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Survey Paper 

A survey of Sylvester's problem and its generalizations 

P. BORWEIN and W. O. J. MOSER 

Summary. Let P be a finite set of three or more noncollinear points in the plane. A line which contaifis 
two or more points of P is called a connecting line (determined by P), and we call a connecting line 
ordinary if it contains precisely two points of P. Almost a century ago, Sylvester posed the disarmingly 
simple question: Must every set P determine at least one ordinary line? No solution was offered at that 
time and the problem seemed to have been forgotten. Forty years later it was independently rediscovered 
by Erd6s, and solved by Gallai. In 1943 Erd6s proposed the problem in the American Mathematical 
Monthly, still unaware that it had been asked fifty years earlier, and the following year Gallai's solution 
appeared in print. Since then there has appeared a substantial literature on the problem and its 
generalizations. 

In this survey we review, in the first two sections, Sylvester's problem and its generalization to higher 
dimension. Then we gather results about the connecting lines, that is. the lines containing two or more 
of the points. Following this we look at the generalization to finite collections of sets of points. Finally, 
the points will be colored and the search will be for monochromatic connecting lines. 

I. Introduction 

Let a finite set of  points  in the plane have the property that  the line through any 

two of them passes through a third point  of  the set. Must  all the points  lie on  one 

line? Almost  a century ago Sylvester (1893) posed this disarmingly simple question.  

No solut ion was offered at that  time and the problem seemed to have been 

forgotten. For ty  years later it resurfaced as a conjecture by Erd6s: I f a f i n i t e  set o f  

points in the plane are not all on one line then there is a line through exactly two o f  

the points. In  a recent reminiscence Erd6s ( 1982, p. 208) wrote: " I  expected it to be 

easy but to m y  great surprise and disappointment I could not f ind  a proof. I told this 

problem to Gallai who very soon found  an ingenious proof." In  1943 Erd6s proposed 

the problem in the American Mathemat ical  Month ly  (Erd6s 1943), still unaware  

that  it had been asked fifty years earlier, and  the following year Gallai ' s  solut ion 
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appeared in print (Gallai 1944). Since then there has appeared a substantial 
literature on the problem and its generalizations, and two long-standing conjectures 
have recently been settled. But there are still unanswered questions, unsettled 
conjectures, and a survey paper at this time seems appropriate. 

In the following two sections we review Sylvester's problem and its generaliza- 
tion to higher dimension. Then we will gather the properties of the connecting lines, 
that is, the lines containing two or more of the points. Following this we will look 
at the generalization to finite collections of  sets of points. Finally, the points will be 
colored and the search will be for monochromatic connecting lines. 

2. Sylvester's problem 

The answer to Sylvester's question is negative in the complex projective plane 
and in some finite geometries (Coxeter 1948) so we restrict our attention to the 
ordinary real plane--Euclidean, affine, projective. (For interesting remarks and 
theorems in the "complex" case see L. M. Kelly (1986) and Boros, Ffiredi and 
Kelly (1989).) Let P be a finite set of three or more noncollinear points in the plane. 
A line which contains two or more points of P is called a connecting line 
(determined by P), and we call a connecting line ordinary if it contains precisely two 
points of P. In this terminology, Sylvester's theorem is: Every set P determines at 
least one ordinary line. Because Gallai's proof came first we give it here although it 
played no role in subsequent developments. Here then is the affine proof by Gallai 
(1944) (also in: de Bruijn and Erd6s 1948; Hadwiger, Debrunner and Klee 1964, p. 
57; Croft 1967). Choose any point p~ ~ P. I fpl  lies on an ordinary line we are done, 
so we may assume that /91 lies on no ordinary line. Project p~ to infinity and 
consider the set of connecting lines containing p~. These lines are all parallel to each 
other, and each contains p~ and at least two other points of P. Any connecting line 
not through Pl forms an angle with the parallel lines; let s be a connecting line (not 
through p~) which forms the smallest such angle (Figure la). Then s must be 
ordinary! For suppose s were to contain three (or more) points of P, say .,02, t93,/74 
named so that P3 is between P2 and P4 (Figure lb). The connecting line through P3 

J t Pl /P3 "-- Pl 

Figure la. Figure lb. 
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and p~ (being not ordinary) would contain a third point of  P, say Ps, and now 
either the line P2Ps or the line P4P5 would form a smaller angle with the parallel lines 
than does s. 

L. M. Kelly provided a particularly simple, pleasing Euclidean proof  (in 
Coxeter 1948, 1969, p. 65; Croft 1967) and for this reason we give it now. We have 
the set P of  noncollinear points and the set S of connecting lines determined by P. 
Any point in P and any connecting line not through the point determine a 
perpendicular distance from the point to the line. The collection of all these 
distances is finite, because P and S are finite, so there is a smallest such distance. 
Let p* (in P) and s* (in S) be a nonincident pair which realizes this smallest 
distance. Then s* is ordinary! For otherwise s* would contain at least three points 
of  P and two of them would have to lie on the same side of q, the foot of the 
perpendicular from p* to s*, as in Figure 2a, where the two points on the same side 
of q are Pn, P2 with Pl between q and P2 (Pt = q is a possibility, as in Figure 2b). 
Now the distance from p~ to the connecting line P'P2 would be smaller than the 
distance from p* to s*. 

We give still one more proof, that of Steinberg (1944), because it turned out to 
be the springboard for what was to come. It is a projective proof; the basic 
properties of the r.p.p. (real projective plane) may be found in many monographs, 
e.g., Coxeter (1955, 1969). Here now is Steinberg's proof  (also in Coxeter 1948, 
1955, p. 30; Motzkin 1951). We have a finite set P of noncollinear points in the 
projective plane and the set S of connecting lines determined by P. Let p be any 
point of  P. If  p lies on an ordinary line we are done, so we may assume that p lies 
on no ordinary line. Let I be a line (in the plane) through p but not through any 
other point of P. The lines in S not through p meet l, in points Xl, x2, • • . ,  xk say, 
named in cyclic order so that one of  the two segments determined by p and Xl 
contains none of the points x2, x3 . . . . .  xk witilin it (see Figure 3a). Let s be a line 
of  S through Xl (see Figure 3b). Then s must be ordinary! For otherwise there 
would be three or more points of P on s, say p~, P2, P3, named so that pt and x~ 
are separated by P2 and P3 (see Figure 3c). The connecting line through p and Pl 
would have to contain a further point of  P (remember, p lies on no ordinary line), 
say P4, and then one of these two connecting lines P2P4, P3P4 would meet the 
"forbidden" segment. 

q P, Pz q -- P, P2 
• • S* • 

I 
I 

I 
o 

• Op* 

Figure 2a. 

Op* 

Figure 2b. 
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x k P Xl xz 

sTP3 
Figure 3a. Figure 3b. Figure 3c. 

Proofs of Sylvester's theorem were also given by R. C. Buck (see Erdfs 1944), 
A. Robinson (see Motzkin 1951), Lang (1955), Steenrod (see Erdfs 1944; Chake- 
rian 1970), Williams (1968) and probably others. 

Knowing that every set P determines an ordinary line, a natural question to ask 
is whether every set P determines more than one ordinary line. Let re(P) denote the 
number of ordinary lines determined by P, and set 

rn(n) = min re(P) (1) 
It'l = 

(IXI denotes the number of elements in the set X); that is, m(n) is the least number 
of ordinary lines determined by any set P of n noncollinear points in the plane. In 
this notation, Sylvester's theorem states that 

re(n) >1 1 for n i> 3, (2) 

and attention turned to finding better inequalities, de Bruijn and Erd6s (1948) 
observed that 

. . .  it is not known whether lim~ ~ ~ re(n) = oo. All  we can prove is that 

re(n) >i 3 for n/> 3. (3) 

A rather lengthy affine proof of (3) was given by Dirac (1951). It is interesting 
to note that an equivalent version of (3) had been proved earlier by Melchior 
(1940), and probably much earlier by others, though the connection with Sylvester's 
problem went unnoticed. Melchior studied configurations of lines in the r.p.p. To 
understand the connection between these configurations and the set of points we 
have been looking at, we apply the Principle of Duality (in the r.p.p.). For example, 
consider the following definitions and notations: 

(a) P is a finite set of points not all on one line; 
(b) a connecting line (determined by P) contains two or more points of P; 
(c) S = S ( P )  is the set of connecting lines determined by P; 
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(d) an/-line, i >/2, is a connecting line containing exactly i points of  P; 
(e) a 2-line is called ordinary; 
(f) t~ = t~(P) denotes the number of i-lines determined by P; 

(g) IsI = X,~2 t/(P); 
(h) re(P) = t2(P); 
(i) re(n) = minle I = ~ re(P). 

In the dual configuration we have correspondingly: 

(a) L is a finite set of  lines not all through one point; 
(b) a point of  intersection (determined by L) lies on two or more lines of L; 
(c) V is the set of points of intersection determined by L; 
(d) an/-point ,  i >/2, is a point lying on exactly i lines of L; 
(e) a 2-point is called simple; 
(f) v,- = v~(L) denotes the number of/-points  determined by L; 

(g) Ivl = E , ~  ~,(t); 
(h) m'(L) = vz(L); 
(i) m'(n) = minlL I =.  m'(L). 

Because of  the duality, it follows that, if L is the dual of  P, then t,~ (L) = t~ (P), 
vi(L) = mi(P), m'(n) = re(n), and so on. Now consider the set L. Its lines partition 
the r.p.p, into faces--regions whose vertices are in V and whose edges are segments 
of the lines in L. Let V(L), E(L) and F(L) denote the number of  vertices, edges and 
faces, respectively, in this partition (dissection) of the plane. These numbers satisfy 
the Euler-Poincar+ formula 

V(L) -- E(L) + F(L) = 1. (4) 

If  we let f ( L )  denote the number of  (the F(L)) faces having exactly i sides, then 

V(L) = ~ v~(L), F(L) = ~ f(L),  2E(L) = ~ ~ ( L ) =  2 ~ ivy(L), (5) 
i ~ 2  i ~ 3  i ~ 3  i ~ 2  

and substituting in (4) we find that 

3 = 3 V(L) - E(L) + 3F(L) - 2E(L) 

= 3 E v , (L) -  E iv,(L)+ 3 E f , (L)-  E ~(L) 
i~>2 i/>2 i~>3 i>~3 

= E (3-OVAL) + E ( 3 -  i)f,(L), 
i~>2 i/>3 
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o r  

v2(L) = 3 + ~ (i - 3)v,(L) + ~ (i - 3)f~(L) 
i~>4 i~>4 

and hence 

vz(L) >i 3 + ~ (i - 3)v,(L). (6) 
.i~>4 

Thus, any finite set of lines not all through one point determine at least three simple 
points o f  intersection (Melchior 1940); equivalently, any finite set of points not all 
on one line determine at least three ordinary lines! 

The dual of (6) is 

h ( P )  >1 3 + ~, (i - 3)t,(P) = 3 + t4(P) + 2ts(P) + 3t,(P) + . . . .  
i~>4 

(7) 

W. Moser (1957) used this inequality to prove that 

n + l l  
m(P) > ~ if IPI = n is  e v e n ,  (8) 

by the following argument. The number of points in P each incident with a k-line 
for at least one k # 3 is at most 

2t2(P) + 414(P) + 5ts(P) + - . .  

~< 2t2(P) + 4(t4(P) + 2%(P) + 3t6(P) + ' "  ') 

(and from (7)) 

~< 2t2(P) + 4(t2(P) - 3) = 6 h ( P )  - 12. 

If t2(P ) ~<(n + 11)/6 then 6 h ( P ) -  12~<n-  1 and consequently at least one 
point of  P lies solely on 3-lines, implying that n is odd (Kelly and Moser 1958). In 
other words, if n is even then t2(P) > (n + 11)/6. 

It is appropriate at this point to mention the connection between configurations 
of  points (and their connecting lines) in the r.p.p, and the class of polyhedra known 
as zonohedra. First recall that a polygon in the Euclidean plane is said to have 
central symmetry, or to be centrally symmetric, if there is a point C (called the 
center o f  the polygon) which bisects every chord of the polygon through it. Figure 
4 exhibits a centrally symmetric convex 4-gon, 6-gon and 8-gon. 
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J J 
Figure 4. 

Similarly, in E 3 (Euclidean 3-space) a polyhedron is centrally symmetric with 
center C if every chord through C is bisected at C. A convex polyhedron all of 
whose faces have central symmetry is called a zonohedron (Coxeter 1968, Chapter 
4; Moser 1961). A. D. Alexandroff proved that a zonohedron must have 3-dimen- 
sional central symmetry (see Burckhardt 1940). Let Z be a zonohedron. Choose an 
edge of Z and notice that it determines a set of parallel edges, and also a "zone" 
of faces, each containing two sides in the set of parallel edges. Let O be a fixed 
point in space. Corresponding to a zone, place a line through O parallel to the edges 
of the associated set of parallel edges. In this way we are led from a zonohedron, 
which has n zones say (i.e., its edges fall into n sets of parallel edges), to a "star" 
of n lines through O (Coxeter 1973, p. 28; photographs of some zonohedra are 
shown in Plate II, p. 33). This star determines planes, each containing two or more 
lines of the star. The star and these planes intersect the plane at infinity in a set P 
of n points and their connecting lines. The correspondence between Z, the star and 
P is indicated in the following table. 

Zonohedron Z in E s Star of lines through O Set P of points in the rpp 
zone of faces line point 

n zones n lines n points 
a pair o f  opposite faces a plane containing a connecting line 

2 or more of  the lines 
a pair o f  opposite a plane containing an/- l ine  

2i-gons exactly i lines 
a pair o f  opposite a plane containing an ordinary line 
parallelograms exactly 2 lines 

L. Moser observed long ago that a zonohedron must have at least three pairs of  
(opposite) parallelogram faces. (The proof of this is essentially the same as the 
proof of (6).) That this is equivalent to (3) also seems to have gone unnoticed. 

As Motzkin observed, Steinberg's proof of (2) shows that in the dissection of 
the r.p.p, by the ordinary lines, each of the polygonal regions contains at most one 

point of P in its interior. Since there at most ( n ( P ) ) +  1 regions (easily proved by 
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induction), and at least IP I -  2m(P) points which lie on no ordinary line, it follows 
that 

IP[- 2m(P) ~< 1 + ~ m(P)(m(P) - 1), 

and hence 

re(n) > ~ -- 2 

(Motzkin 1951). W. Moser (1957) took a small step forward by proving 
re(n) > x / ~ ,  and Kelly and Moser (1958) took a big step by proving 

3n 
re(n) i> -~-, n >i 3. (9) 

The essence of their proof goes as follows. Consider a point p in P. The lines of S 
not through p dissect the plane into polygonal regions. The point p lies inside one 
of these regions, called the residence of p, and the connecting lines containing the 
edges of  the residence of p are (called) the neighbors of p. Suppose that s (in S) is 
a neighbor of three points p~, P:, P3 in P. It is easy to see that the only possible 
locations for points of P on s are at the intersections of s with the three connecting 
lines determined by p~, P2, P3, i.e., at the "open" circles in Figure 5a. Consequently, 
if 4 points p~, Pz, P3, P4 of P have a common neighbor s (in S) then the only 
possible locations for the points of P on s are at the diagonal points--the "'open'" 
circles in Figure 5b- -and  s must be ordinary. Furthermore, if a point p in P lies on 
precisely one ordinary line then it must have at least two ordinary neighbors. (The 
faulty proof of this by Kelly and Moser was corrected by Dirac (1959).) It follows 

Figure 5a. Figure 5b. 
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that if there are k points of  P each lying on precisely two ordinary lines then 

re(P) >1 k, m(P) >. 
3(n - k) + 2k 

and consequently re(P) >1 7. 
Of course for any set P with n points, 

re(n) <~ re(e), 

so upper bounds on rn(n) are obtained by looking at particular sets P with [PI = n. 
Figure 6 (Kelly and Moser 1958) exhibits a configuration of  7 points which 
determine 3 ordinary lines, showing that m(7) ~< 3. Since m(7) 1> 3 ((9) with n = 7) 
we have m(7) = 3. 

Let A B C D E C "  D'  E' be the vertices of  two regular pentagons (in the 
Euclidean plane) which have the common edg e AB (see Figure 7). These 8 points 
together with M (the midpoint of  segment AB) and I J K  and L (the points at 
infinity in the directions CD, MD, ED and AB respectively) are a set of  13 points 
determining 6 ordinary lines (dotted in the diagram). This configuration, due to 
McKee (Crowe and McKee 1968), shows that m(13) ~< 6, and hence m(13) = 6. 

The following configurations are due to Motzkin and Bfr fczky  (see Crowe and 
McKee 1968), and show that 

I n/2 if n is even, 

re(n) <~ 3(n - 1)/4 i f n  = 1 (mod4) ,  (10) 

[3(n 3)/4 i f n = 3 ( m o d 4 ) .  

If n = 2k then, to the set of  k vertices of a regular k-gon (in the Euclidean plane), 

\ / 

Figure 6. 



120 P. BORWEIN AND W. O. J. MOSER AEQ. MATH. 

U 
0 + 

Figure 7. 

;i.. 

add the k points at infinity determined by the lines through pairs of  vertices (Figure 
8 shows the configuration when k = 6). This set of  2k points in the real projective 
plane determines exactly k ordinary lines. I f  n = 4k + l then, to the configuration 
(above) for 4k points, add the center C of  the 2k-gon. We now have a set of  4k + 1 
points which determine exactly 3k ordinary lines: one through each of  the vertices 
of  the 2k-gon and k ordinary lines through C. In the case n = 4k + 3, delete from 
the configuration for 4k + 4 points a point E on 1o~ in a direction n o t  determined by 
an edge of  the polygon. (Figure 9 shows the configuration for k = 3, i.e., n = 11.) 
This configuration has one ordinary line through each of  2k vertices of  the 
po lygon- - the  two vertices which fail to lie on ordinary lines are opposite and their 

Figure 8. m(12) ~<6. Figure 9. m(13) ~<9. 
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join is perpendicular to the direction of E - - a n d  another k parallel ordinary lines in 
the direction of E. 

Using these lower and upper bounds ((9 and (10) respectively) and the more or 
less obvious 

( 2 )  ~ 2 ( i )  = i= 2 ti(P) 

(Kelly and Moser 1958), Crowe and McKee (1968) established (exact) values of 
m(n) for small n. Their list was extended by Brakke (1972): 

n = 3 4 5 6 7 8 9 1 0 1 1  12 13 14 15 16 17 18 19 20 21 22 

m ( n ) = 3 3 4 3 3 4 6  5 6 6 6 7 8 9 11. 

Dirac (1951) conjectured that m(n)>>.n/2 for n 57 .  Since m(13)= 6, the correct 
conjecture is 

n 
rn(n)>~-~ for n ~7,  13, (11) 

and this was repeated by Kelly and Moser (1958). 
Rottenberg (1973) investigated the consequences of assuming that a set P 

determines fewer than n/2 ordinary lines. It is easy to see that such a set must 
contain a point which has no ordinary neighbors and is incident with precisely two 
ordinary lines, and he made a detailed analysis (Rottenberg 1982) of a set which 
contained such "singular" points. But he was unable to close the gap between 
bound (9) and conjecture (11). 

A lengthy (100 pages!!) "proof" of (11) has been given by Hansen (1981) in his 
Doctoral dissertation. We have set "proof" in quotation marks because, to the best 
of our knowledge, nobody has been able to completely follow and verify the 
arguments in Hansen's proof. 

A natural generalization of the dual version of Sylvester's problem is to consider 
an arrangement of pseudolines, a finite family of simple closed curves in the real 
projective plane each two of which have exactly one point in common at which 
point they cross. For example, Kelly and Rottenberg (1972) proved that such an 
arrangement has at least 3n/7 simple vertices. For related results see Meyer (1974) 
and Watson (1980). In another direction Woodall (1969) obtained set-theoretic 
Sylvester-type results. 
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3. Higher dimensions 

On each of two skew lines in 3-space place three points. This configuration 
(Motzkin 1951) is a counterexample to: l f  a finite set of points in 3-space is not all 
on one plane then there is a plane spanned by and containing precisely three of the 
points. 

The correct generalization to a finite set of points in d-dimensional space (d 1> 3) 
is as follows. Let P be a finite set of points spanning d-dimensional (ordered 
projective) space. A (d - 1)-flat F spanned by points of P is ordinary if all but one 
of the points in F n P  are in a (d - 2)-flat. Let 2d(P) denote the number of ordinary 
fiats determined by P, and 2d(n) the minimum of 2d(P ) of  all sets with [el = n. Thus 
Hansen's result is 

n 
22(n) ~>~ for n # 7, 13. 

Known results are as follows: 

23(/ ' /)  /> 4 

2d(n) /> 1 for d ~> 3 
3n 

,~3(n) >t-~ 

2n 

23(n) >- 3n if P contains no 
~ ' 7  

elementary plane (i.e., a plane with exactly 
3 non-collinear points on it). Conjecture in 
this c a s e :  ),3 ( e )  t> n .  

>~ 6n 
23 (n) -/~-~ if P contains no 

elementary plane 

23 (n) ~- ~ if P is not 

a subset of  the union of two planes. 

Motzkin (1951) 
Hansen (1965) 

Bonnice and Kelly (1971) 

Hansen (1980) 

Bonnice and Kelly (1971) 

Hansen (1980) 

Rottenberg (1973) 

In Section 2 we noted that in the plane a connecting line has at most 4 
neighbors. It is easy to deduce that if it has 4 neighbors then it must be ordinary 
(Kelly and Moser 1958, p. 213 Remark). The corresponding result in three 
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dimensions was obtained by Bonnice and Kelly (1971) and Rottenberg (1971), and 
in d dimensions, d >/2, by Rottenberg ( 1981): a connecting hyperplane has at most 
2 d neighbors, and if it has 2 a neighbors then it must be elementary, that is, it 
contains and is spanned by precisely d + 1 points of P. 

Bonnice and Edelstein (1967) generalized elementary and ordinary fiats deter- 
mined by a set P spanning d-dimensional projective space to: • is a k-fiat (mod m), 
m = 0, 1 , . . . ,  k - 1, if ~ is spanned by P c~t and an m-flat It exists such that all but 
k - m points of P nct lie on/~. Note that a fiat is elementary if and only if it is a 
k-flat (mod 0); it is an ordinary hyperplane (in projective (k + l)-space) if and only 
if it is a k-fiat ( m o d ( k -  1)). They obtained a number of  interesting results 
including a generalization of  the following theorem of Motzkin ( 1951): Given a set 
P spanning 3-dimensional space, there is a plane rc and two lines 11 and/2 in ~ such 
that l ln l2  = {p}, P n l l  spans I~, P n l 2  spans 12, and all the points of Pc~n are 
contained in ll u/2. 

4. Connecting fines 

Now we return to the set P in the plane. As before, a connecting line which 
contains exactly i points of P is called an /-line, and ti(e ) denotes the number of  
/-lines in the set of  connecting lines determined by P. We always assume Iel = n and 
t,(P) = 0 even when we do not explicitly say so. 

At the same time that Erd6s (1943) revived Sylverster's problem, he also asked 
whether 

t(P),= ~ ti(P ) >. n, 
i>~ 2 

i.e., are at least n connecting lines determined? This was proved by Erd6s, Hanani 
(1951), Steinberg, Buck, Grfinwald ( =  Gallai) and Steenrod (see Erd6s 1944) and 
by others. 

Kelly and Moser (1958) proved that 

t(P) >1 kn - ~(3k  + 2)(k i 1) 
~n i> ½{3(3k - 2) 2 + 3k - 1}, 

if [ t i ( P ) = 0  for i > n - k ,  

i.e., if k is small compared to n and at most n - k points of  P are on a line then P 
determines almost kn connecting lines. This was a small step towards settling Erd6s' 
conjecture: There exists an absolute constant c independent o f  k and n such that i f  
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0 <~ k ~ 2 and  t~ (P)  = 0 f o r  i > n - k then 

ckn < t (P)  < 1 + kn.  

(The upper bound is trivial.) This conjecture has recently been proved by Beck 
(1983). What is the best (or a "good") value of  c? Is, for example, the conjecture 
true with c = ~? 

Szemer6di and Trotter (1983a, b, c) proved that there exists a constant c such 
that, if k ~< vfn, then 

/72 
Z t,(_p) < c U '  

t'~>k 

while Beck (1983) obtained independently a slightly weaker bound. That this 
estimate is best possible can be seen by considering the ~ × w/n lattice. This 
settles a conjecture of  Erd6s and Purdy (see Erd6s 1985). In particular, there exists 
a constant c such that ~i~>,/~ t i (P)  <~ cV/-~. Sah (1987) has constructed a set P, 
]P] = n, for which Zi_->,~ t i (P)  ~ 3w/-n. Consider the function (of  the constant 
c t>0) 

L ( n ) = m a x  Y', t,(P). 
lel = " i t> , d , / a  

ErdSs asks: Is f~(n)/w/n discontinuous at c = 17 Is F<I + c),/~(n) for all c > 07 Perhaps 
one could at least show that F(, + c),f~(n) < 2w/-n. 

Let 

tk(n) = max{ t k (P) :  [PJ = n},  k >1 3. 

Erd6s (1984a, b) asked for estimates of, or bounds on, tk(n). From the obvious 
identity 

z (3t,,,,= 
i>~ 2 k " /  

(both sides count the number of  pairs of  points in P) we have the trivial bound 

tk(n) <~ 2 2 ' 



Vol. 40, 1990 A survey of Sylvester's problem and its generalizations 125 

The numbers t3(n ) have been studied for more than 150 years. The trivial bound 

t3(n) ~ 3 k 2 ] 

can be slightly improved, for 

t2(P)+3t3(P)<<-(2 ) 

and 

n 
t2(P) >t -~, 

so  

n # 7, 13, 

t3(P) <~ ~ - = -6 n(n - 2 ) ,  n #7 ,  13. 

The best lower bound known is 

l + [ ~ n ( n -  3)] ~< t3(n), 

proved by Burr, Grfinbaum and Sloane (1974), who give an extensive bibliography 
and conjecture equality except for a few small n. 

For k/> 4, the trivial bound is 

1 
tk(n) < k(k - 1) n2" 

Erdrs and Croft proved that if k I> 4 there is a constant Ck (which depends on k) 
such that 

Ck n2 < tk(n), n > no 

(for a proof see Griinbaum 1972), but "good" values for Ck are not known. 
Erdrs also asked: If no connecting line contains more than k points of P, how 
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many k-lines can P determine? That is, estimate or find bounds on 

t'k(n) = max(tk(P): IPl = n, t,¢P) = 0 for i > k}, 

Of course t'k(n) <~ tk(n). Kfirteszi (1963) showed 

t'k(n) >>. ckn log n 

(so t'k(n)/n --* ~ for any fixed k) and Griinbaum improved this to 

1 
t~(n) >~ cn t +~S-2 

AEQ.  M A T H .  

(see Erd6s and Purdy 1976, p. 307). Erd6s (1980, p. 49; 1984c) conjectures that, for 
any k i> 4, 

t'k(n) = o(n 2) 

(and offers $100 for a proof or disproof), though he " • • • cannot even prove that for  
any E > 0 

t 4 ~ < l ( l  --Qn 2 when n > no" 

Some of these results (for tk(n) and t'k(n)) can be obtained in the dual 
formulation of a set of lines and their points of intersection (see Griinbaum 1976). 

Griinbaum asked: What are the possible values that t(P) can take? Clearly 

t ( P ) < < . ( 2 ) a n d t ( P ) c a n n e v e r e q u a l ( 2 ) - I  nor ( 2 ) - 3 .  Erd6s (1972, 1973, p.18) 
/ x 

showed that, for every q with cn3/2<q < ( 2 ) <  3, there are sets P for which 
\ / 

t(P) = q. Griinbaum conjectures (see Guy 1971) that the conclusion holds when 
10 ~< 2n - 4  ~< q, and Guy (1971) gives a counter conjecture. Recently Grfinbaum's 
question has been answered by Salamon and Erd6s (1988); they have characterized, 
for large n, the possible values for the number of connecting lines determined by n 
points. 

Dirac (1951) showed that there is a point in P which lies on more than w/n 
connecting lines and conjectured that there is a point in P which lies on more than 
cn connecting lines (c a constant independent of n). This has been proved by 
Szemer6di and Trotter (1983a, c) and also by Beck (1983)--with c small--but still 
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unsettled is Dirac's stronger conjecture: There is a point in P which lies on at least 

[n/2] - 1 connecting lines. If  true, then this would be best possible, as shown by the 
configuration of n points with no point lying on more than [n/2] - 1 connecting 
lines (Dirac 1951; Motzkin 1975). 

Graham conjectured that any subset of P which meets all the connecting lines 
contains all the points on at least one connecting line. This conjecture was proved 
by M. Rabin and independently by Motzkin (see Erd6s 1975, pp. 105-106). 

Erd6s asked: If t~ (P) = 0 for i ~> 4, must P necessarily contain three points, say 
Pl,P2,P3,  such that all three connecting lines PlP2,P2P3,P3Pl are ordinary? A 
recently constructed example of Fiiredi and Palfisti shows that the answer is NO 
(Erd6s 1983). 

A set of n points which spans 3-space determines at least n connecting planes 
(Motzkin 1951). Hanani (1954) investigated the (three) exceptional cases, where the 
n points determine exactly n planes. Basterfield and Kelly (1968) gave conditions 
under which a set of n points in d-dimensional space determine precisely n 
hyperplanes. 

5. Finite collections of sets 

In this section A will denote a finite collection of disjoint sets whose union spans 
the plane. Must there exist a line intersecting precisely two members of A? If  the 
sets are singletons this is just Sylvester's problem. We shall examine conditions 
which must be imposed on A to guarantee the existence of such a line. We call a line 
A-ordinary if it meets exactly two of the sets in A. 

Figure 10 (Edelstein and Kelly 1966; Griinbaum 1975) exhibits a collection 
A = {A, B, C} with [A I = IBm--ION-- 4 determining no A-ordinary line. This example, 

ol b~ 

b4 . 

° / 
b3 / 03 

c 4 (at ~) 

> C  I (at ~) 

0 2 

"~T~ c a (at co) 

bz 

c 3 {at  ~) 

Figure I0. 
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a 3 (at ~] 

% 

Figure 11. 

which can be extended to any regular 2n-gon, shows that requiring the members of 
A to be finite does not guarantee the existence of a A-ordinary line. These 
configurations are the only known class of  counter-examples to the generalized 
problem for collections of  finite sets on the plane. It is tempting to speculate that 
there cannot be too many other configurations of  this sort. 

In three dimensions the Desmic configuration (Figure 11) also has sets A, B, C 
with IA[ = [B[ = Icl -- 4 and no ordinary A-line. Edelstein and Kelly (1966) conjec- 
tured that it is the unique configuration A of  finite sets in 3-space that contains no 
ordinary A-line. This startling conjecture was proved for collections of three finite 
sets by Borwein (1983b). 

Edelstein and Kelly (1966) observed that any collection A of finite sets in E k 
(k/> 4) determines an ordinary line, for otherwise.a suitable projection onto a plane 
would violate Sylvester's theorem. 

Consider three compact and countable sets A, B and C in E 2 that are not on a 
line. Assume one of the sets, say A, is infinite and that every line through two of  the 
sets intersects the third set. We offer a simple proof  that this is not possible. Let a 
be a limit point of  A and consider the projection n of B u C from a to any line not 
passing through a, as in Figure 12. Let b be any point of B and assume that the line 
joining b to a does not contain all but finitely many of  the points of  A (there can 
be at most one such line). There is a sequence {an } tending to a, and by assumption 
there is a point c on the line l(a, b), joining a and b. Consider the lines joining each 
of  the a,- to c. Each o f  these lines contains a point b; and one verifies that the 
sequence {n(b;)} tends to zffb). In particular, every point of  7 t (BuC) (except 
possibly one point) is a limit point of  n(B u C). This, however, is impossible since 
n(B u C) is countable. 

We examine the situation where at least one member o f A  = {A~, A2 . . . . .  A,} is 
infinite. The first result, due to Griinbaum (1956) asserts that all connected and 
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a7 

/ 
/ T(b} "rr(b n) 

Figure 12. 

compact A~ in the plane contain an {Ai}-ordinary line. This was extended by 
Edelstein (1957) to cover the case where each A,. consists of finitely many compact 
connected components, and then Herzog and Kelly (1960) showed that the connect- 
edness hypothesis can be dropped. 

Edelstein, Herzog and Kelly (1963) show that in E" a finite collection of disjoint 
compact sets (at least one of the sets infinite) generates a hyperplane cutting exactly 
two of the sets. Edelstein and Kelly (1966) relocated the problem in real normed 
linear spaces and extended the results to this setting. (See also Edelstein 1969.) They 
prove the following: Let A = {S~ } be a finite collection of  disjoint compact sets in 
a real normed linear space. Then one of the following must hold: 

(a) there exists a hyperplane intersecting exactly two of the sets; 
(b) U Si lies on a line; 
(c) U S~ is finite and spans a space of dimension 2 or 3. 

In most situations, instead of considering disjoint and compact Ai, it suffices to 
consider sets A~ whose closures are compact and disjoint. The property that every 
line through two sets intersects a third set carries through in the limit, provided that 
the closures are disjoint. 

6. Colored pointsets and monochromatic linear subsets 

Let {P,. } be a collection of sets of points. Call a line monochrome if it passes 
through at least two points of one of the P,. and does not intersect any of the others. 
More generally, any geometric structure (hyperplane, vertex, etc.) will be called 
monochrome if it is defined by and is incident with exactly one of the sets. 
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Figure 13. 

R. Graham asked the following question: If two finite disjoint sets of points span 
the plane must there exist a monochrome line? The affirmative answer was provided 
by T. Motzkin (1967). (See also Edmonds, Lov~tsz and Mandel 1980.) We outline 
his simple and elegant argument for the dual formulation of the problem. Suppose 
there exist two sets S and T of nonconcurrent lines that define no monochrome 
vertices. Consider the smallest (in area) configuration of this type, presented in 
Figure 13, that is a triangle with edges from both sets and with the mandatory extra 
S-line at w (the vertex formed by two edges from the same set, say T) cutting the 
interior of the triangle. An initial collineation, if necessary, ensures that such a 
configuration exists. Since vertex v is not  monochrome an additional s-line passes 
through it and we have generated a smaller configuration of the prescribed variety. 
This proof can easily be made projective by considering contained figures. 

Chakerian (1970) offers an entirely different proof of the answer to Graham's 
question based on a combinatorial lemma of Cauchy that counts sign changes at 
vertices of maps on the sphere. Another proof may be found in P. Borwein (1982). 

Shannon (1974) proves that n finite and disjoint sets whose union spans real 
n-space (Euclidean, affine or projective) suffice to guarantee the existence of a 
monochrome line. The proof, once again in the dual formulation, is a generalization 
of Motzkin's argument. In 3-space, for example, consider a minimal tetrahedron 
formed by planes from all three sets with the mandatory additional plane cutting the 
interior of the tetrahedron, and proceed as before. 

A direct proof of the following theorem which inductively subsumes the previous 
results may be found in P. Borwein (1982). Given two finite and disjoint sets A and 
B whose union spans real n-space then either there exists a monochrome line spanned 
by points of A or there exists a monochrome hyperplane spanned by points of B. 

A conjecture of P. Borwein and M. Edelstein (1983) that would cover all these 
cases is: Given two disjoint finite sets A and B whose union spans real (n + m)-space 
then either there exists an A-monochrome n-fiat or there exists a B-monochrome 
m-flat, where by an A-monochrome n-fiat we mean an affine variety of dimension 
n spanned by points of A that contains no points of B. 

The first unresolved case concerns monochrome planes in four dimensions. (See 
Baston and Bostock (1978) for related results.) 
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Figure 14. 

/ 

Figure 14 shows that in the plane it is not possible to combine Motzkin's result 
and Sylvester's theorem. We cannot guarantee the existence of  an ordinary 
monochrome line. 

Griinbaum (1975) (see also Shannon (1974)) conjectures that: Given n A-lines 
and m B-lines in the plane, if there exist no monochrome A-vertices and the B-lines 
are not all concurrent, then n - m ~< 4. Otherwise little attention seems to have been 
paid to questions concerning related combinatorial questions. 

As with Sylvester's problem, the monochrome line problem has been extended 
to different sets. Tingley (1975) shows that disjoint compact connected sets whose 
union spans the plane define a monochrome line. J. Borwein (1979) shows that it 
suffices that the two sets have disjoint connected closures and that one of them be 
bounded. In three dimensions Tingley (1975) proves that tlae connectedness hypo- 
thesis is no longer necessary; in fact, two sets with disjoint compact closures whose 
union spans E 3 generate a monochrome line. 

In two dimensions this, as Tingley points out, is false (See Figure 15). 
At the other end of  the connectedness spectrum Tingley (1975) and J. Borwein 

(1980) ask whether Graham's original question extends to countable and compact 

A 

B: 

8 

Figure 15. 
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sets in the  plane.  This  is es tabl ished (P. Borwein 1984) using topolog ica l  a rguments .  

Unf o r t una t e ly  the p r o o f  does  no t  also cover  the finite case. 

Mos t  o f  these results  can  be fo rmula ted  in higher  dimensions.  One a t t rac t ive  

ques t ion  is: D o  k countab le ,  compac t ,  d is joint  sets in E k insure the existence o f  a 

m o n o c h r o m e  line? 

Bas ton  and  Bos tock  (1978) call two dis joint  sets n- inc ident  i f  every flat spanned  

by  n dis t inct  poin ts  o f  one set conta ins  a po in t  o f  the other.  This  is o f  a sl ightly 

different f lavor f rom previous  concerns  since, for  example ,  two 3-incident  sets in 

space con ta in  no  m o n o c h r o m e  planes  and  also con ta in  no  m o n o c h r o m e  lines 

t h rough  three points .  I f  M ( n )  denotes  the least integer so tha t  two finite n- inc ident  

sets necessari ly lie in an  M(n) - f la t  then they show that  

2n - 3 <~ M ( n )  <~ 4n - 6 

and  conjec ture  tha t  

M ( n )  = 2n - 3. 

N o t e  tha t  the previous ly  ment ioned  conjec ture  o f  Borwein and  Edels te in  (1983) 

wou ld  imply  this. 
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