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Lecture 26: Planar Graphs continued
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Question: Can a given electronic circuit be layed out on an circuit board such
that no wires cross each other?
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Review:

A graph G = (V,E) is planar if G has a drawing (in the plane) where the edges
intersect only at the vertices of G. Such a drawing is called a planar embedding
of G. The embedding partitions the plane into at set F of regions called faces.
We proved Euler's formula |V| — |E| + |F| = 2.

Examples.
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Definition ( Face degrees )

Let G = (V/, E) be a connected multigraph embedded in the plane and let f be a
face of this embedding. We define the degree of f, denoted deg(f), to be the
number of edges in a facial walk of f.

Example

deg F = | SdegtF)= \+ 3 re=le=ZIEL

daj Fr.= 3 c\=8
4 6 " Fi=¢ .
K m Fe=8 FN@ o

Theorem

If G has faces A1, fa,.... 1 then Zdeg(ﬁ) =2 E[!
=]

Proof @ edeg & courted fwice ™ Soleg(L).
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It's easy to show that a graph is planar: find a planar embedding.
How can we show that a graph is NOT planar?
Na [aopgl No pa r'zr//é/ 4“(?[4

Theorem ( Bound 1 for the number of edges
If G = (V.E) is a connected planar simple graph with |V| = 3 then

|E|<3|V|—6 and 2|E|> 3|F|. &

Proot. SQing & A Simpl graphs  all  cgeles ™ C  haut Ierg’m N
‘Therr Jacial valka hadt =2 3 éd?ﬁo so their Aegely = Sy

7 tadwie fa0. b swalledt graghg  cere —— and /N -
e afaide faces have degee 3

Lot B €e,. Fre o U fao, W har
21€|= £deqF, 7 3R = 21| 23k ﬁ
=\ -
By Edor 2= VI-IEI+IE] < IVI-(E(+ Z21©) = N(- el
So 2SWNI-XIE] = -1 D €| <32V-6
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Corollary ( to bound 1 for the number of edges )
The graph Ks is not planar. J

Proof.

lara
V)= I£ Kg B
. % |€]=10 el < 3W\—b
0 € 235—6=17.
This proves Kg © not PMMn

K13 (=32 NI=b El € 3VI=6
g§+ el 9 < 36—=12

. 4
S b Le don't lenow 7 3 T8 /;hrvrw ot
Theorem ( Bound 2 for the number of edges )
Z‘f(/?e n:g t(hVé 52 /I:; (:;Tr;r,:ected planar simple graph with [V| > 3 and with no cycle | ;76 -fr.m&‘%
|[E| <2|V|—4 and |E|>2|F|.
Proof. /L\\S +me 2 cycles hasd  lewgtn 2% 778
S “wner facw) o(ef—)re% >4 7 Twfwe few
T Smallest ﬁmpl/li o4 —o© DL Jhich  hant
Aoyt ¢ b ) il ive ~@aw \
2\€| = fpee@(nl\\ = n‘:lzfa}\ﬁ»Eé z &l
R v L
b€ Y CN—Els €] = |- el -L‘E\ = u-=(EL

= 4s4<zNI-El = €& < zlvl-
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Corollary ( to bound 2 for the number of edges )
The graph K3 3 is not planar. J

Proof. KZ,Z l\)':g :r‘c KI:Z X P'ﬂf\ﬁ( T)iﬂm-
e €l £ 2(VI-4
9 £2c-¢=8

Therelne Kz is ot Gnars
no ’th‘m@%- hece ik f

E>(e/c/ze? NI‘AT /'/ é has wo cyéldcvf I&ujh éqj.
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Definition ( Dual graphs )

Let G = (V, E) be a connected multigraph embedded in the plane. The vertices
of the dual multigraph G* are the faces of G. If two faces f; and f; share an edge
e then e* = {f;, fj} is an edge in G*. This may be done so that e* crosses e and
G* also ends up embedded in the plane.

Examples.

Gl Ve
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Features of duals

(1) Duals only exist for planar graphs

(2) If G* is a dual of G then G isa dual of G* | (G*)* = (&

(3) The degree of a vertex in G* is the degree of the corresponding face of G.
(4) The dual of a simple graph may be a multigraph.

Examples Mmust 7

(3) __j ohﬁwlp.

d

Fia has Mﬁﬁ&e ¢
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