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Question: How many trees with labels 1,2.3,..., n are there? 1
Equivalently, how many spanning trees are there in K,7
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Question: How many trees with labels 1,2,3, ..., 7 are there?
— Equivalently, how many spanning trees are there in K,?
Let T, be the set of such trees and let t, = |T,|.
s = n==z

Un (abelled trees.
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What is t,7
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Theorem ( Cayley’s formula for the number of labelled trees )

The number of spanning trees of K, is t,, = n"2 forn =

n=4 t4 = ¢*—|(p,

Proof — Heinz Priifer, 1918.

Let 7, be the set of labelled trees on n vertices.
Let P, be the set of sequences in V = {1,2,...,n} of length n — 2.
The Priifer code is a function Pru: T, — P,.

We will show that Pru is a bijection hence |T,,| = |P,| = n"~2.

tn=\Ta) = [Pnl=n" = \

See the youtube video on Cayley's Formula by Sarda Herke. r 3
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Algorithm Pru(T)
Input: A tree T on n vertices.
Qutput: A Priifer code x € P, of length n — 2.
1. Fori=1.2,....n—2do
Let ¢ be the leaf in T with smallest vertex label.
Set x; to be the unique neighbor of v in T.

Remove the vertex v and edge {u, x;} from T. EXQI’C}.K
2. Return (x1,X2,.... Xp—2). 1Ay
Examplez Vg | =) U=l X=6 2 A=Z,5
4/ 4 (=t U=Z X=3
3 é i J'_-- x e 5 C‘-
P S (:—"3 n=9 3 T,
Ao ¢ =3 X¢=56 | R G
1

Nsé fea(' vahlesr ove nok P('L«(T).,

Notice that the number of times a vertex v appears in Pru(T) is deg(v) — 1.
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Algorithm Tree(x).

Input V = vi,vs, ..., v, and a Priifer code x of length n — 2 on V. =g \
Output a tree with vertices V
1. Set L =V and £ = ¢. ’ ¢ E
2. Fori=1,2,...,n—2do
Let y be the first element in L that is not in x[/..n — 2]. {
Set £ = EU {x;,y} and remove the vertex y from L. S e
3. Set E=FUL &
s 4
4. Return the tree (V, E). N ih T - )'75 _1—41—%—5—"0'—‘
Example. Determine the tree for the Priifer code 3,4.5,3, 1. 2 ‘
r= W,S/XX g U:: 2
Z_-::i[) i)},i) #, +!7i (=1 Ld:é
o = =t
€= {£3.23, 74,63, §5,43, ¢c=% 9 L
T y=2
n=1 18,95, 113, $1133 e
=T =
(=6 DON®
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