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Lecture 23 Eulerian Trails and Circuits

Grimaldi 11.3
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Definition ( Eulerian circuit )
An Euler ciruit of a multi-graph G = (V, E) is a circuit
W= Vi,€1,V2,€2,...,6h, V1
- =
such that every edge in E appears once in W.
Examples.
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Lemma

Let G = (V, E) be a multigraph with |E| > 1.
If deg(v) = 2 for all v € V, then G contains a cycle of length > 1.

g T & has o /ooP ’? ’ﬂl@ﬂ + hes o Lyd€4 /&Aqﬁ’l (s

degra =
I-"F é‘ 4890 not hﬂ.dg A leop ﬂm C hag a Pam w‘_{-h
77T leaSt ow odie. e s -
Lot £ e a pat  startrng o Y,e V' of maximum len]

ie. P camst be enlacged.

P = Vo, Vlel\/l

Cina O!Qﬁ (Vim ) o Cr IO Um Mus‘(‘ be inciclea w' T Q”‘amw 65/3«2 E.
S:aq P s Manga\ e maust be Jacident witk d), ito
vedtices m P,

Michazl Monagan and Jamic Mulhelland 3/8

Proof (Zr;)? B ( )C. /°°f” ( cycle o‘P {eny’ﬂ« '3
()0 e )

V“‘"“ a7

TN VR
(Hl\? —o0 .. .. /fe:b 0 < ke<m-|
Vo V) Vi Ua~r Vm

Notie fhee 8 a wgle in all caseo,

Michazl Monagan and Jamic Mulhelland aj8



Theorem ( Euler ) G
{Z connected multigraph G = (V, E) which is not the singleton vertiza has an (]
Euler circuit i(@&/ if every vertex in V' has even degree."‘l 0(03 =0
-
\
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Proof (cont.) H moy) o W7 I’l@f b? Ca'r{/@(jé.pl.
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The proof gives a recursive algorithm for finding an Euler circuit!
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Definition
An Euler trail of lti-graph G = (V, E) is a trail oS SMert-aad eud a”'d‘%ﬂ‘d
n Euler trail of a multi-grap ( ) is a trai (pp&q. NN varoxel).
T = Vo, €1, V1,€2,...,€n, Vp
- -
such that every edge in E appears once in T.

Example

Corollary ( of Euler's theorem )

A connected multigraph G = (V/, E) has an Euler trail if and only if there are
exactly two vertices in G of odd degree.

Proof. Exercise.
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