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We have already seen that the generating function

1

1—x

oo
AX)=1+x+2+x0+...=) x"=
n=0

1

has a compact represenation as the rational function ;= . Generating functions
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which can be compactly represented as rational functions will be our main subject.

Definition
A generating function A(x) is called rational if it can be expressed as
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where p(x) and g(x) are polynomials. Ly s ReaF o
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Our main interests with rational GF's are:
(1) Given a sequence of numbers express it as a rational GF ?

(2) Given a rational GF, find the associated sequence (coefficient extraction)
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Two useful generating functions

AX)=14+x+x"+x34 ... Zx”:
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A{x)=142x+3x"+.. Z(n—i—l T
Using just these two GF's with ba5|c arithmetic operat|ons gives us the ability to
describe many other GF's.

Example 1. Determine the sequence for the GF
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Example 2. Determine the sequence for the GF
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Definition ( Substitution )
Let A(x) = ap + a1x + axx®>+ ... be a GF and ¢ be a constant. Define
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Alcx™) = ag + al(cxm) + a2(ex™)? + az(cx™ Z b
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Example 1. The GF for nickels is N(x) =1+ | O T () hupslfl = e,
Express N(x) as a rational function.
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Example 2. What is the GF for 1,—-1,1,—-1,... 7
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Example 3. Express C(x) =1 — 2x + 4x® — 8x% 4 16x* — ... as a rational
function.

Ciny = \ +(2h*(2D 1.(--2,{) (=2t +---
(D= A(-2X) = /(=) =/ Bx).
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Exercise. Find a rational GF for the sequence 1, —-2,3,—4,5,—6,... 7

Al = 14454 = /(=) )
A1) = 14»21*31 e = W e

BO6S = 1—2X+3 ¢33k = A=X) = 1 /(1= RN= (/)

Example 4. Express D{x) = —X'-i- 2x2 — 3x3 + 4x* — ... as a rational function.
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Using substitution and our two basic GF's A(x) =1 + x + x* + ... and A'(x) we
can now determine the coefficients for any GF that has tRe form
) p(x)
ax + b (ax + b)?
Problem 1. Find the coefficient of@in the GF
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Problem 2. Find the coefficient o in the GF \
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