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Definition ( Generating Function )

Let ag, a1, a2, as,... be a sequence of real numbers (or integers). The function
m .
A(x) = dpo+ax+axtagc+---= Za;x'
i=0

is called the generating function for the sequence.

Note: we are interested in the coefficients of A(x) not the values of A(x).

All polynomials may be viewed as generating functions.
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Example 1. How many ways can we make 30 cents from nickels, dimes and [ fuares
quarters? /o mcmls | nicke\ Lm-ckeis ng e | d:me

« lé-r_fr -] -
Ab) = (Ha(_ 2% )(H—x 2 5P Y142 )

/ﬂlé arswer S No coefficient | % in A(K-‘) = foDJ A,
Ted£d) voysdo get N cons B[] AGD.

O+r3>+1 =
[+ 14 2=% 2
Example 2. How many integer solutions does x; + x2 + x3 = n have if =087 2C (20 !
Nn=% ’3(\1;,:[ 7(":‘-7} {47(3_'
ALY = (1+ 242+ 3(!4'2-‘?7( - N4+ XN - -
~— N\ fp—
> =<3
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The amswer s [x"]AG) = ( m—g.-{) Lor Lachurt 4 Gubes with repetition.
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Definition ( Arithmetic for Generating Functions )

by =
Let A(x) = ap + a1x + apx® + a3x> +... ( T bnx
and B(x) = by + byx + box? + bsx® + ... and c be a constant. Then aigz-* a. ,b‘ 42‘ )

(1) Sum: A(x)+ B(x) = (ao + bo) + (a1 + b1)x +--- = i(a,, + by)x".
n-0
(2) Scalar product: cA(x) = cag + caix + -+ = i(ca,,)x”.
(3) Product: A(x) - B(x) = (aobo) + (;2921 +i£1°)x e akb,., >(
n= o =0
(4) Derivative: A'(x) = a; + 2apx + 3a3x? + --- = i(nan)x"_l.

= ’ IQ’_'
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Michael Monagan and Jamic Mulholland 4/8



Example. Let A(x) =14 x+x*+x3+... and B(x) :2+2x+2x2+2x3+
2A(x) + B(x) = 2(|+7£+7u+ ) 4+ (z+excaxt 4 5
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A'(x) = 0+‘ | + 2+ ’sz'a.—- f-}—-xs —_
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; [plicatind solont i, .
What about inverses? Let x be a real number. | is fto melTp h7

The number 1 has the property 1 - x = x for all x [ldentlty] -~
If x is non-zero it has an inverse 1/x so that x- -~ = 1. [inverses] 2C

Let A= bo+Qc+ G- A6
id,ﬂ—h—)_}_ﬁ(z\ 0o + |- A +1- A a«nﬁ o = QA Gt = .

TF AL.BRD=1 e Say Be) 18 e mme4 Al )
we wetle BD=1/A(K) o~ B AGY .

Example 1 Let A(x) =1+ x+x2+... and B(x) =1 — x.
Verify that A(x) - B(x) = 1 and conclude that A(x) = 1/B(x) = 1/(1 — x).
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Example 2. Find the inverse of (1 — x)k. /sl )/(f—;c)k . o
Let a, be the number of solutions of x; + x2 + - -+ + xx = n where x; > 0.
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Example 3 Let C(x) =1+ 2x+4x?+8x3+... and
N(x) =1+ x® + x1% 4 x'® + ... (the GF for nickels).
Using 2xC(x) and x°N(x) and the inverse of C(x) and N(x).
ZxClix) = 2>c(l+2>c+<_p_>£'+%x3+--->—_— 25 + 4oC § i X T = Coo—I.
2x sy = (=l = @x-DCw=—-] = C(’:L)-——-——-—F _-!;;C
’ﬂl&/e‘rbd o . —_— |=2C ik b= '
L -
1o ls” 10 \
XNl = XS (1450e ol X )= XX rrrxt Nm" .
So YOND= N - = (x-D/V(x)— - > wR)=Ze
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Express C(x) and N(x) in terms of A(x) = 1+ x + x? + x> =1/(1 - x).
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