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We have been working with the two basic GF's
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We already proved the more general generating function:
1 = (n+k-1\ ,
(1—x)F ‘Z< n )X

n=0

Combining this formula with substitution allows us to determine the coefficients
of any rational function of the form

p(x)
[1"] (ax + b)k~

On page 422 the textbook uses a natural generalization of binomial coefficients,
called the extended binomial theorem to get these coefficients. We will use

substitutions instead.
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Example 1. For A(x) = 5 find [x"](A(x)).
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Partial Fractions

Question: How can we deterine the coefficients of GFs of the form

p(x) and p(x)

L RN cte?
ax?+bx+c ax3+bx2+cx+d

If ax? 4+ bx + ¢ = a(x — a)(x — 3) and a # 3 solve
1 A B

(x —a)(x — 3) T x—a  x-— 3

for A, B. If ax® + bx®> + ox+ d = a(x — a)(x — 8)(x — ) and a # 3 # ~ solve

1 __A B C
(x—a)(x=3)(x—7) x—a x—-8 x-—v

! !

for A, B, C. If ax® + bx*> + ex + d = a(x — a)(x — 8)? and « # 3 solve
1 A B C

(x—a)x—8P2 x-a & x—3 - (x — 5)?

for A, B, C. Then use the formula for 1/(1 — x)* with substitutions.
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Example 1. Find the coefficient of x” of C(x) =
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Example 2. Find values for A, B, C so that the expression below is true
1 A B C
D = =
=3 3 T2 T oo
C lear ‘F"&L"I(OV\S

—
—

A (-2 + B(X-3)(e2)+ c(x=3)

=7 = Ao+ Ro+ =N = C=—1.
X=2 ]=A\+@0+CD = Az |
A=t |

= A2+ B1z+C
=1 = 44t+t26-1 =

| I-3=26 = g=-1.
Dix)y= - —

Michael Monagan and Jamie Mulholland

6/9



Series Division

To find the series for the quotient / 1"0

Cog = ALY g+ oo £
~ B(x) _@—I— bix + box? + - --
let C(x) = o+ c1x + cox? + -+ and write A(x) = B(x)C(x) so that

(8 dpx -£.agx® oo :(b0—|—blx—:—ng2+--‘)(c{3—|—c1x+&2x2—i—--‘)

In this equation the a; and b; are known coefficients, the ¢; are unknown.
Equating coefficients in x' for i =0,1,2,--+ and solving for ¢; we obtain

[x°] a9 = boco = cp = ag/bp = by #0
[X]'] al = bgCl + blco — ] = (31 — blqj)/bg
[x?] ax=bocr + bici + bacg = = (a» — bic1 — baco)/ bo

[x"] an=bocn+b1Cco1+ -+ bcg = ¢ = (an— b1cp—1— -+ — brco)/bo
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Example 1. Calculate A(x) = (14 x)/(1 — x)? = (1 + x)/(1 — 2x + x?) to x>.
>
Abo = (B = B EEaSCaE tT

((—2+x?) r_,v——— \
il . R ) 7
(1) = (1= Zxt T ) Qot Eh ol +Q XA+

e —— -2 n—\ N
(] \l‘/ L =D Qo= FAna X + Oy X + Ot
20 = (th = 0=

L‘)L{J | = la—24a=A4-"2 =5 4= 3.

[#] T0 =10—2Q% 0= C—6+ D=5,

[%] O = l@s—2Q +Q =Qs—lo+3 >ds=7
AG) = i+ B HFC+ B+

@ Oz—l'Qn—ZQn-h‘an = an:-‘—qu\-fI_aﬂ“l.
N> 2 = Qz =25-5=7Y
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Example 2. Find the series for x/(1 — x — x?) using series division.
Let AGO=_= Goxt B X+ g
e - = £ o
(1= Got 4 -

n-z n=\ n .
A= (1-==>) (At & X+ o X+ - +Aaz X + An X +OnX+ )

(X] D= Qb= Q=2
(x) 1= ta—lh=Q = A=

Cf? O‘C{‘a]_"‘ Qr—'ao = Q.—|-0 = Q=

Ci’r_\ o= |'a3‘az“’af= Qs—1-1 S Q=2

[x.“l D = | Qn— [ Ane "‘{'Qr\-z 3 An=Qn- Qu-z /C/bonacca'
N7 :

% ':C/(J o™y B T Eibonacc, genem*z'ﬂy nctionNs

Exercise. Find the series for (1 + x)/(1 — 3x +3x — x?) to x* using series

division and determine a recurrence for the nth coefficient.
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