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Abstact 

This paper .presents a new,  simple, and 
e t f l c l e n t  a lgo r i t hm f o r  fac tor ing  polynomial's In. 

" -several  v a r i a b l e s  over an algebraic number f i e l d . '  
• he a l g o r i t h m  i s  then used t terat£vely,  to construct 
• h e s p l i t t i n g  f i e l d  of  a po!ynomial o~er the 
I n t e g e r s .  F i n a l l y  the fac to r t za t lon  and s p l i t t i n g  
f i e l d  a lgo r i thms  are a p p l i e d  to the prob.!em of 

d e t e r m i n i n g  the transcendental  part of  the in tegra l  
e~ a ratlonal function. In particular, a 
c o n s t r u c t i v e  procedure is  given for  f i n d i n g  the 
lea:s~ .degree extens ion f i e l d  in which t h e  in tegra l  
c a ~ b e  expressed. 

I .  Zn l : roduc l : i on  

.For . ~ n y  a.ppl icattons i n  symbolic mathematic's 
t~t t$ necessary to e x p l i c i t l y  desc r i be  a l l  i t~he 
r ~ t s  o f  a po lynomia l .  One approach is t o  compute 
the: r o o t s  n u m e r i c a l l y  to some predeteFniined 
a c c u , r a c y .  This is  the approach taken In numerical 
emalys:ts i~ckage.s but i s  general ly  avoided i n  
syed~)l.lc ~ n t p u l a t t o n s  as the  ha,sic r0uttnes such 
as g r e a t e s t  con~on d i v i s o r  and factorta:g would then 
b : e u s e l e s s .  PJto,ther attempt Is t o  t r y  to express 
t~he roo t s  tn terms of  r a d i c a l s ,  but . t h i s  o,ften 
ca'freer be dOne, and even when i t  can. it'. leads to 
g r e a ¢  problems when s imp l i f i ca t i ons  :are, re.du'tred. 
The a:pproach t;aken here is to describe an extension 
f i e l d  .o f .  the rat ; tonals .by the minimal  POlynomial 
f o r  some p r i m i t i v e  element and then to express .a l l  
bhe- roo ts  o f  the polynomials  in terms of. that 
e:led~eat. I f  an I r r educ ib l e  polynomial o y e r k  is 
normal  then a l l  o f  i t s  roots are " ra t i ona t ! y  
e x p r e s s i b l e  in  terms o f  any one of  them. Thus the 
.dk~g:ree o f  i t S  s p l i t t i n g  f i e l d  ls the same as-lthe 
degre~ o f  the polynomial .  For  other polynomials,, 
h~we.ver, the degree of  i t s  s p l i t t i n g  f i e l d  may b.e 
a;s h igh  as n ! .  .Thls degree growth tends to make 
many "COmputable." problems . p rac t i . ca l  
~ p o s s i b t l t t i e s .  I t  then becomes, v e r y  important t:o 

el )or 'a te  in  as low degree an extension f i e l d  as 
: p o s s i b l e .  

• , N o r m s  and A l g e b r a i c  F a c t o r i n g  

the assume t h e  existence of some base f i e l d  of 
c h a r a c t e r i s t i c  zero (e.g.  the rat tonaIs)  over ~hich 
we have cons t ruc t i ve  procedures for factor ing 
p o l y n o m i a l s .  Ne also assume the capab i l i t y  l.s 
p resen t  to perform basic polynomial operations 
( e . g .  d i v i s i o n  wi th  remainder) in both the base 
f i e l d ,  and . some extension f i e l d  of  f i n i t e  degree.. 
OUr approach is  to map a polynomial over an 
e x t e n s i o n  f i e l d  t o  one of  higher degree in the base 
f i e l d  such tha t  there is  an exact correspondence 
bet;ween t h e i r  f ac to r i ~a t i ons  in the i r  respective 
f i e l d s .  Ne use t h i s  correspondence to reconstr'u*ct 
the  f a c t o r l z a t l o n  o f  the o r t g l na l  polynomial oye,r 
t4te ex tens ion  f i e l d .  

2 . 1 ;  D e f t n l t : i o r m  

A number = which is  a lgebraic over k Sat.isf.ies 
a:n i r r e d u c i b l e  polynomial  with coe f f i c ien ts  in  k. 
k (= )  i s  the f i e l d  obtained by adjoining a to k .  
Let; f a ( x )  be the unique monic, i r reduc lb le  equation 
o f  degree n which a s a t i s f i e s .  The conjugates of a 
ove r  k are the remaining d i s t i n c t  roots of i t , ,  aS, 
aS., . . . .  an "  I f  # is  any element of /~(tx) then ~ 
can be represented uniquely  as a polyrlomlal in a, 
o:f degree les~ than n, with coe f f i c ien ts  f rom k,  
P/~(,oc). (See [5 pp. 91-94]) The conjugates of 
c o n s i d e r e d . a s  an element o f  k(=) are  P(az), P(a3), 
. . . .  P(an) .  I f  /3 = P(a) we w i l l  l e t  ~1 represent 
P(a i )  • 

A ve ry  use fu l  mapping from k(=) to k i s  the 
Norm, Norm(g) is  the product of a l l  the conjugates 
o'f ~ r e l a t i v e  to k(a)  over k. I f  we w a . t  t o  
empha*size the f i e l d s  involved we may also wrt.te 
M~.rm[k(=) /k ] (~) .  Since the n o r m i s  s y ~ e t r t c  ~ 
the.  =1 ,  by  the fundament;al theorem on syme¢r ic  
fun 'c t tons  i t  can be expressed In terms Of the 
c o e f f i c i e n t s  o f  P= and thus l i e s  in  k. 

Ne can extend the d e f i n i t i o n  of norm to 
poly~om¢als in  severa l  var iab les  w i t h  coef f ic ients  
tn A (= ) ,  Any such funct ion can be expressed, as 
Gfx 1,x2, . . . .  x k ,¢ )  where G is  a polynomial in 
seve rn !  var tab , les  wi th  coe f f i c i en ts  in :k .  Then the 
Norm(O) i s  the product of  G(Xl,X2, . . . .  Xk,~ i )  over 
the  n conjugates o f  a. 
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The d e f i n i t i o n  given above for  the Norm of G 
c o i n c i d e s  w i th  the d e f i n i t i o n  of 
R e s u l t a ~ t ( P ¢ ( y ) , G ( X l  . . . . .  Xk,Y)') as presented i~ I l l  
p. 86 ] .  C o l l i n s  [ 1 ]  presents a modular resul tant  
algorlthm which can be employed to effectively 
compute norms. Even If the original POlynomial is 
sparse, Its norm Is llkely to be dense; thus a 
modular alg@rlthm is probably the optimal choice. 
Note that norm Is a multlpllcatlve function by 
definition, l.e. Norm(A*B)fNorm(A)*Norm(B).. Thus 
we can extend the norm to ratlonal functions by 
d e f i n i n g  Norm(A/B)fNorm(A)/Norm(B), 

Ne a r e  now ready to prove an extremity 
i m p o r t a n t  p r o p e r t y  of norms. (See [14 pp. 19-20]) 

Themrem 2.1:  I f  f ( x , a )  is an i r reducib le 
p o l y n o m i a l  over k(~) then the #ormff) i~ a pomer of 
an i r r e d u c i b l e  polynomial oper k. 

P r o o f =  Assume Norm(f)=C(x)*D(x) where 
g c d ( C , D ) = l .  Let f i  = f ( x , a t ) ,  t hen  Norm(f) = 
P r o d u c t ( f t ) .  The po lynomia l  f = f l  d i v i des  $orm(:f) 
and s i n c e  f i s  l r r e d u c l b l e ,  e i the r  f lC or l ID.  
Assume f o r  concreteness t h a t  f lC ,  t .e .  C=fl*g l .  
The f i e l d s  k (a ! )  and k (a j )  are canonical ly  
i somorph ic  under a mapping t j  which sends e L to ~j 
and I s  the i d e n t i t y  on k. t j  can be extended to 
the  r i n g  o f  po!ynomials in x over those f i e lds  and 
s t i l l  remaln an !somorphlsm. Since C(x) has a l l  
Its coefficients In k It is Invariant under tj.; but 
fl and gl are mapped to fj and gj respectlvely. 
Thus the equation C=fleg I becomes Cffifj*gj under ~j, 
Thereforq fjIC for 1~J<n, but gcd(C,D~=l implies 
t ha  t gcd( f j , D ) = I  fo r  a l l  J, and in turn 
gcd( p roduc t (  f j  ) ,  D)= 1. But we assumed tha t  
D I N o r m ( f ) = p r o d u c t ( f j ) ,  so we have shown that D=I. 
Thus the Norm(f) cannot be s p l i t  in to  two 
relatively prime factors and can only be some power 
of an irreducible polynomial. I 

A s imple a p p l i c a t i o n  of the aboye theorem is 
f o r  f t n d l n g  minimal polynomials for  elements of 
k ( a ) .  I f  # IS an element of k(a) then, as above, 
#=Q(~) .  Thus x-# d iv ides  the Norm(x-Q(a))=B(x) and 
t h e r e f o r e  B(~)=O. The problem remaining ! s t n  
de te rm ine  which I r r educ i b l e  fac tor  Of B(x) is  
a c t u a l l y  the mtn!mal polynomial of p, The 
p o l y n o m i a l  x-# i s  l i n e a r  and thus obviously 
i r r e d u c i b l e .  By the above theorem we see that B{x) 
can o n l y  be a power of  the minimal polynomial for 
# ,  B ( x ) f P # ( x )  k. P#(x) can be found d i rec t lY  by 
c a l c u l a t i n g  the gcd (B (x ) ,B ' ( x ) )  where B ' ( x ) " iS  the 
d e r i v a t i v e  o f  B(x ) .  

We now tu rn  to the problem of factor ing 
p o l y n o m i a l s  w i t h  c o e f f i c i e n t s  in k(a)assuming we 
have  t h i s  c a p a b i l i t y  over k. The a b i l i t y  t o  
per fo rm bas ic  a r i t hme t i c  in k(~) allows one to 
compute gcd 's  o f  polynomials over k(~) by the 
Euc l i dean  A lgo r i t hm.  Thus we can perform a Square 
f r e e  decomposi t ion (see [15 ] )  on any polynomial and 
reduce t he  f a c t o r i n g  problem to square f r e e  
p o l y n o m i a l s .  

Our approach to the fac to r tza t ton  of f ( x ,a )  Is 
f i r s t  to  make a l i n e a r  subs t i t u t i on  for  x so that 

• t h e  norm( f )  i s  square f ree.  We then factor  the 
n o r m ( f )  over  k. Norm(f)=f i l (X) GZ('X) . . .  Gr(X) w i t h  
each G 1 d i s t i n c t  and i r r e d u c i b l e  over k. We. claim 
t h a t  g t ( x ,a ) f f i gcd ( f ,G t )  i s  i r reduc ib le  over k(~) for  
a l l  I and t ha t  f=product (g~) .  

Theo rem 2 . 2 :  Let f ( x . a )  be a polynomial 
over  k (a )  such that  the Norm(f) is square fzee. 
Le t  H ( G i ( x ) )  be a complete f a c t o r i z q t i o n  of  the 
Norm(f )  over k .  Then H(gcd( f (x ,a) ,Gt (x ) ) )  is a 
complete f a c t o r t z a t i o n  o f  f over k(~).  

P r o o f =  Let g l=gcd ( f ( x ,¢ ) ,G ! (X ) ) ,  then we 
must show t h a t  each g l  l s  I r reduc ib le  and that, a f t  
t he  I r r e d u c i b l e  f ac to rs  of  f are among th e gi"  Let 
v ( x )  be an I r r e d u c i b l e  fac to r  of  f over k(~).  By 
the  p rev ious  theorem Norm(v) must be a power of an 
i r r e d u c i b l  e po lynomia l  over k, but v ] f  implies 
Norm(v ) lNorm( f )  and the N o r m ( f ) i s  square free. 
T h e r e f o r e  the Norm(v) l s  I r reduc ib le  and must be 
one o f  the G t .  Since the N o r m ( f ) i s  equal to the 
p r o d u c t  o f  the norms of  each of the I r reduc ib le  
f a c t o r s  o f  f ,  each Gj must be the eorm of some 
I r r e d u c i b l e  f a c t o r  o f  f .  Assume b o t h v l ( x )  and 
v Z ( x )  d i v i d e  gcd( f ,  Gi)  where v!  and v Z are d i s t i n c t  
i r r e d u c i b l e  f ac to rs  of f .  vlJG t i m p l i e s  
no rm(v l ) l no rm(G t )  , but 6t~x)  l s  a polynomial ~ver 

k and i t s  norm l s  O l (x )n .  The norm(v l) i s  
i r r e d u c i b l e  over  k and div ides a power of the 
i r r e d u c i b l e  po lynomia l  G l (X ) ,  thus the 
n o r m ( v l ) = O t ( x ) .  S i m i l a r l y  the norm(vz)=Gt(x).. But 

( V l * V 2 ) l f  i m p l i e s  Norm(vl*v2)=Gt(x)ZiNorm(f~ and 
t h i s  c o n t r a d i c t s  the assumption that  the Norm(f) 
was Square f r ee .  Therefore the gcd ( f , f i l ( x ) )  must 
be I r r e d u c i b l e  f o r  a l l  1. I 

The o n l y  mlsstng step In t h e : p r e v i o u s l y  
o u t l i n e d  f a c t o r i n g  procedure is  f i nd ing  a l i near  
s u b s t i t u t i o n  t ha t  makes Norm(f) square f r e e .  We 
c l a i m  t h a t  Norm(f(x+sa))  Is square free f o r  some s 
i n  k .  We w t l l  prove t h i s  in two stages, f i r s t  for  
f ( x )  a po lynomia l  over k and then ex tend the  resu l t  
t o  po l ynom ia l s  over k (a ) .  

T h e o r e m  2.3= I f  $(x) ta a equate f ree 
po lynomia l  mtth coe f f i c i en ts  in k, then there are 
on l y  a f i n i t e  number o f  s in k such that 
£ o r m ( f ( x - s a ) )  has a mu l t i p le  root.• 

P r o o f :  Let the roots of f ( x )  be 
/31,~2 . . . . .  ~m, a l l  d i s t i n c t ;  then the' roots O f 
f(X'SO~j) a re  ~ l+Saj  . . . . .  ~m+Saj. Let G(x) = 
Norm( f (x=s=) )  ffi p r o d u c t l f ( x - s a l ) .  Thus the roots 
o f  O are Sak+~t f o r  k<_n,l_<m. 6 can have a 
m u l t i p l e  roo t  on ly  i f  s ffi (/~j-/~l)/(ak-am) where 
k#m. T h e r e f o r e  t h e r e  are only  a f i n i t e  number of 
such  v a l u e s .  I 

Lemma 2 . 4 :  I f  f ( x , a )  is a square  free 
po lynomia l  In t th coe f f i c i en ts  in  k(a) then there 
ex ta ta  a a w a r e  f ree  polynomial g(x) over k ouch 
t h a t  f ie.  

P r o o f =  Let f i (x )  = Norm(f(x,e)) , :  l e t  riOt(x) i 
be a square f ree  decomposition of  G. Then g(x) = 
H O l ( X )  l s  a po lynomia l  over k. Since f is  square 
f r e e  and we have on ly  d iscarded the mul.ttple 
f a c t o r s  o f  G(x) ,  g(x)  i s  d i v i s i b l e  by f .  I 

C o r m l | a r y  2 . 5 :  I f  . f (x.a)  t5 a Square Sr~e 
p o l y n o m i a l  ouer k fa )  then there  are onlg a f i n i t e  
number o f  a i n  k ouch that Norm(f (X-so)) hoe a 

m u l t i p l e  r o o t .  
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P r o o f =  Let g(x)  be a polynomial over k as in 
the  lemma. By theorem 2.3 there are only a f i n i t e  
number o f  s such that  Norm(g(x-sa)) has mult ipte 
r o o t s .  But f i g  impl ies Norm(f (x-so,a))  divides 
Norm(g(x -sa ) )  and thus any mul t ip le  root o f  the 
former Is a multlple root of the latter. I 

NO are now ready to present the entire 
f a c t o r i n g  a lgo r i t hm,  but we w i l l  s p l i t  o f f  the norm 
computa t ion  as a subrout ine for  l a te r  use by Other 
p rocedures .  

A l g o r l l : h m  s q F r _ n o r m  

i n p u t :  f ( x , ¢ )  a square f ree polynomial over k(a) 

o u t p u t :  a p o s i t i v e  in teger  s, g (x ,a ) : f ( x -sa ,a ) ,  
R(x)=Norm(g(x,¢))  a square f ree  nolynomtal 
over k. 

(1 )  S=O,g (x ,a )= f ( x ,a )  [ i n i t i a l i z e ]  

(Z)  R (x )= resu l t an t (Pa (y ) ,  g( x, y),  y )  [ Norm, ( resul tant  
taken w i th  respect to y ) ]  

(3 )  I f  degree(gcd(R(x) ,R' (x))=O then return (s,,g,R) 
[ s q f r  check] 

(4 )  s=s+l ,  g (x ,a)=g(x-~x,a) ,go to (2) I 

A l g o r i t h m  a | g _ f a c t o r .  

i n p u t :  f ( x , a )  a square f ree polynomial over /~(a) 

o u t p u t :  a l i s t  o f  i r r e d u c i b l e  factors over k(~) 

( 1 ) ( s , g , R ) = s q f r , n o r m ( f ( x , a ) )  

(Z)  L = f a c t o r ( R ( x ) )  [ o v e r  k, returns list o f .  
f a c t o r s  ] 

(3 )  I f  l e n g t h ( L ) = l  then retur~n ( f ) [ o r i g i n a l  po ly  
was i r r e d u c i b l e  ] 

(4 )  'For  each h l (X )  in  L Do 

{ 4 . 1 )  h t ( x , a )  = gcd(h t (x ) ,g (x ,a ) )  

( 4 . 2 )  g(x,¢~) = g ( x , a ) / h t ( x , ~ )  [performed over 
,(=)] 

( 4 . 3 )  h t ( x , a )  = h t (x+s~,a)  [undoes l inear  
t r a n s f o r m a t i o n  ] 

(5 )  r e t u r n  (L) I 

This  f a c t o r i n g  a lgor i thm i s  s!mtlar to the one 
p resen ted  i n  van t ier Naerden [11 pp. 136-7] but 
c o m p u t a t l o n a l l y  more e f f i c i e n t .  I f  one wants, to 
f a c t o r  a u n t v a r t a t e  polynomial of degree d over an 
exteltslon field, of degree n, van der Naerden':s 

epproach  requ i res  computing a norm which is  
b t v a r i a t e  o f  degree nd in each var iab le  and then 
fac t@r ing  i t  over /L. The algor i thm presented above 
leads  t o  the computation and factor ing of a 
tmlva, r t a t e  nOrlp o f  degree nd. I t  appears we have 
. the'  a d d L t l o n a l  cost of  f ind ing a l inear  
t ; ranaformat ton  which makes the norm square f ree .  
l towever ,  the first step In factorl~g a blvarlate 
polynemlal over the k is to flnd a substitution for 
one of the variables which makes the result square 
free. Thus .there is no. actual addltlonal .cost and: 
this:, algorithm :Is always superior to van der 
Waerden ' s .  

In [ 1 3 ]  Paul Nang gives another algorithm for  
f a c t o r l z a t l o n  over a lgebra ic  number f i e lds .  His 
epproach i s  an extension of his algorithm for  

f a c t o r i n g  over the integers [12] .  Nang~s algorithm 
u t i l i z e d  van dec Naerden's technique when the 
m i n i m a l  po lynomia l  f o r  the algebraic number 
f a c t o r e d  over primes, e.g. x4+1 . He now uses our 
fmproved a lgo r i t hm in th i s  case. In other cases. 
Wang's a l g o r i t h m  appears somewhat faster  • than ours, 
bu t  h i s  Is  r e s t r i c t e d  to algebraic numbers. Our 
a l g o r i t h m  can also be used on algebraic functions 
and thus has the advantages of  increased genera l i ty  
as w e l l  as s ! m p l i c t t y .  Ne expect to analyze the 
comput ing t imes in both algorithms in the near 

f u t u r e .  

~ .  P r i m t l : t v m  E l e m e n t s  

Next we will present an algorithm for 
computing a primitive .element for a tower of 
e x t e n s i o n  f i e l d s .  A l l  o f  the algorithms we have 
p resented  have assumed that  the extension f i e l d  we 
o p e r a t e  in  can be described by. the adJunctlon of a 
s i n g l e  element to our base f i e l d  k. I f  our current 
e x t e n s i o n  f i e l d  is  /L(a) and B is algebraic over 
k(a) with minimal polynomlal Qp(x,a) then k(.a,~) is 
the fleld obtained by adjoining # to k(a). We. seek 
some 7 which Is algebralc over k such that 
k ( 7 ) = k ( a , ~ ) .  The fo l l ow ing  theorem w i l l  prove very 
u s e f u l .  

Lemma 3.1;  Let Pa(x) be the m tnfmal 
po lunomfaI  , for e~ over k and ~ be o root of Q(x,a), 
o ,square ,free polynomial .  I J  l~orm[k(a)ll~](Qp(X)) ~s 
a#uare `free then gcd(Pa(x) ,Q(~,x))  ia l inear,  

Proo@z ¢t ls  c l e a r l y  a root of bosh Pa(x).and 
Q*(p,x) s lnce Q(~,a)=O. Let the other roots of P(x~ 
be e f j  f o r  J = Z , . . : , n .  Xf Q(~,a~)=O then ~ is a root 
(~f bo th  Q(x,a)  and Q(x ,a j ) ,  but Norm(Q) is 
HQ(x,o¢ 1) and then /~ ls  a mul t ip le  root o f  the 
norm. Since the norm is  square free th is cannot 
h.appen and the on ly  common root of P(x) and Q(p,x) 
i s  =.  Therefore  the gcd(P(x),Q(#,x))- is l inear .  I 

T h e o r e m  3.2= Let O~(x,a) be the m~nimal 
po!yn,om~al . for 13 over k.(a) and Pa(x) be the minimal 
polunomf.ol , for a over k. I . f  No rm[k(a)/k:](Q~(x)) f.$ 
,s;quere ,free then k (a ,~ )  = k(~).  

P rooFz  We on ly  need to show that a is 
r e p r e s e n t a b l e  in k(~) .  By the lemma the 
Ocd(Q(B ,x ) ,P (x ) )=x -c ,  1.e. is l i near ,  c Is the 
o n l y  common .root o f  Q(~,x) end P(x), so c=a. But 
Q(P,x)  and P(x) are both polynomials over k(0) arid 
so t l t e l r  g.cd i s  over k(~) .  ThUs a=c is in 'k(0). I 

Given an a r b i t r a r y  ~ the norm(Q~(x,a)) may not 
Ire sq~uare f ree ,  but a lgor i thm sqfr_norm w i l l  f ind 
an i n t e g e r  s and a polynomial g(x,a) such that R(x) 
= Norm(g(x, tx))  i s  square f ree.  Since. Q ( x , a ) i s  
J~rreductb le o v e r  k(a)  and s a l s  in k(a), g(x,a) = 
q~(x-sa,oc) i s  i r r e d u c i b l e  over k(a) .  I f  we le t  7 be 
a r o o t  o f  g(x,oc) over k(a)  and thus a root of R(x) 
ove r  k then by theorem 3.2 k(a,7) = k(7). Bu.t .y = 
"p~-sa so k ( a , 7 )  = k (a ,~ ) .  Thus 7 is the pr imi t ive  
e lement  we were look lng fo r  and R(x) is i t s  minimal 
po !ynomte l  over k .  
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The a lgo r i t hm we present for  ca lcu la t ing  
p r i m i t i v e  elements i s  e s s e n t i a l l y  the same as that 
p resen ted  by Logs [ 4 ] .  We d i f f e r  in al lowing the 
m in ima l  po lynomia l  f o r / ~  to have coe f f i c ien ts  Over 
k(¢~) i ns tead  of  r e q u i r i n g  i t  to be over k .  Lees 
does not  guarantee, as we do, that  the polynomial 

r e t u r n e d  be i r r e d u c i b l e .  To achieve th i s  resu l t  we 
must r e q u i r e  t ha t  the minimal polynomial for  ~ be 
I r r e d u c i b l e  over k(a) not Just I r reduc ib le  over k, 
I t ,  fact, If we exam!he our algebralc factoring 
algorithm, we can determine the conditions under 
which the resultant of two irreducible (over k) 
polynomials wlll factor. Thls wlll happen if and 
on'ly If each of the polynomlals factors over the 
e x t e n s i o n  f i e l d  determtn.ed by the other polynomial. 
By symmetry, i t  i s  s u f f i c i e n t  i f  one. of the 
p o l y n o m i a l s  f ac to r s  over the o ther 's  extension 
f i e l d .  

A i g o P i l : h m  pr im. i l : ivm_element:  

i npu l t :  P~(x) the. minimum polynQmtal for  a over k 

Q/g(x,cx) the minimum polynomial for  ~ over 
k(a) 

OUtpUt: R(X) the minimum polynomial for  7 over k 
where k(¢,~) = k (7) .  

A(7)  i s  a representat ion .of a i n  /~(7) 

B(7) i s  a representat ion of ~ in k(7)- 

(1 )  ( 'sog,R) = s q f r  norm(Q(x,a) ,P(x))  

( Z )  a = l i n s o l v e ( g c d ( g ( 7 , x ) , P ( x ) ) )  [a r i thmet ic  over 
k (7 )  where 7 denotes a root o f  ~(x) ,  
Z i n s o l v e ( a x - b )  re turns b/a] 

( 3 )  #=7-s¢  

(4 )  r e t u r n  ( R ( x ) , 7 , e , # )  I 

4 .  Splt1:1:~ng F ie lds  

The l a s t  a lgor i thms to be presented in th i s  
s e c t i o n  c a l c u l a t e  s p l i t t i n g  f i e l d s .  Ne r e s t r i C t  
o u r  c o n s i d e r a t i o n s  to t r reductb lepolynromia ls  stnc.e 
the  compostfle f i e l d  from many such extensions can 
be found by repeated app l i ca t ion  of the 
p r i m i t i v e _ e l e m e n t  a lgor i thm.  " Our basic approach 
wlll b e  to  alternately adjoin a root of .an 
irreducible factor of the polynomlal to the current 
e x t e n s i o n  f i e l d  and then re fac to r  the polynomial  in 
t h e  new ex tens ion  f i e l d .  As l i nea r  factors are 
d i s c o v e r e d  they  are put on a separate l i s t  and 
t h e ' i f  c o e f f i c i e n t s  are updated as the extens.iop 
f l e Z d  changes. I f  n i s  the degree of the ertgin,al 
p o l y n o m i a l ,  in  the worst case n-1 i t e ra t i ons  w i l l  
occu r  and the p r i m i t i v e  element fo r  the sp: l i t t tng 
f i e l d  w t l l  be o f  degree n ! .  

The norm computation at step 4.1 serves a dual 
p u r p o s e .  I1; i s  used to f i nd  a minimal polynom~a:l 
f for t h e  new extens ion f i e l d  at s tep  4.3.Z, but ' i t  
is also the first stage for the algebra:[c factoring 
per formed in  steps 4.Z and  4.3. Thus In the 
©on' text  of. S p l i t t i n g  f i e l d  ca lcu la t ions ,  o u r  
fe t¢¢or tng a lgo r i t hm becomes eventuate e f f i c i e n t .  

A l g o r l 1 : h m  s p l i 1 : _ f i e l d  

i n p u t :  P(x)  a polynomial  i r r e d u c i b l e  over k 

o u t p u t :  RT(x) the d e f i n i n g  polynomial f o r  the 
s p l i t t i n g  f i e l d  of  P(x) and a l i s t  of the 
r oo t s  o f  P(x) over k(77). 

( 1 )  r oo t s  = [ ] ,  polys = [ P ( x ) ]  

(Z)  ta lnpo ly  = P(x) ,  newmtnpol = P(x),  index = l ,  
~=7 ['~' i s  a root  of  mlnpo!y] 

(:3) rep lace  p o l y s [ t n d e x ]  by polys[lndex]i(x-t~)., add 
B to  roo t s ,  Newfactors = [ ] ,  k = 1 

(4 )  f o r  each P t ( x )  In polys do 

( 4 . 1 )  (g ,s ,R)  = sqfrnorm(Pi(x-),mtnpoly) 

( 4 , 2 )  L = f a c t o r  (R(x)) 

( 4 . 3 )  f o r  each Qj (x )  in  L do 

( 4 . 3 . 1 )  f ( x , 7 )  = gcd(g(x ,7 ) ,O j (x ) )  

[f is an Irred. factor of PI in k(7)] 

( 4 . 3 . 2 )  I f  Deg(Qt)>Deg(newminpol)then do 

( 4 . 3 .1 .1 )  newminpol = Qj (x) ,  
lndex=k, new s=s, 
Bpoly(x ,7)  = f ( x , 7 )  

( 4 . 3 . 3 )  g (x ,7 )  = g ( x , 7 ) / f ( x , 7 )  

( 4 . 3 . 4 )  f (x ,~, )  = f (x+sT,7)  

( 4 . 3 . 5 )  I f  Deg( f (x ,7 ) )  = 1 

( .4.3.5.1) then add l tnso lve( f (x ,7 . ) )  
to roots 

(4.3.5.2) else add f(x,v) to 
Newfactors, k=k÷l 

[ l e t  new 7 be a root  o f  newmtnpol, now we operate 
i n  k (ne~.7)  ] 

( 5 ) a = l i n s o l v e (  gcd (mtnpoly, BPOly(newT,x) ) ) 

( 6 )  ~ = new_7-new sa 

(7 )  subs t  ¢ f o r  7 in  roots [update fo r  new 
eXtort s ton,I 

(8 )  I f  Newfactors = [ ]  then return 
(n ewminpol, roots  ) 

(g) subst ~ for 7 In Newfactors 

(10)  po l ys  = Newfactors, mtnpoly = newmtnpol, .7 = 
new_7, go to 3. I 

For: " comparison, we now present a simpler 
v e r s i o n  o f  t he  above algor i thm which avoids 
performing any f a c t o r i n g .  I f  the splitting field 
is actually of degree n! thls approach will 
ectually be faster since the attempt at 
factorization In step 4.Z would always fall and 
t~hus be a waste of time. The essence of the 
s@llittlng fleld calculatlon Is repeated primitive 
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e lement  c a l c u l a t i o n s .  In the algori thm above 
f a c t o r i z a t t o n  is  attempted in the hope that the 
degree o f  the s p l i t t i n g  f i e l d  is much less than n!. 
The a l g o r i t h m  below always returns a polynomial of 
degree n !  known as the r e s o l v e n t  [Z] .  The 
I r r e d u c i b l e  fac to rs  of  th is  polynom!al over k are 
a l l  o f  the same degree, a l l  normal, and are a l l  
d e f i n i n g  polynomia ls  fo r  the s p l i t t i n g  f i e l d  o f  
P(x) .  

A l g o r i t h m  r e s o l v e n t  

~nput :  P(x)  a polynomial  i r reduc ib le  over k 

o u t p u t :  R(x) a polynomial  Of degree n! such that 
any i r r e d u c i b l e  fac tor  of R deftnes a 
s p l i t t i n g  fleld for P 

(I) mlnpoly = P(x), P=7 [7  is a root of mlnpoly] 

(z )  P(x,v)  = P(x)/(x-~) 

(3)  I f  degree(P)=O then Return mtnpoly 

( 4 )  (g ,s ,R)  : sqfrnorm(P(x,7),mtnpoly) 

[ L e t  newLT be a root  of  R(x), now operate in 
k(new...~)] 

(.5) = = 11nsolve(gcd(minpoly,  P(new_7,x)) ) • 

(6 )  p = new~ - sa 

(7 )  subst a f o r  ~ in P(x,~) 

(8 )  m lnpo ly  = R(x),  7 = n e w j ,  go to 2. I 

6 .  R a t i o n a l  F u n c t i o n  I n t e g r a t i o n  

Ne now turn to an appl icat ion of the 
a l g ~ r i t h m s  presented in the previous sections. The 
p'roblem o f  the symbolic in tegra t ion  of ra t iona l  
f u n c t i o n s  in  the context  of algebraic manipulation 
has been i nves t i ga ted  by Hanove et a i  [ 8 ] ,  Roses 
[9] : ,  Horowttz [ 3 ] ,  Tobey [ lO ] ,  and Rack [5 ] .  By 
L i o u v i l l e . ' s  theorem the in teg ra l  of a ra t iona l  
f u n c t i o n  can be expressed as a ra t iona l  funct ion 
p lus  a sum o f  complex constants times logs o f  
r a t i o n a l  f unc t i ons .  

f Rlxldx = Vo(X), ~ ciloglvi(x)) 
Algorlthms for obta~nlng the rational part of 

t he  i n t e g r a l  are we l l  known and rea~onrab!y 
e f f i c i e n t  [ 3 ] ,  [ 6 ] ,  but as far  as the author know~, 
no one has a c t u a l l y  presented pract ica l  and 
r e l a t i v e l y  general  algori thms for  obtaining the 
transcendental part. Horowltz limited hls 
investigation to algorlthms for obtainlng the 
rational part. Hanove and by extension Hoses' SIN 
factored the denOminator over the integers and 
obtained logarithmic terms If the factors were 
linear or quadratics. Tob:ey examined the 
t,ranscendental problem and concluded "There Is no 
@enerally valid algebralc algorithm for ohtainlng 
In a symbollc form the transcendental part of the 
integral of a ratlonal function." He did however 
presen t  some algor i thms for  obtaining the 
t r a n s c e n d e n t a l  par t  in special  cases. He atso 
p resen ted  as an unsolved problem the problem of 
O b t a i n i n g  the l eas t  degree extension f i e l d  in wht:ch 
the  i n t e g r a t i o n  can be done. 

S t a r t i n g  where Horowttz leaves oz[, we are 
i n t e r e s t e d  in  tntegrat. tng a ra t i ona l  function 
S.(X) /T(x)  where T(x) is  square fre'e a n d  
de g r e e ( S ( x ) )  < degree(T(x) ) .  I f  we were w i l l i n g  to 
o,perate in  the s p l i t t i n g  f i e l d  of the denominator 
then we could perform a pa r t ta !  f rac t ion  exPansion 

to  get  8 ( x ) / T ( x )  = L c t / ( x ' ~ t )  where each c t is 
an e lement  o f  the s p l i t t i n g  f i e l d  and e t iS a root 
o f  the denomtnat.or. In fac t  .c 1 ls just  the residue 
o f  R(x)  a t  et "  This would lead to an expression 
f o r  the I n t e g r a l ,  but could require operating i n  an 
e x t e n s i o n  f i e l d  o f  very high degree. Thus for the 
sake o f  e f f i c i e n c y  and to promote a more 
I n t e l l i g i b l e  r e s u l t ,  we propose to f ind the minimum 
degree ex tens ion  f l e l d  in which the resu l t  can be 
expressed.  Ne c la im that  any  f i e l d  which contains 
a l l  the res idues ls  s u f f i c i e n t  for  expressing the 
i n t e g r a l .  This ls  a s i g n i f i c a n t  r e s u l t  since the 

r e s l d u e s  may be contained in a f i e l d  of much lower 
degree than the s p l i t t i n g  f l e l d  of the denominator, 

Our approach to th i s  problem ls f i r s t  to 
c o n s t r u c t i v e l y  f l n d  the extension f i e l d  g 
de termined by a l l  o f  the residues of the lntegrand. 
Then we f a c t o r  the denominator of the lntegrand 
Over t h i s  f i e l d  and perform a pa r t i a l  f ract ion 
decompos i t i on .  This breaks the o r i g i na l  in tegra l  
Into a sum of integrals of proper rational 
functions where each denominator is irreducible 
over E. Ne claim that each integral In the sum can 
be expressed as a single log term. 

First we wlll flnd a simple expression for the 
residues, in terms of the roots of the denominator 
T(x). Let e be a root of the square Pree 
polynomial T(x). Since e must then be a simple 
r o o t ,  the res idue o f  S(x) /T(x)  at 0 is S(O)/T'(e). 
S ince T(x)  i s  square f ree,  the gcd(T(x) ,T ' (x ] )= I .  
Thus by the extended Euclidean algorithm we can 
f i n d  po lynomia ls  A(x) and B(x) over k such that 
A (x )  T(x)  + 8 (x )  T' (x) = S(x), with the 
de.gree(B(x))  < degree(T(x) ) .  T(e) = 0 implies B(e) 
= ~;(e)/T'(@). Since e was an a rb i t ra ry  root: of 
T (x )  we have es tab l i shed "the fo l lowing:  

Lemma 5.1:  t e t  S(.x) and T(x)  be polynomials 
o u e r  k ,  where T(x )  f.s square / r oe .  Then there 
e x t a t ~  o po lunomta l  B(x)  over k ouch that  f o r  any 
r o o t  e o.I" T ( x )  the res idue o,.1" 5 ( x ) / T ( x )  at  .8 Is 
B(# ) . 

T h e o r e m  5 . 2 :  Let $ ( x ) / T ( x )  be a quot ient  of  
p .Ol | lnomta l~  mhere T(x )  ts  i r r e d u c i b l e  over ~ome 
ground j r t e l d  k .  I J  a l l  the residues are contained" 
t n  k then  all the  nonzero 're~tdue~ are equal. 

ProoF= Let B(x) be the polynomial described 
in the. lemma. Let the roots of T(x) be e i for 
l=l ..... n. Ne wlll operate In the splitting field 
E of T(x). Since T(x) Is irreducible, its Galois 
group 6(Elk) Is transitive and there is an 
automorphlsm ~j sending e I to ej for each j and. 
leaving k unchanged. Let c = B(el), the residue at 
el- If we apply @j to thls equation, the left sld~ 
Is unchanged since c Is in k and the right side is 
mapped to B(#j) since the coefficients of B(x.)'ar'e 
i n  k .  Thus c = B(ej) for each J and all the 
r e s i d u e s  are equal .  I 

C o r o l l a r y  5 . 3 :  Id i th S ix )  and r ( x )  as in 
awe 

Theorem 6 . 2 ,  JSfx)/rfx)dx t s  express ib le  over k .  
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P r o o f :  Let c be the common residue of the 
e j ,  then the tntegrand has the p a r t i a l  f rac t ion 

decompos i t ion ,  S(x) /T(x)  = __ ~C/ (X-O j ) .  This 
m 

i n t e g r a t e s  to  the fo l l ow ing :  

= Z c l o g ( x - h ) . =  c 
= c l o g  T ( x )  . I 

A l l  t h a t  remalns is  to  transform the tntegrand 
so t h a t  the c o r o l l a r y  appl les.  I f  e: ts any root of 
the denominator  T(x) then B(0) Is the res!du.e.of 
S(x ) /T (x )  at  7, there¢ore the resul tant  of x-B:(y) 
and  T ( y )  w i th  respect to y is a polynomial whose 
r o o t s  are p r e c i s e l y  the residues of S(x) /T(x) ,  
Ustn;g the a lgor i thms presented in the  last  ~ect~.~n 
we can compute the s p l i t t i n g  f i e l d  of  th is 
po l3momia l  and there fo re  the least  degree extension 
which con ta ins  a l l  the residues. Then we factor 
t h e  denominator  o f  the tntegrand o~er th is  
e x t e n s i o n  f i e l d .  I f .  we performed a par t ia l  
f r a c t i o n  decompos i t ion  on the resu l t ing rat ionat  
func t . ion ,  each t e r m  in the sum wouid sa t i s fy  the. 
hypotheses o f  the c o r o l l a r y  and thus be d i r e c t l y  
t n t e g r ~ b l e .  But the ac tua l  computation of t he  
p a r t i a l  f r a c t i o n  decomposition ts unnecessary. 
S~n~ce we know the form of  the r e s u l t  as 

~ C l l O g ( f t ( x , ? ) )  where the fl's are the 
I r r e d u c i b l e  f ac to rs  of  the denomt~ator, a t l  We need 
to  be ab le  to do is  compute each c i .  But c t !s  
B~x) evalu!ated at any root  o f  f l ( x , 7 ) .  The 
r e s ~ l t a n t ( B l ( x ) , f t ( x , y ) , x )  is  The product of B(x) 
.evalu:~ted a t  each o f  the r o o t s  Of f and thus equa/s 
c i k  where k i s  the degree of f .  Therefore g(y) = 

r e s u , l t a n t ( y - B ~ ( x ) , f t ( x , y ) , x )  is  (Y-ci)k~ a~d y-c i is 
g(x),t~:cd(g(x), g ' (x)  ). 

A l g o r i t h m  r a t t n t  

i n p u t :  T(x)  a sq=uare f ree polynomial, S(X) a 
po lynomia l  o f  lower degree than T(x) 

o u t p u t :  R.(x) the mtntmal polynomial for  the 
s p i i t t t n g  f i e l d  of  the residues, ? such that  
R,(.7) = O, and I ( x , 7 )  the in tegra l  expressed in 
terms Of 7 -  

(1 )  (A,B) = Extended_Eucl ldean(T(x) ,T ' (x) ,S(x))  

(2)  R(x)  = S p l i t _ f t e I d  ( r e s u l t a n t ( x - B ( y ) , T ( y ) , y ) )  

(3 )  L = a l g  f a c t o r ( T ( x ) , R ( x ) , ? )  

( 4 )  L = map(~St_log,L) [app l ies  funct ion In t - log  to  
each eiement in L] 

(5) Return(R(x),7,sum(L)) I 

A~gOr t t hm I n t - - l o g  

i n p u t :  D~x,7) an i r r educ ib l e  pe l~omia l  over k(?) 

ou, t p u t :  c. l og  D(x,7) 

(1 )  c ( :y )  = r e s u l t a n t ( y - B ( x ) , D ( x , 7 ) , x )  

(Z) c = l ~ s o l v e ( c ( y ) / G t d ( c ( y ) , c ' ( y ) ) )  LCOmmOn 
r e s i d u e  expressed in  terms of 7 . ]  

( 3 )  retu!rn (c l~g D ( x , ~ ) ) I  

On page I I I - l O  of  h i s  thesis,  Tobey presents a 
r a t i o n a l  func t ion  which he demonstrates is 
i n t e g r a b l e  over Q(sqr t (2 ) ) .  He asks how one 
de te rmines  a p r i o r i  the extension of least degree 
i n  which the i n t e g r a l  can be expressed. Using the 
HACSYHA [ 7 ]  system and the ideas presented in th is  
s e c t i o n ,  we so lve h i s  problem below- 

(CI)'INTEGRATE(S(.X)/T(X).X);/* THIS IS TOBEY'S INTEGRAL */ 
(OZ) 

/ 13 8 7 6 3 Z 
[ 7 X + . 1 0  X + 4 X - 7 X - 4 X - 4 X + 3 X +  3 
I . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  DX 
] 14 8 7 4 3 2 
/ X - 2X - 2X - 2 X  - 4 X  -X  + 2 X + 1  

(C2) (ALGEBRAIC:TRUE,TELLRAT(T(C)))$ /* LET C BE A ROOT OF 
T(X) */ 

(¢3) B(C):="(RATSIMP(N(C)/DIFF(D(C).C))); /* B(X) IS THE 
POLY COMPUTED IN STEP 1 OF RATINT.*/ 

( D 3 )  B(C)  := 

12 11 10 8 8 7 6 2 
¢ - C  +C -C  +C -C -C - 2 C  - 2 C + Z  

2 

(C4) RESULTANT(Y-B(X),D(X),X); 
14 13 12 I I  

(D4) 16384 Y - I14688 Y + 315392 Y - 401408 Y 

10 9 8 7 6 
+ 1 6 4 8 6 4  Y + 121856 Y - 109312 Y - 23552 Y + 27328-Y 

5 4 3 2 
÷ 7616  Y - 2576 Y - 1568 Y - 308 Y - 28 Y - 1 

(CS) SQFR('X); / *  SQUARE FREE DECOMPOSITION ISN'T NECESSARY 
BUT MAKES STRUCTURE MORE EVIDENT IN THIS EXAMFLE */  

2 7 
(D5) (4 Y - 4 Y -  l )  

(C6) MP(X):="(SUSST(X/Z.Y,PART(X.1))); / ,  THIS ISTHE 
MINIMAL POLY. FOR THE RESIDUES. MONI.CIZED FOR 
EFFICIENCY. * /  

2 
(DIS) MP(X) := X - 2 X - 1 

(C7) FACTOR(T(X),HP(ALG)); /* ALGEBRAIC FACTORIZATION OF 
DENOMINATOR OF INTEGRAND */ 

7 2 7 2 
(DI) (X + (1 - ALG) X - ALG X - 1) (X ~ (ALG - l) X 

+ (ALG - 2) X - l) 

(C8) (FI:PART(X,!),F2:PART(%,2)); /* F1 IS ITH FACTOR ,/ 
7 2 

(D8) X + (ALG - I) X + (ALG - 2) X - 1 

(C9) TELLRAT(MP(ALG))$ /*  NEXT WE CALCULATE RESIDUES OVER 
k(ALG) */  

( C 1 0 )  RESULTANT(Y-B(X).FI.X); 
7 6 5 

( D 1 0 )  128 Y - 448 ALG Y + (1344 ALG + 672) Y 

4 3 
+ (- 2800 ALG - 1120) Y + (3360 ALG + 1400) Y 

2 
+ ( -  2436  ALG - 1008)  Y + (960  ALG + 406) Y 

- 169 ALG - 70 
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( C l l )  SOLVE(%,Y); 
SOLUTION 

ALG 
( E l i )  Y . . . .  

2 
MULTIPLICITY 7 
(DlZ) [EIZ] 

(C12) CI:EV(Y.%);./* Cl IS THE RESIDU~ AT ANY ROOT OF FI * /  

(ozz) 
ALG 

Z 

(Ct3) SOLVE(RESULTANT(Y-B(X),FZ,X),Y); 
SOLUTION 

ALG - Z 
(E l3 )  Y . . . . . . . . .  

2 
MULTIPLiCiTY 7 
(DI3) [E13] 

(C14) C2:EV(Y,%); / *  C2 IS RESIDUE AT ANY ROOT OF F2 * /  
ALG - Z 

(DI4)  . . . . . . . .  
2 

(C15) CI*LOG(FI)+CZ*LOG(F2); / *  FINALLY WE CAN EXPRESS 
THE INTEGRAL * /  

7 Z 
ALG LOG(X + ( I  - ALG) X - ALG X - I~ 

(:DIS) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  - - : - ,  
2 

7 Z 
(ALG - Z) LOG(X + (ALG - 1) X + (ALG - 2) X - 1~ 

2 

(C16) (ALGEBRAIC:FALSE,SOLVE(HP(ALG))); / ,  SINCE MP(X) IS 
QUADRATIC, WE CAN EXPRESS THE ANSWER IN RADICALS */ 

SOLUTION 

(E l6 )  ALG = 1 - SORT(Z) 

(ELF) ALG = SORT(Z) + 1 
(DI7)  [E l6 ,  Ei7] 

(C18) EV(D.IS.Et7); 
(DIS) 

7 Z 
(SORT(2) + 1) LOG(X - SORT(Z) K - (SORT(Z) + 1) X -  i) 

2 

7 Z 
(SORT(2) - 1) LOG(X + SORT(Z) X + (SORT(Z) - i )  X ~-:i) 

Z 

We have shown t h a t  any i n t e g r a l  can be 
e x p r e s s e d  ove r  the  f i e l d  generated by the residues 
o f  t h e  t n t e g r a n d .  Now we must J u s t i f y  our c la im 
t h a t  t h i s  f i e l d  i s  the min imal  one, I .e .  we w i l l  
show t h a t  I f  an i n t e g r a l  can be expressed over a 
f i e l d  k ,  then  a l l  the res ldues  o f  the tq¢egrand l i e  
i n  k .  

• 2 L e t  v 0 ( x )  + c t l o g ( v t l x ) )  be the i n g e g r a l ' o f  
a r a t i o n a l  f u n c t i o n ,  and l e t  a l l  the c o e f f i c i e n t s  
be c o n t a i n e d  tn some f i e l d  k. Then the tntegran~ 

can be exp ressed  a s ' v '  0 + ~ c l v ' t / V  1. The residue 
of v' 0 is zero everywhere, whlle the resldu~ of 
v'/v is always a ratlonal integer. Thus all the 
residues of the Integrand can be expressed as 
integer llnear combinations of the c i and thus must 
l i e  i n  k .  Combined w i t h  our e a r l i e r  r e s u l t ,  w¢ 
have  t h a t  t he  f i e l d  determined by the res idues  is  
b o t h  n e c e s s a r y  and s u f f i c i e n t  f o r  expressing the 
Integral. 

8 .  E x ' l : e n s i o n s  and Comments 

The a l g o r i t h m s  presented in t h i s  paper were 
d e s i g n e d  t o  o p e r a t e  over  an a r b i t r a r y  base f i e l d .  
I f  we a re  i n t e r e s t e d  in  f a c t o r i n g  un i va r i a t e  
p o l y n o m i a l s  ove r  a l g e b r a i c  number f i e l d s  then we 
l e t  o u r  base f i e l d  b e t h e  r a t i o n a l  numbers. Given 
the Capability to factor multivariate polynomial 
norms over Q as In [12], we can extend to factoring 
multtvarlate polynomlals Over algebraic number 
fields. If we allow our minimal polynomials to have 
polyTmmlal coefficients then we can factor 
polynomials over algebraic f~nctlon fields: 

As a l g e b r a i c  m a n i p u l a t i o n  systems expand bhei r  
p r o b l e m  domains ,  the  need f o r  per forming operat ions 
w i t h  q u a n t i t i e s  s a t i s f y i n g  a l g e b r a i c  r e l a t i o n s h i p s  
w t l I  I n c r e a s e .  The bas i c  a r i t h m e t i c  operat ions can 
be ~ e r f o r m e d  by mere l y  us lng the s ide r e l a t i o n s  to 
keep  t h e  e x p r e s s i o n s  reduced. We have extended 
f a c t o r £ n g  t o  these  domains by mapping the problem 
t o  a s i m p l e r  domain w h i l e  s t i l l  p reserv ing l t s  
s t r u c t u r e .  Then we were.  able to l ' t f t  the 
f a c t o r t z a t t o n  back to  the o r i g i n a l  expression. 
T h a t  f i n d i n g  such un ramt f t ed  merphtsms can lead to 
e f f i c i e n t  a l g o r i t h m s  f o r  a l g e b r a i c  manipu la t ion  has 
been amp ly  demons t ra ted  by the recent  development 
o f  m o d u l a r  and p - a d t c  techn iques [ 1 5 ] .  

I w o u l d  l i k e  to  thank Joe l  Noses; Richard 
Z t p p e l ,  and Davld Barton f o r  many en l i gh ten ing  
d i s c u s s i o n s .  Nork he re i n  was supported in par t  by 
t h e  U n i t e d  8 t a l e s  Energy Research and Development 
A d m i n i s t r a t i o n  c o n t r a c t  E(11-1)-3070.  
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