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Question: Can a given electronic circuit be layed out on an circuit board such
that no wires cross each other?
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Review:

A graph G = (V,E) is planar if G has a drawing (in the plane) where the edges

intersect only at the vertices of G. Such a drawing is called a planar embedding

of G. The embedding partitions the plane into at set F of regions called faces.

For a face f we defined deg(f) to be to be the number of edges in a walk around
the face.

Example. IN|=6 [E=§
okeg(cht ! N\ EI+IF|= (—8+4=2.
Aeg(Fy= 3

oleg (F3)=¢
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We proved Euler’s formula |V| — |E| + |F| =2 and Zdeg(f) = 2|E|.
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It's easy to show that a graph is planar: find a planar embedding.
How can we show that a graph is NOT planar?
no_)oopS
Theorem ( Bound 1 for the number of ed}&(( no parallel edyer

If G =(V,E) is a connected planar simple graph with |V| > 3 then

|E| <3|V|—6 and 2|E|> 3|F|.

Progk. Qlpe: Cis a Cimple raph all cytles " &
have lgngth > 3. Ther laa) Walka have (eugth
ot leask 3 %0 1 fae degrees > 3. T
Smallest qrapn  e—e—e  Hop okg(F)= 4.
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Corollary ( to bound 1 for the number of edges )
The graph Ks is not planar. J

Proof. }Cs |U|;€ I—:F [ég W& Flﬂf\ﬁf’ mﬂ
@ €1 =10 B[ & 3I—6
b =3S-6=7
So Ks % not plerar;
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Theorem ( Bound 2 for the number of edges )

If G = (V,E) is a connected planar simple graph with |V| > 3 and with no cycle
of fength 3 or less then

E|<2|V|—4 and |E|>2|F.

Proof.  This time U cydey have loagh 24 odges.
> tr faw Aegrels c >4 Aund o ot A0 %cé’.
alse  hae  degrd S 4. Let Fifzyofe be T 1reo.

2EI= ZdegF) 24k = El>2k. g
BU]EUI(Q—/

9= WN|-1€) $IFl £ Vi—el+TlE| = NI-%E)
= g4 <20-El = El=2N-4.
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Corollary ( to bound 2 for the number of edges )
The graph K33 is not planar. J
Proof. = £
K3 vi=e  IE(=7

E(S 2-|V]-%
8 = Jpstl=g

s prove. K33 78 ol plenars
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The 5 Platonic Solids 9)<|f7

The tetrahedron, cube, octagon, dodecahedron, and icosahedron.

A — '!! i . — --".‘:."
ey > o -
e, | I
I ‘ VR, I[ = /
— X ! - Cal {
e '.L — — . —
———s »
. s M, o A
w L] L & a ..l \
N SOy AL
i s - L] ._:.- | e w L - "i-l*
g “ N | AR
F, | B : gl B
Ll . g a ¥ = ¥ . o B Y
Michael Monagan and Jamie Mulholland 7/ 10

The 5 Platonic Solids - continued
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Definition ( Dual graphs )

Let G = (V, E) be a connected multigraph embedded in the plane. The vertices
of the dual multigraph G* are the faces of G. If two faces f; and f; share an edge
e then e* = {f;, fj} is an edge in G*. This may be done so that e* crosses e and
G* also ends up embedded in the plane.

Examples.
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Features of duals

(1) Duals only exist for planar graphs

(2) If G* is a dual of G then Gisadualof G* | (CG¥= &

(3) The degree of a vertex in G* is the degree of the corresponding face of G.
(4) The dual of a simple graph may be a multigraph.

Examples

Fl  H o=

-

Michael Monagan and Jamie Mulholland 10 / 10



