722.�n=1¥ ºØ ßø12n-1

+23n-1

= �n=0¥ ºØ ßø12n

+23n

= �n=0¥12n

+ 2�n=0¥13n

is the sum of two convergentgeometric series and converges to 11-12

+21-13

= 5.28.�n=1¥ln()n2n+5

diverges because limnfi¥ln()n2n+5

= ln12

„ 0.34.1n(n+1)(n+2)

=1/2n

-1n+1

+1/2n+2

=12()1n-1n+1

-12()1n+1

-1n+2

.The n th partial sum is sn = �i=1n1i(i+1)(i+2)

= �i=1n12

()1i-1i+1

- �i=1n12

()1i+1

-1i+2

==12

()1-1n+1

-12()12-1n+2

since the sums telescope.Since limnfi¥sn =14

, the series converges to 14

.44.�n=0¥3nxn = �n=0¥(3x)n converges if and only if

3 1 x < .

This condition is equivalent to

x< 13 ,

or to -13

< x <13

.For such values of x the series converges to 11-3x

.48.�n=0¥tannx = �n=0¥(tanx)n converges if and only if

tan.x < 1

This condition is equivalent to ()k-14

p < x < ()k+14 p (for some integer k).For such values of x the series converges to 11-tanx

.64.�(an + bn) might converge if �an and �bn both diverged.For example consider what happens if �an diverges and bn = -an.Then again it might not converge.Consider what happens if �an diverges and bn = an.

654.an =3n+42n+5

. Notice an -32=3n+42n+5

-32= -72(2n+5)

.Then

an -� �32

is clearly increasing, because of the minus sign, and so is {an} itself.56.If an = 3 +(-1)nn

then {an} is not monotonic. When n is odd, an < 3, and whenn is even, an > 3. So the terms oscillate from one side of 3 to the other, forever.66.

rrn n- =0 .

Assume r „ 0. Then if e is any positive number, we can make

rn < e

by making

nrln ln .< e

For

01< <r ,

ln,r < 0

so this inequality

nrln ln< e

is equivalent to

nr> lnln .e

Take any integer N for which

Nr‡ lnln .e

If n > N then

nr> lnln ,e

so

nrln ln ,< e lnln,rn <e

and

rn n- = <0e .

What if r = 0? The above argument won�t work since

lnr

doesn�t exist. But to get

0n - < e

is easy; it holds for every positive integer n. So take N = 0 for instance.Page 5968.1 -12

+14-18+ � = �n=0¥()-12n is a geometric series.Since

- <

1

2

1,

it converges and its sum is 11-(-1/2)=23

.10.-81100+910- 1 +109- � = �n=0¥()-81100

()-109n is a geometric series.Since

- ‡

10

9

1,

it diverges.14.�n=1¥1e2n= �n=1¥(1e2

)n is a geometric series.Since

12 1e < ,

it converges and its sum is 1e2

1-1e2=1e2-1.18.�n=1¥(-1)n-132n23n+1= �n=1¥()-12()-98n is a geometric series.Since

- ‡

9

8

1,

it diverges.

5This will make -e < arctan(2n) -p2

. On the other hand, arctan(2n) -p2

< 0 < eregardless of how large or small n may be. So if n > N ‡12

tan()p2-e then-e < arctan(2n) -p2

< e, and

arctan() .2 2n - <p e

26.If an =n!(n+2)!

then {an} converges to 0.To see why, notice that an =1(n+1)(n+2)

and thus 0 < an <1n2

.To make

a an n- = <0 e ,

where e is any positive number, it will be more thansufficient to have n > N, where N is any integer for which

N ‡1e .

Then if n > N,we will have 0 < an <1n2

<1N2

£ e, so that

a an n- = <0 e .

Actually this is overkill. By solving a quadratic equation you can show that

N ‡-++-1 5 0 25 1. . e

will work, and that this is the best one can do.30.If an =ln(2+en)3n then {an} converges to 13

.Notice

ln( ) ln( ) ln( )ln^{ln ln( ).} 2

3

1

3

2

3

2

3

1

3

2 1

3 1 2 + + - + - +

- = = = = +_- e n

e n n

e e n n

e e n

n n n n n n e_n

The continuity of the natural logarithm function insures that if (1 + 2e-n) gets closeenough to 1, ln(1 + 2e-n) will get as close as we want to 0. The (3n) in thedenominator makes things even better. And we can bring (1 + 2e-n) as close as wewant to 1, since en can be made as large as we please by taking n large enough.36.If an =ncosnn2+1

then {an} converges to 0.Since

cos,n £ 1

aan n nn- = £ +0 2 1.

We can make nn2+1

< e, where e is anypositive number, just by taking n > N where N is any integer for which N ‡1e.If n > N then n >1e so nn2+1<nn2=1n< e.(This argument shows that probably we can get away with a slightly smaller value of Nthan 1e

, since we have �thrown away� the +1 in n2 + 1. Sometimes

cosn

is a lotsmaller than 1, too, but then sometimes it is quite close to 1 so that won�t help.)48.If an =1Æ3Æ5�(2n-1)n!

then {an} diverges to +¥.To see why, write an =11

Æ32Æ53�2n-1n

.Notice 32

<53<74< � <2n-1n

, so an > ()32

n-1 = 1.5n-1, when n > 2.Since 1.5n-1 gets as large as you please and an is larger, {an} diverges to +¥,almost as fast as 2n-1 (not quite that fast, since 32

< 2, 53< 2, � , and 2n-1n

< 2).A good way to illustrate this with a graph would be to look at 1an

instead of an.

4yxr = q0 £ q £ 2p

For Exercise 4646.If r = q then drdq

= 1.The length of the portion of thegraph of r = q with 0 £ q £ 2p isL = �02p

q q21+ =d= + + + + =�Ł �ł�Ł �łøßœ p12 2 2 021 1qqqln= p p + + p + p +( )412412 212 ln .

See graph to the right.Page 5862.If an = ()-23

n then a1 = -23, a2 =49, a3 = -827, a4 =1681, and a5 = -32243.8.For the sequence

12141618, , , ,L� �

it could be that an =12n

. There are of courseinfinitely many other sequences that start out that way for the first four terms.14.If

a n n =4

then {an} diverges to +¥.To insure that

4 nM> ,

where M is any positive number, all we need do is haven > N, where N is any integer for which N ‡M216

. Then if n > N, we will haven >M216

, so 16n > M2 and

4 n M> .

16.If an =4n-33n+4

then {an} converges to 43

.To see why, notice that

43344325334n n-+ +- = ( ) .

To make 253(3n+4)

< e, where e is any positive number, all we need do is haven > N, where N is any integer for which N ‡25-12e9e

. Then if n > N, we will haven >25-12e9e

, so 9ne > 25 - 12e, 3e(3n + 4) > 25, and 253(3n+4)

< e.24.If an = {arctan(2n)} then {an} converges to p2.To make

arctan() ,2^2n - <_p e

where e is any positive number, all we need do is haven > N, where N is any integer for which N ‡12

tan()p2-e. Then if n > N, we willhave n >12

tan()p2-e, so 2n > tan()p2-e, and arctan(2n) >p2- e.(The last step uses the fact that the arctangent function is strictly increasing.)

3 ABCr = cos(3q) r

=

cos

(3

q

) r

=

(3

q

) r

=

sin

q

)

r

=

(3

q

) r

=

(3

q

)Labels areinside loops

xyFor Exercise 3838.The curve r = cos(3q) has threeloops during 0 £ q £ 2p, and so doesthe curve r = sin(3q).If these two curves intersect with r > 0for both curves or with r < 0 for bothcurves then we have cos(3q) = sin(3q),so tan(3q) = 1, and q must be one ofp/12, 5p/12, 9p/12 = 3p/4, 13p/12,17p/12, or 21p/12 = 7p/4.But the points defined by the last threevalues of q are duplicates of the onesdefined by the first three values of q sincefor example p/12 and 13p/12 differ by p(one-half turn), 3Æ(p/12) and 3Æ(13p/12)differ by 3p (one and one-half turns), andthus the sine values for 3Æ(p/12) and for3Æ(13p/12) are negatives of each other,as are the cosine values.If the graphs of the two curves intersect with the value for r for one graph positive andthe value for r for the other graph negative then cos(3q) = -sin(3(q + p)), but thisequation is equivalent to cos(3q) = sin(3q) and therefore leads to no new intersectionpoints. Of course there are lots of intersections at the origin where the values of q forthe two curves need not have any relationship to each other. Since

cos sin p = p =

( ) ( ) +12512 3 1 2 2

(write p/12 = p/3 - p/4 to see why),

sin cos , p = p =

( ) ( ) -12512 3 1 2 2

and

cos sin ,

3 4 3 4 12 p = - p = -()()

the rectangular coordinates for the intersection points other than the origin are

( cos ( ) , sin ( ) ) ( ( ) , ( ) ) ,

p p = + - =

12 2 12 2 3 1 4 3 1 4 A

( cos ( ) ( ) , sin ( ) ( ) ) ( ( ) , ( ) ) ,

5 12 2 5 12 2 3 1 4 3 1 4

p - p - = - + - - = B

( cos ( ) , sin ( ) ) ( , ) .

3 4 2 3 4 2 1 2 1 2

p p = - = C

See graph above and to the right.

yxr = e-q0 £ q £ 3p(1, 0)

For Exercise 4444.If r = e-q then drdq

= -e-q.The length of the portion of thegraph of r = e-q with 0 £ q £ 3p isL = �03p

( ) ( )ed - - + - =

q q q 2 2

= �03p

2 2ed- =q q

�03p

2 ed- =q q= - ] =-( )- p - p2 2103 3e eq .

See graph to the right. As q increases,r = e-q decreases dramatically, so onlythe portion with 0 £ q £ 3p/2 is clearly

2xyr = 2cos(4q)

For Exercise 1818.r = 2cos(4q) has eight loops.One loop occurs when -p/8 £ q £ p/8.The area inside that loop isA = �-p/8p/812

[2cos(4q)]2dq == �-p/8p/82cos2(4q)dq == �-p/8p/8[(1 + cos(8q)]dq == []q+18 sin(8q)]-p/8p/8 =p4

.See graph to the right.28.r = sin(2q) has four loops for0 £ q £ 2p, one occurring for each of0 £ q £ p/2, p/2 £ q £ p, p £ q £ 3p/2,and 3p/2 £ q £ 2p. The second andfourth loops involve negative values for r,while the first and third involve positive r values. The circle r = sinq is traced out twicefor 0 £ q £ 2p, the entire graph occurring in the first and second quadrants. So in

xyr = sin(2q)r = sin(2q)r = sin(2q)r = sin(2q)r = sinq

For Exercise 28addition to meeting at the origin, thetwo graphs also meet in the interiors ofthe first and second quadrants, but thesecond quadrant intersection uses afourth quadrant value for q for thegraph of r = sin(2q).If we solve sin(2q) = sinq, or in otherwords if we solve 2sinqcosq = sinq,we obtain sinq = 0 or cosq = 1/2, soin addition to the intersections at theorigin we also have intersections whenq = p/3 and when q = 5p/3, at thepoints with rectangular coordinates

( , )

3 4 3 4

and

( , ).

- 3 4 3 4

For the interval 0 < q < p/3, and alsofor 5p/3 < q < 2p, the curve closer tothe origin is the circle r = sinq.For the interval p/3 < q < p/2, and also for the interval 3p/2 < q < 5p/3, the curvecloser to the origin is r = sin(2q).The first- and the second-quadrant portions have equal areas. Thus the total area isA = 2�0p/312

(sinq)2dq + 2�p/3p/212

(sin(2q))2dq) = �0p/3sin2qdq + �p/3p/2sin2(2q)dq == �0p/31-cos(2q)2

dq + �p/3p/21-cos(4q)2dq = ()2q-sin(2q)4

]0p/3 + ()4q-sin(4q)8

]p/3p/2 =

= - p43316^.

MATHEMATICS 152 98-2 Solutions for Assignment 10Page 5582.The area bounded by r = eq, -p2

£ q £p2 is A = �-p/2p/212

(eq)2dq == �-p/2p/212

e2qdq =14 e2q]-p/2p/2 =14

[ep - e-p] =e2p-14ep

=12sinhp.See graph below and to the left.6.The area bounded by r = cos(3q), -p12

£ q £p12 is A = �-p/12p/1212[cos(3q)]2dq =

yxr = eq-p2

£ q £p2For Exercise 2= �-p/12p/1212cos2(3q)dq = �-p/12p/1214

[1 + cos(6q)]dq ==14

[]q+16sin(6q)]-p/12p/12 =14

[]p6+13

=p24+112.See graph below and to the right.

xyr = cos(3q)

q

=

-

p

12

q

=

p

12For Exercise 6

yxr = 4(1 - cosq)0 £ q £ 2p(-8, 0)(0, -4)(0, 4)

For Exercise 88.r = 4(1 - cosq) is a cardioid, traced outonce for 0 £ q £ 2p, with enclosed areaA = �02p12

[4(1 - cosq)]2dq == �02p8[1 - 2cosq + cos2q]dq == �02p[12 - 16cosq + 4cos(2q)]dq == [12q - 16sinq + 2sin(2q)]]02p = 24p.See graph to the right.