executed. This strategy avoids the case in which every evaluation point is

tried before returning FFAIL.

7.1.5 Modified resultant algorithm

We now present Algorithm res modp that takes as input g(z,y) € K,[z,y],
M,(y) € K,ly] and K, and returns res,(g, M;) computed via evaluation & in-
terpolation and subresultant PRS’s, or FFAIL. We analyze the cost of Algorithm
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Algorithm 7.2 : res_modp(g(z,v), M1(y), K;)

Input: g(z,y) € K,[z,y], Mi(y) € K,[y], where deg, (M) > deg,(g) > 0 and K, =
Fplui,...,u])/(N1,...,N,) or F with p > []:_, deg, (V).

Output: N,(z) = res,(g9(x,y), Mi(y)) € Kp[z], or FAIL.

1: dy + deg,(M,); dy « deg,(g); B « didy + 1;

2: C, R « empty lists of length B each; S « {0}; k « 1;

3: 0«0

4: while k£ < B do

5 g(y) < g(o,y);

6:  Co,C —sr_prs(Mi(y),q(y), Kp); {co = resy(Mi,g), C =sPRS(My,q)}

7. if Algorithm sr prs does not return FAIL then

8: {Algorithm sr_prs returns F'AIL if a zero divisor is encountered}

9: Clk] « o; R[k] « (=1)%&@d.c . [Ok] € F,, R[k]=res,(g, M) € K,}
10: k—Fk+1,;
11:  else if Algorithm sr_prs returned F'AIL for three o’s then
12: return FAIL;
13:  end if
14: ¢ « random element of F,\S; S «— SU{o};
15: end while
16: interpolate N,(z) € Ky[z] from points [C[1],...,C[B]] € FJ and values

[R[1],...,R[B]] € KZ;
17: return Ny(z);

res_modp for input polynomials g(x,y) € K,lz,y| and M;(y) € K,[y] where
dy = deg, (M), ds = deg,(g), and deg,(g) < di.

e Line 5: Evaluating g(x,y) at © = o € [, using Horner’s algorithm requires
O(d;dy) scalar multiplications and additions in K,
(von zur Gathen, Gerhard [18, Theorem 5.1, pp.100-101]).
e Line 6: Executing Algorithm sr _prs with g(o,y) and M;(y) as inputs requires

O(deg, (g) deg, (M;)) € O(d7) arithmetic operations in K, (Section 7.1.3).
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e Line 16: We interpolate B images in K, corresponding to distinct evaluation
points from F, using Newton interpolation. Since B = didy + 1 € O(d1ds), at
most O(d3d3) arithmetic operations in K, are needed (von zur Gathen, Gerhard
[18, p.132]). We remark here that because all the evaluation points are in F,
most of the arithmetic operations required in the interpolation are done in IF,,
not K,. However, this does not change the overall complexity of Algorithm

res modp.

Since Algorithm res modp will return F"AIL only if three failures were encoun-

tered while executing Algorithm sr prs, the while-loop will be executed at most
(dldz + 1) +3 € O(dldz) times.

In summary, Algorithm res modp requires:
O([(dydy)(dydy + d7)] + did3) € O(didy + did3) arithmetic operations in K.

If d; < dy then this cost simplifies to O(d3d3) arithmetic operations in K. Compared

with the cost of the linear algebra method (O(d3d3)), this is an improvement.

7.2 gcd computation

Let Ny(x) = res,(g9(x,y), Mi(y)) € K,[z] be the minimal polynomial (modulo
p) for ¥ and g(x,y) = Msy(x — cy,y) be square-free. Lines 5 and 12 of Algorithm
prim _elt p (Algorithm 6.2) compute the monic ged

G = ged(9(7,y), Mi(y)) =y +c(7) € K,[3][y] = Ky[z]/(Np())[y].

Let d; = deg, (M), dy = deg,(g) and d, = deg,(g). Since deg,(N,) = did; and d, <
dy, computing G using the Euclidean algorithm requires O(d;d,) arithmetic operation

in K,[7], or equivalently,

O ((didy) - (deg,(N,))?) € O(d3 - (dvd2)?*) = O(did3) arithmetic operations in K.
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In this section, we show that this cost can be reduced by using the following idea.
Let

PRS:}: = SPRSy(Ml (y)v g(.I', y))

= {f1($,y) = Ml(y)7 fQ(JI,y) = g(ﬂs,y), f3(y)7 s vfn—l(xvy)’ fn(:c,y),()} and
PRSy = sPRS,(Mi(y),9(7,9))

= {hl(ﬁvy) :Ml(y)7 h2(77y) :g(ivy)v hg(y),..., hmfl(ivy)v hm(i,y),O}

By Remark 7.8 and Lemma 5.7,

h (7, y) = a(¥)y +b(7) =~ G = ged(g(7, y), Mi(y))-

Moreover, we shall see in this section that f,_1(z = 7,y) = hn(7,y). Thus if we
can determine f,_;(z,y), there is no need to compute sPRSs (or any variant of
the Euclidean algorithm) to determine G. Observe that the sPRS’s of g(o;,y) and
M (y), 1 < i < deg,(N,), are known from having computed res,(g(z,y), Mi(y))
using Algorithm res  modp. Thus we can compute f,_;(z,y) by interpolating the
fn-1(0i,y)’s appearing in these sequences. Making the substitution z +— 7 to the
interpolated polynomial, then making it monic, (provided that the leading coefficient

is not a zero divisor in K,) we obtain G. We illustrate this idea with an example.

Example 7.11. Let p = 17,
g(x,y) = 2> + (8+ 1542 +3y) v+ (5+11y* +4y), and M (y) =* + 9.

Algorithm res_ modp computes deg,(g)deg,(M;) + 1 = 7 evaluation homomor-

phisms:
o | W) =9(0.9) | £s0) = faslow) | 1) = Fulony) | F5(0) = Fara(ovw) |
0 119> +4y+5 12y +4 1 0
1| 99+ 7y + 14 8y +11 2 0
2 | 7Ty +10y +8 10y + 11 7 0
3| 5y2+13y+4 13y +5 3 0
4 || 3y2+16y+2 12y + 11 2 0
51 v*P+2y+2 2y + 13 6 0
6 || 16y +5y+4 12y + 12 1 0
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To obtain res,(g(x,y), Mi(y)), recall that we interpolate f,(o,y) for 0 < o < 6:
N,(z) ==res,(g(z,y), Mi(y)) = 2+ 72° + 112* + 52° + 92 + 8z + 12.
Interpolating the next-to-last non-zero polynomials f,,_1(c,y) for 0 < o < 6 gives
(22° = 32> =32 —5)y+ (32° —42° + 8z +4),
which, upon division by its leading coefficient of y in F,[x]/(N,(z)) yields
Alx,y) =y + (162° + 132 +92° + 132° + z + 15).
Indeed, one can verify that
G = gcd(9(7.y), Mi(y)) = Ale =7,y) =y + (167" + 137" + 97° + 135" +7 + 15).
To prove the correctness of the method described above in computing GG, we define

subresultants and discuss properties of subresultants and subresultant PRS’s.

7.2.1 Subresultants and properties of subresultant PRS’s

Definition 7.12. Let R be a commutative ring and let fi(y), fa(y) € Rly]/{0} with
d; = deg(f1) and dy = deg(f2). For j =0, ..., min{d;, ds} —1, the j-th subresultant
of f1 and f5, denoted by sRes;(fi, f2), is

J
sRes;(f1, f2) = Z det(Syl, (f1. f2)ii)y's

=0

where Syl (f1, f2)i; is the matrix derived from the Sylvester matrix of fi and f, by
deleting

e the last j rows of coefficients of f,
e the last j rows of coefficients of f5, and

e the last 25 + 1 columns except the (d; + dy — i — j)th.
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Theorem 7.13. Let U be a UFD and fi, fo € Uly] with deg,(f1) > deg,(f2). Further
let sSPRSy(f1, fa) = {f1, fo,- -, fn,0} and n; = deg,(f;) for 1 < i < n. Then for
0 S] < degy(f?) - 1;

i if j=mni—1— 1,
SRes;(fi.f2) = { mfi  if j = mi where 7 € U,
0 otherwise.

Proof. See Brown and Traub |[5]. O
Recall that we defined PRS, and PRS5 as follows:

PRS; = sPRS,(Mi1(y), 9(2,y)) = {Mi(y), 9(x,v), fs(x,y),. -, fa1(2,y), ful2,9),0} and

PRSy = sPRS,(M1(y),9(7,y)) = {Mi(y), 9(.9), hs(y),---, hmn1(7,), hm(7,y),0}.

Since h,y, is linear in y (Lemma 5.7), Theorem 7.13 implies that

_ Pon, if deg(hy,—1) =2
sRes1 (M1(y), 9(7,y)) = (7.3)
T - hy, for some 7 € K, if deg(hp,—1) > 2.

Theorem 7.14. Let ® : R — R’ be a ring homomorphism and let ® also denote
the induced homomorphism R[y] — R'ly]. Further let f,g € R[y]\{0} and deg(f) >

deg(g). If deg(®(f)) = deg(f) and 6 = deg(g) — deg(®(g)), then for 0 < j < deg(f),

®(sRes;(f, 9)) = ®(lcoeff(f))” - sRes; (P(f), ®(9))-
Proof. See Mishra [14, Lemma 7.8.1, pp.263-265|. O

By Theorem 7.13, each f; in PRS, is similar to a subresultant of M;(y) and
g(z,y). Moreover, Theorem 7.14 implies that each f; must be similar to some h;. In

particular, we know that

fn(z) = res, (Mi(y), g(w,y)) = sReso(Mi(y), 9(z,y)) = ,(m, (7)),

a polynomial of degree 0 in y. Since (®,(m,(z)))|.=5 = 0, we have f,(z = 7,y) =

hm+1(7,y) = 0. Furthermore, there must exist some f; that is similar to
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sRes1 (Mi(y), g(x,y)), a degree 1 polynomial. Since every PRS is a sequence of poly-
nomials of decreasing degree and deg,(f,) = 0, the next-to-last non-zero polynomial
fn—1 in PRS, must be similar to sRes;(M;(y), g(z,y)). Combining this observation
with (7.3) and Theorem 7.14, we obtain

fnflyxzﬁ =~ SRGSl (Ml (y)a g(x, y))‘¢=7
= lcoeff(M)?| .=~ - sResy (M| o=, glo—)

~ h,,

where 0 = deg,(g) — deg,(P5(g)). That is, the next-to-last polynomial f,_1(x,y)
in PRS, = sPRS, (¢9(x,y), M1(y)) can be used to find ged(g(7,y), Mi(y)) via the

substitution x — 7.
Example 7.15. Suppose that K = Q and K, = F4133. Let

g(z, @) = My(x —@,a) = my(z,@) mod 4133 = (z —@)* —a?*(xr —@)? — 2 and
M;(y) =m;(y) mod 4133 = y* — 2.

We determined in Example 6.4 that a primitive element of K («, 3) is v = a+ [ with
Ny(z) =m,(r) mod p=x'" — 442" — 468 2° — 1456 2" + 16, and
ged(g(7,y), Mi(y)) =y — 95175 + 5887° + 9827° + 980 7.

The sPRS,(M;(y), g(x,y)) over K,[z] is

fl('zay) = Ml(y) = y4 + 41317
folz,y) = g(z,y) = (z —y)* — v (x —y)* — 2
= 4131 zy3 + 5 2%y + 4129 23y + 2* + 4131,

fa(z,y) = 17 zy? + (411525 + 4129 2) y + 520 + 411522,
frno1(x,y) fa(z,y) = (4107 2% + 3993 2° + 4125 2) y + 11 2'% 4 86 2° 4 4097 22,
fu(z,y) = fs(z,y) = x16+16+4089x12—|—3665$ + 2677 24,

fo(z,y) =
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As expected, f, = N,(z). The sPRS,(Mi(y), g(7,y)) over K,[7] = K,[z]/(Ny(x)) is:

hl(ﬁay) = y4 - 2a
ho(7,y) = (7 —y)* = v*(7 —y)* — 2
= 41317y3 + 575%y? + 412973y + 7% + 4131,

hm1(V,y) = ha(¥,y) = 177"* + (41155° + 412975) y 4+ 57° 4 411552,
(W, y) = ha(¥,y) = (410757 + 3993755 + 4125%) y + 11750 + 864 + 409772,
h5(77y) =0.

(7.4)
One can verify that f;(x =7,y) = h;(7,y) for i = 1,...,5. In particular,

fo1(@ =7,y) = hin(7,y) ~ ged(9(7,y), Mi(y)).

To obtain the monic ged, we invert lcoeff, (f,,—1(7,y)) = —267° —1407° —875 € K, [7]
using the Extended Euclidean algorithm and multiplying it by f,_1(7,v).

7.2.2 Unlucky evaluation points

We must determine how many evaluation points are sufficient to interpolate the
next-to-last linear polynomials f,,_1(0;,y)’s in the subresultant PRS’s obtained from

Algorithm res modp to determine f,_1(z,y). Since

deg, (fn-1) < deg(N,) = deg, (M) - deg,(g),

deg, (M) deg,(g) images are sufficient to interpolate = in f,_1(z,y). Note that this is
less than the number of images we computed in Algorithm res modp for computing
the resultant, which is deg, (M) - deg,(g) + 1. However, not every image can be used,

as the following examples illustrate.

Example 7.16. Let p = 17, Ml(y) =y —2y*> — 1 and g(z,y) = 2* — day? — x + 4.
Then sPRS,(M;i(y), g(z,y)) is

fz,y) = Mi(y) =y* — 2% — 1,
fo(z,y) = gla,y) = 22 — bxy? — x + 4,
frn—1(z,9) fa(x,y) = (5£L' + 1222 + 32)y + 72® + 222 + 112,
fn(z,y) = fa(z,y) =25 +112° +62* + 823+ Ta% + 62 + 13,
fs(z,y) = 0.
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fily) =Mi(y) =y* + 154> +10 = fi(z = 6,y),

f1ly) = faly) =4y° = fa(x = 6,y),
fmy) = fsy)=13 = fs(z =6,y),
= fuly)=0 = fa(z = 6,y).

Since lcoeff, (f3)],=¢ = 0, the next-to-last non-zero polynomial fin1 is not equal to
the desired f,_1(z = 6,y) = 1, and it is not even linear in y. This evaluation point

cannot be used.

Example 7.17. Let p = 17, M;(y) = y* + 11y*+ 15, and g(z,y) = 2> +8yxr + 1513
The sPRS,(M;(y), g(x,y)) computed over Fy7[z] is:

filz,y) = My )—y4+11y2+15
fo(z,y) = gl y) = 2° + 8yx + 153>,
f3(z,y) = (10 + 162)y? + 223y + 9,
foo1(z,y) = fa(z,y) = (1525 + 11 4 223 + 112%)y + 132° + 122* + 1623,
fn(z,y) = fo(z,y) =22 +8+ 728 +527 + 1220 + 224 + 1123 + 422 + 5,
fo(z,y) = 0.

It is fh,—1(x,y) that we wish to interpolate. However, sPRS,(M;(y), g(z = 10,y)) is:

fly)=Mi@y) =y*+15+11y> = fi(z =10,y),
faly) = 15¢% + 12y + 14 = fa(z =10,y),
frm-1(y) faly) =11y +9 = fs(z = 10,y),
fmly) = fuy) =11 # fa(x =10,y),
fs(y) = 0 = fs(x = 10,y)

The next-to-last non-zero polynomial fm,l is linear, but it corresponds to f3 of degree

2, since lcoeff, (f5)|y=10 = 0. As such, we cannot use 10 as an evaluation point.

We say that an evaluation point o is unlucky if a leading coefficient (in y) of
any polynomial in sPRS,(M;(y), g(x,y)) vanishes with the substitution x +— o. By
definition, an unlucky evaluation point causes an abnormal degree drop. Thus either
the number of polynomials in S, = sPRS,(M;(y), g(o,y)) will be smaller or will have
a different degree sequence than that of S, = sPRS,(M;(y), g(x,y)). For example, the
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degree sequence of the non-zero polynomials of S, may be {7,6,4,2 1,0} and that of
S, may be {7,6,4,1,0} or {7,6,3,2,1,0}. The polynomials after the abnormal degree
drop will not correspond to the polynomials in .S,, since each polynomial depends on
the leading coefficient of the previous polynomial.

There is no way of determining the number of polynomials in sPRS, (M (y), g(z, y))
without computing it. However, one can detect unlucky evaluation point by com-
paring the degree sequence of this sPRS with the degree sequences of the sPRS’s

computed so far. To explain, we need the following definition.

Definition 7.18. Let A = {ay,as,...,a,} and B = {by, by, ..., b,}, where each qa;
and b; belong to Z. We write A > B if and only if

e 1> m,or
o a;=0b;for1<i<k<n and ags1 > bpi1.

Based on the above definition, we can devise an unlucky evaluation point detection
scheme as follows. A similar scheme has been used by Collins [8]. Let A, be the
degree sequence of the non-zero polynomials in the sPRS obtained using the first
evaluation point and let A ent be the degree sequence of the non-zero polynomials

obtained using the second evaluation point. If
o Acyrrent < Aprey, discard second sPRS (current evaluation point is unlucky).

o Acyrrent = Dprew, discard first sPRS’s (all previous evaluation points unlucky).

Set Aprev — Acur'remt-

® Acyrrent = Aprey, keep both sPRS’s (current and previous evaluation points

likely not unlucky).

We repeat this process with other evaluation points until we have the desired number

of linear polynomials.

Example 7.19. Suppose that the degree sequence of sSPRS,(M;(y), g(o1,y)) is

Ay ={ay,a9,as,a4,a;5,a6} ={7,6,4,2,1,0}
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and that of sPRS,(M;(y), g(02,v)) is
Ay = {by, by, b3, by,b5,b6} =1{7,6,3,2,1,0}.

We have A; = As since a; = by, as = by and az > b3. Hence oy is an unlucky
evaluation point, so we discard the sequence sPRS,(M;(y), g(02,v)).
Now suppose that the degree sequence of sPRS,(M;(y), g(o3,y)) is

AS - {01762763764765a66767} = {776a 574727 1a0}

Since |Az| > |Aq], we conclude that Ag > A;. Hence oy is an unlucky evaluation
point. As such, we discard sPRS,(M;(y), g(o1,y)).

We remark that if the degrees of the non-zero polynomials in an sPRS decreases
by one each time, then the number of polynomials in the sPRS is maximal and any
abnormal degree drop will produce a shorter degree sequence, so we simply need to
check the number of polynomials in the future sequences in such cases.

Unfortunately, all the B = deg, (M) - deg,(g) linear polynomials we found could
be unlucky; for example, all of sSPRS,(g(0;,y), M1(y)) for i = 1,..., B found could
have the degree sequence {7,6,3,2,1,0}, whereas that of sPRS,(g(z,y), Mi(y)) is
{7,6,4,2,1,0}. However, the following lemma shows that this happens rarely.

Lemma 7.20. Let fy € Ky[y|, f» € Kplx,y] where d; = deg,(f1) > deg,(f2) and
dy = deg,(f2). If sPRS,(f1, f2) = {f1, f2s.--, fn,0}, then the number of unlucky

evaluation points in IF), is at most

di(dy — 1)dy
— 5

Proof. Let fi(y) = 220 biyt, folz,y) = Zfio ai(z)y" and d, = deg,(f2). Then
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n < d, and
row 1 de bd1—1 ce b1 bo
row 2 bd1 bd1,1 tee b1 bo
row d, ba, bo
Syl, (f1, f2) = row (dy +1) | aq,(x) aaq,—1(2) e a1(z)  aolx)
row (dy + 2) aq,(r) ag,—1(x) - ai(z) ap(x)
ToOwW (dy + dl) adq, (x) e R ao(fﬁ)

For k= 3,...,n, f; is similar to a subresultant of f; and f; by Theorem 7.13, and

sResj fl,fz Zdet f17f2 z]) ) (75)

where M (f1, f2)i; is obtained from Syl (fi, f2) by deleting the last j rows of coeffi-
cients of fi, the last j rows of coefficients of f5, and the last 25 + 1 columns except
the (dy +d, —i — j)-th, for 0 <4 < j < d, — 1. Hence for a fixed j and 0 < i < j,
M(f1, f2)i; is a square matrix of dimension d; + d, — 2j. Observe from (7.5) that

lcoeff, (sRes;(f1, f2)) = det(M(f1, f2);;) € Kplz].

Thus an evaluation point ¢ is unlucky if ®,_,(det(M(f1, f2);;)) = 0 for some j =

.,dy — 1. Since f, € Kplz,y| and f; € K,[y|, only the elements in the last d, — j
rows of M(f1, f2);; have terms in them whose degree in z is non-zero (and at most
dy). Thus

deg:p (det (M<f1> f2)j,j)) < d2<dy - j) < dQ(dl - ])
Hence by Lemma 6.3, the number of roots in I, of det(M(f1, f2),;) is at most da(d; —

1). In total then, the number of unlucky evaluation points must be at most

dy—1 di—1

di(dy — 1)d
Zdega: f17f2 jj ZdQ dl_j %
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Lemma 7.20 implies that since evaluation points are chosen from [, where p is
large, the probability of choosing B = d;d, evaluation points that are all unlucky
that have the same degree sequence will be highly unlikely.

Another problem one may encounter in computing the ged via evaluation and in-
terpolation and sPRS’s is that there may exist a prime p in which no linear polynomial

appears in S, for any o € I, as the following example illustrates.

Example 7.21. Let my(y) = v* — 2 € Q[y] and ma(z,y) = 2* —y + 101y* + 103 €
Qly]/{m1)[z]. If p = 101 then M;(y) = ®,(m1(y)) = y3+99 and My (z,y) = P,(ms) =

z? + 2. Regardless of the value of the evaluation point o € F,, we have
Ss = sPRS,(Mi(y), g(o.y)) = {Mi(y) = y° + 99,0° +2,0}.

Rather than trying all elements in I, as evaluation points before returning F'AIL,
we proceed as follows: if three evaluation points produce subresultant PRS’s without
a linear polynomial in y, then we return FAIL. In such cases, one must re-run
the algorithm using a different prime. This strategy also prevents the rare case in
which the first d;(d; — 1)dy/2 evaluation points tried are unlucky, which would make
algorithm computationally expensive. It also detects with high probability the case
in which N,(z) = res,(g(z,y), M1(y)) or g(z,y) is not square-free, since a linear

polynomial may not exist in sPRS,(g(x,y), M1(y)) if N,(x) is not square-free.

7.2.3 Modified resultant algorithm and complexity analysis

Algorithm res  modp2 is a modified version of Algorithm res  modp that takes
as input g(z,y) € Kplz,y] and M;(y) € K,[y] and returns Ny (z) = res,(g(z,y), Mi(y))
€ K,[z] and G(z,y) € K,[z,y] such that G(7,y) = ged(9(7, y), M1(y)) where 7 is the
root of N,(x), or FAIL.
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Algorithm 7.3 : res_modp2(g(z,y), Mi(y), K,)

Input: g(v,y) € Kplz,y], Mi(y) € Kply], where deg,(M1) > deg,(g) > 0 and K, =
Fpla,...,ar] = Fplug,...,u]/(N1,...,Np), p > ], deg, (N;).

Output: Ny(z) = resy(g(z,y), M1(y)) € Kplz] and G(z,y) € K[z, y] where
G(¥,y) = ged(9(7,y), Mi(y)) and 7 is a root of N, or FAIL.

1: dy « degy(Ml); dy «— deg,(g9); B« dids + 1;
2: C,R,G « empty lists of length B each; S «— {0}; k< 1; 0 «— 0; A — {}; ¢« 0;
3: while £k < B do
4 gy) «— glo,y); co, C «— sr_prs(Mi(y),§(y), Kp);
5. if Algorithm sr_prs does not return FAIL then
6: Acurrent < degree sequence of C;
7: if (Acurrent ™ Oprey) then
8: Aprev — Acurrent; k< 0; {discard all previous evaluation points}
9: else if (Acyrrent = Aprey) then
10: if (degree of the next-to-last element in C') = 1 then
11: k «— k+1; G[k] < next-to-last element of C; {G[k] € K,[y]}
12: Clk] — o; R[k] — (—1)%&@d . ¢ . (CO[k] € F,, R[] = res,(g, M) € K}
13: else
14: if (no linear polynomial found for three o’s) then
15: return FAIL; {resy(g, M) highly likely not square-free}
16: end if
17: end if
18: else
19: skip; {Acurrent < Aprev, 50 0 is unlucky}
20: end if
21:  else if Algorithm sr_prs returned F'AIL for three o’s then
22: return FAIL;
23:  end if
24: o « random integer in F,\S; S «— SU{o};
25: end while
26: Interpolate Ny,(z) € Kp[z] from [C, R]; Interpolate f,—1(x,y) € K,[z,y] from [C, GJ;
27 G(z,y) « leoeffy(fr—1)""  fa1(x,y); {make f,_1(x,y) monic in y}
28: if G = FAIL then return FAIL; {division by zero divisor encountered} end if
29: return Ny(z), G(z,y);
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Let us analyze the time complexity of Algorithm res modp2, where d; =
deg,(M;) and dy = deg,(g). The only difference between Algorithm res_modp
and Algorithm res modp2 is that the latter also outputs G(z,y). Thus the only
extra cost associated with Algorithm res modp2 is an additional interpolation of =
in f,—1(x,y) from f,_1(0s,y) € K,ly], i =1,...,deg,(N,) (Line 26), which requires

O((deg(N,) + 1)?) € O(d3id3) arithmetic operations in K.

This is an improvement from computing ged(g(7,y), Mi(y)) € K,[7] using, for exam-
ple, the Euclidean algorithm, which would cost O(d{d3) arithmetic operations in K.
The while-loop in Algorithm res modp2 may be executed more number of times
than the while-loop in Algorithm res modp because some evaluation points may
be unlucky. However, the algorithm returns F'AIL if three unlucky evaluation points
are encountered. Hence this extra cost is asymptotically negligible. Since we have
shown that Algorithm res modp requires O(d}ds + did3) arithmetic operations in

K, (Section 7.1.5), Algorithm res modp2 requires
O(d3dy + did3) + O(did5) C O(didy + did3) arithmetic operations in K,

which is equivalent to O(d3d3) arithmetic operations in K, if d; < ds. Attempting to
compute a primitive element of Fy[ay, ..., )= Fylur, ..., u/ (M, ..., M) for t > 2
requires executing Algorithm res modp2 (¢ — 1) times. If D = []'_, deg(M;), then
by the analysis done on page 70, we conclude that the total number of arithmetic

operations required in [F), is

O(tD?) ifd; <dj,1<i<j<t,
O((X1Z1di)D?)  otherwise.

Remark 7.22. Theorem 7.14 and inspecting the structure of the Sylvester matrices
Syl, (M1, g)iq for 0 < i <1 imply that

deg, (sRes (M, g)) < (deg,(g) — 1)(deg,(M)).

That is, we only need (deg,(g) —1)(deg,(M;))+1 evaluation points to interpolate the
ged, rather than (deg,(g))(deg,(M;1))+ 1 evaluation points that we used in Algorithm
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res_modp2. However, reducing the number of evaluation points does not change the
overall complezity of Algorithm res _modp2. We also remark that we used (deg,(g)—
1)(deg,(My)) + 1 evaluation points in our Maple implementation of this algorithm.

7.3 Complete algorithm and complexity

Algorithm AlgFFTMult uses the resultant-based primitive element finding al-
gorithm (Algorithm prim elt multi), and FFT polynomial multiplication (Algo-
rithm FFTMult) to compute the product of polynomials in K,[z] = Fy[ay, . .., a[z].

Let deg(f) = m < deg(g) = n and D = [[i_, deg,,(M;). We analyze the com-
plexity of Algorithm AlgFFTMult.

e Line 2: The cost in F,, of executing Algorithm prim __elt multi is
O (D3t (dil + m» (see Chapter 6).

e Line 5: To build the change-of-basis matrix C, we need to compute @' - - - @'
for 1 < j; < deg,,(M;) and 1 < i < t. Because the normal representations
of each @; € F,[7] = F,[z]/(M,(z)) are known from executing Algorithm
prim_elt multi, all the @7 - @7t € F,[y] can be computed in at most
D multiplication in F,[7]. Converting each of these elements from its recden
representation to CDR does not require any arithmetic operations, as we merely
need to “pad” the vector with zeros. Since the cost of one arithmetic operation in

F,[7] is equivalent to O(D?) arithmetic operations in F,, the cost of computing
C inF, is O(D - D?) C O(D?) arithmetic operations in F,,.

e Lines 7-10 and 11-14: Each of these for-loops requires multiplying the matrix
C € F) x F? by a column vector (€ F?) each time in the loop. Thus both
for-loops require O(D?*n + D*m) C O(D?n) multiplications in F,,.

e Line 16: Algorithm FFTMult requires O(Dnlogn + D?*n) arithmetic opera-
tions in I, (see Chapter 3).

e Lines 18 - 21: For each i, we must substitute 5" for (cia; + --- + @;)" € K.

There are at most m +n -+ 1 terms that contain 7° in h. After each substitution,
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one may need to perform a scalar multiplication with (¢;ay + -+ +@;)" € K,,
which has at most D terms. Hence Line 19 requires O((m+n-+1)D) C O(Dn)
multiplications in [F,, per loop, and Line 20 requires of one multiplication in
K,, or O(D?) arithmetic operations in F, per loop. In total, completing this
for-loop requires O((Dn + D?)D) = O(D?*n + D?) arithmetic operations in F,.

Thus the total number of arithmetic operations in F, required by Algorithm Al-
gFFTMult is

O (D% (& + g ) + D* + D+ (Dnlogn + D*n) + (D*n + D¥))
1 t—20t—1
C O(D? + D*n+ Dnlogn).
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Algorithm 7.4 : AlgFFTMult(f(x),g(x), K,)

Input: f(z),9(x) € Ky[z] =F,[ay, ..., a[z] = Fylur, ..., w]/(M, ..., M;)[x] where
p is a good Fourier prime greater than ([]._, deg, (M;))?.
Output: h=f-g € K,lz], or FAIL.
1 m «— deg,(f); n «— deg,(9);
2. %, My(2), A« prim_elt multi(M;, ..., M,);
3: {7 =t + et + -+ 1@ + O
M, (z) : minimal polynomial for 7 (modulo p) where 7 is a primitive element for
Qai, ..., on);
A (@), @), . w]}
4: if Algorithm prim _elt multi outputs F"”AIL then return FAIL; end if
5: Compute change-of-basis matrix C' from
B, = {uf'---uf,0 < dy < deg(M;) — 1,1 <i<t}toB,={z,0<i<D-1}
where D = [[;_, deg, (M,);
F,G < empty lists of length (m + 1) and (n + 1) respectively;
fori=0...mdo
R « CDR of coeff(f,z") as a column vector;
F[i] < recden rep. of C - r; {F[i] = coeff(f,2") € F,[z]/(M,(2))}
10: end for
11: for i =0...n do

122 R« CDR of coeff(g, z") as a column vector;

13:  G[i] < recden rep. of C' - r; {G[i] = coefl(g, z") € Fy[z]/(M,(2))}
14: end for

15: {F and G are recden reps of f,g € F,(7) = F,[z]/(M,(z))[z] respectively}
16: b — FRTMult(F, G, F,(7)); { h = f - g € Z,[2)/ (M, (2))[u]}

17: ke @) + coly + - @ + @ (=7);

18: fort=1...D —1do

19:  substitute ¥* for k in h;

200 k—k-yeFya,... al;

21: end for

22: return h(x) € F,lay, ..., @)z




Chapter 8
Benchmarks and conclusion

We have implemented the resultant-based polynomial multiplication algorithm as
described by Algorithm AlgFFTMult. This routine and all of its sub-routines were
implemented in Maple, except for the resultant algorithm (Algorithm res modp2)
for the 2-step extensions case, which we implemented in C by modifying the existing
Maple’s kernel resultant routine to return not only the resultant but also the next-
to-last element in the subresultant PRS and the degree sequence of the PRS. We
gratefully acknowledge Roman Pearce for helping us with this implementation.

We compare the performance (in seconds) of our algorithm and the naive mul-
tiplication algorithm over 3- and 4-step extensions of varying degrees. All timings
were obtained using Maple 15 on a 64-bit Intel Core i7 2.67 GHz running Linux.
The polynomials to be multiplied (f and g¢) and all the minimal polynomials were
generated at random. In each table, the column labelled ‘n’ indicates the degrees
of polynomials being multiplied, which were chosen to be the median of two con-
secutive powers of two, so that FFT multiplication requires the most number of
“unnecessary” calculations. The ‘d;’s in the second column denote the degree (in u;)
of m;(u;) € Q(ay, ..., a;_1)[u;], the minimal polynomial of «a; over Q(ay, ..., a;_1).
Under the multi-columns ‘F,[ay, ..., @] and ‘F,[7]’, we list the timings for computing
the product of f and g over the respective rings using naive multiplication (column
labelled ‘mult’) and FFT (column labelled ‘FFT’). Under the multi-column ‘F,[7]’,

we further have the following columns:

99
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e ‘prim’: timings for computing the mapping from F,[ay, ..., &) to F,[7], which
includes computing 7 = ®,(7), the minimal polynomial of v (mod p), and the
normal representations (mod p) of each «; (line 2 in Algorithm AlgFFTMult).

e ‘COB’: timings for computing the change-of-basis matrix (Line 5 in Algorithm
AlgFFTMult).

e ‘¢’ timings for applying the mapping from Fy[ay, ..., @] to F,[7] by represent-
ing f and g as polynomials over F,[7] using a series of matrix-vector multipli-
cations (Lines 7-14 in Algorithm AlgFFTMult).

e ‘¢! timings of mapping the product f-g back to F,[ay, ..., a][z] (Lines 18-21
in Algorithm AlgFFTMult).

e ‘total’: total timings for computing the polynomial product using the resultant
approach (i.e. the sum of the columns ‘prim’, ‘COB’, ‘¢’, ‘FFT’ and ‘¢~"").

Table 8.1 lists the timings for polynomial multiplication over a field with a tower
of three extensions. It shows that it is more efficient to use FFT and to perform
multiplications in F,[¥] in all cases. In particular, when n = 384 and d; = 10 (last

row in the table), using FFT multiplication over F,[ay, @y, @3] provides a gain by a

19584
409.01

the product using FFT multiplication over F,[7] shows a greater gain by a factor

19584
of 52561

also shows that when the degree of the field D is held constant and the degree of

the polynomials n becomes large, the speed gain obtained by converting to a simple

factor of

~ 50 over naive multiplication performed over F,[a;, @, @3]. Finding

~ 350 over naive multiplication performed over F,[a;,as, @3). The table

extension becomes more pronounced. For example, when n = 24 and d; = 10 (fifth

row from the bottom of the table), 1L8%0+LI80T849:.102 o 96%, of the total time is

taken in mapping and applying the conversions (i.e., sum of columns ‘prim’, ‘COB’,
‘¢’, and ‘¢'"). However, when n = 384 and d; = 10 (last row in the table), it

comprises only 12944“'6251)22'1168“3'630 ~ 62% of the total time.
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| || Famas) | Fp[7]
n | d; mult FFT mult prim | COB o} FFT ot total
24 | 2 || 0450 | 0.116 || 0.003 || 0.018 | 0.000 | 0.004 | 0.018 | 0.003 || 0.043
48 | 2 1.456 | 0.292 | 0.012 || 0.020 | 0.000 | 0.008 | 0.039 | 0.005 | 0.072
96 | 2 || 5.736 | 0.634 || 0.052 || 0.018 | 0.000 | 0.015 | 0.087 | 0.008 || 0.128
192 | 2 || 22722 | 1.343 || 0.203 || 0.018 | 0.000 | 0.030 | 0.193 | 0.016 || 0.258
384 | 2 | 90.865 | 2.960 || 0.799 || 0.018 | 0.000 | 0.060 | 0.446 | 0.040 | 0.564
24 | 4 | 3.010 | 0.772 || 0.017 || 0.160 | 0.003 | 0.016 | 0.036 | 0.013 || 0.228
48 | 4 || 11.146 | 1.609 | 0.067 | 0.159 | 0.004 | 0.029 | 0.080 | 0.020 | 0.293
96 | 4 | 43.094 | 3.445 || 0.248 || 0.163 | 0.003 | 0.056 | 0.185 | 0.037 || 0.445
192 | 4 || 171.06 | 7.310 || 0.984 || 0.157 | 0.010 | 0.118 | 0.421 | 0.076 || 0.782
384 | 4 | 692.71 | 15.941 || 4.030 || 0.171 | 0.003 | 0.238 | 0.994 | 0.146 1.552
24 | 6 | 11.894 | 2.859 || 0.252 || 0.846 | 0.037 | 0.063 | 0.109 | 0.132 1.187
48 | 6 || 43.224 | 5.868 | 0.934 | 0.823 | 0.036 | 0.112 | 0.249 | 0.165 1.385
96 | 6 | 167.42 | 12.286 || 3.719 || 0.830 | 0.036 | 0.204 | 0.566 | 0.229 1.864
192 | 6 | 669.19 | 26.325 || 15.293 || 0.853 | 0.037 | 0.388 | 1.291 | 0.355 2.923
384 | 6 | 2755.4 | 58.134 || 64.923 || 0.890 | 0.050 | 0.757 | 2.991 | 0.625 5.313
24 | 8 | 34.920 | 8.306 1.134 || 3.519 | 0.237 | 0.241 | 0.324 | 1.323 || 5.644
48 | 8 || 124.36 | 16.652 || 4.155 || 3.467 | 0.236 | 0.375 | 0.719 | 1.427 || 6.225
96 | 8 | 484.05 | 35.078 || 16.728 || 3.456 | 0.235 | 0.753 | 1.596 | 1.634 || 7.675
192 | 8 || 1959.7 | 76.118 || 70.455 || 3.596 | 0.236 | 1.259 | 3.638 | 2.024 || 10.753
384 | 8 || 8280.6 | 173.57 || 312.56 || 3.857 | 0.237 | 2.377 | 8.579 | 2.893 || 17.943
24 | 10 || 84.206 | 20.112 || 3.757 || 11.896 | 1.568 | 0.738 | 0.857 | 9.102 || 24.161
48 | 10 || 287.65 | 38.758 || 13.412 || 11.527 | 1.455 | 1.196 | 1.823 | 9.434 || 25.434
96 | 10 || 1121.9 | 81.923 || 54.589 || 11.761 | 1.479 | 1.914 | 3.985 | 10.041 || 29.180
192 | 10 || 4576.6 | 179.50 || 234.14 || 12.164 | 1.529 | 3.411 | 9.005 | 11.240 || 37.348
384 | 10 || 19584 | 409.01 || 1053.3 || 12.944 | 1.651 | 6.168 | 21.167 | 13.630 || 55.561

Table 8.1: Polynomial multiplication over a field given as 3-step extensions using

naive multiplication and FFT, with and without converting to a simple extension.

On the other hand, when the degree of the polynomials n stays constant and D =

didsds becomes larger, mapping and applying the conversions become the bottleneck
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of the algorithm, which is as expected. For example, when n = 384 and d; = 2 (fifth
row in the table) so that D = [[>_, d; = (2)(2)(2) = 8, the time spent on mapping and
applying the conversions is 0'018+0'00£;6%060+0'040
d; = 10 (last row in the table) so that D = [[_, d; = (10)(10)(10) = 1000, the fraction

of the time spent on mapping and applying the conversions as we have computed

~ 21%, whereas when n = 384 and

above is higher at =~ 62%. However, the gain in the speed of FFT multiplication over

a simple extension offsets this bottleneck.

’ \ H Fpla, ... o] H Fp[7]

n | d; mult FFT mult prim | COB 10) FFT ot total
24 | 2 || 2.446 | 0.492 | 0.005 | 0.064 | 0.001 | 0.009 | 0.019 | 0.005 | 0.098
48 | 2 || 9.113 | 1.035 | 0.016 || 0.093 | 0.000 | 0.018 | 0.043 | 0.010 || 0.164
96 | 2 || 35.313 | 2.202 | 0.061 | 0.093 | 0.000 | 0.035 | 0.096 | 0.018 | 0.243
192 | 2 || 139.92 | 4.672 | 0.298 || 0.064 | 0.000 | 0.069 | 0.243 | 0.036 | 0.412
384 | 2 || 563.64 | 10.166 || 1.076 | 0.065 | 0.001 | 0.172 | 0.544 | 0.071 || 0.852
24 | 4 || 70.976 | 13.540 || 0.321 | 2.051 | 0.065 | 0.126 | 0.139 | 0.208 | 2.590
48 | 4 || 262.37 | 27.549 || 1.149 || 2.050 | 0.094 | 0.197 | 0.308 | 0.255 || 2.903
96 | 4 || 1029.0 | 57.716 || 4.668 | 2.054 | 0.065 | 0.407 | 0.670 | 0.372 | 3.568
192 | 4 || 4188.6 | 124.38 || 19.580 || 2.172 | 0.107 | 0.623 | 1.622 | 0.533 || 5.058
384 | 4 || 17657 | 281.46 || 85.102 || 2.339 | 0.066 | 1.379 | 3.805 | 1.011 || 8.600
24 | 6 || 631.72 | 132.23 || 7.785 | 36.767 | 4.881 | 1.286 | 1.531 | 19.541 | 64.006
48 | 6 || 2236.1 | 256.89 || 29.268 || 36.174 | 4.839 | 1.925 3.143 | 20.111 || 66.191
96 | 6 || 8773.4 | 537.74 || 120.10 || 36.936 | 5.026 | 3.392 | 6.922 | 21.202 || 73.479
192 | 6 || 36390 | 1218.3 || 493.65 || 38.313 | 5.210 | 5.758 | 14.989 | 23.045 || 87.315
384 | 6 | 154166 | 2664.4 || 2318.2 || 41.428 | 5.738 | 10.618 | 35.881 | 26.733 || 120.40

Table 8.2: Polynomial multiplication over fields given as a 4-step extension using

naive multiplication and FFT, with and without converting to a simple extension.

Table 8.2 lists the timings for polynomial multiplication over a field with a tower
of four extensions. It indicates, there is even more significant speed-up in using our
algorithm over fields given as four-step extensions. However, because the degree of

the field D = H?Zl d; is large in all cases, the bottleneck is computing and applying
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the conversions, as expected. For example, for the case n = 384 and d; = 6 (last row

in the table) so that D = 6* = 1296, approximately *=223E5-I35IR0I8E20.058  70% of

the time is spent on computing and applying the conversions (sum of columns ‘prim’,

‘COB’, ‘¢’, and ‘¢~1"). Nevertheless, as with the 3-step extension case, performing
the FFT multiplication over a simple extension provides a significant speed advantage
over performing the multiplication over multiple extension, so this offsets the high
conversion costs. For example, in the case n = 384 and d; = 6 (last row in table),

the speed-up in performing the FFT multiplication over the simple extension versus

multiple extensions is approximately a factor of 2% ~ 74.

Table 8.3 lists timings for computing the product of two polynomials of degree
96 each (that is, n = 96) over a field given as a three-step extension of degree 256,
where the degrees of each extension vary. As mentioned in Chapter 4, the table
shows that when d; is small relative to D, naive multiplication is very slow; in par-
ticular, when [dy, da, d3] = [2,2,64] (that is, when multiplying over Fp[uy, ua, us](uf +

s ud 4+ .o uSt + -+ 4)), the speed gain in computing over a simple extension is a

4485.2
3.462

efficient; for example, when [d,ds, d3] = [64,2,2] (that is, when multiplying over

factor of ~ 1300. However, when d; is large, naive multiplication is relatively

Folur, ug, ug)(u$* + ..., u3 4+ ..., uj 4 --)), the gain is only a factor of 220 ~ 7.5.

In fact, in this case it is more efficient to compute the product using FFT multipli-

cation over multiple extensions than using the FFT multiplication after converting

2.133
f 1.393

for such drastically different timings observed in Table 8.3 when d; is small and d; is

to a simple extension, by a factor o ~ 1.5. There are two underlying reasons

large. The first reason arises from the structure of the recden representation. When
[dy, da, d3] = [2,2,64] the recden data structure is illustrated in Figure 8.1.
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H Fplar, ao, ais] H Fy[7]
di do dsz || mult FFT mult prim | COB 10} FFT | ¢! total
2 2 64| 4485.2 | 329.69 || 5.203 || 1.637 | 0.035 | 0.604 | 0.714 | 0.472 || 3.462
2 32 || 2347.9 | 172.81 || 4.995 || 3.379 | 0.034 | 0.487 | 0.722 | 0.448 || 5.069
2 16 || 1529.5 | 114.54 || 4.842 || 4.942 | 0.036 | 0.676 | 0.708 | 0.429 || 6.792
2 16 1246.8 | 90.899 || 4.768 || 8.338 | 0.046 | 0.661 | 0.700 | 0.421 || 10.166
2 32 1284.7 | 83.377 || 5.013 || 19.276 | 0.066 | 0.358 | 0.742 | 0.409 || 20.852
2 64 1569.8 | 78.457 || 5.016 || 55.292 | 0.108 | 0.353 | 0.744 | 0.408 || 56.906
4 32 || 1086.5 | 81.055 || 4.723 || 0.761 | 0.034 | 0.391 | 0.692 | 0.367 || 2.245
4 16 || 616.42 | 44.876 || 4.758 || 1.210 | 0.054 | 0.327 | 0.676 | 0.364 || 2.631
4 429.45 | 31.060 || 4.710 || 1.936 | 0.046 | 0.287 | 0.686 | 0.344 || 3.299
4 16 401.33 | 26.480 || 4.955 || 3.721 | 0.066 | 0.331 | 0.729 | 0.347 || 5.194
4 32 2 | 439.63 | 23.065 | 4.969 || 9.262 | 0.108 | 0.308 | 0.717 | 0.346 | 10.741
8 16 || 302.85 | 22.256 || 4.637 || 0.596 | 0.051 | 0.256 | 0.678 | 0.320 || 1.901
8 4 8 || 178.78 | 13.064 | 4.594 || 0.790 | 0.046 | 0.249 | 0.674 | 0.314 || 2.072
8 8 4 | 14242 | 9.921 | 4.806 | 1.136 | 0.090 | 0.230 | 0.710 | 0.306 || 2.473
8 16 2 || 140.06 | 8.222 | 4.801 || 2.111 | 0.107 | 0.249 | 0.713 | 0.305 || 3.485
16 2 8 || 89.932 | 6.910 | 4.362 || 0.570 | 0.046 | 0.232 | 0.647 | 0.293 || 1.787
16 4 4 || 62592 | 4.770 | 4.746 | 0.769 | 0.066 | 0.184 | 0.695 | 0.293 || 2.007
16 8 2 || 49.766 | 3.462 | 4.357 || 0.861 | 0.127 | 0.184 | 0.643 | 0.286 || 2.101
32 2 4 | 34.439 | 2.806 || 4.714 || 0.734 | 0.077 | 0.181 | 0.691 | 0.285 || 1.969
32 4 2 | 24.753 | 1.934 || 4.411 || 0.767 | 0.109 | 0.172 | 0.642 | 0.279 || 1.968
64 2 2 | 15.870 | 1.393 || 4.564 || 0.902 | 0.135 | 0.157 | 0.664 | 0.275 || 2.133

Table 8.3: Multiplication of two polynomials of degree 96 each over a field given as a

3-step extension of degree D = H§:1 d; = 256 is held constant.



CHAPTER 8. BENCHMARKS AND CONCLUSION 105

64 lists

[HD?DL [D,DH, 7[[D?D]7 [DvDH]

Figure 8.1: The recden representation of an element in Fpluy, us, us]/(My, Mo, M)
where deg, (M;) = 2, deg,, (M) = 2, and deg,, (M3) = 64.

On the other hand, when [dy,ds,ds] = [64,2,2], the recden data structure is
illustrated by Figure 8.2.

64 elements 64 elements 64 elements 64 elements

[[ o,0,0....0, O0,00...,00], [[O0,0,0,...,0, [0,0,4,...,0 ]]

Figure 8.2: The recden representation of an element in F,[uy, ug, us]/(My, Ms, M)
where deg, (M;) = 64, deg,,(M;) = 2, and deg,,(M3) = 2.

Because of the nature of the data structure, there relatively large overhead costs
associated with doing polynomial arithmetic (for example, allocating storage, copying
objects, et cetera) when d; is small compared with the case when d; is large.

The second reason depends on the number of polynomial multiplications and divi-
sions performed in each case. When [d;, dy, d3] = [2, 2, 64], multiplying a coefficient of
f by a coefficient of g requires a multiplication of two polynomials of three variables,
followed by a division by a degree 64 polynomial (M3), then a division by Ms up to
64 times (one for each coefficient of M3), and subsequently by M; another 64 times
(once for each coefficient of M3). On the other hand, when [dy,ds,ds] = [64,2,2],
after the multiplication one must divide by a degree two polynomial M3, followed by
a degree two polynomial M, at most two times, then finally a division by a degree 64
polynomial M; at most twice. Clearly there are many more multiplications one must
perform in the case when d; is small compared to other d;’s.

Observe further from the table that our algorithm is quite inefficient at comput-

ing the mapping from multiple extensions to a simple extension when [dy, ds, d3] =
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2,64, 2] (sixth row and column ‘prim_elt’ of the table). We now explain why this
is so. Recall that to convert from a fields given as a 3-step extension to a field with
a simple extension, we first collapse the last two extensions by finding a 7, satis-
tying Fp[a;][ae, @3] = F,an,7,], after which we collapse F,[ay,7,] to F,[¥,]. Since
the cost of mapping from three extensions to two is O(d3ds + d3d3) (Chapter 6), the
cost of mapping is high if dy > d3, as is the case when [d;,ds, d3] = [2,64,2] and
[dy,ds, ds] = [2,32,4]. The next step of mapping from two extensions to one costs
O(d3(dyds) + d3(dads)?) arithmetic operations. Hence if dy > dads, the cost of the
algorithm must become expensive. However, this is not reflected in Table 8.3 (for
example, when [dy, dy, d3] = [64, 2, 2] the algorithm is relatively efficient) because the
resultant algorithm used in the two extensions case (used in finding 7,) is imple-
mented in C, which is much more efficient than the Maple resultant algorithm used
in finding 7;.

Our algorithm is most efficient when dy &~ d3 and d; = dads, which is expected,

since the cost of mapping to a simple extension for these cases is O(d3d3).

8.1 Conclusion and future work

In this thesis we presented two efficient algorithms for computing the product
of univariate polynomials of degrees at most n over a multiple extension field K =
Q(ay,...,a) of degree D. The main ideas used were: mapping the rational coef-
ficients to integers modulo a prime p, collapsing the multiple extension to a simple
extension, computing the product over the simple extension using the FFT for bivari-
ate polynomials, and using efficient methods of computing the resultant and the ged.
We have shown that the time complexity of applying the resultant & ged method and
the FFT to compute the product is O(D? + D?*n + Dnlogn) arithmetic operations
in F, for each prime p. This is an improvement (for the case D < n?) over the naive
multiplication method,which requires O(D?n?) arithmetic operations in Q.

To speed up the computation, we mapped K = Q(oy,..., ) to K, =
Fylu, ... u)/(Pp(my), ..., P,(my)), where p was chosen to be a good Fourier prime
between 23 and 23!-5. However, because K, may not be a ring depending on p, many

complications arose. In particular, there were problems arising from: attempting to
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divide by zero divisors, ®,(m;) not being square-free over F,[ay,...,@;—1], p being
a fail prime, and encountering unlucky evaluation points while computing the ged.
However, we showed that these complications rarely occur; in fact they are polyno-
mially bounded by D. Thus, provided p is sufficiently large the algorithm will not
fail with high probability.

To collapse the multiple extension to a simple extension, we discussed two meth-
ods: a linear algebra approach (which was previously known) and a resultants &
ged approach (whose modular method is new). Of the two approaches, computing
the minimal polynomial (modulo p) for a primitive element of the multiple extension
field using the resultant method is more efficient (O((32!_, d;)D?) arithmetic opera-
tions in [, are required in executing Algorithm res modp2) than the linear algebra
method (O(D?) arithmetic operations in F, required in computing the change-of-
basis matrix). We do note however that we can lower the complexity of making
the substitutions by viewing the series of matrix-vector multiplication problem as a
single matrix-matrix multiplication problem, then employing the Schonhage-Strassen
method (Strassen [16]) for efficiency.

However, computing the normal representations (modulo p) and making the sub-
stitutions using the normal representations to the polynomials causes a bottleneck of
the resultant method (O(D?) arithmetic operations in F,), making it only as efficient
as the linear algebra method. In the future, we will investigate a faster method for

this step in order to prevent the bottleneck.



Appendix A

Proof of Lemma 4.11

Proof. For ¢ > 1, we have

(cx +y)" mod (my,ma)

= ((cx+y)-ri_1) mod (my, my)

= (cx-ri.y mod (mq))+ ((y-ri-1 mod (mg)) mod (my)) (1)
= (¢ Ay dp—1) - xPy®™ 4+ Apy) mod (mq)+
((Bay-1.a) - "7 'y™ + -+ + Bog) mod (mg)) mod (my)

where A(i,j); B(k,r) € Z. Let
g1=cAgyaz—1) ePy? N+ + Ay, and g2 = By 1,4y Y22+ + Bo).

Only the first term of ¢g; requires division by m;. If ¢ = max{|c|,1}, then by Lemma
4.10,

g1l := llgr - mod {ma)|| < (L + [l )= [lrica | < M- & [lrial].
Similarly,
13211 := llgz mod (ma)l| < (1 + [lmal)===F - [lrioal| < M - [|riall.

At this point, deg,(g2) < (dy —1) + (dy — 1) = 2d; — 2. Thus after division by m;, we
get
132 mod (ma)ll < (L4 [y |[)Eh=2)mdestmt L (M 4 ))
< MQ@Rdi=2)—di+1 | pr. ||Ti—1||
=M% i
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Hence,
lrill = l(cz +y)" mod (my,ma)|| = |91 + 32
< [[gall + 1] gl
<M & lrimal + MA i
= il (e + M)
=||rica]| - (e+1)- M¥® for2<i<D—1.
(2)
Since ||r1]| = [|cx + y|| = ¢ = max{|c|, 1}, we have

l(ex + ) = llrll = Iriall@+ )MP =@+ )MB]™ fori=2,---,D.

Let C be the change-of-basis matrix whose i-th column consists of the coefficients of
(cx+y)~tfori=1,---,D. If a;; denotes the entry in the i-th row and j-th column
of C, then by Hadamard’s inequality we have

| det(C)] = |det(C)T| < TTZ, /250 af
<I1% VD(rl?)
= (VD|lrol)) - [T (VDllr)
< VD125 (VD e[+ nmn) )
(D—1)(D-2)
= DP/2eP <[(5+ HME] ) :
Taking the log of both sides with base B, we obtain

log(| det(C)]) - < log(DP/2eP) + (LL) (logyp(e+1) + logs (M™))
< Dlogy(D2) + (LP2) (logs (@ + 1) + dy logs (M)).

That is, the number of digits of det(C') in base B is at most

Dlogg(De) + (W) (logg(¢+ 1) + di logg(M))
€O (DQ(logB(é) +dy logB(M))) )
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Proof of Lemma 4.12

Proof. Let ||| = (c1z1 + -+ - 1241 +x¢)" mod (my,--- ,my) fori=0,---,D—1.

Using a similar reasoning as in the proof of Lemma 4.11, one can show that, for ¢ > 0,

. -\ t—1
(crms + coma + -+ + cormeoy + x)|| = |Iral| < & ((g + 1)Md) .

Hence o
[det(C)| <=y vD(lerwy + -+ ezt +z,))?
qi—1
<vD-TIZ (\/55 [(5 + 1)Md}
A~ (D—1)(D—2)/2 (3)
— DP/2P [(5 + 1)MdJ
4 (D-1)(D-2)/2

< (D&)P [(5 + 1)Md} ,

SO

log (|| det(C))[| < logp ((DE)D [(5 + 1)Mﬂ(
)
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