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Strange Series and High Precision Fraud

J. M. Borwein and P. B. Borwein

INTRODUCTION. Five of the following twelve series approximations are exact.
The remaining seven are not identities but are approximations that are correct to
at least 30 digits. One in fact is correct to over 18,000 digits and another to in
excess of a billion digits. The reader is invited to separate the true from the bogus.
(For answers see the end of the introduction.) Most of these series are easily
amenable to high precision calculation in one’s favorite high precision environ-
ment, such as Maple or MACSYMA, and provide examples of ‘“caveat computat.”
Things are not always as they appear.

Sum 1
* a(2") 1
2" 99

n=1

where a(n) counts the number of odd digits in odd places in the decimal expansion
of 'n. (a(901) = 2, a(210) = 0, a(811) = 1, here the 1st digit is the 1st to the left of
the decimal point.)

Sum 2
> a(n) 10
LT 99
n=1
where a(n) is as above.
Sum 3
@ 1 1 2572
b - =
L (”)(n2 (n+ 1)2) 297

where b(n) counts the number of odd digits in n (b(901) = 2, b(811) = 2,
(b(406) = 0).

Sum 4
* ¢(n) 511

X —s
=2 8184

where c¢(n) == 32¢(n) — c,(n)/32, and c¢,(n) counts the number of nines in n,
while ¢,(n) counts the number of eights in n (c(8199) = 32 - 2 — 1/32).
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Sum 5

© (_1)8(n) (e‘n'/Z _ e—‘rr/Z)

" ,E‘l 165(D(n))* 72

where 8(n) is the number of ones in the binary expansion of # and D(n) is the
product IT, max{i8,(n), 1} where §(n) is the ith binary digit of n (8(1011,) = 3,
D(1011,) =4-2-1=28).

Sum 6

> e(n) 101 10
a_ph(n+1) ~ 99 %

where e(n) “reflects” n through the decimal point (e(123) = .321, €(90140) =
.04109).

Sum 7

where b(n) counts the number of odd digits in » (as in Sum 3).

Sum 8

where e(n) counts the number of even digits in n.

Sum 9
[n tanh 77] 1

Lo Cw

where | | is the greatest integer function ([3.7] = 3).

Sum 10
w lnew,/163/9l
Z —— = 1280640
Sum 11
* 1 T
L Jgemr 100 iog1o
Sum 12

10°

n=—o

1 ° 2
(— Y e“”z/wm)) =
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These sums break into four types. Sums 2, 3, 4, 5, and 6 are all specializations of
generating functions for digit sums, more-or-less of the type:

IT(+4q%) =) x*mg" (1.1)
n=0 n=0
where 8(n) counts the number of ones in the binary expansion of n. These are
treated in section 2. See also [14].
Sums 1 and 7 are related to a problem independently due to E. Levine (College
Math Journal, Vol. 19, number 5, 1989) and to D. Bowman and T. White (Amer.
Math. Monthly, Vol. 96 1989, p. 743), which asks if

E’O 2" 9

where g(n) counts the number of digits > 5 in n. The key to the solution we
provide is due to our colleague A. C. Thompson. See section 3.
The sums 8, 9 and 10 revolve around the fact that

E w[najqn
n=0

has a particularly attractive and rapidly convergent generating function that is
related to the continued fraction expansion of «. This is essentially an observation
of Mabhler’s [11], though the development we offer in section 4 is quite distinct. See
also [10], [3]. This is closely related to problem #E3353 in the MAA Monthly due
to H. Diamond [6].

The last section deals with series like Sums 11 and 12. There are consequences
of the fact that f(r):=Y*_ __e """ is a modular form and satisfies a simple
functional equation linking f(¢) and f(1/¢).

The fradulent series are: Sum 2 (correct to 99 digits), Sum 4 (correct to 240
digits), Sum 8 (correct to 30 digits), Sum 9 (correct to 267 digits), Sum 10 (correct
to at least half a billion digits), Sum 11 (correct to at least 18,000 digits), and Sum
12 (correct to at least 42 billion digits).

GENERATING FUNCTIONS—PART ONE. Many digit sums are generated by
the following type of argument.

Example 2.1. Let b(n) count the number of odd digits in » base 10 (as in Sums 3
and 7). Then for |gq| < 1,

\

0 o]
Z xb(")qn — l——[ (1 +_'xq10" +q2'10" +xq3'10" +q4'10” +xq5'10" + q6'10"
n=0 n=0

+xq7<10" + q8-10" +xq9-10")

o

[Tr(x,q"). (2.1)

n=0

To see this, observe that in the expansion of the product each power of g™ arises
in exactly one way. This is just the unique expansion of m base 10. The coefficient
of g™ is just a product of x’s, one for each odd digit in m. If we differentiate (2.1)
with respect to x as is legitimate since b(n) = O(n) and the derivatives converge
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uniformly, we get

E;":Ob(n)xb(n)—lqn _ i qIO" +(13‘10"_,_qs~10" +q7-10" +q9«10" (2 2)
Zo';::oxb(n)qn = 1 +xq1°"+q2'10"+ +q8‘10n+xq9,10n .

and at x =1

X _ob(n)q” Y LR AL

- ¥

(1 _q)—l et T L LR

(2.3)

© 10"
q
=X

10"
n=0 1+ q

where the second last equality follows on factoring each term. It is apparent from
this representation for example that

1 10

il 1 q q
b "= +
,EO (r)a 1—61(1+q' 1+q"

) + O(qwo). (2.4)
We need the following observation which we encapsulate as Lemma 2.1.

Lemma 2.1. Suppose R(q) is a non-negative, measurable function on [0,1]. If b > 1
and

fa) = ¥ R(@™) lal<1
n=0

then
[O‘f(—q)-dq - bbj Olf(flldq.
Proof:
[ [ 2
- B[
- B[

where S(q) = R(qn)/q.
Now set u = g and observe that

and the lemma is proved. (The interchange of sum and integral is just the
monotone convergence theorem.) [ ]
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From (2.3) we have

Y © R 10"
gob(n)CI"_l(l —q9)= ¥ Ra”)

Ly (2.5)

and with Lemma 2.1,

or
Y = log2. (2.6)

Indeed this process iterates, in the sense that we can keep dividing by g and
integrating in (2.5). This yields with some effort the following

Sum 13. For k a positive integer

i ) 1 1 10% .
o (n) nk (n + 1)k - 10k_ ]_a( )
where, a is the alternating zeta function,
B © (_1)n+1
a(s) = (1 —25)¢(s) = Y —
n=1

Note that Sum 3 is just the k := 2 case of the above, while k = 1 gives (2.6).
A direct derivation of Sum 13 valid for non-integer k can be based on the fact
that:

if and only if

This identity is now coupled with (2.3). See [18].

Example 2.2. The generating function for g, the number of odd digits in odd
places (as in Sums 1 and 2), is given by

©

,Z xa(n)qn — n r(x,ql()ln)
n=0

n=0
where
r(x,q) = (1 +xq+q*>+xq* +q* + -+ +xq°)
(14 g1+ g0 4 310 4 ool 4 g910)

and leads, as in (2.3), to the series

© 1 © qIOO"
X a(n)q" = 5 )y

n=0 _qn=01+q

(2.7)

100" *
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Sum 2 now appears on taking g = % and using the first term of the above
expansion. It is apparent that the remainder is positive of size very close to
1.107%. This gives the nature of the estimate in Sum 2.

In similar fashion

© q(lo")"

)»

1-gq n=0 1+ q(lok)'l

Y An)q" = (28)
n=0

is the generating function for the number of odd digits in the 1st, (k + 1)th,
(2k + 1)th places of k. So with k = 10, for example

* A(n) 10

)»

n=0

(2.9)

+ &

10" 99 ' °n

where 0 < |e,| < 210719 and the above approximation is correct to over a
billion digits. [ |

Example 2.3. The number of times the digit i > 0 occurs in n has generating
function

oo 1 oo qi~10"
2 g(n)q" = r
n=0 1

—q 21+ g g

So the generating function for ¢(n) in Sum 4 is just
8-10"
- - 32q9'10'l _ q_

5 c(myg" = —— % 32

n=0 1-q, S 1+q" + - +¢°1"

At g = 3, the second term vanishes to give
8-10"
q
9
© C(n) 1 32q - 32

)y

2" 1—q| 1+ +¢°

+ O(qSOO)

511

— +
8184« °

where ¢ < 10724,

Example 2.4. The generating function which reverses digits, as in Sum 6, is

\

Z xe(n)qn — l—.lé)(l :i_xl/lonﬂqlon 4o +x9/10n+1q9.10n). (210)
n=0 n=
So
1 R 9 o
hod 1 hod quo +oee At 10n+1q9 1
Y e(n)q" = —— ¥ (2.11)

1 _q ne0 1 +q10" + “ e +q9'10n

n=0
and as in Lemma 2.1

* e(n) 10
T jogl0.
;%i_n(n +1) 99
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There are very many analogues of these results. All have variations in different
bases. The binary digit counting functions § has generating function

i x%mgn = ﬁ (1 + xq*") (2.12)
n=0 n=0
and
o 1 = g
ngos(n)qn -1 EO T+ (2.13)
whence
n§1 % = 2log2. (2.14)

(See the Putnam examinations of 1981, 1984 and 1987.) As in Example 2.1 we have
Sum 14.

Sum 14. Let §(n) denote the sum of the binary digits of n. Then

> s(n)(ik - — ) - (51 )et0

n=1 n (n +—1)k

where a(k) is the alternating zeta function.
The sum of the decimal digits of n denoted s(n) has generating function

Y xsgn = ]—[O(l +xq"" + x2q7 1" + - +x%¢°10") (2.15)
n=0 n=
from which we deduce that
*  s(n) 10
——— = —log10. 2.16
n§1n(n+1) g %8 (2.16)

Loxton and van der Poorten [10] and Mahler [11] treat transcendence questions for
functions, with power series expansions at zero which satisfy functional equations.
From these results, one knows that if f, holomorphic at zero and not an algebraic
function, satisfies a function equation of the form

f(a™) =f(a) + R(q) (2.17)

where m is an integer and R is a rational function, then f(a) is transcendental for
algebraic a. From this we deduce that the exact answers in Sum 2, Sum 4 and Sum
8, are transcendental. Thi$ can also be deduced easily from Roth’s Theorem [8].

GENERATING FUNCTIONS—PART TWO. A second type of digit function arises
as follows.

Example 3.1. Let 8(n) as before, denote the sum of the binary digits of #, and let
p(n) = T1{S;: ith binary digit of n # 0} and p(0) := 1, where S, is a given sequence
and the product is taken over those binary digits of » which equal one. Then
formally

© x&(n)qn

T

noo P(n) n=0 n+1

qz") (3.1)
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and

Example 3.2. Let §(n) denote the sum of the binary digits of n, and let

D(n) =11

where the product is taken over those i where the ith binary digit of n is non-zero
(asin Sum 5). S0, if 0 < n, <n, < -+ < n,

D(2" + 2"+ -+ +2™) = (n; + 1)(ny, + 1) -+ (n, + 1).

Then as in Example 3.1, starting with

F,(x) ==xﬁ (1 - %qZ"“) =xl:_°I (1 P 2") (32)

n=1 0

we have, for |x| < 1,

sin 7 x * (_1)5(">x25(n)+1
ilx) = - 3.3
) ™ nX=:o [D(m)]? (33)
and at x =
2 et (_1)5(;1)
R (3.4)
™ n=0 48(”)[D(n)]
Similarly, starting with
(sin x)(sinh 7x) o e
R 1 L (35)
© (_1)8(n)x48(n)+2
= Z . ’
n=0 [D(n)]
we have, at x = 1,
e7T/2 _ e—7T/2 ~ ® (_1)5(n)
A= | = L lemipml® (3.6)
T n=0 16°"[D(n)]

which is Sum 5.

Example 3.3. Let t(n) := Xi, where the sum is taken over the non-zero digits on n
base 2. So #(1011,) =4+ 0+ 2+ 1 = 7. Then

1—[ (1 _ xn+1q2") — Z (_1)8(n)xt(n)qn. (3’7)
n=0 n=0
So
L (-D)x@ =TT -x") = T (-)"xC2 (38)
n=0 n=1 —o0
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on using Euler’s pentagonal number theorem [2] and on integrating, from zero to
one,

o _1\8(m 0 1\
NG C) 9)

ot(n)+1 3t 4+n+ 27

4. CONTINUED FRACTION EXPANSIONS. The identities of this section are
based on the two functions

G(z,w) = Y z"wirel (4.1)
n=1
and
L lnal
F(z,w)= Y z" Y w" (4.2)
n=1 m=1

where « is a non-negative real number and |ne«] is the integer part of na, while z
and w are complex with modulus so as to ensure convergence. The function F,
was studied by Mahler [11] and is obviously related to G, by

w
1-2z)(1-w)

for |z|, lw| < 1. Van der Poorten [10] comments that Mahler’s paper has been
largely overlooked. In [3] we explore these matters further. Note that for positive z
and w, F, is strictly increasing as a function of a.

For irrational a we will use the infinite continued fraction approximations
generated by

F(z,w) + T%?;;cg(z,uo - (4.3)

(a) pn+1 :=pnan+1 +pn—1 pO = aO = I_CKJ, p—l = 1
(b) Api1 = 4n8p1 + dp— q0 =1, q_,=0 (4.4)
for n > 0 where
a=[aga,...,8,,8,.1,--.]
1
=a,+ 1
a, + 1
o, +
2 g, +

so that each a, is integral, a, > 0 and a, > 1 for n > 1. Then for n > 0 p,,/q,,
increases to a while p,,.,/4,,,, decreases to a and

1
—_—<
a,(q, + dn+1)

1
9ulns1

(4.5)

n
a — —
qn

All of this is standard and may be found in [8], [9], or [16]. We will avoid using
finite continued fractions which arise only for rational «. Let us write g,a — p,, as
e,. By (4.5) and (4.4)

e, 41l ! le, | ! 1
£, < ——— < lg,l < <1.
§ n dn+1 " dn+1
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A key lemma is:

Lemma 4.1. For irrational a« > 0 and n, N in N
(a) |na + ey = |na) forn < gy,
(b) |na +eyn| = |na| +(—1)N for n = qn,q-
Proof: Suppose N is even (the odd case is entirely parallel). Then &, > 0 and (a)
fails when
na + gy > m > na for some m in N. (4.6)
As a > py/qy, We have an integer k£ with
(n+aqy)ey > mgy —npy =k >0.
If k>2thenn +gq,>2/ey>2qy,; and n > gy, .
If Kk =1 we have

Pndy — dnPy = 0, PN+1dn — dn+1PN = 1,

so that the linear Diophantine equation mg, — npy = 1 has general solution

m =py.i + SPn> B = qn.q + Sqy for s integer. However, n + gy > 1/e5y > qnyq
so that s is non-negative. This establishes (a). For n = g, we have

An+1@ <Dyiy1 <dyi1@ + &y <Dyip +1
since py.; > qn+@ and 0 < ey, 1 + £y < 1. This yields (b). [ |

Theorem 4.1.
(a) For rational a = p/q (reducible or irreducible)

q
(1 = z9wP)G,(z,w) = ) z/wbP/4l,
j=1
(b) For irrational o and N > 0
(1 —zWWwPN)G(z,w)
q"
= Y zrwlnel 4 (—1)N(
n=1

w—1

)ZQNWPNZ‘IN+1WPN+1 + RN( z, w)

with
|Z|¢1N+1+4N+1
Ry(z,w)| <1 —w|————.
Proof:
w q
(a) G (z,w)= Y, Y zik*iwkp*lip/al
Lk=0j=1
® q
=Y (qup)k Y Ziwlite/ o,
k=0 j=1
an
(b) (1= z9wP)G,(z,w) — ¥ z"wie!
n=1

Il
s

Zn +qN{w[(n+qN)a] _ pr+[na]}
1

n

Il
s

Zn+qu[me+pN{w[na+eN]—[mx] _ 1} .
1

S
I
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By the proof of Lemma 4.1, the first non-zero term in this last express-

ion is (—DN(w — 1)/w)zn* 9n+1yPnFP+1 while the other terms are dominated by

|z|"11 — w| with n > gy + gn.1- [ |
For fixed @ > 0 we write

an
Py = Z Z"wlnaJ, Qn=1—zWNwPN
n=1

and observe that Theorem 4.1 shows that
P w — 1 ZQprquN+lpr+l
G- 5t = (-0~
On On

for « irrational (while G, = Py/Q, for rational «). Thus as a function of z
Pyn/Qy is the main diagonal Padé approximation to G, of order g,.

+ O(zW* v+ + 1) (4.7)

Corollary 4.1. For irrational a > 0
ZWPO 1 —w *® anwpnzqn+lwpn+l

- -1)" :
— zwPo w n§0( ) (1 — anwpn)(l — an+lwpn+l)

G,(z,w) = 1 (4.8)

Proof: Let Ay = Pyn,.1On — On+1Py. Then A, is a polynomial of degree at
most gy, + gy in z. From (4.7) we see that

PN+1 PN AN ( 1)N( w—1 ){ ZINWPNZAN+1y PN+1
Onvit Ov  OnOn+1 OnOn+1
On summing from zero to infinity we produce (4.8). [ ]
This is derived by Mahler for « € (0, 1) in [11].
Corollary 4.2. For irrational o > 0 and for w # 1
v W 1 — wro ® (—1)"z9wPnzaneryPusi
zZ,w) = + .
“( ) (1 — Z)(l — W) 1 —_ ZWPO ne0 (1 — Zq"Wp")(l — an+lwpn+l)

(4.9

In particular, for w = 1, the spectrum of a [7] is generated by

© . DoZ © _ n znz9n+1
el = B O ey (410

=0

Proof: Equation (4.9) follows from (4.8) and (4.3). Equation (4.10) is now obtained
by letting w tend to 1. ‘ [ |

If F, denotes the truncation of the right-hand side of (4.9)

zw 1 —wro N1 N
(el SEa R A

we observe that (4.7) and (4.3) show that
w

(o0 - o
(1 —-2z)(1 —zWvwhr)

2 9ny Prg n+iyy P+l

(1 —_ zqnwpn)(l — an+lwpn+l)

Fy = (4.11)
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and some manipulation shows that, for g, > 1, the numerator may be rewritten as
an wl(ntDal _ | nej 1 — who
By=wz ) z" + wz
n=1

1-w
so that B, is a very simple integer polynomial in w and z (of degree g5 + 1 in 2),
while

T )(1 —zWwPN) (4.12)

Fa _ FN = O(ZqN"'qN-H).
Note that Fy is especially simple for w:=1and 0 <a < 1.
Example 4.1. (a) Let « == 7/2 in (4.11) or (4.10). As
T o[11,1,31,...]
2 - s 4y Ly RO

we have po =1, p, =2, p,=3,p;=11, p,=344and gy, =1, 9, =1, g, = 2,
Q3 = 7, Q4 = 219. Thus

F.(2,1) = 21 [%”}Z"

z z? z3

Ta- Tasa (-n(-29

226

2° z

Aoy -2)  A-Ha -

and the approximation F, is also expressible as

2(27+ 28+ 225+ 24+ 223+ 22+ 22+ 1)

(1-z2"Y(1-2)
and has an error like z2%. In particular
o

|37 | 399

L5 13

with error less than 10798,
(b) Sum 9 follows from using (4.10) for tanh(zr) = [0, 1,267, ...]. This produces

Z2 2269

ntanh 7 |z" = - +
ngll 7 (1-2)> (1-z)(1-2z*%)

(c) Sum 10 follows similarly from (4.10) with one of our favorite transcendental
numbers a = e™V163/% = [640320, 1653264929, ...].

(d) Let a:=log,,(2) =1[0,3,3,9,...]. Then (4.11) with N:=3, z:=1 and
w =1 gives

i [n log10(2)] 146

~ 1023

to 30 places since g, = 1, g, = 3, g, = 10, g; = 93. Thus, as the number of even
digits in 2" is | n log,,(2)] + 1 less the number of odd digits in 2", the “false” Sum
8 follows from Sum 7 and this “false” identity. In fact, see below, Sum 8 is
transcendental while Sum 7 is rational. [ ]
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Other lovely approximations follow from
log,o(6) = [0,1,3,1,1,32,...]
tanh(1) = [1,3,7,9,11,...]
e—1
2

and other simple transcendental numbers. Thus

;L o
D T ST

=[0,1,6,10,14,...]

to 30 places.

Example 4.2. Many other related sums can be derived from (4.8) and (4.9). We
indicate some classes.
(a) For irrational a > 0

*© 1—w
G, (1,w) = Y wirel = (T)Fl/a(w’l)’

n=1
and more generally
—-w
Gulzw) = [ im0

This follows either from the elementary identity in [11]

’ w

F(z,w)+ F,(w,z) = 4.13
L2W) + Ee(92) = T i) (4.13)

or from Theorem 2 in [13], when z = 1.

(b) Letting w := —1 in (4.9) produces a Lambert-like series for X, oaa2”- AS

an example,

Z 1 I h(2" . 114
{? engt ( )CVCII} = Ez—s—

to 30 places.
(c) Observe that

M (- 1)( )G(ZW ) _ i(l—wlnaj’”)zn
n=1

k=0 (1-w)" l—w
so that on letting w tend to-unity we obtain the approximation
© AM(z
Y |na|¥z = v(z) — + O(zINtN+1)
—1 (1 -2z)(1-2z%w)

where AY is an integer polynomial in z of degree MgN + 1. In particular
o © an+qn+l
2
nal|’z' =Y,
E}l | noo (1= z9)%(1 — z9n+1)?
X{(2p, + 2P, 41 — 1) — z%z%n

—(2p, = 1)z%+ = (2p,4q — 1) 2%}
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for 0 < a < 1, «a irrational. Thus

i (length(6™))® 196669
= 6" 37303

to 88 places.
(d) Similarly, if w is a primitive Nth root of unity

1 N
— Y G (z,wF)wM* = b z"
N k=1 |na]=M (mod N)
[compare (b)]. Thus
1 3554
D T

3|ln logg 2]

to 50 places.
(e) Let w := €°(0 real) in (4.9). We obtain

i cos(|nar])z" = v, cos(|na)0)z” — LI, cos(py — | na)6)z"*w
1 — 2z% cos(py0) + 229

n=1

+ O(ZqN+qN+l),

with a similar expression for sin replacing cos. |

The rational counterpart to (4.13) is

w zw?
+ )
(1-2)(1—-w) 1—zw?

Fp/q(z,w) +Fq/p(w,z) = (4.14)

for p and q relatively prime.
We consider F(a) := F (z,w) as a function of «, and observe that F(a) is
continuous at each irrational. Moreover, lim, , , ., F (a) = F(p/q). Thus, on using
(4.13) and (4.14) lim,, , ,, F(a) = F(p/q) — z?w? /(1 — z9wP). In consequence,
F is discontinuous at every rational and F(1) — F(0) = Xy, ,,<{F(p/q) —
F(2 —)} so that dF is a “pure jump measure” on the rationals in [0, 1]. [This
observation was made by H. Diamond.] Explicitly the jumps are expressed as
o zswr
J=3Y X

s=1 1<r<s
(r,s)=1

=Y Lz Y wk (4.15)
k=1s=1 (r,9=1
l<r<s

1—-2zw’

Now, on setting n = sk, this yields

3 z"{z Y w(’/”"}.

n= s/n (r,s)=1
l<r<s

Equation (16.2.3) in [8] applies with F(w) := w” and shows that the bracketed
term is just ¥, _w™ Hence J = L7 _,z"YX; _ w™ = F|(z,w) as claimed. This is
valid for |z] < 1, [w| < 1. |
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We have also shown, using Theorem 4.1(a) and |na] = |n(py/qy)] for n < gy,
that for 0 <a <1

Fp./an N even

Fy = ZINWPN (4.16)
FPN/qN - m N odd.

Clearly F: Q — Q. In [10], [11] (4.9) is used to obtain transcendence estimates
by functional equation methods. For w :== +1 and z:=1/b, b = 2,3,4,... we
can get very accessible estimates for F, or G, from Roth’s theorem [2], [9], [15].

First, observe that Corollary 4.2 shows F, is irrational when « is irrational and
w, z are rational. It is convenient to introduce

s == s(a) = limsup a,,.
n—o
Thus s is infinite when « has unbounded continued fraction coefficients. For b
and w as above, we have from (4.12)

1 1
= O( baINt AN+ ) < O( Qg}"'qu-l/qN)) (4'17)

for integers Py and Q, = (b — 1Xb% — w”~). Hence, Roth’s theorem shows
F(a) is transcendental when

P
F(a) - Q—’;

0<

an+1

lim sup > 1,

now Ay
and clearly « is Liouville when s(a) = «. Since almost all numbers have un-
bounded coefficients, F(a) is Liouville in almost all cases and F maps Liouville
numbers to Liouville numbers as they have s = infinity. When s(a) is finite, we
have gy, < sqy + gn_; < (s + 1)g, eventually and so infinitely often

s2+s+1
s+ 1

and (4.17) shows F(a) is approximable to order at least (s + 1) + (1/(s + 1)) >
5/2. If s =1 then a is equivalent to (5 + 1)/2. In every other case F(a) is
approximable to order 10/3. In summary F(a) is never algebraic, indeed never has
the expected rate of rational approximation and is usually Liouville ([2], [8], [15]).
In fact almost all irrationals have only finitely many solutions to

D 1

a—- —|<—".
q qz(logq)H

A1 Z8qy T an_1 2 qn

Example 4.3. (a) Arguiné similarly from Example 4.2 we see that for almost all «,

i p(|na])
n=1 b"
is a Liouville number, for any integer polynomial p.
It is hard to find explicit numbers with unbounded continued fraction coeffi-
cients but e and tanh(1) are two examples:
i p(|ne))
bn
n=1

is Liouville for all p and b.

636 STRANGE SERIES, HIGH PRECISION FRAUD [August—September



(b) Correspondingly, X% _, p(lna])/b" is approximable to order at least
1+s(a)
“deg(p)
|

For irrational 0 < @ < 1, F,(z,w) may be computed entirely from the contin-
ued fraction expansion via

s n Z2pZn+1
E(z,w)= -1
S [
where z,,, =z8+z,_,, z, =2z, z_; = w. This follows from (4.9) and an easy
induction.
We conclude with some remarks about iterates of F(a) = X% _;|na|27". For
a=p/q 0 <a<1)we have

o AT o

n=1

F(z,w) = 2w (1= 2)(1 - zw?)

either by direct computation or from (4.11) and (4.16). We now set z = 3, w :== 1
and observe that '

(4.18)

p D 1
—+ - —l=14 —.
F(q) F(l Q) +2‘1—1

In particular F(3) = 2. Moreover, (4.18) shows that

Fl1 ! 1 !
o T

Let g, =2 and q,,,, = 1/(2% — 1) to deduce that
1

F‘")(]') 1
2 qn+1

and so converges to 1. Similar analysis shows that
F 1 2 1
J— 3 < — ,
q 29 — 1 2472

Fo 1 o b FO 1 18 1
—| —= 0, because - =— < =.
3] ° 3 127 17

Note that a > 1 implies F™(a) = F™(3) and a < 3 implies F**Y(a) - 0
for 0 <a< % For rational «, the entire sequence is rational, otherwise it is
entirely transcendental, usually Liouville.

and so that

5. RATIONAL DIGIT SUMS. This section is based on the following Lemma
whose proof we owe to A. C. Thompson.

Lemma 5.1. For 0 < g <1 and integer m > 1

i | m"q | (mod m) 5.1)

m"
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Proof: Consider the base m expansion of g
q = Z —'E 0 <a k <m
k=1M
where when ambiguous we take the terminating expansion. Then
n—1
m'q= Y m" *a,+a,+89,
k=1
for some 6, in [0, 1[. Thus a, is the remainder of | m"q| modulo m, and (5.1)
follows. |
Let F(q) == X%_,c,q" be any formal power series.

n=1
Theorem 5.1. For 0 < g < 1/limsup, _,.lc,I"",

F(q) = i f,(nn

n=1

n

where

f(n) = Y ci(lm"q*| mod m).

k=1

Proof: From Lemma 5.1

F(q) = icqu= Yo X

on exchanging order of summation, as is valid within the radius of convergence
of F. |

Theorem 5.1 can be extended so as to replace m” by I17_,r, where r, are
integers > 2, and where the remainder is computed modulo r,,.

If we specialize Theorem 5.1 to the case where g := 1/b and b is an integer
divisible by m we may observe that | m”"/b*| mod m coincides with the coefficient
(mod m) of b* in the base b expansion of m" (the (k + 1)" digit).

Specializing further so that m = 2 and b is even we have

F(_l_) _ y L) (52)

b 2"

n=1

where

fo(n) = X {c,l2" has (k + 1) digit odd base b}.

Example 5.1. (a) Let F(q) = q/(1 — g). Then f,(n) counts the number of odd
digits in 2" base b. Sum 7 is established on setting b == 10.

(b) Sum 1 corresponds to taking F(q) = g%/(1 — g?) and q = 1/10.

(¢) Let F(q) =q/(1 —q — q?). Now F is the generating function of the
Fibonacci numbers (F, = 1, F, = 1, F, ., = F, + F,_,). Again with g := 1/10, we
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obtain for
f(n) = L{F,2" has (k + 1)"" digit odd},
as in Bowman and White [4], that

® f(n) 10
L T
q — q

The generating function for FZ is 5 and so for

1-29—-2¢*>+gq
f(n) = ¥ {F 2" has (k + 1)™ digit odd]

= f(n) 90
El 27 781"
(d) Let
* ) (/] -1
F(q)= X q" = —3(‘1; :
Then

1
0.l — | —1
§ 10 ( 10 )
no1 2" 2
where f(n) counts the number of odd digits of 2” in square positions (the second,
fifth, tenth digits etc.).
(e) If we apply Theorem 5.1 to F(gq) = q/(1 — q) with b := 10 and m = 5 we
deduce that again

= f(n) 1
L5 T
n=1
where f(n) sums the digits (mod 5) of 5" base 10 (e.g. f(3125) = 6). [ |

6. THETA FUNCTION EXAMPLES. The underlying 1dent1ty for this section is
really just a modular transformation of 05(q) = X, _ _.q". (See [2])

Lemma 6.1. For a, B > 0 with a3 = 2

‘/;[ —a2n2/2] ‘/‘[ —pznz/z]'
n=—ooq n=—x
Example 6.1. From the Lemma, with s = 2/8?% s0 a? = 2m?%s
Vs — Y e /T =2fmse ™ + O(e™™%) (6.1)
n=-—o

~ 2‘/7;10—(4‘2863..‘)3.
Now with s := 10'° we get
1 oo

. (_ 5 /)

T < 10742°10%, (6.2)
n= —o

which is Sum 12.
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If we set

1 N
5= log 10N~ 1og10

we get

Nar

* 1 N
- Y 2. 1/ 10~ (1861 ~N 6.3
log 10 E 10"°/N log 10 (63)

and with N = 10* we get Sum 11.

Similarly we have

qm 1 qm

[
2
- ~2 e~ma/loeaq, 6.4
log g _X:’oq"z/‘? log g (64
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