Lecture 16 Divide & Conquer Recurrences Michael
Monagan

February 26, 2021 10:47 AM

Lecture 16: Divide and Conquer Algorithms and Recurrences
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Please use the notes on Canvas not 10.6 Grimaldi.
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What is the fastest algorithm for sorting an array of n numbers ?
What is the fastest algorithm to multiply two polynomials of degree n ?
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Sorting Algorithms

Suppose we want to sort an A of n integers e.g.

A=[9[3[11[2]6]13]5]

To compare sorting algorithms, by tradition, we count the number of comparisons
they do. Bubblesort does exactly n(n — 1)/2 comparisons. Mergesort does at
most nlog, n — n+ 1 comparisons. Below is a table for various values of n
comparing the number of comparisons of these two algorithms.

n 41 16 | 64 1024 10°

Bubblesort | n(n—1)/2 6 | 120 | 2016 | 523776 | approx 5 x 10!

Mergesort | nlogobn—n+1 | 5 | 49 321 9217 approx 20 x 10°
50x

For n = 10° Mergesort does a factor of over 25,000 fewer comparisons!
Demo Mergesort
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1: void Merge( int 4[], int ni1, int B[], int n2, int C[] ) {

2: // Merge the sorted arrays A of length nl and B of length n2 into C
3 int i,]j,k;

4 i=j=%k=0;
5: while( i<nl && j<n2 )

6: if ( A[L]<BIj] ) { Clk] = A[i]; i++; k++; 3

7: else { Clk] = B[jl; j++; kt+; ¥ C G’de-
8 while{ i<nil ) { C[k]

9 while( j<n2 ) { C[k]

0 return;

1=

Ali]; i+ kt+; )
BLj1; j++; k++; )

}
Figure: C code for merging two sorted arrays A and B into the array C
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The Mergesort Algorithm

1: veid Mergesort( int A[], int n, int C[1 } {

2: // sort A[0],A[1],...,A[n] inte ascending order
3: // € i an array of length n for working storage
4 int nl,n2,#*B;

5: if{ n<=1 ) return; <& Cl-;::'o

G: nl = n/2;

7 n2 = n-nl;

8 B =4+ nl;

——9+—> Mergesort(A,nl1,C); // sort the first half of A
_16+7) Mergesort(B,n2,C); // sort the second half of A

14 Merge(A,nl1,B,n2,C); // merge A and B into C
12: for( i=0; i<m; i++ ) A[i] = C[i]; // copy C into A
13: return;

14: } let dn A #Cmpﬂrlgov\g ﬂ/ﬂ'{' Mg,.fa.rw‘/ hese
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Solving C(n) < 2C(n/2) + n — 1 with C(1) = 0.
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Divide and Conquer Algorithms

Suppose we are given a problem of size n.

S1: Divide the problem into a = 2 subproblems of approximately the same size,
say size h. Algorithm Mergesort divided A into a = 2 subproblems of size
m=nf2and mp =n- m.

$2: Solve the subproblems recursively using the same “divide-and-conquer”

approach.

S3:

Combine the results from the subproblems to obtain the final solution.

Algorithm Mergesort merges two sorted arrays of size n; and n, into one
sorted array of size n.
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Example. Adding an array of numbers.

/.—-—"-\.r\f—--.._..-—/f—‘“

1: double Add( double A[], int n } { 90‘-{
2: // Add A[O]+A[1]+...+A[n-1] . 212 bl
:  double s1,s2,*B; int nl,n2; fr= MT——_D U..

3

4: if( n==1 ) return A[0]; e

B: nl = n/2; n2 = n-nl; 9 ’;20—_’_ S‘I—?” __Zg-
6: s1 = add(A,n1); // sl = A[O1+A[1]+...+A[n1-1]

7: B=4+mnl; // B is a subarray of A starting at nl

8: 82 = Add(B,n2); // 2 = A[ni1l+A[n2+1]1+...+A[n-1]

9: return sl+s2; = Z

10: } Led on b Te # ) addidios in Step 4. Assame

On = Qg + Enjz +}P = M_‘H
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Maple examples using the rsolve command.
A second order recurrence
> re := a(n) = b*a(n-1) - 6*xa(n-2);

re:=a(ny=5a{n—1)—6a(n—2)

> rsolve( {re,a(0)=1,a(1)=4}, a(n) J;
237 27
The mergesort recurrence
> re := ¢(n) = 2xc(n/2) + n-1;

re .= c(n)=2¢c(n/2)+n-1

> expand( rsolve( {re, c(1)=0}, c(n) ) );

= hn
—at 2L P4 h= 13
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