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Enumerating ®nite groups and their de®ning relations
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(Communicated by A. Shalev)

Abstract. We give upper bounds for the number of ®nite soluble groups of a given order and a

given number of generators, and for their number of de®ning relations. We conjecture that similar

bounds are valid for all ®nite groups, reduce the problem to the same one for simple groups, and

remark that for most simple groups it has been solved already. Finally, we show that for p-groups,

a lower bound of the same order of magnitude as the upper bound exists.

1 Introduction

Let f �n� be the number of (isomorphism classes) of groups of order n. If n � pe1
1 . . . pek

k

is the prime power factorization of n, let m � m�n� � max ei. Then it is known that
f �n�U n�2=27�o�1��m2

; see Pyber [11]. This bound is achieved if n is itself a prime power;
see Higman [5]. There are also estimates for the number of groups with some given
restrictions. Here we are interested in the number f �n; d� of groups of order n which
can be generated by d elements, for which we have

Conjecture 1. There exists a constant c, such that f �n; d�U ncd log n:

A similar conjecture is made in Pyber [12].
For de®niteness, our logarithms are always to base 2.
We will see that the conjecture follows from the following

Conjecture 2. There exists a constant c such that any group with order n and d
generators can be de®ned by means of cd log n relations.

Both conjectures hold for p-groups (see Neumann [10], Lemma 2.1 for Conjecture
2, and McIver and Neumann [8], Note 6.3 for Conjecture 1). Our main results es-
tablish them for soluble groups. In the notation above, let l�n� �P ei: Then we have

Theorem 1. A soluble group of order n and d generators can be de®ned by at most
�d � 1�l�n� relations in these generators.



Theorem 2. Let g�n; d� be the number of d-generator soluble groups of order n. Then

g�n; d�U n�d�1�l�n�.

The proofs are completely elementary. An argument similar to the proof of
Theorem 2 deduces Conjecture 1 from Conjecture 2, but here we have to use a fact
that follows from the classi®cation of the ®nite simple groups, namely that there exist
at most two characteristically simple groups of any given order. It will be seen that in
order to prove Conjecture 2, it su½ces to show it for simple groups. Moreover, for
most simple groups it is already known, so we can state

Proposition 3. Both conjectures hold, if we consider only groups which do not have

composition factors isomorphic to U�3; q�; Sz�q�, or 2G2�q�.

The bounds in both conjectures are of the right order of magnitude, at least for p-
groups. For Conjecture 1, this is implied by the following result:

Theorem 4. For d > 1, there exists a constant c�d� > 0 such that

f �pn; d�V pc�d�n2

for all prime powers pn.

The method of proof of Theorem 4 shows that the bound in Conjecture 2 is also of
the right order of magnitude.

Finally, we note that one of the reasons for studying f �n; d� is the investigation of
the so called subgroup growth, i.e. counting the number of subgroups of ®nite index of
various kinds of group. In particular, let F � Fd be a free group of rank d, and let
tn�F � be the number of normal subgroups of index n of F . Then f �n; d�U tn�F�U
ndf �n; d� (see [9], p. 189).

Some of the research reported in this note was done during the Oberwolfach
meeting on Simple Groups and their Applications, 26.4±3.5.97. The author is grate-
ful to Bill Kantor, Alex Lubotzky, Laci Pyber, Aner Shalev, and the referee, for
communicating their results prior to publication, and for their helpful comments on
earlier versions of this note.

2 Proofs

Proof of Theorem 1. Let G be as stated, with generators x1; . . . ; xd . If G has prime
order p, then it is generated already by x1, say, and we can present it by the relations
x

p
1 � 1, and xi � xki

1 , for i > 1, and some ki. If G is not of prime order, let N be a
minimal normal subgroup of G. Then m :� jNj � pk, for some prime p. By induc-
tion, G=N can be de®ned by rU �d � 1�l�n=m� relations in the generators xiN. Let
these relations be u1�xN� � 1; . . . ; ur�xN� � 1: (Here and below, xN stands for the d-
tuple �x1N; . . . ; xdN�, similarly for x etc.). Let y1; . . . ; yk be a set of generators for N,
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chosen so that they are conjugate in G. Express y1 as a word w1�x� in the generators
of G, ®nd words vi�x� such that yi � yvi

1 , for i V 2, and let wi�x� be the word wvi

1 .
Since G is ®nite, the words vi can be chosen as negative ones, i.e. products of negative
powers of the generators. Next, ®nd words ti such that ui�x� � ti�y�, and words sij

such that y
xj

i � sij�y�. We claim that G can be de®ned by the following relations,
where wi etc. stand for the expression of these words in terms of the letters x1; . . . ; xd ,
i.e. wi is a shorthand notation for the word wvi

1 , and ti�w�; sij�w� are the words (in xi)
obtained by substituting the word wj for the variable yj in the words ti and sij . With
this notation, the de®ning relations for G are

w
p
1 � 1; �w1;wi� � 1; w

xj

i � sij�w�; ui � ti�w�:

Indeed, let X be the group de®ned by this presentation. Since the relations are
ful®lled in G, there is a homomorphism f from X onto G (mapping the generators xi

of X to the generators of the same name of G). The elements w1�x�; . . . ;wk�x� are
conjugate in X , by the form of the words wi. Let Y be the subgroup of X generated
by them. Then the relations show that Y xi UY , therefore Y�UY , whenever � is a
positive word on the xi, and since the words vi are negative, Y UY vi . Now w1 is a
central element of order p of Y , therefore wi � wvi

1 is central in Y vi , and so also in Y .
Thus Y is an elementary abelian group of order dividing pk. It follows that f induces
an isomorphism from Y onto N. In particular Y is ®nite, so that Y xi � Y , and
Y d X . A presentation for X=Y is obtained by putting the generators of Y equal to 1
in the presentation of X , and the resulting presentation is the given presentation for
G=N. Thus f induces also an isomorphism from X=Y onto G=N, and X GG:

The number of the relations is thus k � dk � r � r� �d � 1�k U
�d � 1��l�n=m� � k� � �d � 1�l�n�.

Proof of Theorem 2. Let G be a d-generator soluble group of order n, and let N be
a minimal normal subgroup of G, of order m � pk, for some prime p. The number of
possibilities for m is l�n�. Find rU �d � 1�l�n=m� relations de®ning G=N. We use
notation similar to that of the preceding proof. Then G has a presentation consisting,
®rst, of a presentation for N. This fragment of the presentation of G depends only on
m. Next, we add relations expressing the action of the generators of G on the gen-
erators of N. There are kd such relations, of the form yx � s�y�, and the number of
possibilities for each s�y� is m, so that we have mkd possibilities for these relations.
Finally, we express the relators of G=N in terms of the y's, ®nding mr possibilities for
such relations. We see that if N and G=N are given, the number of possibilities for G

is at most mdl�m�m�d�1�l�n=m� � mdl�n��l�n=m�.
By induction, the number of possibilities for G=N is at most �n=m��d�1�l�n=m�, so if

m is ®xed, the number of possibilities for G is at most ndl�n�nl�n=m�U n�d�1�l�n�ÿ1.
Recalling that there are l�n� possibilities for m, we get the required bound n�d�1�l�n�

for g�n; d�.

This proof shows that Conjecture 1 follows from Conjecture 2. The only di¨erence
needed is to note that m does not determine N uniquely, but only up to two possi-
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bilities at most; see [7]. Moreover, to prove Conjecture 2, it su½ces to prove it for
simple groups. To see this, consider the proof of Theorem 1, without assuming that G
is soluble. Choosing N as there, if N is abelian and the conjecture holds for orders
less than n, the proof carries through. Suppose that N is not abelian, and write it as
S1 � � � � � Sk, where Si are conjugate simple groups. For each Si, choose two gen-
erators yi; zi, conjugate simultaneously to y1; z1. We ®nd for G a presentation as in
the abelian case, specifying the action of the xi's on the yj's and zj's, and making y1

and z1 commute with the other y's and z's. The subgroup Y will be this time the one
generated by yi; zi. The assumed relations ensure that a given pair yi; zi centralizes all
other such pairs, and therefore Y is the central product of the subgroups hyi; zii. To
identify these subgroups, we replace the relation y

p
1 � 1 by a set of de®ning relations

for S1. Then hy1; z1i is isomorphic to S1 or to 1 (because S1 is simple), and because
these relations are satis®ed in G, it is S1. Then the central product Y is actually
a direct product of the subgroups Si. Now the proof that the new set of relations
de®nes G is the same as above.

Next we count the number of relations. We have r, say, relations for G=N, and the
induction hypothesis is that rU cd log�n=m�, for some c. The value of c will be
speci®ed later. We have conjugation relations for each pair xi; yj or xi; zj, so 2dk re-
lations, and relations ensuring that y1 and z1 commute with the other y's and z's, so
there are 4�k ÿ 1� of these. Finally we have the number of de®ning relations of S1. If
this number is O�logjS1j�, say bounded by c0logjS1j, then the total number of rela-
tions is at most

cd log�n=m� � �2d � 4�k � c0 logjS1jU cd log�n=m� � �2d � 4� c0� logm

U cd log n;

provided that we choose c so that cd V 2d � 4� c0. Thus we see that the proof
works, provided that the number of the de®ning relations for all composition factors
S of G is O�logjSj�.

Presentations for the alternating groups An, requiring about n=2 relations, are
given in [3], pp. 66±67. In [1] (see also [6]) the length of presentations of ®nite groups
is examined. This is de®ned as the number of generators added to the sum of the
lengths of the relators. Obviously, the number of relations is less than the length. In
that paper it is shown that most simple groups of Lie type have presentations of
length O�logjSj�, and thus the conjecture holds for these groups. The exceptions
are the unitary groups U�2n� 1; q�; nV 2 and the Ree groups 2F4�q�, (for these
two families presentations of length O��logjSj�2� are found), and the groups
U�3; q�; Sz�q�, and the Ree groups 2G2�q�. However, for the unitary groups of odd
dimension at least 5, and for the groups 2F4�q�, the number of relations is still
O�logjSj�. These results establish Proposition 3.

Proof of Theorem 4. Let F be a free group of rank d, and let Fi be the lower p-central
series of F . This is de®ned by F1 � F ;Fi�1 � F

p
i �Fi;F �. Let H � F=Fc�1, for some c,

and let G � H=N, for some subgroup N of Hc�� Fc=Fc�1�, satisfying jHc=Nj � jNj
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or pjNj. Since H is the free group of rank d in the variety of groups with lower p-
central series of length c, two such factor groups H=N and H=M are isomorphic if
and only if M and N are conjugate under Aut�H�. Now Aut�H� acts on H=H 0 as
GL�d; p�, and the kernel of this action is a p-group which acts trivially on each factor
Hi=Hi�1. Therefore the size of the orbits of subgroups of Hc under Aut�H� is at most
jGL�d; p�j, and the number of such orbits, hence the number of factor groups G, is at
least the number of subgroups N, divided by jGL�d; p�j. Writing jGj � pm, we obtain
that f �pm; d� is at least the number of groups like G. For ®xed d and p, we can regard
jGL�d; p�j as a constant. By Bryant and KovaÂcs [2], Section 3, Fk=Fk�1 is an ele-
mentary abelian group whose rank is s�k� �Pk

1 r�i�, where r�i�, given by Witt's for-
mula, is asymptotically di=i (see for example [4], 11.2.2]). More precisely, di=2iU
�di ÿ d i=2�1�=i U r�i�U di=i. (Since we are interested in asymptotic results, we may
ignore the small values of i.). It is easy to see that for d V 2 the inequality dk=k V
1
3

Pkÿ1
1 di=i holds. It follows that s�k� � s�k ÿ 1� � r�k�V s�k ÿ 1� � dk=2k V

�7=6�s�k ÿ 1�. Writing jHcj � ps, and jHj � pt, we conclude that mU tU 7s. Then
the number of subgroups N is at least pt2=4:49, and dividing by jGL�d; p�jU pd 2

, we
obtain the desired inequality, for groups of order pm.

Now consider any order pn. Then we have mU nUm0, where m is as above,
for some c, and m0 is the corresponding value for c� 1. The inequalities above
imply r�k � 1�U d k�1=�k � 1�U d:dk=k U 2dr�k�, so s�k � 1� � s�k� � r�k � 1�U
�2d � 1�s�k�. The construction of G shows that s�k�U 2m, and so nUm0U
m� �s�k� � 1�=2� s�k � 1�=2U �2d � 4�m.

For each group G of order pm as constructed above, we will construct a group K of
order pn, in such a way that K determines G uniquely. Thus for f �pn; d� the same
bound as the one obtained for f �pm; d� holds, i.e. f �pn; d�V pc�d�m2

V pc�d�n2=�2d�4�2 ,
proving the theorem.

We note ®rst that exp�G�U exp�H�U pc. On the other hand, H maps onto any
d-generator group whose lower p-central series has length at most c, and in par-
ticular onto the free abelian group A of rank d and exponent pc. It follows that
G=G 0GH=H 0GA. Form a direct product G � B, where B is a d-generator abelian
group of order pnÿm�cd which maps onto A. Then �G � B�pc � Bpc

has order pnÿm.
Let G and B be generated by x1; . . . ; xd and b1; . . . ; bd , respectively, and let K be the
subgroup of G � B generated by �x1; b1�; . . . ; �xd ; bd�. Note that K pc � Bpc

. There is
a map f of K onto G, with kernel K VBVK pc

. Let u A ker f, and write u �
w��xi; bi�� � �w�xi�;w�bi�� � �1;w�bi��, for some word w. Write w�xi� � ��d

1xni

i �v,
for some commutator word v. Then �d

1xni

i A G 0, implying that the exponents ni are
divisible by pc, and therefore u � �1;w�bi�� A K pc

. Thus ker f � K pc

, which shows
that jK j � pn and that G GK=K pc

, and thus K determines G. This ends the proof.

Remark. The number of p-groups of class two is already more or less of the same
order of magnitude as the number of all p-groups. More precisely, log f �pn� is
asymptotic to the similar quantity for the number of p-groups of class two, by [5] and
[14]. (However, I know of no proof of the statement that is sometimes made, that
most p-groups are of class two.) But a similar phenomenon does not hold for the
number of d-generated p-groups of class at most c, for any c. This is so because the
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number of p-groups of order n and class at most c is not more than the number of
normal subgroups of index n of the free nilpotent group of class c and rank d. How-
ever, it is known that even the number of all subgroups of index n of the latter group
is polynomial in n; see [13].

References

[1] L. Babai, A. J. Goodman, W. M. Kantor, E. M. Luks, and P. P. Palfy. Short presenta-

tions for ®nite groups. J. Algebra 194 (1997), 79±112.

[2] R. M. Bryant and L. G. KovaÂcs. Lie representations and groups of prime power order. J.

London Math. Soc. (2) 17 (1978), 415±421.

[3] H. S. M. Coxeter and W. O. J. Moser. Generators and relations for discrete groups, 4th ed.

(Springer-Verlag, 1980).

[4] M. Hall. The theory of groups (Macmillan, 1959).

[5] G. Higman. Enumerating p-groups, I. Inequalities. Proc. London Math. Soc. (3) 10

(1960), 10±24.

[6] W. M. Kantor. Some topics in asymptotic group theory. In Groups, combinatorics and

geometry, London Math. Soc. Lecture Note Ser. no. 165 (Cambridge University Press,

1992), pp. 403±421.

[7] W. Kimmerle, R. Lyons, R. Sandling, and P. N. Teague. Composition factors from the

group ring and Artin's theorem on orders of simple groups. Proc. London Math. Soc. (3)

60 (1990), 89±122.

[8] A. McIver and P. M. Neumann. Enumerating ®nite groups. Quart. J. Math. Oxford Ser.

(2) 38 (1987), 473±488.

[9] A. Mann and D. Segal. Subgroup growth: some current developments. In In®nite Groups

1994 (De Gruyter, 1995), pp. 179±197.

[10] P. M. Neumann. An enumeration theorem for ®nite groups. Quart. J. Math. Oxford Ser.

(2) 20 (1969), 395±401.

[11] L. Pyber. Enumerating ®nite groups of given order. Ann. of Math. (2) 137 (1993), 203±

220.

[12] L. Pyber, Group enumeration and where it leads us. In Proceedings of the European

Mathematical Congress, Budapest 1996, to appear.

[13] D. Segal. Subgroups of ®nite index in soluble groups: I. In Proceedings of Groups±St

Andrews 1985, London Math. Soc. Lecture Note Ser. no. 121 (Cambridge University

Press, 1986), pp. 307±314.

[14] C. C. Sims. Enumerating p-groups. Proc. London Math. Soc. (3) 15 (1965), 151±166.

Received 13 May, 1997; revised 10 July, 1997

Avinoam Mann, Einstein Institute of Mathematics, Hebrew University, Givat Ram, Jerusalem

91904, Israel

Avinoam Mann64

http://www.ams.org/mathscinet-getitem?mr=98h:20044&return=pdf
http://www.emis.de/MATH-item?0896.20025&type=pdf
http://www.ams.org/mathscinet-getitem?mr=58:22263&return=pdf
http://www.emis.de/MATH-item?0384.20017&type=pdf
http://www.ams.org/mathscinet-getitem?mr=81a:20001&return=pdf
http://www.emis.de/MATH-item?0077.02801&type=pdf
http://www.ams.org/mathscinet-getitem?mr=21:1996&return=pdf
http://www.emis.de/MATH-item?0084.02202&type=pdf
http://www.ams.org/mathscinet-getitem?mr=22:4779&return=pdf
http://www.emis.de/MATH-item?0093.02603&type=pdf
http://www.ams.org/mathscinet-getitem?mr=94a:20031&return=pdf
http://www.emis.de/MATH-item?0830.20033&type=pdf
http://www.ams.org/mathscinet-getitem?mr=91c:20030&return=pdf
http://www.emis.de/MATH-item?0668.20009&type=pdf
http://www.ams.org/mathscinet-getitem?mr=89a:11097&return=pdf
http://www.emis.de/MATH-item?0627.20014&type=pdf
http://www.ams.org/mathscinet-getitem?mr=99d:20041&return=pdf
http://www.emis.de/MATH-item?0867.20023&type=pdf
http://www.ams.org/mathscinet-getitem?mr=40:7344&return=pdf
http://www.emis.de/MATH-item?0204.34701&type=pdf
http://www.ams.org/mathscinet-getitem?mr=93m:11097&return=pdf
http://www.emis.de/MATH-item?0778.20012&type=pdf
http://www.ams.org/mathscinet-getitem?mr=99i:20037&return=pdf
http://www.emis.de/MATH-item?0912.20001&type=pdf
http://www.ams.org/mathscinet-getitem?mr=88j:20034&return=pdf
http://www.emis.de/MATH-item?0605.20035&type=pdf
http://www.ams.org/mathscinet-getitem?mr=30:164&return=pdf
http://www.emis.de/MATH-item?0133.28401&type=pdf

