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m := z^2+z+1;

alias( alpha=RootOf(m,z) );

N := proc(f) resultant(m,subs(alpha=z,f),z) end;

f := x^3-x^2+x-alpha*x^2+x*alpha-alpha;

f := unapply(f,x);

N(f(x));

Obviously N(f(x)) is not square-free.  Let's try with  .
r := N(f(x-2*alpha));

gcd(r,diff(r,x));
1

factor(r);

b1,b2,b3 := op(%);

f1 := gcd( f(x-2*alpha), b1, 'q' );

q;

f2 := gcd( q, b2, 'f3' );

f3;

f1 := subs( x=x+2*alpha, f1 ):

f2 := subs( x=x+2*alpha, f2 ):

f3 := subs( x=x+2*alpha, f3 ):

f(x)=f1*f2*f3;



> > 

> > 

evala( Expand(f1*f2*f3) );

factor(f(x),alpha);


