MACM 401/MATH 701/MATH 819
Assignment 2, Spring 2015.

Michael Monagan

Due Friday February 6th at 2pm.

Late Penalty: —20% for up to 70 hours late. Zero after that.

For problems involving Maple calculations and Maple programming, you should submit a
printout of a Maple worksheet of your Maple session.

Question 1: Univariate Polynomials (15 marks)

Reference section 2.5.

(a)

Program the extended Fuclidean algorithm for Q[z] in Maple. The input is two non-
zero polynomials a,b € Q[x]. The output is three polynomials (s, ¢, g) where g is the
monic ged of a and b and sa + tb = g holds.

Please print out the values of (7, sk, tx) that are computed at each division step so
that we can observe the exponential growth in the size of the rational coefficients in
the rg, sg, tx polynomials.

You can use the Maple commands quo(a,b,x) and/or rem(a,b,x) to compute the
quotient and remainder of a divided b in Q[z]. Remember, in Maple, you must explicitly
expand products of polynomials using the expand(...) command.

Execute your Maple code on the following inputs.

> a :
> b :

expand ((x+1)* (2%x"4-3%x"3+5%xx"2+3%x-1) ) ;
expand ((x+1)* (7*x"4+5xx"3-2%x"2-x+4) ) ;

Check that your output satisfies sa + tb = g and check that your result agrees with
Maple’s g := gcdex(a,b,x,’s’,’t’); command.

Consider a(x) = 23 —1, b(z) = 2>+ 1, and ¢(x) = 2. Apply the algorithm in the proof
of theorem 2.6 to solve the polynomial diophantine equation ca+7b = ¢ for o, 7 € Q|x]
satisfying deg o < deg b—deg g where g is the monic ged of a and b. Use Maple’s gedex
command to solve sa + th = g for s,t € Q[z] or your algorithm from part (a) above.



Question 2: Multivariate Polynomials (10 marks)

Reference section 2.6.

(a)

(b)

Consider the following polynomial in Z[z, y].
227> + 32° + 5a*y? + Tay + Syx® + 9y°

Write the polynomial with terms sorted in descending pure lexicographical order with
x > y and, secondly, graded lexicographical order with x > y.

Consider the polynomials
A=6y*2® + 222> +5y2* + 3y +yr +y* +ax+y and B =2yz* +x+v.

Write A € Z[y][z] and test if B|A by doing the division in Z[y][z] by hand. Show your
working. If B|A determine the quotient @ of A+ B. Check your answer using Maple’s
divide command.

Question 3: The Primitive Euclidean Algorithm (15 marks)

Reference section 2.7

(a)

Calculate the content and primitive part of the following polynomial a € Z[z,y], first
as a polynomial in Z[y|[z] and then as a polynomial in Z[z][y], i.e., first with x the
main variable then with y the main variable. Use the Maple command gcd to calculate
the GCD of the coefficients. The coeff and collect commands may also be useful.

> a := expand( (x74-3%x"3*y-x"2-y)* (8*x-4*y+12) *(2xy~2-2) );

By hand, calculate the pseudo-remainder 7 AND the pseudo-quotient ¢ of the polyno-
mials a(z) divided by b(z) below where a,b € Z[y][z].

> a
>b :

3xx "3+ (y+1) *x;
(2%y) *x"2+2%x+Yy;

Now compute 7 and ¢ using Maple’s prem command to check your work.

Given the following polynomials a, b € Z[x, y], calculate the GCD(a, b) using the prim-
itive PRS algorithm with z the main variable.

> a :
> Db :

expand ( (x"4-3*%x"3*y-x"2-y)* (2xx-y+3) * (8%y~2-8) );
expand ( (x73%y~2+x73+x"2+3*x+y) * (2+x-y+3) * (12%y~3-12) );

You may use the Maple command prem, gcd and divide for the intermediate calcula-
tions. You should obtain

GCD(a,b) = *8ayF4y* F8x £ 16y F 12.



Question 4: Chinese Remaindering (10 marks)

Reference section 5.6
(a) By hand, find 0 <u <5 x 7 x 9 such that
u=3modH, u=1mod7, and u=3mod9

using the “mixed radix representation” for u and also the “Lagrange representation”
for u. You should get u = 183.

(b) Let @ =3z — 4 and B = 7z + 5. Consider computing the product C' = A x B in Z[z].
Compute C' using the modular algorithm by as follows:

First compute C5 = A X B in Zs[x] i.e. multiply mod 5 by hand. Next compute
C7 = A X Bin Z7[z] and Cy = A X B in Zglz].

We have C = (5 mod b and C = C7 mod 7 and C = Cg mod9. Let C = ¢y +
c1x + cox?. Now solve for the coefficients cg, ¢1, ¢o in Z,,, where m =5 x 7 x 9 = 315.
Use Maple’s chrem command for this. Finally, express the coefficients ¢y, ¢, co in the
symmetric range for Zs;5 to recover negative coefficients in C'.

Question 5: Polynomial Evaluation and Interpolation (10 marks)

Reference section 5.3 and 5.7

(a) Let R be a ring and a € R with identity 15. Let ¢,—, : R[x] — R denote the
evaluation function: ¢,—,(f(x)) = f(a). Show that ¢,—, is a ring morphism.

(b) By hand, using Newton’s method, find f(z) € Q[z] such that f(0) = 1, f(1) =
—2, f(2) = 4 such that deg, f < 3. Now repeat the calculations this time in the
ring Zs[z].

Question 6: Homomorphic Imaging (10 marks)

Let a = 9y — 7Tz + (5y?> +12) and b = (13y + 23)z? + (2ly — 1)z + (11y — 13)
be polynomials in Z[y|[z]. Compute the product a x b using modular homomorphisms ¢,,
then evaluation homomorphisms ¢,—s. and ¢,—,, so that you end up multiplying in Z,.
The Maple command Eval(a,x=2) mod p can be used to evaluate the polynomial a(z,y) at
x = 2 modulo p. Then use polynomial interpolation and Chinese remaindering to reconstruct
the product in Zly|[x].

First determine how many primes you need and put them in a list. Use P = [23,29, 31, 39, ...].

Then determine how many evaluation points for z and y you need. Use x = 0,1,2,... and
y=0,1,2,....

The Maple command for interpolation modulo p is Interp(...) mod p;

The Maple command for Chinese remaindering is chrem(. ..);

The Maple command for putting the coefficients of a polynomial a in the symmetric range
for Z,,, is mods(a,m) ;



