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[30] 1. Let A1, A2, A3, . . . be subsets of a metric space.

(a) If Bn = ∪n
i=1Ai, prove that Bn = ∪n

i=1Ai, for n = 1, 2, 3, . . . .

(b) If B = ∪∞i=1Ai, prove that B ⊃ ∪∞i=1Ai.

Show, by an example, that this inclusion can be proper.
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[15] 2. (a) Let f : X −→ Y be a function from metric spaces (X, d1) into
(Y, d2). Prove that if f is continuous on X, then f−1(U) is open in
X for every open subset U in Y .
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[5] (b) Let f : X −→ Y be a function from metric spaces (X, d1) into
(Y, d2). Give definition of uniformly continuous functions of
X.

[20] (c) Let f : X −→ Y be a continuous function of X. Let X be a compact
space. Show that f(X) is also compact.
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[10] 3. (a) Let (X, d) be a metric space. Fix p ∈ X, δ > 0, define

A := {q ∈ X : d(p, q) < δ}

and
B := {q ∈ X : d(p, q) > δ} .

Prove that A and B are separated.
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[20] (b) Hence prove that every connected metric space with at least two points
is uncountable.

END


