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Lecture 15: Solving Non-Homogeneous Relations
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Definition

If f(n) £ 0, a recurrence relation of the form

(1) ax, + bxo_y = 50 0 fiest ordler .

(2) axy + bxn_1 + Cfn—2 = a#0,c#0 IQCMG( Drﬁ’ar-

is called a non-homggenenedus recurrence relation.
The associated homogeneous relation is obtained by setting f to be 0

¥,

(1) axp+ bxy_1 =0
(2) axn+ bxp_1+ X2 =10
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Definition

@ A particular solution is a single sequence P satisfying a recurrence

without consideration of the initial condition.

@ The general solution to a recurrence is the set of all sequences x, satisfying
it (without consideration of the initial condition)

Theorem

The general solution to a non-homogeneous recurrence is given by one particular

solution, x,(,p) . plus the general solution to the associated homogeneous

equation, X,Eh}, That is, the sofution has the form

xn = xtP) 4 x(h)
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Example 1 x, = 6x,_1 @For n>1and xg=7. 1(‘;4-’ svole
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Example 2 x, — 4x,_1 + 3x,_> = 27: and xg = 5: 6.
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To find a particular solution to a non-homogeneous recurrence of the form
ax, + bx,—1 = f(n) n>1
axp + bxp—1 + cxp—p = f(n) n>?2

(1) Exponential functions f(n) @ 2- 3n
(a) If ris not a root of the char. poly. of the homog. recurrence then look for a
particular solution of the form x{”’ :@ C 71 an wultaown Comstant
(b) If ris a root of multiplicity m then look for a particular solution of the form
xP = cn™r"

(2) Power functions f(n) = kn? @‘—'- kot By - kd@“ G)Jjnmu/ 4 0/2?"& A

(a) Look for a solution of the form x{”) = agn? + ag_1n?"t... + ain+ ao

(b) If n*, for some t < d is a solution to the homogeneous equation then multiply

the tr|a| solution x” by the smallest power of n, say n®, for which no
summand of n°f(n) is a solution of the homog. relatlon

See Grimaldi page 479-481 for examples on how to determine the form of x(p).
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Example 3. Find a particular solution to x, — 3x,_1 + 2x,_» = 4n.

I/fld )(v{'): Ca+D:  CvaD—2(C(n-D¥D) +2( C(n=2)+D) =
= cn+D —3CN+3C—3D+2ln—4c+2D =4—n
= n(c-3c+z)+ (D+3c—3D—L+ZD) = 4N

‘——E:’_a———- “This has a0 Soltion
n(Cn+ D)=Cn*+Dn V=
Z . e
CtrDa— 3(C (=YD (n-) +2 (co)F B
= CV\ 4DV\—/SCI\ 1‘6CV\—3C-ZDA+?>D 5C"D
4 2cn—8Cn+ 8C+20n-4D 4-N
= (C— gC+2c)_|—’LQ+éC~ 3D - 8c+ZD)+(—’§C+ZD7‘cS>C—‘rD)-—ff_Q'
—zc Sy —20=4¢>DC=-2

So Pl —2n*—ion= —2n(n+sD. f__;g;b:,g.
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Example 3 (continued).
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