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Definition ( tree, forest and leaf )

Let G = (V, E) be a multigraph. G is a tree if G is connected and G does not
contain a cycle. G is a forest if G does not contain a cycle. A vertex of degree 1 A- A S & ‘Qreﬁ.

is called leaf or pendant vertex. A ‘FOFQST W‘y /\0\{"
Examples c PO\{'V\ o & “Hee.o
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Since a tree cannot have loops or parallel edges, it is a simple graph.
We previously showed that every graph with all vertices of degree > 2 must have a
cycle. Therefog evay tree with > 2 vertices must contain a leaf. Later we will see AhalHrees hae 2 Z
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Lemma Show
If T =(V,E) is a tree with leaf v then T — v is a tree. E T=v 1§ ¢

Eiret obsece £ T—v~ has a cycle

Proof
/I’ T@” Aen T has a %oQ Jwelh wsufd @ﬂ\lmdid' T fbfé.
W

Let upe V i Ugwgrs Tat & a pda
bomw U w m T (asTis comecled) T orlY
o vertices of degoe | M o path are the ewd Vettlo.
Al other verTiceS have deywl =2 Z.
So U (s deget \y T not om Tl pall.
Thee e tn T—V (LR 1 a pal fomt U Ho W
Theedoe  T-V 3 conneoted.

This observation gives us a powerful tool for proving properties of trees. Try using
induction on the number of vertices and, for the inductive step, deleting a leaf
then applying the inductive hypothesis.
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Theorem ( unique paths )

If T=(V,E) is atree and u,v € V are distinct, there is a unique path in T with

ends u, v. —

PrOOf'(iSO\‘ﬂ“n\’PWM%’J\ A‘]’Y‘Q.QTLCM\/\ZC{CQM 30772.2?1
o ot fom o V.

(patn 16 whiGae ). Towadls a arrhadictm  Sapppr Tl 7S
auwoth 8/ Pﬁn\ AR Lom u b V. S R+ P thee Gt

u P % he at leask o et e€E That on &
g bt wnot on P ek = 74,b7.
T e Q Aotia T—e & comecled . Theede ¢
16 ™M oo ocucle T U coitead it
T T a ee.

So et B 4 ungue path Aom Ut U-
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Theorem ( main property of trees )
[T = (V, E)lis a tree then [V] = [E| £ 1.=> IE = M=l s
If G=(V,E) is a forest with k trees then |V| = |E| + k.
Proof. @\9 mdaction on V). Lot n=IV]I =T
Baks Nn=\ T 1s 1l sma\e;\m Jertgx: w1 ¥ 7
Hag W=l 4 1E(=0 aud  V[=E[+I
Tad. S'f’P,P: ot & ‘
Tod. Hypotheoit,  Assamt [V|=(E(] lolds fo0 any e s

N et .

+ v bk a leat W T
%Lew =4 I8 & e b W= vedtes
4 oud B\=\ edo 5y yaduction

T satskes 6\”__\) = Q_!:,]—-BA— | = NI=EV+ L
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Proof {cont).

Ry induction sn ny (V[ =(E|5|  halds Lfor all —ezp WERN verti@o.

Forett. Lot TiToyesTe be fle ey i o fret G-
_ | @5 fe Fiat pat 4 1@ Tleotm
Wil = el v 12ock M’E:—[\/g,)Ea)
gu\MMiﬂ@ ows L we goft
Wi\ +[V2 ) +-+| o= (I€\+1) + (tE21+) +"'+[|§g\+0
S TR o e
=] TEr
S, WI=IE(+k # afamdtd k Frees.
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Lemma

If G = (V. E) satisfies |V| = |E| + 1 then G must have a vertex of degree 0 or at

least two of degree 1. = \E\=|VI—I- J © b %
Proot. [ of M=Vl and et Ro be T I vertiw, 3) degee O

oud ey & 1 4N vetiss d) dgpee | G e want

b thow Tt o2 | o Ry > 2 (o both).
Cmsides 1 Aeqee Sam Lremulo fom (-4

2|E| = = oleg) /afW‘

veV L k)
2iel=2(V-0) > ok i+ 2022 g 32
2(0) 2 k) + Zn—2k,— 2
272 2 2R+ R~ 2k 22,
Ry+2ke = 2. = =2 & 7 2
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Lemma
Every tree T = (V,E) with |V| = 2 has at least two leaves. J

Ca
Proof. T3 adee = T % oanected

pd T o =) eveny vertex has dogreaz
= Thae al no vertexes d) Ay - roJ ou)

P
= e e >z verfied) A ) (Lamma
—=) fhok ae “wo /QQ'/C vertices .
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S LT

Michael Menagan and Jamie Mulhclland a/8



