A Result Of Duffin and Schaeffer and Stuff

Peter Borwein -

http://www.cecm.sfu.ca/~pborwein.

2005

Abstract: Some results on zeros of partial sums.

Introduction

Theorem 1 (Szegö (1922)) A function^∑∞0 anzn, where the an take only a finite number of different values, is rational if it can be continued analytically beyond the unit circle.

Theorem 2 (Duffin & Schaeffer (1945)) A function^∑∞0 anzn, where the an take only a finite number of different values, is a rational function if it is bounded in a sector of the unit circle.

Duffin and Schaeffer give the example ∞∑ 1 (1 − z)nzn! of a function with integer coefficients which is bounded in the sector of the unit circle where −π/4 ≤ arg z ≤ π/4 and which is not rational and has the unit circle as a natural boundary.

This follows because the terms satisfy the Fabry gap theorem.

Fabry’s gap theorem

Let f(z) =^∑∞0 cnzλ^n. Let {λn} be an increasing sequence of non-negative integers satisfying the Fabry gap condi- tion: λn/n → ∞.

Fabry’s gap theorem asserts that, under this condition, every point on the boundary of the disk of convergence is a singular point.

Theorem of Pólya - proved by Carleson.

Theorem 3 (Pólya and Carlson (1921)) A function^∑∞0 anzn which converges in the unit circle and where the an are integers is a rational function if it can be continued analytically beyond the unit circle.

Theorem 4 (Jentzsch (1914)) Each point of the circle of convergence of a power series^∑∞0 anzn having finite positive radius of convergence is a limit point of the set of zeros of the sequence of its partial sums.

New Results and Proofs

We reprove a result:

Theorem 5 Suppose ln is a a sequence of polynomials with bounded integer coefficients (or with coefficients from a finite set). Then ln cannot tend to zero uniformly on any arc on the unit circle.

Proof. Consider

f(z) := ∞∑ 1 ln(z)zλ^n where the ln are polynomials with coefficients from a finite set and λn increases rapidly enough to satisfy the Fabry gap condition. Then we know from Duffin and Schaeffer (1945) that f cannot be bounded in any sector (or it would be rational and extend-able).

What does this tell us about the sequence ln?

If the ln tend to zero on a piece of arc then by judicial choices one can force a contradiction. Make a subsequence l′n small enough so that ∞∑ 1 l′n(z) converges uniformly for z on the arc. Now choose the λn growing rapidly enough to ensure the uniform convergence of

f(z) := ∞∑ 1 l′n(z)zλ^n in the sector with the arc as boundary and also so that the sum has Fabry gaps.

Call � the class of analytic functions with coefficients just 0 or 1 in their Taylor series expansions.

Theorem 6 If f is a rational function in � then f(z) := pm(z) + zm+1 qn(z) 1 − zn+1 where pm is a 0, 1 polynomial of degree m and qn is a 0, 1 polynomial of degree n.

If f has no zeros in the unit disk then (1 − zn+1)pm(z) + (zm+1)qn is cyclotomic.

Proof. Note that if f is a rational function than it is a quotient of two polynomials with rational coefficients. Since f(1/2) is rational the binary expansion of f(1/2) (which is just the coefficients of f) is ultimately periodic. The result follows immediately.

There is a similar result if the coefficients of f come from a bounded set of integers. See Pólya and G. Szegő, Volume 2, P158, Ex. 158.

Theorem 7 Every infinite sequence of Littlewood polynomials has zeros dense in the unit circle.

This holds for any sequence of polynomials with coefficients from any fixed finite set. This can also be deduced from Theorem 3.4.1 in [?] due to P. Erdős and P. Turán.

Proof. Suppose a sequence ln of polynomials with {0, ±1} coefficients (or coefficients from any fixed finite set) has no zeros in a a closed disk D centered at a point ζ on the unit circle. Suppose these polynomials do not vanish at 0. Let D1 be a closed disk centered at ζ and contained in the interior of D.

Let mn denote the (positive) minimum modulus of ln on the boundary of D1. We claim that mn does not tend to zero and hence the ln are bounded away from zero on D1.

Suppose mn does tend to zero. We can then assume, by passing to a subsequence if necessary, that there there exists a convergent subsequence of points ρn on the boundary of D1 where ln(ρn) tends to zero. Let ρ denote the limit of the ρn then ln(ρ) tends to zero

Let E := D ∩ {|z| ≤ 1} and F := D ∩ {|z| ≥ 1}.

We can assume, by passing to a subsequence if necessary that ln converges to a power series f with {0, ±1} coefficients and that the convergence is uniform on any compact subset of the interior of E.

We can also assume, by passing to a subsequence if necessary that l∗n (here * denotes the reciprocal polynomial) converges to a power series g with {0, ±1} coefficients and that the convergence is uniform on any compact subset of the interior of F ∗.

Note that ρ ∈ D1 cannot be in the interior of either E or F since then the ln would ultimately have zeros interior to D. It follows that there is a piece of arc in the interbf of E and F where ln trends to zero uniformly and this is impossible. (Take a piece of arc with endpoint ρ that extends toward the closest boundary point of E∩F. To see the uniformity consider repeating the above argument on disks like D1 with increasing radii and use the fact that the minimum modulus decreases on this larger set. )

We have shown that the sequence ln is uniformly bounded below on compact subsets of D. Thus by Montel’s theorem there is a subsequence of 1l_n that converges to an analytic function on compact subsets of D and hence the same subsequence of ln converges to to an analytic function on compact subsets of D. This would gives the contradiction that f has a convergent expansion with {0, ±1} coefficients in a region outside the unit disc.

Theorem 8 (Vitali’s Convergence Thm) Let fn(z) be a sequence of functions, each regular in a region D, let |fn(z)| ≤ M for every n and z in D, and let fn(z) tend to a limit as n → ∞ at a set of points having a limit point inside D.

Then fn(z) tends uniformly to a limit in any region bounded by a contour interior to D, the limit therefore being an analytic function of z.

Zeros at 1 Theorem 9 ( An Inequality of Schur) Suppose p(z) := n∑ j=0 ajzj has m positive real roots. Then m2 ≤ 2n log |a0| + |a1| + · · · + |an| √ |a0an| .

Theorem 10 (Pólya and Szegő) Suppose p(z) := n∑ j=0 ajzj has all its roots in the upper half plane ℑ(z) > 0. Suppose, for each k, the real and imaginary part of ak := αk + iβk. Then u(z) := n∑ j=0 αjzj and v(z) := n∑ j=0 βjzj have only real zeros.

Suppose r(z) := c0 + c1z + . . . + cn−1zn−1 + cnzn has all real roots then √ |c0cn| en/4 ≤ |c0| + |c1| + · · · + |cn| or √ |c0cn| (1.284)n ≤ |c0| + |c1| + · · · + |cn|.

Now suppose p is a Littlewood polynomial of even degree then p(iz) := ±1+c1z +. . .+cn−1zn−1 +±zn with each |ci| ≤ 1. (p Littlewood can be relaxed a lot.)

So p must have at least one root in the right half plane for n > 9 (whenever (1.284)n > n + 1.)

A Better Estimate

Let Kn := n∑ j=0 ajxj , |a0| = |an| = 1, |aj| ≤ 1 .

Theorem 11 Every P ∈ Kn has at least 8 √ n log n zeros in every open disk D(z0, δn) centered at z0 ∈ ∂D with radius δn := 33π log n √ n whenever δn ≤ 1.

The proof of the theorem follows from the combination of the two results below. The first one is a difficult result of Erdős and P. Turán,.

The second one is a consequence of Jensen’s Formula.

Theorem 12 (Erdős and Turán) If P (z) := n∑ k=0 akzk and zeros zν = rν exp(iφν) , rν > 0 , φν ∈ [0, 2π), then for every 0 ≤ α < β ≤ 2π we have | | | | ∑ ν∈I(α,β) 1 − β − α 2π n | | | | < 16 √ n log R , where

R := |a0| + |a1| + · · · + |an| √ |a0an| and I(α, β) := {ν ∈ {1, 2, . . . , n} : α ≤ φν ≤ β} .

Lemma 1 Let α ∈ (0, 1). Every polynomial in Kn has at most (2/α) log(1/α) zeros in the open disk D(0, 1 − α) centered at the origin with radius 1 − α and outside the open disk D(0, (1 − α)−1) centered at the origin with radius (1 − α)−1.

Proof of Theorem. Let z0 := eiφ. For γn > 0 let S(z0, γn) := {reiθ : 0 ≤ r < ∞ , φ−γn < θ < φ+γn} .

Let γn := 32π log n √ n ≤ 1 Assume that P ∈ Kn has m zeros in C \ S(z_0, γ_n).

It follows from Erdős and P. Turán that m − 2π − 2γn 2π n ≤ 16 √ n log n,

That is, m ≤ n − γnn π + 16 √ n log n , hence m ≤ n − 16 √ n log n.

Thus P has at least 16 √ n log n zeros in the sector S(z0, γn).

Now we use the above Lemma with α := n−1/2 to conclude the statement of the theorem.

Questions and stuff. Part 1

Question 1. Prove Duffin and Schaeffer directly for the class �.

That is prove

Theorem 13 If f is in � and f is bounded in a sector of the unit circle then f is a rational function.

Question 2. Is bounded just on a set of positive measure in the circle enough for Duffin and Schaeffer?

Question 3. Consider

f(z) := ∞∑ 1 ln(z)zλ^n where the ln are Littlewood polynomials (or 0, ±1 polynomials) vanishing at 1, and λn increases rapidly enough to satisfy the Fabry gap condition. Then f cannot be bounded in any sector (or it would be rational and extendable).

What more does this tell us about the sequence ln?

Question 4. What is the minimum number of zeros of modulus 1 of a realvalued Littlewood polynomial of degree n? Littlewood [1966, problem 22] poses the following research problem, which appears to still be open: “If the nm are integral and all different, what is the lower bound on the number of real zeros of^∑Nm=1 cos(nmθ)? Possibly N − 1, or not much less.”

Question 5. What is the minimum number of zeros of modulus 1 of a reciprocal 0, 1 (as above) polynomial.

Question 6. Suppose ln is a sequence of Littlewood polynomials that is uniformly bounded in the half disk {|z| ≤ 1} ∩ {ℜ(z) ≥ 0}. Show that a subsequence of ln converges to a rational function.

This follows from DS. So prove directly.

Question 7. (Erdélyi) Does every Littlewood polynomiala of degree n have at least one zero in the annulus { 1 − c n < |z| < 1 + c n } , where c > 0 is an absolute constant.

P. Borwein Computational Excursions in Analysis and Number Theory, Springer– Verlag, 2002.

P. Borwein and T. Erdélyi, Littlewoodtype problems on subarcs of the unit circle, Indiana Univ. Math. J. 46 (1997b), 1323–1346.

R. J. Duffin and A. C. Schaeffer, Power series with bounded coefficients, Amer. J. Math. 67 (1945), 141–154.

A. Dvoretzky, On bfs of power series, Ann. of Math. (2) 51 (1950), 643– 696

T. Erdélyi. On the zeros of polynomials with Littlewood-type coefficient constraints,, Michigan Math. J. 49 (19xx), 97–111

P. Erdős and P. Turán, On the distribution of roots of polynomials, Ann. of Math. 51 (1950), 105–119

J.E. Littlewood, Some Problems in Real and Complex Analysis, D.C. Heath and Co., Lexington, MA, 1968.

G.V. Milovanović, D.S. Mitrinović, and Th.M. Rassias, Topics in Polynomials:

Extremal Problems, Inequalities, Zeros, World Scientific Publishing, River Edge, NJ, 1994.

G. Pólya and G. Szegő, Problems and Theorems in Analysis, Volume I, Springer- Verlag, New York–Berlin, 1972.

I. Schur, Untersuchungen über algebraische Gleichungen, Sitz. Preuss. Akad. Wiss., Phys.-Math. Kl. (1933), 403– 428.