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We have already seen that the generating function
o 1
= 2 3 o n__
A(x) =1+ x+x"+x +...—§x S—

has a compact represenation as the rational function l_lx Generating functions
which can be compactly represented as rational functions will be our main subject.

Definition

A generating function A(x) = ag + a1x + a2x? + ... is rational if it can be

expressed as
14 X B @
=2 Al = a(x)

where p(x) and g(x) are polynomials and g(x) # 0.

V SN a )
= Olo+o,X+QX +-{ + QL+ -
~_

(1) Given a sequence of numbers express it as a rational GF ?
(2) Given a rational GF, find the associated sequence (coefficient extraction)
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Two useful generating functions

o0 1
- 2 3 - n__
AX) =1+ x+x*+x +..._n§_0:x =1
(s o] 1
] - 2 - o
A(x) =1+42x+3x +...—"EO(n+1)x =T

Using just these two GF's with basic arithmetic operations gives us the ability to
describe many other GF's.

Example 1. Determine the sequence for the GF

1
i G —7—5-7:’-‘1-— = = x3(1+x+x1'1--»-) —2.(|+;(+;¢..+---)
1-x (—> - . .

= 3('_14--‘7(:.“"-\-)54----- ——'('?_‘f'ZDC.'t'Z.X-‘I'Z;(_,T----)

= be 4
— —-Zh-axuzxz_x_x_._.

c% @ Sequeni (S -—Z,—-Z,’—Z) =Y -—\) —-]3-... 4
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Example 2. Determine the sequence for the GF
2x2 4+ 5 2 | \

— = S -— I ]

= 25 ((+2x 1-@1@-#4)34---3-&- S‘(H-Z»L 1-@,@4-- e YT

AN
= S (fo+N+ (24 5D+ -+ (2o PHHOH) -
n+3

n =/ ,ﬁ./ n=o
L2} = s
T3 foe ny 2.
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Definition ( Substitution )

Let A(x) = ap + a1x + axx? + ... be a GF and c be a constant. Define

A(ex™) = a0 + a1(cx™) + az(cx™)? + az(cx™)? - = ) 3,c"x™.

>
Example 1. The GF for nickels is N(x) =14 x> 4+ x10 4 ... =Y x5 = Nt

Express N(x) as a rational function. ‘?\ K K2 r\c_lr.e(f, Q_CDL) '

no aiche(t (niche
Alc) = S — PARSSC)
Vg e e
N(:D)—l'}:(,-hc Ph o —l/(\-

N = A(xS)
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Example 2. What is the GF fo
Bed= | —= + =+ - > -

o R T s

Bx)= (‘3‘*37—"1-1-%-:(-) +E03 = |/C (_3)3 H-.x-
Examlple 3. Express C(x) = 1 — 2x + 4x2 — 8x3 + 16x* — ... as a rational
function. A(X\‘_ l +)L.+'"JL- g )L?-é ,.__/L_r__/x i
Ala= | -2 H(-2" +(-zx5 (-—zﬁ)+~--
= 0Ly,

e R B R

T 1
C(L)ﬂ A2 = -_(—-u) T
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Exercise. Find a rational GF for the sequence 1, -2,3, —4,5,—6,... ?
ALD = XA Tt W3 = I/ 1)
A=\ 2 £ IRE ¥ = L (=0s

BA)=| 2% + T u S — = A0 \
.
e I/(l—"l“'j—)3 = (H_)Q'L

T

Example 4. Express D(x) = —x + 2x2 — 3x3 4 4x* — ... as a rational function.
% 2 B s

— - Bx

o
( Y
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Using substitution and our two basic GF's A(x) =1+ x + x? + ... and A'(x) we= | + 7_}(_-} 32. ke
can now determine the coefficients for any GF that has the form \l

p(x) p(x) (t-—;xb [/([ -x)*
4

ax+b (ax + b)?
Problem 1. Find the coefficient of x¥ in the GF

x%/3 | \
C(x) = -_— .
(*) 2x+‘3/.3 % |+'3'§3(, ‘
ACEY= | =S+ B — - e v
e O T
o= % [l—- e %"%f----(-o“és)w 1

k B Al & ST {20k e\ B er2
Ealle g Al
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Problem 2. Find the coefficient of x* in the GF
2 1\ /4

oo X _ o Ve 2 1
D(x) (x+22 — X A = 2‘% (H—%xy_
Al = V42034 4L+ = ("T)qz
A= | = S . N+ DC,V\q—'---
C2) =X b L 4—(\@_/_’\
T ) ¢ Z w
Do) =(E W 2y= %7 — 4L T 5 4 ()0 X4
2* ~N—Z
ke “4 2
(—\) ('Z-'D ﬁf k}a
i 2%
(A ne) =
O A k=0l

(heck. h=3. ()2 _
z (%
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