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ABSTRACT
The recombination of an electron and a proton is assumed to occur in the presence of another
proton, which participates in the process. The system of colliding particles is considered as
a quasi-molecule temporarily formed during a collision. This model is employed to treat
the formation of atomic hydrogen in the pre-recombination period of evolution of the early
universe. According to a quasi-molecular mechanism of recombination, two processes are
responsible for the formation of hydrogen in the early universe – a radiative transition of an
electron to an excited repulsive state of H+

2 with a subsequent dissociation into a hydrogen
atom and a proton, and a radiative transition of an electron to an excited attractive state of
H+

2 with a subsequent cascade downward to a low-lying repulsive state. The participation
of the nearest neighbouring proton in the process is shown to decrease the probability of
recombination on an isolated proton.
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1 IN T RO D U C T I O N

The binding of a free electron with a proton accompanied by
emission of radiation, i.e. a radiative recombination, is one of the
most fundamental processes in atomic and molecular physics. This
process occurs in natural and laboratory plasmas, in the Earth’s
atmosphere, in the interstellar medium, etc. The recombination of
electrons and protons plays an important role in astrophysics as this
process was responsible for the formation of atomic hydrogen in
the early universe. In this work, we treat the recombination epoch,
before the period of evolution of the universe when heavy atoms
and molecules appeared.

As the universe expanded, it concurrently cooled, eventually to
a point at which the formation of neutral hydrogen and helium
atoms was favoured energetically. At redshift z � 5000 − 8000,
the recombination of doubly ionized helium occurred, He III→He
II; at z � 1600 − 3500, the recombination of singly ionized helium
occurred He II→He I, and eventually at z � 500 − 2000 recombina-
tion of hydrogen took place, H II→H I. At the end of recombination
epoch when z � 1000 the temperature of matter and radiation
decreased to T � 3000K and photons decoupled from matter in
the universe.

� E-mail: tamaz.kereselidze@tsu.ge

According to a fundamental mechanism (Peebles, 1968;
Zel’dovich, Kurt & Syunyaev 1968), a proton and an electron can
combine efficiently into a hydrogen atom only in excited state, from
which a rapid cascade occurs into a state with principal quantum
number n = 2; a direct radiative combination into the ground state
is inefficient because the resulting photon has energy greater than
that sufficient to ionize an adjacent hydrogen atom that must hence
dissociate, leaving no net result. A radiative decay from state 2 2P

involving one photon or from state 2 2S involving two photons then
yields a hydrogen atom in its ground state.

Because of the extreme importance of recombination for the
determination of cosmological parameters, several research groups
have revised the details of this scheme of calculation (Dubrovich
& Grachev 2005; Chluba & Sunyaev 2006; Wong & Scott 2007;
Hirata 2008; Ali-Haı̈moud & Hirata 2010; Grin & Hirata 2010).

Using an effective multishell multilevel approach, Chluba and
Thomas (2011) described the recombination problem for hydrogen,
to which these authors added all important recombination correc-
tions discussed in the literature. This work, together with the subse-
quent work (Chluba & Ali-Haı̈moud 2016) marked important steps
towards a new cosmological recombination code that is applicable
in an analysis of the cosmological recombination radiation. With
data sets from the Planck Surveyor cosmologists can determine key
cosmological parameters with unprecedented precision, enabling
one to distinguish between various models within the big bang
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theory. For a further discussion of the problem, see reviews (Sunyaev
& Chluba 2009; Glover et al. 2014; Kurt & Shakhvorostova 2014).

The formation of hydrogen in the early universe is a pro-
cess so fundamental and important that all possible mechanisms
of recombination must be included in the calculation. Despite
substantial refinement, the recombination of an electron and a
proton in the presence of another proton, i.e. a quasi-molecular
mechanism to form atomic hydrogen, has not been discussed in the
literature, and has accordingly been excluded from calculations of
the cosmological recombination radiation.

Here, we present a quasi-molecular mechanism for the formation
of hydrogen in the early universe for its further inclusion into
calculations. We assume that, before the recombination period (z �
2000 − 8000) when the temperature was greater than subsequently,
the recombination of an electron and a proton and the consequent
formation of atomic hydrogen in an excited state occurred in the
presence of the nearest neighbouring proton, which participated in
the process. The system of three colliding particles – an electron
and two protons, we consider to act as a quasi-molecule temporarily
formed during a collision. The influence of another proton was
obviously efficient if, at the beginning of the recombination period,
the average distance between protons was comparable with the
radius of a hydrogen atom in an excited state.

In this article, after stating our objective, we estimate an average
distance between protons at the beginning of the recombination
period and analyse the quasi-molecular mechanism of recombina-
tion. We proceed to develop a scheme of calculation in Section
3, before a conclusion. Unless otherwise indicated, atomic units
(e = m = � = 1) are used throughout the paper.

2 QUA SI- M OLECULAR MECHANISM OF
R E C O M B I NAT I O N

To begin, we estimate the average distance between protons at the
beginning of the recombination period. This distance is estimable
if one assumes that, before recombination, the reaction e + p →←
H + �ω was in statistical equilibrium, i.e. the rate of radiative
recombination was balanced with the rate of photoionization.

In statistical equilibrium at temperature T , the number density
na of particles with mass ma is given according to the Maxwell–
Boltzmann equation,

na = ga

(
makBT

2π�2

)3/2

e− mac2
kBT , (1)

containing statistical weight ga of particle a, Boltzmann constant
kB, reduced Planck constant �, and speed c of light. This expression
applies in the non-relativistic regime, i.e. when kBT � mac

2.
From equation (1) for the hydrogen atoms, protons, and free

electrons, we obtain an equation that relates the number densities
of these particles,

npne

nH
= gpge

gH

(
mpme

mH

)3/2

×
(

kBT

2π�2

)3/2

e− (mp+me−mH)c2

kBT . (2)

Equation (2) becomes simplified when one considers that the
ratio of the statistical weights is unity, mH � mp, and expression
(mp + me − mH)c2 in the exponential factor is the binding energy
of the hydrogen atom, i.e. the ionization energy, I = 13.6eV. With
these simplifications, one obtains the Saha equation

npne

nH
=

(
mekBT

2π�2

)3/2

e− I
kBT . (3)

Figure 1. The average distance between protons as a function of z. Straight
lines correspond to the radius rn = 2n2a0 of the hydrogen atom in the excited
state with principal quantum number n; νn,n−1 is the redshifted by z = 1100
frequency of the emitted radiation corresponding to the α transition n →
n − 1; a0 = 0.529 × 10−8cm is the first Bohr radius of hydrogen.

On substituting the values of constants into equation (3), the Saha
equation becomes rewritten as

npne

nH
= 2.415 × 1015T 3/2 exp

(
−157820

T

)
. (4)

The average distance between protons, R̄ is related to the number
density of the protons according to R̄ = n−1/3

p . Substituting in the
latter equation np defined from equation (4), we obtain R̄ as a
function of absolute temperature T and ratio nH/ne,

R̄
/

cm = 7.45 × 10−6

(
nH

ne

)−1/3

T −1/2e
52606

T . (5)

If we assume electrons to be in equilibrium with hydrogen atoms
at the beginning of the recombination period, we determine the
dependence of R̄ on redshift z. Fig. 1 shows R̄ as a function of z

calculated using equation (5) in which nH = ne. The deviation of
this obtained dependence from that calculated with recombination
code COSMOREC (Chluba & Thomas 2011) is important for z �
1500. For such z the recombination occurs more slowly than in
the equilibrium case (see fig. 3 in Sunyaev and Chluba 2009). For
z � 1500 equation (5) with nH = ne hence reproduces satisfactorily
the dependence of R̄ on z.

Fig. 1 shows clearly that, for z � 2000, the average distance
between protons is comparable with a radius of the hydrogen
atom in a highly excited state. We thus deduce that, at the
beginning of the recombination period, two protons participated
in the recombination; i.e. the quasi-molecular mechanism of re-
combination was responsible for the formation of atomic hydrogen
in the pre-recombination period. The quasi-molecular mechanism
of recombination is thus efficient at z � 2000 mainly for n � 100.

After the emission of a photon, the electron and two protons
formed the hydrogen molecular ion H+

2 in a highly excited electronic
state. The formation of H+

2 in ground state 1sσg and first excited
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Figure 2. Energy terms Ug,u(R) of H+
2 as functions of distance R between

protons. Solid curves denote σ terms; dotted curves denote π terms; and
g and u stand for the even and odd electronic states, respectively; ε0 =
mee

4/�
2.

state 2pσu (the quasi-molecular states are specified with quantum
numbers nu, lu, mu that characterize an electron in the united atom,
R = 0) was inefficient because in that case the emitted photon was
so energetic that it almost immediately re-ionized a neighbouring
hydrogen molecular ion.

In the pre-recombination stage, the duration of a collision of two
protons was about 10−14 s or less, whereas the time of an electronic
transition in H+

2 is of order 10−8 s. Hence, if H+
2 were formed in a

repulsive (antibonding) state (states 2pσu, 2sσg, 3dπg, 3pσu, 4f σu,
and 3sσg in Fig. 2), it would rapidly dissociate into an excited
hydrogen atom and a proton,

(6)

whereas, from an attractive (bonding) state (3dσg, 2pπu, 4f σu,
4f πu, and 4dσg in Fig. 2), H+

2 would cascade downward to the
low-lying states,

H+
2 (n) → H+

2 (n − 1) + �ω. (7)

In the latter case atomic hydrogen might be formed in a transition
from the bound to an unbound quasimolecular state.

The quasi-molecular mechanism thus leads to a radiative tran-
sition of two types: free-bound with a subsequent formation of a
hydrogen atom (reaction 6), and bound–bound (reaction 7). One
should note that a direct electronic transition from an excited
bonding state to state 1sσg leads to the formation of H+

2 in the
ground state, but these transitions have small Franck–Condon
factors, because the minimum of potential energy for the ground
state occurs at an internuclear distance much smaller than those of
excited states. From an excited bound state, a cascade downward
is likely a more effective process for the formation of H+

2 in the
ground state. This quasi-molecular mechanism of recombination

hence allows the creation of a hydrogen molecular ion, whereas the
formation of H+

2 is impossible in an electron–proton recombination.

3 SC H E M E O F C A L C U L AT I O N

Our approach is based on an adiabatic representation of the process.
This representation is valid for the temperatures and densities
characteristic of the recombination epoch. The objective is to
calculate the probability of a free–bound and a bound–bound
radiative transition of an optimally maximum number of channels
in equations (6) and (7). Because a configuration of protons
experiences no significant changes when an electron is undergoing
a transition from the continuous to the discrete spectrum, the
probability depends on R− the distance between protons at which
the radiative transition occurs.

The probability of a free–bound and bound–bound radiative
transition is defined as (Heitler 1954)

Wif (R) = 4ω3
if

3c3
|d if (R)|2, (8)

in which ωif is the frequency of an emitted photon,

d if (R) =
∫

	∗
i (r, R)r	f (r, R)dr (9)

is the transition matrix element given in the dipole approximation,
r denotes the position vector of an electron; 	i(r, R) and 	f (r, R)
are the wavefunctions of an electron in the initial and final states,
respectively.

These wavefunctions are solutions of the Schrödinger equation
(

−1

2

r − 1

r
− 1

|r − R|
)

	 = ε	, (10)

in which ε is the electron energy; 	 = 	i(r, R) with ε = p2/2 > 0
for the initial continuous state and 	 = 	f (r, R) with ε = εf (R) <

0 for the final discrete state.
The variables in equation (10) are known to be separa-

ble in prolate spheroidal coordinates ξ = (r + |r − R|)/R, η =
(r − |r − R|)/R, ϕ = arctan(y/x) (1 ≤ ξ < ∞, −1 ≤ η ≤ 1, 0 ≤
ϕ < 2π). The eigenfunctions are representable as a product of three
functions, of which two contain R as a parameter. These functions
are solutions of the 1D equations, which become the familiar radial
and angular equations when R → 0. The functions with non-zero
R might hence be called spheroidal quasi-radial and quasi-angular
functions.

In our treatment, we assume that the foci of spheroidal co-
ordinates are located on axis z with coordinates z1 = 0 and
z2 = R; an electron with a momentum p (p, θ p, ϕ p) collides
with two protons that are situated at the foci. We expand the
wavefunction of the colliding electron in the basis of spheroidal
functions, ψpqmi (ξ, η, ϕ, R) = Xpmi (ξ, R)Yqmi (η, R)�mi (ϕ), which
correspond to the continuous spectrum

	i =
∑

q

∑
mi

∞∫
0

Cpqmi (θ p, ϕ p, R)ψpqmip
2dp. (11)

In equation (11), Cpqmi are expansion coefficients, �mi =
e±imiϕ/

√
2π, mi is the modulus of the projection of electron angular

momentum along axis z, and q stands for a number of nodal
surfaces of quasi-angular function Yqmi (η, R). Taking into account
that spheroidal functions are orthogonal and normalized, one can
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readily obtain that

Cpqmi (θ p, ϕ p, R) = R3

8

∞∫
1

1∫
−1

2π∫
0

ψ∗
pqmi

(ξ, η, ϕ, R)

×	i(r, R)(ξ 2 − η2)dξdηdϕ. (12)

Substituting in equation (12) expression (A2) derived in the
appendix for 	i(r, R) and performing integration over spheroidal
coordinates makes evident that expansion coefficients Cpqmi depend
on the orientation of the colliding electron.

The wavefunction of the final state is taken to be

	f = Xnξ mf (ξ, R)Ynηmf (η, R)�mf (ϕ). (13)

Here, Xnξ mf (ξ, R) and Ynηmf (η,R) are the spheroidal quasi-radial
and quasi-angular functions corresponding to the discrete spectrum,
nξ and nη denote numbers of nodal surfaces, and mf is defined
as in equation (11). Spheroidal quantum numbers nξ , nη, and mf

are related to the united-atom quantum numbers according to the
correlation rules nu = nξ + nη + mf + 1, lu = nη + mf , and mu =
mf (Bates & Reid 1968; Kereselidze 1987).

Substituting equations (11) and (13) in equation (9) and
performing integration over the azimuthal angle ϕ, we obtain
that

d if = i(x)if + j (y)if + k(z)if, (14)

(x)if = ±i (y)if = R4

32

∑
q

Cqmi

⎛
⎝

∞∫
1

XpmiXnξ mf

×
√

ξ 2 − 1ξ 2dξ

1∫
−1

YqmiYnηmf

√
1 − η2dη

−
∞∫

1

XpmiXnξ mf

√
ξ 2 − 1dξ

×
1∫

−1

YqmiYnηmf

√
1 − η2η2dη

⎞
⎠ , (15)

(z)if = R4

16

∑
q

Cqmi

×
⎛
⎝

∞∫
1

XpmiXnξ mf ξ
3 dξ

1∫
−1

YqmiYnηmf ηdη

−
∞∫

1

XpmiXnξ mf ξdξ

1∫
−1

YqmiYnηmf η
3dη

⎞
⎠ . (16)

The derived matrix elements satisfy the selection rules for
the magnetic quantum number; namely, (x)if and (y)if are
not equal to zero when mi = mf ± 1, whereas (z)if �= 0 when
mi = mf .

Equations (14)–(16) describe the radiative transition from a
continuous to a discrete quasimolecular state. For the bound-
bound radiative transition the dipole-moment matrix elements
are given in equations (14)–(16), in which a summation over

q is omitted and both the initial and final states are described
with spheroidal wavefunctions corresponding to the discrete spec-
trum. These derived equations allow us to calculate the dipole-
moment matrix elements of free–bound and bound–bound radiative
transitions for arbitrary R including R → ∞. These outcomes,
together with the energy terms of H+

2 , enable one to obtain the
various characteristics of processes (6) and (7), such as transition
probabilities, cross-sections, rate constants, profiles of spectral
lines, etc.

A precise quantum-mechanical calculation thus requires a knowl-
edge of the correct wavefunctions of an electron moving in the
Coulomb field of two fixed protons, for both discrete and continuous
spectra. Several algorithms have been elaborated to calculate the
discrete energy terms and wavefunctions of the quasi-molecule
formed from an electron and two bare nuclei. For H+

2 , the most
detailed description of the elaborated algorithm and the results of
extensive calculations are presented by Bates & Reid (1968); this
algorithm might serve to calculate wavefunctions describing an
electron in the bound state.

More challenging is to obtain the wavefunction that correctly
describes an electron in the initial continuous state. Wavefunctions
of this type mostly are calculated numerically. An application of
numerical wavefunctions to recombination involves cumbersome
and tedious calculations. The problem hence requires an alternative
treatment. The purpose is thus to find solutions corresponding to
the continuous spectrum in a closed algebraic form. This problem
is solved in our recent paper (Kereselidze, Noselidze & Devdariani
2019) for large distances between protons.

For the discrete spectrum spheroidal quasi-radial and quasi-
angular functions were derived in a closed algebraic form by
Ovchinnikov and Sukhanov (1965) and Kereselidze, Noselidze &
Chibisov (2003). Describing the colliding electron with an explicit
algebraic wavefunction, we thereby accelerate the recombination
calculation and achieve a realistic runtime.

To our knowledge, calculations of matrix elements corresponding
to a free–bound radiative transition with explicit wavefunctions are
absent from the literature. An algorithm to calculate matrix elements
of a bound–bound radiative transition in H+

2 has been developed
(Ramaker & Peek, 1972, 1973), motivated by problems arising in
astrophysics. The transition matrix elements but for a one-electron
heteronuclear quasimolecule were calculated by Devdariani et al.
(2005).

We proceed to investigate probability Wif (R) of free–bound
radiative transition at large distances between protons. When R

tends to infinity an electron might be attached to either proton.
The unnormalized spheroidal wavefunction that is symmetric or
antisymmetric with respect to a reflection in the plane normal to
and bisecting molecular axis R is hence represented as a sum or
difference of the appropriate parabolic wavefunctions centred on
each nucleus,

	 (±)
nξ nηmf

(ξ, η, ϕ) = ψn1n2mf (μ1, ν1, ϕ) ± ψn1n2mf (μ2, ν2, ϕ). (17)

In (17) μ1, ν1, ϕ and μ2, ν2, ϕ are parabolic coordinates;
n1, n2,mf are parabolic quantum numbers. Spheroidal coordinates
are related to parabolic coordinates as ξ → 1 + μ1/R = 1 + μ2/R

and η → −1 + ν1/R = 1 − ν2/R as R → ∞. Spheroidal quantum
numbers nξ = n1, nη = 2n2 apply to symmetric and nη = 2n2 + 1
to antisymmetric states, respectively.
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Employing the known relation between the parabolic and spher-
ical functions (Tarter 1970), we obtain that when R → ∞,

	 (±)
nξ nηmf

→ψn1n2mf =
ns−1∑
ls=ms

〈
ns − 1

2
,
ns − 1

2
,
τ1

2
,
τ2

2

∣∣∣∣ ls, ms

〉
ψnslsms ,

(18)

in which τ1 = n2 − n1 + ms, τ2 = n1 − n2 + ms, 〈|〉 are the
Clebsch–Gordan coefficients and ψnslsms are spherical wavefunc-
tions of an isolated hydrogen atom. Hence when R → ∞ spheroidal
wavefunction 	 (±)

nξ nηmf
transforms into a linear combination of

spherical wavefunctions ψnslsms with principal quantum number
ns = n1 + n2 + ms + 1, orbital angular-momentum quantum num-
ber ls = ms, ms + 1, . . . ns − 1, and magnetic quantum number
ms = mf .

In the approximation when a splitting between symmetric and
antisymmetric energy terms is neglected, an asymptotic expansion
for the energy of H+

2 is given by (Bates & Reid 1968)

Un1n2ms (R) = − 1

2n2
s

+ 3ns(n1 − n2)

2R2
+ O(R−3). (19)

Equation (19) shows that the energy terms with n2 > n1 are
attractive, whereas the energy terms with n2 < n1 are repulsive at
large distances between protons. For the energy terms with n2 = n1,
symmetric terms are attractive and antisymmetric are repulsive.
Hence, if H+

2 is formed in an excited attractive state, it does not
dissociate. From an attractive state H+

2 would descend to a lower
lying (repulsive or attractive) state with a subsequent dissociation or
cascade down. Only the repulsive quasimolecular states thus create
a hydrogen atom directly. The attractive states form the hydrogen
atom through the intermediate state; these channels accordingly
require an appropriate treatment.

Our objective is thus to calculate the value of
∑

Wif (R), in which
the summation is taken over the repulsive quasimolecular states
only. For given ns and ms one can write that, for large R,

Wrep(R) =
ns−ms−1∑

n2=0

Wif (R) − Watr(R), (20)

in which Wrep(R) = ∑n1
n2=0 Wif (R) and Watr(R) =∑ns−ms−1

n2=n1
Wif (R) are the probabilities of a radiative transition to

repulsive and attractive quasimolecular states, respectively.
Substituting equations (8) and (18) in equation (20) and taking

into account that the Clebsch–Gordan coefficients are orthogonal
and normalized, we obtain that

Wrep(R) = Wtot(R) − Watr(R), (21)

in which

Wtot(R) = 4ω3
if

3c3

ns−1∑
ls=0

∣∣〈	i |d| ψnslsms

〉∣∣2
(22)

is the total probability of free–bound radiative transitions and

Watr(R) = 4ω3
if

3c3

ns−ms−1∑
n2=n1

∣∣〈	i| d
∣∣ψnξ nηms

〉∣∣2
(23)

is the probability of transitions to the attractive quasimolecular
states.

We thus obtain that the quasi-molecular mechanism of recom-
bination leads to an appearance of two terms in expression (21)
derived for the recombination probability. Term Wtot(R) clearly
coincides at R → ∞ with the probability calculated for the re-
combination on an isolated proton, whereas Watr(R) determines the

probability of transitions to the bound quasi-molecular states. The
latter term reduces the probability of recombination on an isolated
proton.

Equations (14)–(16) can be readily generalized for the calculation
of free–bound and bound–bound radiative transitions in a quasi-
molecule formed of an electron and two ions He2+. This can be
achieved by making the scale transformation (Kereselidze & Firsov
1974) and linking the wavefunctions and energy terms of quasi-
molecules He3+

2 and H+
2 .

4 C O N C L U S I O N S

The theoretical investigations over the past two decades provide a
comprehensive representation of the cosmological recombination
and related processes. It is now recognized that all physical pro-
cesses that occurred in the early universe during the recombination
epoch are essentially understood. For a precise determination of
the cosmological parameters, a particular interest is an accurate
calculation of the cosmological recombination radiation. To achieve
this purpose all important physical processes must be incorporated
in the calculation.

In the present work, we have demonstrated that at the beginning
of the recombination period the recombination of an electron and a
proton occurred in the presence of the nearest neighbouring proton,
which participated in the process. According to a quasi-molecular
mechanism of recombination, two processes are responsible for the
formation of atomic hydrogen in the early universe – the radiative
transition of an electron to an excited repulsive state of H+

2 with a
subsequent dissociation into an excited hydrogen atom and a proton,
and the radiative transition of an electron to an excited attractive
state of H+

2 with a following cascade downward to low-lying quasi-
molecular states.

The presence of another proton reduces the symmetry of a field
experienced by an electron from spherical to axial. This reduction of
symmetry leads in turn to the bound–bound radiative transitions that
are forbidden in the case of an isolated hydrogen atom (Devdariani
et al. 2005). This fact should be included in a calculation of the
cosmological recombination radiation.

In accordance with these results, we contend that the existence
of another proton that participated in the process, i.e. the quasi-
molecular mechanism of recombination, must be taken into ac-
count for a complete treatment of the cosmological recombination
problem. We expect an appearance of quasi-molecular features to
be similar to that of a superdense astrophysical plasma. As an
example, we indicate the change of spectral profile in the absorption
spectra of hydrogen-rich white dwarfs. In the far wings of spectral
lines in the Lyman series are exhibited satellites (enhancements)
that are caused exclusively by the quasi-molecular character of
radiative transitions (Allard et al. 1999; Alard, Noselidze & Kruk
2009).

The results of calculations using equations (14)–(16) with
spheroidal wavefunctions derived for the continuous spectrum in
a closed algebraic form will be reported separately.
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APPENDI X:

For the initial continuous state, equation (10) can be written in the
form(


r + 2

r
+ p2

)
	i = V (r)	i, (A1)

in with p = √
2ε and V = −2|r − R|−1.

In the Coulomb–Born approximation, the solution of equa-
tion (A1) is expressible as

	i(r, R) = f p(r) +
∫

Gε(r, r ′)V (r ′)f p(r ′)dr ′, (A2)

in which the first term in the right-hand side is a solution of the
appropriate homogeneous equation (Landau & Lifshitz 1977),

f p(�r) = eπ/2p� (1 − i/p) ei pr cos �

×F (i/p, 1, i pr(1 − cos �)) , (A3)

F (i/p, 1, i pr(1 − cos �)) is the confluent hypergeometric func-
tion and � = arccos(cos θ cos θ p + sin θ sin θ p cos(ϕ − ϕ p)) is the
angle between position vector r and momentum p. In equation (A2)
Gε(r, r ′) is the non-relativistic Coulomb Green’s function, which
in a closed form is expressible as (Hostler & Pratt 1963)

Gε(r, r ′) = �(1 − i/p)

2π |r − r ′|
1

ip

(
∂

∂x
− ∂

∂y

)

×W i
p , 1

2
(−ipx)M i

p , 1
2
(−ipy); (A4)

here x = r + r ′ + |r − r ′|, y = r + r ′ − |r − r ′|, and
W1/ip,1/2(ipx), M1/ip,1/2(ipy) are Whittaker functions.

This paper has been typeset from a Microsoft Word file prepared by the
author.
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