|Assignment 5 Question 1 (factorization in Zp).

> restart;
p:=11; "nod := nods;
p=11
mod := mods
B al : = xXM+8*X"2+6* x+8;

al =x*+8xX +6x+8

> Ged(al, diff(al,x)) nod p:
1

[ The polynomial is square-free so there are no repeated factors so we use the Cantor-
| Zassenhaus method.

> g = Ced( al, x"p-x ) nod p;
gi=x"—3x¥-5x-3

;So g is a product of 4 linear factors. Splitting
>h :=GCGed( g, x* (p-1)/2) - 1) nod p;
h:=x+2

fl:=x+2

>g = Qo( g, h, x) nod p;
g::x3—2x2+x+4

;It remains to split g which is a product of three linear factors.
>h = Ged( g, (x+1)™((p-1)/2)-1 ) nod p;
h:=x+3

> f2 := h;
f2:=x+3

Quo( g, f2, x ) nod p;
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g:=x2—5x—|—5

>h := Gd( g, (x-1)75-1) nod p;
hi=x*—5x+5

(> h = Ged( g, (x+2)75-1 ) nod p:

h:=x+1
_>f3 D= XH+1;

[3i=x+1
(> f4 := Quo( g, 3, x ) nmod p;

f4:=x+5

:We are done. The factorization is



> al = f1*f2*f 3*f 4;
X +H8X +6x+8=(x+2) (x+3) (x+1) (x+5)
;ProblemZ
> a2 = XN6+3*XN5-XN4+2* xN3- 3* X+3;
a2:=x+3xX - xX*+2x -3x+3

> Ged(a2, diff(a2,x)) nod p;

1
E g := Ged( a2, x"p-x ) nod p;
gi=x+2
;So a2 has one linear factor.
>fl .= g;
fli=x+2
(> h := Quo(a2,g,x) nod p;

hi=xX +x'-3X -3xX—-5x—4

Ged( h, x*(p"2) - x ) nod p;
g.=1
If h has no linear and quadratic factors of a, there cannot be any cubics, so we can stop.
| We have
> a2 = f1*h;
M43 - +2xX -3x4+3=x+2) (X +x*-3x¥-3x¥—-5x—4)
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;Problem3
> a3 = XABHEXNT+HXN6+2* XN4+5* XN3+2* xN2+8;
a3 =X+ X+ +2x 58 +2x4 +8

> Ged(a3, diff(a3, x)) nod p;
;This time | will use Powmod.

> w : = Pownod(Xx, p, a3, x) nod p;
wi=-3x —4xX°+3x¥ -2 -5x+3

> g := Gd( a3, wx ) nod p;
g:=1
(> w = Pownod(w, p, a3, x) nod p;
wi=-5x —2X-3xX -3X +2X +5x+4
(> g 1= Ged( a3, wx ) nod p;

g::x2+x+1

;So a3 has one irreducible quadratic factor.
>f1 :=g;

f1::x2+x+1



> h := Quo(a3, g, x) nod p;
hi=xX+2x¥ +3x—3

Now the next computation of gcd( h, xp?’ — X ) with p=11 is quite large so we'll do it more
_carefully.
> w:= Powod( w, p, h, x ) nod p;

wi=X

>g := CGd( h, wx ) nod p;
g::x6+2x2+3x—3

| Therefore we have two cubic factors (and nothing left). To split them we try
| > Randon¥l1l : = rand(p):
> r = x"3+add( RandonZll()*x”i, 1=0..2);

Fi=xX+5X+9x+6

> w := Pownod( r, (p"3-1)/2, g, x ) nod p;
w:=5x5—x4—2x3—x+2
(> h:= Gd( g w1) nmod p;
hi=x-3x-5
_>f2 = h
f2:=x-3x-5
[> 3 := Quo(g, h,x) mod p:

f3::x3—|—3x+5

;So the factorization of a3 is
> f1*f2*f 3;
(¥ +x+1) (¥ =3x—5) (X +3x+5)

> Expand(a3-f1*f2*f3) nod p;
0

| For the second part of the question we need to factor the polynomial
> x"2-a;
X —a

:modulo the following prime p
> p = 10720+129;
p:=100000000000000000129

fora =3, 5and 7. We cannot compute gcd(x2 —a, X’ —x) mod p without using binary

powering with remainder this time. We compute the remainder of X’ divided h(x) = X —a
| using powmod.

>for ain[3,5 7] do

h := x"2-a;
w := Powrod( x, p, h, x ) nod p;
g := Gecd(h,wx) nod p;




print( x"2-a, degree(g,Xx) );
od:

X —3,2
ﬁ—&Z
X—7,0
;Since for a=3 and a=5 the degree of the gcd is 2, we have square roots for a=3 and a=5.
>a:=3; h:=x"2-a;
for al pha do
w : = Powrod( x+al pha, (p-1)/2, h, x ) nod p;
g := Ged( h, w1 ) nod p;
print('alpha = al pha, deg=degree(g,x) );
if degree(g,x) =1 then S := -coeff(g,x,0); break fi;

od:
a:=3

hi=x"—3
oa=1,deg=0
o=2,deg="2
o=23,deg=0
oa=4,deg=1

28287745671504160848
>a - S"2 nod p

>a:=5 h:=x"2-a;
for alpha from1 do

w : = Powrod( x+al pha, (p-1)/2, h, x ) nod p;

g := Ged( h, w1 ) nod p;

print('alpha = alpha, deg=degree(g,Xx) );

i f degree(g,x) =1 then S := -coeff(g,x,0); break fi;
od:

a:=>5

hi=x"—5
oa=1,deg=0
o=2,deg=0
o=3, deg="2
o=4,deg=0




o=>5,deg=0

oa=06,deg=1
=> S,
14339274750131571137
(> 5-5°2 nod P;
0

The cost of computing gcd(¥* — a, ¥’ mod a - x) is O(log,p dZ) for d=2 so O(log,p)
aritmetic operations in Zp . For the split the expected number of tries is 2. So this cost is
also O(log,p) arithmetic operations in Zp.




