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ABSTRACT

The forms of the dependences on the vibrational
and rotational quantum numbers in the series
representation of thé vibration-rotational energies of
diatomic molecules are discussed. It is concluded that
the most convenient forms for diatomic molecules in 'Z
electronic states are (v+1/2) and (J+1/2) %
respectively.

Recently Bessis et al [1] proposed a
representation of the vibration-rotational terms of
diatomic molecules,
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that differs from the conventional representation

following Dunham [2], correspondingly expressed as
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For molecules in 'z electronic states, Dunham took the

) {v+1/2)° X{4g (2}

function X(J) as simply J{J+1}, and the additional set
of coefficients zke introduced later [3] may be
unnecessary; however for molecules not in !z states
X{J} takes a more complicated form depending on the
quantum numbers for the various angular momenta, and
then the zke coefficients take into account the
additional ©branches of lines in each vibration-
rotational band resulting from spin-orbit and spin-
rotation coupling and other effects. For many years
practising spectroscopists have commonly used relations
equivalent to equation {(2) for the purpose of data
reduaction: their voluminous frequently data have thus
been represented compactly, but adequently to reproduce
the experimental data, by means of a relatively small
set of coefficents Yke‘

The notable variation by Bessis et al from the
Dunham treatment is the replacement of the powers of
(v+1/2) by the factorial quantity vw!. Because the
quantup number v also appears as the upper limit of the
sunmation over the subscript k, there =must be an

inconsistency in the use of this formula for

vibrational energies. For instance, the energy of



THE VIBRATION-ROTATIONAL ENERGIES 727

a 'z molecule in the state defined by the gquantun
numbers v=1 and J=0 is precisely ¥,,, - ¥,,, as if no
further coefficients ¥y, had been determined; then the
difference of energy E,,, - E,,, is Y,,, + 2Y,,, from
equation (1) above and their [1] equation (10} that

gives the correspondences between ¥ and ¥

k¢ ke’

specifically,

v, = 15k, (3)
in contrast, according to equation (2) with terms up to
(v+1/2)* the corresponding difference E,,, - E, 6, is
Y,,0 *+ 4Y,,0- For similar reasons equation (1} implies
that for some -elevated values of the vibrational

quantum number v the calculation of the energy of that

state reqguires that v, be known; thus for the
ro

vibrational energy of the state of CO with v=41, which

can be accurately calculated [4] with Yk . up teo k=%,

all the coefficients ¥ up to k=41 would be required,

kl’D
thus implying terms in the potential-energy function
f1} containing up to h,, {equivalent to a,, in the
Dunham [2] potential-energy function)! Apart from the
absolutely intractable complexity of those analytic
expressions, clearly one achieves no net data reduction
whatsoever of vibrational energies through the use of
equation (1): rather than resorting to this cumbersome,
complicated and inconsistent formulation [l], one would

do better simply to use directly the wvibrational
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energies G(v)}. Also, according to the formulation of
Bessis et al, the coefficient v, , (omitted from their
{1} compilation of results) must accept all the
zero-point energy implied by the inclusion of the

addend 1/2 in the power series of the argument {v+1/2):
v k
Y¥o,0 ™ Yk (1/2) {4)
k=0 + o
m Yo, o+ 1/2 Y, o+ 1/4 Y, , +
Furthermore the list of correspondences in equation
{B2) of Bessis et al [1] is misleading because there

are also omitted the higher contributions resulting

from the factors of (1/2)k in Yot ¢ 0; for instance,

Yo, = Be + 1/2 ag * oo - {5)
A set of expressions for all Yks' 0¢k<6 and
0<e¢{12-2k), directly in terms of BE, W, and the
coefficients aj in the potential-energy function due to
bunhan {2},
2 -
€ P J _
¥i{x) = —/— x2 (1 + z a_x’) , =x=(R-R_}/R {6)
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including all terms containing contributions up to a,,,
plus Y., , (of order a,,)] and Y¥,,, {a,,), has been
derived {5} and checked algebraically [6]); similarly
all terms in Yy, UP to ¢,, in the potential-energy
function [7] that, unlike the Dunham function, suffers
from no convergence problem in the range O0(R{(® and has

alsc other useful properties [8],
2

vi(z) = 4§e z? (1 +j:1cjz3} ,» 282(R-R_)/(R+R ) (7)
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have been obtained, checked and published [9] in
machine-readable form (FORTRAN code). Expressions for
zke' 0<k<0 and 0<¢(9-2k), have also been derived [5]
(and checked) in terms of the coefficients ay and kj:
the latter are the parameters in the power-series
expansion

K(x) = £ ijj, (8)
that may be used for diatomic molecules to represent
various vradial functions, such as the spin-orbit
coupling function A(x).

A further question concerns the form of X(J) for
diatomic molecules 1in 'z states. By means of
experimental measurements through pumping of states
within pure rotational manifolds, one can certainly
prove that the differences of rotational energy between
successive rotational states (in the v=0 vibrational
state, for instance), starting from the purely
vibrational term, are to a sufficient approximation

2B,, 6B,, 12B,, 20B, etc.; the effects of centrifugal

distortion can be easily taken into account without

affecting the argument to follow. Such a series of
energy differences is consistent with the
representation of rotational energies as

B,(J%+J+constant). The two values of the constant that
have used in the past are 0 and 1/4. The value 0 1is

consistent with the form of the function X(J) = J(J+1)
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used by Dunham [2]; however, it should be noted that
Punham introduced ad hoc this form into his formulation
rather than obtaining it as a necessary comsequence of
his theory. J(J+1) having thus been introduced in this
way, naturally the resulting vibration-rotational
energies {(equation 2) are expressed in terms of powers
of the same quantity. The alternative introduction of
(J+#1/2)* has the effect of altering slightly the
numerical values of the coefficients th in any
spectroscopic application without changing the nature
of the physical meaning, although small terms of higher
order {of magnitudes <conparable to similar terms
already existing din the Dunham [2] theory) are
generated in the analytic expressions of Yke' The form
(J+1/2)2% was in fact used for rotational energies in
early investigations of molecular spectra [10], and of
the two forms J(J+1) and (J+1/2)* "it seems to be more
or less a matter of convenience which form one would
like to choose" ({11]. The term Y,,,, the coefficient
ot zero powers of both v and J,

Yo, 0% B /4 + aewe/(lzse) + u;w;/(144B;)'waxe/4 {9}
according to the Dunham theory [2] contains precisely
the rotational <contribution Bafﬂ [12) that 1is the
difference Be¢J+1/21' - BeJ(J+ll. Thus the assertion
{13) that the inclusion within (J+1/2}?* of the addend

1/4 has the effect of raising the eigenvalues 1is
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incorrect, because this term (as 39/4) is in any case
present in the vibrational energies and can simply be
transferred from Y, ,. The removal of Befd from Y, 4
in fact leaves the remairing terms tending to cancel
one another (at least for a molecule in its ground
electronic state). Horeover it should be noted that
the contribution Y, , to the energy arises in the
Dunham theory from the ©purely vibrational motion,
before the centrifugal term is introduced 1into the
procedure. Many years ago, Kemble [14,15] and Langer
[16] each demonstrated that ({(J+1/2)2* is in fact the
preper form to use in the centrifugal term in the
effective potential energy, whence the same form will
appear in the vibration-rotational energy terms within
X(J). Because the forms of the sa0lutions of the

coefficients ¥ in terms of the potential-energy

ke
parateters aj are independent of the method of solution
(whether semiclassical according to the JWKB procedure
{21, quantum-mechanical accaording to Rayleigh-
Schredinger ©perturbation theory [17], or «classical
according to Fourier analysis [18]), the applicability
of the form (J+1/2})? should not be an artifact of the
JWKB approach.

¥With the vibrational and rotational gquantunm

numbers both entering the Dunham [2] energy equation

(2) in a similar form, viz. (v+1/2) and (J+1/2), it may
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be germane to consider these numbers in a different
way: at least for 'z states, instead of being integers
starting at zero and having the addend 1/2, they may be
more conveniently considered to be simply half the odd
positive integers, i.e. ; = 1/2, 3/2, 5/2 --- ; & =
1/2, 3/2, ---. Analogously the mass-reduced quantum
numbers [19] can be generated simply by dividing each
of ; and 3 by pK.

In conclusion, it is clear that the form v! is not
a useful alternative to represent the vibrational
dependence of vibration-rotational energies, but that
(J+1/2)2% is a convenient form of X(J) in equation (2)

for 'z diatomic molecules.
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