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The bins and balls problem

’ A
Suppose we throw m balls into n bins randomly. AI‘IISQS in I hqsh/ﬁ?
On average, how many bins will be empty? (MFT 3,0--]
On average, how many bins will have one ball in them? 2

" 1"
The coupon collectors problem Arieo n i pfbbibi)id‘ic Jﬁlj’O"MMj .

Suppose we have a bin containing n types of coupons and we draw coupons one
at a time from the bin at random. Assume the probability of drawing each type of
coupon is 1/n and the bin has a very large number of coupons. On average, how
many draws do we need to make till we get all n coupons?
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Definition
Let S be a sample space and X a random variable on S. Let x be a value from

the range of X. The probability of x, denoted by Pr(X = x) is the sum of the
probabilities of all outcomes s of S such that X(s) = x.

Example 1 Let S be the set of all binary sequences of size n = 3 bits. L ?000,901,---, /1 T ]S}:g
Let X(s) be the number of 1 bits in a binary string s € 5. X (0“3,_____2_
Here the range of X dencted r{X) is {0.1.2.3}.

Pr(X=0)= ) /g S=0C0

Pr(X =1) = 2/ S=|©0 o 60l

PriX=2) = 3/p S= o Bt B (%):—_g,
Pr(X =3) = !/? S= 1|

Pr(X =k) =
1)
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Definition
The expected value of a random variable X on a sample space S is defined by

E(X)= > xPr(X = X(s)Pr(s

xer(X) sES

| x |0 12 2 3
Example 1 {cont.) Pr(X = x) é g g El_;
EX]= ) xPriX=x)= Or}w 1-%+:>_3%,:+3 o= %= 3-2-_
xer( X}
\/g 0 Y.
n =
CH)= 6 YO 7 B 5 X (660 + X (06T x(ox051—>((l00) -_l (2
A Sgszzom,om(,?g J.X(ato\ﬂ-x(on) A4 { IOM-X( e g
T ) 2
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Theorem ( Linearity of Expection )

Let X and Y be two random variables on the same sample space S and a € R.
Then

(1) E(aX) = aE(X) and S

(2) E(X + Y) = E(X)+ E(Y). = E[XHS/—th = E(X¥ 4-(5—()4-!'2'\
= T ER+EMTER

(" Exeti

2y BExyY) = 2 (X+Y) ©)-Pr(s)

(: S‘N\Jroogjlz.) = E (XCS)‘FWQ) <FS).
SSaXr e TR mre v Pl
= (= X)) 4+ (MD
= Xer¥ea -
E&) E0Y).
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Proof
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The bins and balls problem

M=¢ ©eoc9®
Suppose we throw m balls into n bins randomly. e X L;/) n=3.
Question 1: What is the probability that bin i/ has k balls? biav bMZ b*"‘3 _._’q_:I = l-—-—-L‘
17,-( ol 18 m bra 1_\ = /A P(ball 3 Ack i )bm u):—‘-m A
o e Yo f R Vs o 9 -~ -:.(l—-"')
nih by = Galilew ( A
Pr'( bin ¢ has 0 be 5) pall | ball bQﬂWl P béJlS'

Or(bin L has \ ball) = (’,"‘)(iﬁ) T N VIR TS,
any ong Ofwuhssea O gotaM r‘m-( it goin ‘b:’:_j
Pr(0in i has 2bals) = (%) (R)Y (1-=)"2 uéfTﬁ‘cilL,J
(2) was fu 266 hogim oo tn M-z Am%h-
Pl W8 iR = OBy B Sl =
ﬂi& (s bjnowu‘a//@ O{rjﬁ‘fgud‘ad i P_—:-}; and N= =i bals.
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Question 2: On average, how many bins are empty?

Lot X b fle nuaber » ompty bes (o BL)=1.

) ’ ]1£ bl\"l = em e & I‘NQICQW
Let ,>..(.'i- s O other wile. P‘j X ‘_‘; Cflw v:"‘“b(e-'
>(':_" X+ Xz;l")(’s-%---“l"yf\

E(X) = (_X\ ¥ X2t —{')(n)dr;ug%_\}‘?‘ E(S(-g_)*‘-- -~ E-(X‘hh
E(X;,): l-Pr-()(g;:-}) + O-Pr—(XL:D):: [-(l—-—"ﬁ)m-{- o- 19,
E(X) = N E(X) = (=== a((I=a)")""

Vv

P i

? i

/e
Cae m=nN ¢

s EXK) a~ 0= 3N "
=N vem % - He bas will be 2rPlY-
S‘D,Q/ M , N A4 ‘?—Q 37/6 ;,ﬁbmih"?“ b/
Exercise: On average, how many bins have one ball? Z_Q'/ XC = 0O omewi .
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The coupon collectors problem 3 3 @E]E G ECyCr Con

Suppose a large bin contains many copies of n :)0' coupons. Assuming there are i s e S
an equal number of each coupon, if we draw coupons at random from the bin, on f;a':l 't?/:‘ »t3=-3 .
average, how many draws will it take to get all n coupons? -—l—_—_-__ 5
draw H ore ) eath. B
Let T de W # coupoh§ e

Lot £ b Mo ¥ Couppts we olww o get e L4y coupm
ossuming  we  weeady have  L-\ oupons.
(L R i Il (n—(;.-\ﬂ
Let P = P (£ = O ( next e 11 neu)) = l""ﬁ"‘"’
p= 0=G=do|  f= (D@D

EM=E(+ tr4--AEta) = E(—{;‘)vl-E({l}y..ﬁE(ﬁn\.

Eact 1S comabioly dtibsed wifn pamm ity P=fe
0 )=/l
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The coupon collectors problem continued. N
— : 1 G M i S
EM= Yo+ "ottt pa= "t
| i
=iy [ e Y

= N Ha
(L U =
For n=r =2 Bln) =% E'!f:j"{""l'-i‘-ﬁ-—{l-_: 3(: (= == T T

Exercise: On average, how many times must you toss a fair coin before you get a
head and a tail?
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