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Abstract

Let Q(aq,...,an) be an algebraic number field. Let f; and fo be two non-zero polynomials in
Q(aq,...,apn)[z1,...,xE]. This thesis presents two probabilistic new modular algorithms for com-
puting the monic greatest common divisor (GCD) and the resultant of fi and fo for k¥ > 1, namely
MGCDNF and MRESNF, respectively. To reduce the cost of computing over multiple extensions
Q(aq,...,ay), we perform the GCD and resultant computations over a simple extension Q(v) where
v is a primitive element of Q(ay,...,ay), and then map the results back to the original field. This
conversion is achieved by constructing an isomorphism between Q(ay,...,a,) and Q(v) using linear

algebra, and it is carried out modulo a prime to avoid expression swell.

We reduce the multivariate setting to the univariate case by evaluating the polynomials at a sequence
of randomly chosen points, enabling us to employ the monic Euclidean algorithm. We then use dense
interpolation to recover the variables in both the GCD and the resultant. To reconstruct the rational
coefficients of the target GCD and resultant, we apply the Chinese remaindering and the rational

number reconstruction.

Let p be a prime. To compute the monic GCD and the resultant over the finite field Z, we present
two sub algorithms, namely PGCDNF and PRESNF. These two algorithms may fail under certain
conditions, such as when encountering zero divisors. Moreover, MGCDNF and MRESND may have to
restart when using some categories of primes or evaluation points. We provide a classification of these
failure cases for both the GCD and resultant computations, along with a probabilistic analysis of their
occurrence. Furthermore, we analyze the expected time complexity of our algorithms. All algorithms
are implemented in Maple, using a recursive dense representation for multivariate polynomials over

Q(aq,...,ap) and Q(ay, ..., a,) modulo a prime p.

Keywords: GCD; Resultant; Modular Algorithms; Algebraic Number Fields; Primitive Elements
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Chapter 1

Introduction

Let Q(ai,...,a,) be an algebraic number field. Let f1, fa € Q(a1,...,an)[x1,..., x|, where n > 1

and k > 1. In this thesis, we consider two fundamental problems in computational algebra:
1) the computation of the monic greatest common divisor (GCD) of f; and f,, and
2) the computation of the resultant of fi and fo with respect to a variable x;, where 1 <1i < k.

The central objective of this work is to design, analyze, and implement algorithms that solve these two
problems. Polynomial GCD algorithms can be categorized into two classes: those designed for dense
inputs or dense GCD (output), and those tailored for sparse inputs and sparse GCD (output). Thus,

it is first essential to clarify the notions of sparsity and density.

Definition 1.0.1. Let f be a polynomial in variables x1, ... ,x, with a total degree of d = deg(f) (see
Definition 2.1.3). Let #f denote the number of non-zero terms of f. The mazimum number of possible
("5

terms in f is D = We say f is sparse if #f < D. Otherwise, f is a dense polynomial.

Definition 1.0.1 is imprecise. To be more precise, we call a polynomial f sparse if #f < v/D and

dense otherwise.

Example 1.0.1. Let f = x4z + xixs + 2iw3 + 2374 + 2571 + T23 + 2 € Z[21, 72, 73, T4, T5, T6).
The number of possible monomials for a polynomial with n = 6 variables of total degree d = 5 (see
Definition 2.1.3) is D = (n;d) = 462 and /462 ~ 21. Since #f = 7 < /D, the polynomial f is

sparse.

Example 1.0.2. Let f = —5m% — Tx1290 — 21 + 31‘% — dxg + 2 € Z[xy,x2]. The number of possible
monomials for a polynomial with n = 2 wvariables of total degree d = 2 is D = (";d) = 6. Since
#f>\6, we call f a dense polynomial.

Our GCD and resultant algorithms are designed for dense polynomials.

1.1 GCDs and resultants of polynomials: A brief history

Computing the polynomial GCD and resultant are two fundamental problems in Computer Algebra
systems and arise as subproblems in many applications. In particular, computing the polynomial
GCD and the resultant over Q(av, . .., ay) plays a prominent role in Trager’s polynomial factorization

algorithm [32].



Computing the GCD of two polynomials has a long history. The Euclidean algorithm, which dates
back more than two thousand years, is the most fundamental algorithm for computing the GCD of
two univariate polynomials over a field. However, it has a fundamental flaw for problems that arise in
R[z], where R is not a finite field. In such cases, the size of the coefficients in intermediate remainders
grows significantly. In particular, the Euclidean algorithm is slow when the degree of the GCD is
much smaller than the degree of the inputs, with the worst case occurring when the GCD is 1. This
inefficiency motivated the development of modular GCD algorithms.

For dense polynomials, in 1971, Collins [10] (for polynomials in Z[z]) and Brown [7] (for polynomials
in Z[z1,...,x]) introduced algorithms for computing geds using homomorphic reductions and the
Chinese remainder theorem. Let p be a prime number. Applying homomorphic reduction, Collins
and Brown converted the GCD problem over Z into one over Z,, a simpler domain in which the
coefficients of the intermediate remainders in the Euclidean algorithm do not grow. Brown’s algorithm
is an efficient method for computing the GCD of dense multivariate polynomials. This algorithm
handles multivariate polynomials in Z[x1, ..., x| recursively by treating x; as the main variable and
evaluating zj in Zy[zg][z1,. .., 2k_1]. We review Brown’s algorithm in Section 2.2.5. In 1989, Char,
Geddes, and Gonnet introduced a heuristic algorithm named GCDHEU [9] for dense polynomials.
This algorithm works by evaluating the input polynomials over the integer set Z instead of Zj,. It then
determines a single GCD over the integers, from which the actual GCD can be derived. Although
the GCDHEU algorithm can be generalized to handle multivariate polynomials, it is inefficient when
handling sparse inputs. Section 2.2.4 provides a brief overview of GCDHEU. For further details, refer
to [18, Section 7.7].

For sparse case, in 1973, Moses and Yun [29] introduced the EZ-GCD algorithm, a multivariate
GCD algorithm built upon multivariate Hensel lifting [18, Section 6.8]. The Hensel lifting technique,
initially proposed by Zassenhaus, is used for factoring univariate polynomials over Z. In honor of
Zassenhaus, Moses and Yun called their algorithm the Extended Zassenhaus GCD (EZ-GCD). Their
algorithm transforms multivariate polynomials into univariate ones using evaluations and modular
homomorphisms. After determining the univariate GCD, it applies Hensel’s lemma to incrementally
lift the coefficients and variables back to the multivariate form using the Newton iteration process.
Further information can be found in [18, Section 7.6]. The EZ-GCD algorithm has several flaws, such as
the bad zero problem, which often results in significant growth of intermediate expressions, the leading
coefficient problem, and the non-unit common factor problem. In 1980, Wang [36] made a significant
contribution to EZ-GCD by developing the Extended EZ-GCD (EEZ-GCD) algorithm. In particular,
this algorithm was designed for handling sparse problems. The EEZ-GCD algorithm processes one
variable at a time, and Wang’s heuristic approach for pre-determining the leading coefficient addresses
the leading coefficient issue. Keith Geddes implemented Wang’s EEZ-GCD Algorithm in Maple during
the 1980s, and it remained Maple’s main GCD routine for polynomials with three or more variables
until 2005. It is also used by Maxima and SageMath.

Since 2005, Maple has utilized Zippel’s [10] algorithm to compute the polynomial GCD over Z.
Introduced in 1979, Zippel’s GCD algorithm was among the first to offer a probabilistic approach
for sparse problems. The implementation of Zippel’s algorithm in Maple is detailed in [12]. Addition-
ally, this algorithm is employed in other Computer Algebra systems, such as Fermat, Magma, and

Mathematica.



In 1989, Langemyr and McCallum [22] adopted Brown and Collins’ algorithm to design a mod-
ular GCD algorithm for polynomials in Q(«)[x]. In the same year, Smedley [31], using a different
approach, designed a modular GCD algorithm for multivariate polynomials in Q(«)[z1,...,xg]. In
1995, Encarnacion [14] improved Langemyr and McCallum’s algorithm for Q(«)[z] and made the al-
gorithm output sensitive, that is, the number of primes used depends on the size of the integers in the
GCD and not on bounds based on the input polynomials. Encarnacion achieved this by using rational
number reconstruction [25, 38] to recover the rational coefficients of the monic GCD instead of scaling
GCD images by a denominator. We review Wang’s rational number reconstruction algorithm and En-
carnacion’s GCD algorithm in Sections 2.2.6 and 4.3, respectively. In 2002, Monagan and Van Hoeij
[34] generalized Encarnacion’s algorithm to handle polynomials in Q(ax, ..., ay)[z] for n > 1. Their
algorithm is used by Maple and Pari. Later, in 2009, Lin, Moreno Maza, and Schost [23] used the fast
Fourier transform (FFT) to speed up arithmetic in Q(«1,...,a,) modulo a prime in Monagan and
Van Hoeij’s algorithm.

On the other hand, computing the resultant of two polynomials plays a significant role in various
areas of mathematics. Resultants arise as subproblems in solving systems of multivariate polynomials,
elimination theory [11], and factorization of polynomials over algebraic fields [32]. Furthermore, they
are fundamental algebraic tools for determining whether a system of polynomials has a common root
without explicitly solving the system. In 1971, Collins [10] introduced a modular algorithm to compute
the resultant of multivariate polynomials over Z. Later, in 1976, Brown and Traub [7] established the
fundamental theorem of subresultants, which they used to derive a much simpler formulation of the
subresultant polynomial remainder sequence (PRS). In 2005, Monagan [20] adapted Collins’ resultant
algorithm to develop an output sensitive modular algorithm for determining the monic resultant in
Q[z]. This algorithm proves to be more efficient when the bounds required by Collins’ algorithm for

both the coefficients and the degree of the resultant are not precise.

1.2 Motivating application: Polynomial factorization over Q(as, ..., a;)

Consider two polynomials f; and fy in Q[x1,..., x|, with ¢ = ged(f1, f2). We run the following

example in Maple.

>f1:=(x72 +3*%x*xy~2 -15) *x(7*x+5*xy +7) ;

>£2:=(x"2 +3*%x*xy~2 -15)*(x+5x*y);

>simplify(£f_1/£_2);
fl1:= (3*x*xy~2 + x72 - 15)*(7*x + bxy + 7)
£f2:=(3*xx*xy~2 + x72 - 15)*x(x + bx*y)
(7xx + B*xy + 7)/(x + b*y)

In Maple, the command simplify initially computes g, then provides the result as }yg . When han-
dling fractions of polynomials, Maple performs various operations, including addition, multiplication,
division, and GCD computations. Among these operations, computing the GCD is the most expensive
operation, often becoming the bottleneck. Therefore, speeding up polynomial GCD algorithms is cru-
cial for increasing Maple’s overall speed [27]. As another motivating application, we can consider the
problem of factoring f € Q(ayq,...,a,)[z] by using Trager’s algorithm [32]. In 1882, Kronecker [21]
suggested the use of norms for factorization. A similar idea was later presented by Van der Waerden

in [33]. In 1976, Trager improved upon this idea and presented an algorithm for factoring polynomials



over an algebraic number field Q(«) with one field extension. In what follows, we provide a brief

explanation of how the computation of the GCD and the resultant influences Trager’s algorithm.

Trager’s algorithm

Currently, Maple employs Trager’s algorithm for factoring polynomials over Q(av, ..., ap)[z1, ..., ]
Nevertheless, factorization over Q(ay, ..., a,) continues to pose a significant challenge in Maple. This
section provides a summary of Trager’s algorithm. For more detailed information about this algorithm,
see [18, Section 8.8]. Consider a square-free polynomial f € Q(«)[z], that is ged(f, %) = 1. The
fundamental idea behind Trager’s algorithm is to transform the polynomial f € Q(«a)[z] from the
algebraic number field into a square-free polynomial N € Q[z] in such a way that each factor of
f can be derived from a factor of N by performing a GCD computation over Q(«). To do so, we
need to find some s € Z>g s.t. N = Norm(f(x — sa)) is square-free. Let f be a monic polynomial.
Let Q(a) = Q[z]/(M(z)). where M(z) is the minimal polynomial of o over Q. The diagram below

demonstrates the framework of Trager’s algorithm.

monic(f) € Q[2]/(M(2))[x] f =Tl 9 € QL2l/(M(2))[a]

Norm gi=monic(ged(f(z—sa),N;))

Factor(N) over Q

N = Norm(f(z — sz)) € Q[z] N = N;---N; € Qlz]

The two main steps of Trager’s algorithm are computing Norm(f(z — sz)) € Q[z] using the res(f(z —
sz), M(z), z) and computing the monic GCDs ged(N, f;) € Q(a)[z]. Therefore, improving the speed
of the resultant and GCD computation over Q(ayq,...,q,) directly enhances the efficiency of the
factorization process. Specifically, in Trager’s algorithm, Norm(f(z — sz)) can be computed using our
modular resultant algorithm, and ged(f, N;) can be computed for 1 < ¢ < k using our modular GCD
algorithm.

1.3 Contributions

Building upon prior work, we designed modular algorithms to compute the monic GCD and the
resultant of two polynomials in Q(aq,...,a,)[x1,...,zk], referred to as MGCDNF and MRESNF,
respectively [2, 3]. To improve efficiency, our algorithms convert the input polynomials f; and fa to
their corresponding polynomials over Q(v), where v is a primitive element of Q(a,...,a,). This
approach reduces computational costs and accelerates the process by reducing the coefficients modulo
the minimal polynomial of =, instead of reducing modulo the n minimal polynomials of aq,..., ay,.
This conversion is performed modulo a prime to prevent coefficient growth during intermediate com-
putations. Next, our algorithms employ evaluation and dense interpolation to reduce the problem to
computing the monic GCD and the resultant of two univariate polynomials, for which we apply the
monic Euclidean algorithm [34]. Finally, our modular algorithms apply Chinese remaindering and ra-

tional number reconstruction [25] to recover the rational coefficients of the monic GCD and resultant



from their modular images. Moreover, employing the monic Euclidean algorithm, we present a new
formula for computing the resultant of univariate polynomials.

Since our MGCDNF and MRESNF algorithms map the input polynomials f1, fo € Q(aq,...,an)
to their images over Q(v) modulo primes, the monic GCD and the resultant are computed in a finite
quotient ring modulo a prime p, rather than in a field. Consequently, the algorithms may encounter zero
divisors when computing modulo p. If MGCDNF or MRESNF encounters a zero divisor while working
modulo p, the computation for that prime is aborted, a new prime is chosen, and the computation
is repeated for the new prime. To date, there has been no analysis of the occurrence of zero divisors
beyond the observation that only finitely many primes can cause them. In this thesis, we determine

the exact number of zero divisors and analyze their occurrence in our algorithms.

Published work

This thesis is based on the following published papers co-authored with my Ph.D. supervisor, Professor

Michael Monagan:

1. Mahsa Ansari and Michael Monagan. Computing GCDs of multivariate polynomials over al-
gebraic number fields presented with multiple extensions. In Computer Algebra in Scientific

Computing, volume 14139 of Lecture Notes in Computer Science, pages 1-20. Springer, 2023

2. Mahsa Ansari and Michael Monagan. A modular algorithm to compute the resultant of multivari-
ate polynomials over algebraic number fields presented with multiple extensions. In Computer
Algebra in Scientific Computing, volume 14938 of Lecture Notes in Computer Science, pages
27-46. Springer, 2024

3. Mahsa Ansari and Michael Monagan. A failure probability analysis of a modular algorithm to
compute the monic GCD of multivariate polynomials over algebraic number fields. In Computer
Algebra in Scientific Computing, volume 16235 of Lecture Notes in Computer Science, pages
1-26. Springer, 2025

We also presented our work on computing the monic GCD at the Conference on Intelligent
Computer Mathematics (CICM), 2023, held at the University of Cambridge, UK. In addition,
our work on both computing the monic GCD and the resultant was presented at the Maple 2024

Conference.

1.4 Thesis outline

This thesis is organized as follows. Chapter 2 provides a general introduction and motivation for
the problem, along with preliminary concepts and notations. Chapter 3 describes essential tools for
computing over algebraic number fields, including the new algorithm LAminpoly and the primitive
isomorphism used to map polynomials over Q(ayq,...,a,) to their corresponding polynomials over
Q(7), where ~ is a primitive element of Q(ay, ..., ;). In addition, this chapter counts the number of
zero divisors that may arise in our modular algorithms. In Chapter 4, we introduce a new modular
GCD algorithm, MGCDNF, to compute the monic GCD of polynomials in Q(ay,...,a,)[x1,. .., zk]
with high probability. This chapter also presents a worst-case complexity analysis of MGCDNF and



benchmark results. Chapter 5 presents a new modular probabilistic resultant algorithm, MRESNF, for
polynomials in Q(av, ..., a,)[z1, ..., zk], along with benchmarks and a worst-case complexity analysis.
The detailed failure probability analysis of both MGCDNF and MRESNF is presented in Chapter 6. In
Chapter 7, using the recursive dense data structure (recden package in Maple) to represent polynomials
over Q(aq,...,a,), some implementation details of MGCDNF and MRESNF are presented. Lastly,
Chapter 8 concludes the thesis with a summary of results and a discussion of open problems for future
research.



Chapter 2

Background tools, ideas, and
algorithms

2.1 Preliminary concepts and notations

In this thesis, R denotes a commutative ring with identity 1 # 0, and X = x1,...,z; unless stated
otherwise. The set of integers is denoted by 7Z, and the field of rational numbers by Q. Let p € Z be a
prime number. For any a € Z, we denote by a the equivalence class of all integers congruent to a mod

p. The set Z, = {0,1,...,p — 1} forms a finite field of characteristic p.

Definition 2.1.1. A monomial in X = x1,...,x is a product of the form Hle x;%, where all the ex-
ponents are non-negative integers. Moreover, the total degree of Hle x;, denoted by deg(]_[le zi),

is the sum e; + - - - + eg.

Ife; =---=ep =0, then 1% ... 2% = 1. Let e = (e1,...,¢ex) € Z'go. To simplify the notation

for monomials, we set z¢ = Hle xi%.

Definition 2.1.2. A polynomial f in X with coefficients in R is a finite linear combination of

monomials with coefficients in R. We present a polynomial in the form

f= Z e,

k
eEZZO

where e = (e1,...,e) € Zgo and a. € R. If k > 1, we call f a multivariate polynomial.
We use the following terminology when dealing with polynomials.
Definition 2.1.3. Let f = Eeezgo ae.x® be a polynomial over R.
(i) We call a. the coefficient of the monomial €.
(ii) We call acz® a term of f if a. # 0.
(iii) We call e the exponent vector of the monomial .
(iv) If f # 0, the total degree of f, deg(f), is the maximum of the total degree of the monomials.

(v) If f =0, we define deg(0) = —oo.



(vi) The notation R[x1,...,xx| denotes the set of all multivariate polynomials in X over R.

Since the rings R[z1, ..., 2] and R[z1,...,xx_1][zk] are isomorphic, we can view the multivariate
polynomial domain R[z1,...,x;] as a univariate polynomial domain R[x1,...,z,_1][zr] where z) is
chosen as the main variable and the coefficients are in Rz, ..., xk_1].

In analyzing the division algorithm for multivariate polynomials in R[z1,...,zx|, a monomial order

is essential (see [11, Chapter 2]). The following definitions follow [11, Chapter 2, Section 2].

Definition 2.1.4. Let M be a set of monomials in R[z1,...,z;]. An order relation, denoted by <,

b x¢ the following conditions hold:

on M 1is a total ordering if V%, x
(i) Either 2% < 2, 2® < 2, or 2% = 2°.
(ii) If 2° < 2% and x¢ < 2°, then x¢ < 2%,

Definition 2.1.5. A monomial ordering on R[x1,..., x| is a relation > on Zgo that satisfies the

following conditions:
(i) > is a total ordering,
(ii) Ya,b,c € Zgo, we have a >b=c+a>c+b
(iii) Every non-empty subset S C Zgo has a least element under > .
Definition 2.1.6. Let e = (e1,...,e;) and d = (dy,...,dy) be two exponent vectors in Zgo-

(i) Lexicographic Order: We say e >, d if the left-most non-zero entry in the vector difference
e —d e 7ZF is positive. We write € >ep % if € >ey d.

(ii) Graded Lezicographic Order: We say e > ge; d if deg(z€) > deg(z?) or deg(z®) = deg(x?)
and e >ep d. We write 2° > grjeq x4 ife > grles d.

Example 2.1.1. Given the above definition, if 1 > xo > x3, then
3 2.3 2.3 3
TIT2L3 >lex T1LIT3 and TITT3 > grlex T1T2T3.

Knowing the ordering, we identify a polynomial’s greatest monomial and coefficient. We use the

following terminology.

Definition 2.1.7. Let f = ZeeZ’io aex® be a non-zero polynomial in R[xy,...,x], and > be a mono-

mial order.

(i) The multidegree of f is
multideg(f) = max(e € Zgo tae #0)

(the mazimum is taken with respect to > ).

(ii) The leading coefficient of f, denoted by lc(f), is

IC(f) = Qmultideg(f)
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(iii) The leading monomial of f, denoted by lm(f), is

lm(f) _ xmultideg(f)

(iv) The leading term of f, denoted by 1t(f), is
1t(f) = Im(f) - 1e(f)
Example 2.1.2. Let f = —923 + 72222 + 623’z € Z[z,y, 2] and let >, be the lexicographic order
with x >y > z. Here, deg(f) = 4, multideg(f) = (3,0,0), le(f) = =9, Im(f) = 23, and 1t(f) = —9z3.
Remark 2.1. We define 1c(0) =0, Im(0) = 1, and 1t(0) = 0.
We state the following lemma and corollary without proof.
Lemma 2.1.1. [11, Lemma 8, Chapter 2] Let fi, fa € R[z1,...,xx] be two non-zero polynomials.
(i) If f1 - fa # 0, then multideg(f1 - f2) < multideg(f1) + multideg( f2).
(ii) If f1 + fa # 0, then multideg(f1 + fo) < max{multideg( f1), multideg(fa2)}.
Corollary 2.1. Let f1, fo € R[x1,..., 2k be two non-zero polynomials. Then
(i) Im(f1 - f2) < lm(f1) - 1Im(f2).

(i) 16(f1- f2) <16(f1) - 16(f2).

Remark 2.2. If R is an integral domain, or if lc(f1)-lc(f2) # 0, then equality holds in Lemma 2.1.1(7)
and Corollary 2.1.

Definition 2.1.8. Let f € R[x1,...,x,]. For 1 < i < n, we can represent f as a polynomial in x;
with coefficients in R[x1,...,%i—1,%iy1,...,%n], S0 that
d .
= Zaja:g, aj € Rlx1,...,%i—1,Tit1,--.,%n), aq #0.
j=0

We define deg(f,z;) = d and lc(f,z;) = aq.

Notation 2.1. If the variable is not specified, then deg(f) denotes the total degree of f (Definition
2.1.3, part (iv)). Likewise, if the variable is not specified, then lc(f) denotes the leading coefficient
defined in part (ii) of Definition 2.1.7 (w.r.t. the fized monomial order stated there).

Example 2.1.3. Let f € Q[z1, z2, 23] s.t.
f = 32329 + w3 + 5x125 — Trirs + 423 € Qlry, 12, 13).
Representing f as a univariate polynomial w.r.t. x1, we have
f=Bxa+ xg)x% + (5m§)x1 + (—7x%:):3 + 41‘2) € Q[z2, x3][x1].

Hence, deg(f,z1) = 2, le(f,z1) = 3z2 + x3 € Q[x2,z3], and deg(f) = 5. Consider the lexicographic
order with x3 > x1 > x2, then lc(f) = 4.



2.2 GCD Computation of polynomials over Z

In this section, we discuss some algorithms for computing the GCD g of two polynomials f; and fo
in Z[x1,...,zk|. These include the Euclidean algorithm and the monic Euclidean algorithm over Q[x],
as well as the GCDHEU algorithm and Brown’s algorithm over Z[z]. We also review rational number
reconstruction and Newton’s interpolation algorithm, which are two essential tools for rebuilding the
target GCD from its images. Later, in Section 4.3, we will discuss polynomial GCD algorithms over
Qan,...,ap).

In many fields, including coding theory and cryptography, calculations modulo an integer play a
crucial role. As we will demonstrate in this thesis, employing modular homomorphisms enhances the
efficiency of computing greatest common divisors, resultants, and consequently, polynomial factoriza-
tions [32]. The fundamental tool for a modular approach is division with remainder. Given the
integers a and b (where b # 0), we aim to find two integers, ¢ (the quotient) and r (the remainder),
s.t.

a=qgb+r, 0<r<]|b.

Similarly, for polynomials f; and f2 in R[z], we seek polynomials ¢ and r in R[z] that satisfy

fi=foqg+r, deg(r) < deg(f2).

Example 2.2.1. Let f; = 2% + 2z + 1 and fo = 32% + 5 be two polynomials in Q[x]. Then we can
divide f1 by fo with remainder r = +x +1 € Q[z] and quotient ¢ = sz € Q[a].

However, such ¢ and r do not always exist. For instance, if we consider the polynomials f; and
f2 from Example 2.2.1 as polynomials in Z[z], the division of f; by fo with remainder in Z[z] is not
possible since lc(f2) = 3 is not invertible in Z. This problem can be addressed using pseudo-division
(refer to Section 2.2.3). For simplicity, at this stage, we assume the leading coefficient lc(f2) is a unit

in R, allowing us to present Theorem 2.2.1.

Theorem 2.2.1. [35, Algorithm 2.5 Polynomial division with remainder] Let fi and fa be two poly-
nomials in R[x] with fo # 0 . If lc(f2) is a unit, there exist unique polynomials q (the quotient) and r
(the remainder) in R[x] s.t. f1 = qfa + 7 with r =0 or deg(r) < deg(f2).

Definition 2.2.1. Let fi1, fo € U[X], where U is a UFD. A greatest common divisor (GCD) of f1 and
fa, denoted by g = ged(f1, f2), is a polynomial in U[X] s.t.:

(i) g| f1 and g | f2, and
(it) if h € U[X] s.t. h| fi and h | fa, then h | g.

Definition 2.2.2. Let f1, fo € U[X], where U is a UFD and g = ged(f1, f2). Let h1 and hy be two
polynomials in Ulx] s.t. fi = g-h1 and fo = g-hy. Then we call hy and hy the cofactors of fi and fa,

respectively.

Example 2.2.2. Let f; = (x — 1)(2%y —y + 1) and fo = (z — 1)(2% — 2y + 6) € Q[x,y]. Then
g =gcd(f1, fo) =x — 1. Also, hy = 2%y —y + 1 and hy = 2%y — 2y + 6 are the cofactors of f1 and fo,
respectively. Notice that ged(hy, hg) = 1.
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In this example, 1 —z = —(x—1) and 2z —2 = 2(z — 1) are also GCDs of f; and f,. More generally,
if g is a GCD of two polynomials over U, then for any unit ¢ € U, the polynomial ¢ - g is also a GCD
of these polynomials. Thus, the GCD of two polynomials is unique up to multiplication by a unit. We

will return to this point in more detail in Section 2.2.2.

Definition 2.2.3. Let U be a unique factorization domain (UFD) and let f € Ulxy,...,xx]. Consider

a set X that consists of some or all of the variables x1,...,zy.

(i) The content of f w.r.t X, denoted by cont(f, X), is the GCD of the coefficients of f, when f
is considered as a polynomial in the variables X, with any remaining variables being part of the
coefficient ring. If X = {x1,...,x}, then we write cont(f, X) = cont(f).

(ii) We define the primitive part of f, w.r.t. X, denoted by pp(f, X), as the quotient of the poly-

nomial by its content. More precisely, pp(f, X) = m If X = {x1,...,x}, then we write

pp(f,X) = pp(f).
(iii) The polynomial f is called primitive if cont(f) = 1.
Example 2.2.3. Let f = 42%yz + 24xy?2 4+ 162 € Z[z,y, 2]. Then

cont(f) = ged(4,24,16) =4 and
pp(f) = 2%yz + 6zy’2 + 4z.

Now, consider f as a polynomial in Z[2][x,y], i.e., f = (42)x%y + (242)xy® + 162. Then,
cont(f,{z,y}) = ged(4z,242,16z) = 4z and
pp(f,{z,y}) = 2%y + 6ay® + 4.

2.2.1 The Euclidean algorithm

The Euclidean algorithm, first described in Euclid’s Elements (Book VII) [15], is among the oldest
algorithms still in common use. It is presented as Algorithm 1 and serves as the fundamental algo-
rithm for computing univariate polynomial gcds over a field. The Euclidean algorithm is based on the

following lemma.

Lemma 2.2.2. Let f1, fo € Flx] with fi1, foa # 0, where F is a field. Let ¢ and r be the quotient and
remainder when dividing f1 by fo. Then ged(f1, fo) = ged(fo, 7).

Example 2.2.4. Let fi, fo € Q[x] s.t.

fi = 62° + 62t — 223 — 2% 4+ 22 + 1,
fo = bzt 4+ 52® — 322 + 22 + 5.

Let 1 = f1 and ro = fo. The FEuclidean algorithm proceeds as illustrated in Table 2.1. Given that
r¢ = 0, we conclude that ged(fi, f2) = rs € Qz].

Remark 2.3. The Example 2.2.4 illustrates two drawbacks of the Euclidean algorithm:

11



Algorithm 1: Euclidean Algorithm (EA)
Input: fi, fo € F[z] s.t. 0 < deg(f2) < deg(f1) and F is a field.
Output: ged(f1, f2).
r1,7r2 = f1, f2
1=1
while r; # 0 do
Set ;11 to be the remainder of r;_; divided by 7;

L Set i =1+1
l=i—1
return(r;)

[S I VU S

N o

Table 2.1: Euclidean algorithm

Dividend | Divisor | Quotient Remainder
1 T q3 = gm ry = %x3—%7x2—4x+1
T2 3 q4:%x+% r4:%z2+%x7%
r3 T4 5 = 13505 ~ 7400959 s = 31509807 + S40080
ne | e - e [

1. The size of coefficients in intermediate remainders grows exponentially. This makes the Euclidean

algorithm inefficient in practice.

2. Although the input polynomials are in Z[x], the remainders lie in Q[z].

To address the first problem in our modular algorithms, we run the Euclidean algorithm over F = Z,,.

To resolve the second problem, we employ pseudo-division, as described in Section 2.2.3.

Definition 2.2.4. Let fi(x) and fo(x) be two polynomials in Ulx] with deg(f1) > deg(f2) > 0, where
U is a UFD. A Natural Euclidean Polynomial Remainder Sequence (p.r.s.) generated by the
polynomials f1 and fa is a sequence r1(x),ra(x),...,r(x) in Ulz] obtained from the execution of the

Euclidean Algorithm s.t.:
(i) r1i(z) = fi(x), r2(z) = fa(x),
(ii) Tit1 = ri—1 — 1riq; with deg(riy1) < deg(r;) for2<i<l—1, and
(iii) the remainder of r;_q1 divided by 7 is zero, i.e., 111 = 0 in the Euclidean algorithm.

Example 2.2.5. In FExample 2.2.4, the sequence r1,72,...,75 is the p.r.s. generated by f1 and fs.

2.2.2 The monic Euclidean algorithm

Let f1, fo € R[x] with g = ged(f1, f2) € R[z]. If ¢ € R is a unit, then h = ¢- g is also a GCD of f;
and fo. To make the GCD unique, it must be normalized (refer to Theorems 2.2.4 and 2.2.5). This

normalization is based on the concept of monic polynomials, which is explained below.

Definition 2.2.5. Let f € R[z]. If f =0, we define monic(f) = 0. Otherwise, we define

monic(f) = le(f) 1.
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If 1c(f) is not a unit over R, then monic(f) = “failed”. A polynomial f is called monic if f =

monic(f).

Example 2.2.6. For f =2x + 3 € Q|z], we have

monic(f) =le(f) ™ f=z+ g

If f =2z + 3 € Z[x], then monic(f) = “failed” because lc(f) = 2 is not invertible in Z.

In our modular algorithms, MGCDNF (Algorithm algorithm 8) and MRESNF (Algorithm algo-
rithm 11), the ring R is an algebraic number field modulo a prime. In this setting, every element of R
is either zero, a unit, or a zero divisor. Therefore, if monic(f) = “failed”, it indicates that lc(f) is a
zero divisor.

Given f1, fo € R[z], the monic GCD of f; and f is a monic polynomial g € R[z]|, which is a
GCD of f; and fa. To compute the monic GCD, we employ the monic Euclidean algorithm (Algorithm
2) [

FAIL if the leading coefficient of any remainder is not a unit. In this thesis, Algorithm 2 is used to

]. This algorithm takes two polynomials fi, fo € R[z| and returns either monic(ged(fi, f2)) or

determine both the GCD and the resultant of two univariate polynomials.

Algorithm 2: Monic Euclidean Algorithm (MEA)

Input: fi, fo € R[x] s.t. deg(f1) > deg(f2) > 0 and R is a commutative ring with identity
14 0.
Output: Either the monic ged(f1, f2) or FAIL.

1 71,72 = f1, f2

2 Ml,i =T, 2

3 while r; # 0 do

4 M; = monic(r;)

5 if M; = failed then return(FAIL)

6 Set 7;+1 to be the remainder of M;_; divided by M;
7 Set i =141

8l=1—-1

9 return(M;)

Example 2.2.7. Let fi1, fa € Q[x] be the polynomials given in Example 2.2.4. Let My = fi and

My = monic(f2). The monic Euclidean algorithm ezecutes as follows.

Table 2.2: Monic Euclidean algorithm

Dividend Divisor Quotient Remainder
fr=062"+ 621 — 2% —2? + 22 +1 | fo=52" +52° — 32> + 20 + 5 (-) (-)
M= h My=a'+a®— 32+ 22 +1 g3=06z | r3=352"— P —dw+1
My ]V[B:m3,1§7x2,gm+g CZ4:1‘+2§5 7"4:2377303x2+%x7%
i M= e | oo B | r - He 2
My Ms=z+1 G =x— 3% I

Since the final remainder is r¢ = 0, the algorithm terminates after 6 iterations, and the monic

GCDiSM5:$+1.
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Notation 2.2. In this thesis,

e FEA stands for the Euclidean algorithm.

e MFEA stands for the monic Fuclidean algorithm.

Lemma 2.2.3. Let fi, fo € R[x] with n = deg(f1) and m = deg(f2) s.t. n > m. The MFEA does

O(mn) arithmetic operations in R.

In Theorem 2.2.4, we demonstrate that the MEA terminates, and in cases where it does not result
in a FAIL, it delivers the monic GCD of the provided inputs. Following this, in Theorem 2.2.5, we

prove that if a monic GCD exists, it is unique.

Theorem 2.2.4. Let f1, fo € R[x] with deg(f1) > deg(f2) > 0. Algorithm 2 terminates for the input
f1 and fo. Furthermore, if it does not return FAIL, it outputs a monic GCD of f1 and fo.

Proof. First, we demonstrate that Algorithm 2 terminates. If any of the remainders r; produced in
Line 6 have a leading coefficient that is not a unit, the algorithm will terminate and return FAIL. If

this is not the case, then from Lines 1 and 2, we have r; = M1 = f; and 2 = f2, implying that
deg(M;) = deg(r1) > deg(r2) = deg(M2) > 0.
Additionally, according to the division algorithm, for each i > 2, we have
M; 1 = M;qi+1 + rit1

with 0 < deg(M;4+1) < deg(M;). As a result, we observe a strictly decreasing sequence of non-negative
integers
deg(M;) > deg(Mz) > deg(Mz) > ... > 0.

According to the well-ordering principle, this sequence must terminate, which guarantees that the
monic Euclidean algorithm terminates. We now demonstrate that if Algorithm 2 does not return
FAIL, the output it generates, M, is the monic(ged(fi1, f2)). The steps of Algorithm 2 are outlined

below.

M1 =T

My = mOHiC(TQ) My = Maqs + r3 = r3 = My — Mags (1)

M3 = monic(r3) My = M3qy + 14 = ra = My — M3qy (2)
M;—1 = monic(r;_1) Mg =Miaq+mr=r=M_-o—M_1q (1-2)

M; = monic(r;) M1 = Miqi41 + 7141 = M1 = Migqi41 (l1-1)

By construction, the output M; is monic. From the iteration (I — 1), it follows that M; | M;_4.
Furthermore, given that M; = monic(r;), we also have M; | r;. From the (I — 2)th iteration, since
M | rp and M; | M;_q, we conclude that M; | M;_o. Continuing this reasoning, we have M; | Moy;
hence M; | ro = fo. From the iteration (1), M; | My = fi. Consequently, M; is a monic common divisor
of f1 and fo.
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To prove that M is the greatest monic common divisor of fi and fo, let d € R[x] s.t. d | f1 and

d | fa. If d = 1, then trivially d | M; and we are done. Assume d # 1. Since d | fo = r2, we have

d | My = monic(f2). From M; = Maqs + rs, since d | My and d | Ma, it follows that d | r3. Thus,

d | M3 = monic(rs). Iteration (2) along with the fact that d | My and d | M3, gives d | r4. Repeating
this process, we conclude that d | M;. Consequently, M; = monic(ged(f1, f2)).

[l

Theorem 2.2.5. Let R be a commutative ring with 1 # 0 and let fi and fo be two polynomials in
R[z]. If a monic GCD of fi and fy exists, then it is unique.

Proof. Let g and d be monic GCDs of f; and f5. Then g | d and d | g, so there exist non-zero
polynomials u,v € R[z] s.t.

d=u-g and g=wv-d.
We show that ©w = v = 1. Since g and d are monic, we have

le(d) = le(u) -1e(g) = 1 =lc(u) - 1 = lc(u)
le(g) = le(v) - le(d) = 1 =lc(v) - 1 = 1c(v) =

1, (2.1)

Moreover, since le(u) - le(g) = 1 # 0 and le(v) - le(d) = 1 # 0, it follows that

deg(d) = deg(u) + deg(g), and (2.3)
deg(g) = deg(v) + deg(d). (2.4)

Substituting (2.3) into (2.4) yields
deg(g) = deg(v) + deg(d) = deg(v) + deg(u) + deg(g),
hence
deg(u) + deg(v) = 0.

Since deg(u), deg(v) > 0, we obtain deg(u) = deg(v) = 0, so u,v € R. Together with (2.1) and (2.2),
this implies © = v = 1, completing the proof. O

Definition 2.2.6. Let f1, fo € Rlz| with deg(f2) < deg(f1). Assume the MEA does not fail for
the inputs f1 and fo and terminates after | + 1 iterations. The Monic Polynomial Remainder
Sequence (m.p.r.s.) generated by f1 and fo is the sequence r1,72,. .., obtained from the execution
of the Monic Fuclidean Algorithm s.t. r1 = f1, 79 = fo, 73 = r1 — Mogqs, and 110 = M; — M1 1G4
with M; = monic(r;) and deg(riy+1) < deg(r;) for 2 <i<1—1 and ri4; =0.

Remark 2.4. Let f1, fo € Rlz]| with n = deg(f1) > m = deg(f2) > 0.

(i) The remainders appearing in the m.p.r.s. are polynomials obtained from Line 6 of Algorithm 2.
In general, these remainders are not monic polynomials. We refer to this sequence as the Monic

Polynomial Remainder Sequence because it is obtained from the MEA.

15



(ii) The number of division steps in the MEA is bounded by m + 1. Since the m.p.r.s. contains both
r1 = f1 and ro = fo, the number of remainders in the m.p.r.s. generated by f1 and fo is bounded
byl < m+ 2.

Example 2.2.8. In Example 2.2.7, the sequence r1,r2...,r5 is the m.p.r.s. generated by f1 and fo.

As with the EA, in the MEA, the size of the coefficients of the remainders in Q[z] grows rapidly.

To address this issue, in our GCD and resultant algorithms, we run the MEA modulo a prime.

2.2.3 Pseudo-division

Let R be a commutative ring with 1 # 0, and let f1, fo € R[z]. The quotient and remainder of f;
divided by f2 will not belong to R[x] unless lc(f2) is a unit in R (see Theorem 2.2.1). As noted after
Example 2.2.1, it is impossible to divide f; = 3 +2x+1 by fo = 322 +5 with a remainder in Z[z] since
le(f2) = 3 is not a unit in Z. In such scenarios, we utilize pseudo-division (refer to Section 2.7 of [15]
and Section 6.12 of [35]). Moreover, pseudo-division is a fundamental tool for defining subresultants
in Section 6.3.3.

Theorem 2.2.6. Let f1, f2 € R[x] with deg(f1) > deg(f2) > 0 and assume that lc(f2) is not a zero
divisor. Set § = deg(f1) — deg(f2) + 1. Then there exist polynomials 7(x),§(x) € R[x] s.t.

le(f2)’ f1(z) = fo(2)d(z) + 7 (=),
where either deg(7(x)) < deg(f2) or 7(z) = 0. We call 7(x) = prem(f1, f2,x) the pseudo-remainder
and §(z) = pquo(fi, f2,x) the pseudo-quotient.

Proof. This is a slight generalization of [39, Theorem 2.2.2], which is stated for polynomials over
an integral domain. The pseudo-division algorithm proceeds by repeatedly multiplying the current
dividend by lc(f2) and subtracting suitable multiples of fs to cancel the leading term. In Winkler’s
proof, the integral domain assumption is used only to ensure that multiplication by lc(f2) does not
decrease the degree of the current dividend during the pseudo-division process. This conclusion still
holds under the weaker assumption that lc(f2) is not a zero divisor in R. Therefore, the same argument

applies verbatim and yields the asserted representation. O

Example 2.2.9. Let

fi =62° +62 — 223 — 2+ 22+ 1 and
fo =5zt +52% —322 + 22 +5

be the polynomials given in Example 2.2.4. Then
d=deg(f1) —deg(fe) +1=5—-44+1=2 and lc(f2)=5.
Multiplying f1 by lc(f2)° and dividing the result by fa, we obtain

prem(f1, fa, ) = 402> — 8522 — 100z + 25 and
pquo(fi, f2,z) = 30x.
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Note that in this example we have prem(fi, fa, ), pquo(fi, fo,x) € Z[zx], while in Example 2.2.} the

remainder and quotient of f1 divided by fo are

8 4 17 6
ry = 5$3 — Exz —4dx+1 and q3= 533 € Qlz].

Remark 2.5. If fi, fa € R[z|, then both prem(fi, f2) and pquo(fi, f2) lie in R[x]. In particular, if
f1, fa € Z[z], then applying pseudo-division over Z ensures that no fractions appear in prem(fi, f2)
and pquo( f1, f2). This illustrates how pseudo-division addresses the second issue discussed in Remark

2.3, namely, the appearance of rational coefficients when using the Euclidean algorithm over Z[x].

Notation 2.3. Let fi, fa € R[z]| be two non-zero polynomials s.t. 1c(f2) and lc(f1) are units, and
0 < deg(f2) < deg(f1). In this thesis, we use the following notations.

o Let rem (f1, fo) and quo(fi, f2) denote the remainder and quotient of f1 divided by fa, where
rem (f1, f2) =0 or deg(rem (f1, f2)) < deg(f2), i.e., rem (f1, f2) = f1 — f2 quo(f1, f2).

o Letmrem(f1, fo) and mquo(fi, f2) be the remainder and quotient of monic(f1) divided by monic(f2)

i.e., mrem(f1, f2) = monic(f1) — monic(f2) mquo(fi, f2).

o Let prem (f1, f2) and pquo(fi, f2) be the pseudo-remainder and pseudo-quotient of fi divided by
fa.

In Lemma 2.2.7, we establish a connection between prem (fi, f2), rem (f1, f2), and mrem(fi, f2).

Lemma 2.2.7. Let fi, fo € R[x] be two non-zero polynomials s.t. lc(f2) and lc(f1) are units, and
0 < deg(f2) < deg(f1). Let 6 = deg(f1) — deg(f2) + 1. Then we have

(i) rem (f1, f2) = le(fr)mrem (f1, fo) and quo (f1, f2) = le(f2)~e(f1) mquo (f1, f2).
(ii) prem (f1, f2) = lc(f2)’rem (f1, f2) and pquo (f1, f2) =1lc(f2)° quo (f1, f2)-
(iii) prem (f1, f2) = lc(fg)‘slc(fl)mrem (f1, f2) and pquo (f1, f2) = lc(f2)5_1lc(f1) maquo (f1, f2).

Proof. (i) Since le(f1) and lc(f2) are units, we have

mrem (f1, f2) = monic (f1) — monic (f2) mquo (f1, f2)

=lc(f1)~" i = le(f2) ' f2 mquo (fi, fo).
By multiplying mrem (f1, f2) with le(f1), we obtain

le(fi)mrem (f1, f2) = fi — f2 le(f2) " 'e(f1) mquo(fi, f2). (2.5)

Given that lc(f1) and lc(f2) are units, it follows that

deg(lc(f1) mrem (f1, f2)) = deg(mrem (f1, f2))and
deg(le(f2)"le(f1) mauo (f1, f2)) = deg(mquo (f1, f2))-

By subtracting rem (f1, f2) = f1 — fo quo (f1, f2) from (2.5), we derive

le(f1) mrem (f1, f2) — rem (f1, f2) = fa(quo (f1, fo) —le(f2)~'e(f1) mquo (f1, f2)).  (2.6)

17



By definition, deg(mrem (f1, f2)) < deg(f2) or mrem (f1, f2) = 0 and deg(rem (f1, f2)) < deg(f2)
or rem (f1, f2) = 0. Therefore, from (2.6), we conclude

le(f1) mrem(f1, f2) = rem(f1, f2) = 0. (2.7)

Since fa # 0 and from (2.7), it follows from (2.6) that

quo(f1, f2) — le(f2) " He(f1) mquo(f1, f2) =0,

which completes the proof of part (i).

(ii) By Theorem 2.2.6, we have prem (f1, f2) = le(f2)° f1 — fapquo (f1, f2). Since lc(f2) is a unit, we
can multiply prem (f1, f2) by le(f2) ™% which implies that

le(f2) °prem (f1, f2) = fi — f2 le(f2) °pquo (f1, f2). (2.8)

Asle(f2) is a unit, deg(le(f2)~° prem (f1, f2)) = deg(prem (f1, f2)) and deg(le(f2)~° pquo (f1, f2)) =
deg(pquo (f1, f2)). Similar to part (i), we subtract rem (f1, f2) = f1 — fo quo(f1, f2) from (2.8),
which implies that

le(f2) ™" prem (f1, f2) —rem(f1, f2) = f2 (quo (f1, f2) —le(f2) ™ pauo (f1, f2)). (2.9)

Since f, # 0, deg(prem (fi1, f2)) < deg(f>), and deg(rem (fi, f2)) < deg(f), we must have

quo(f1, f2) —le(f2)™° paquo (f1, f2) =0,
resulting in the proof of part (ii).

(iii) Part (iii) is a direct consequence of parts (i) and (ii)
]

Example 2.2.10. Let f; = 223+ 22 +2 and fo = 522 + 3 be two polynomials in Q[z]. We use Maple
to show that Lemma 2.2.7 holds for f1 and fs.

>f1 := 2%x 3+x "2+2:

>f2 := b¥xx 2+3:

>mf1 := filxlcoeff(f1) ~(-1); #Monic(f1)
>mf2 := f2*lcoeff(f2) ~(-1); #Monic(f2)
>delta:=degree(f1)-degree(f2)+1;

mfl := 73 + 1/2z72 + 1
mf2 := z°2 + 3/5
delta := 2

In Maple, the command rem(£1,£2,x,°q’) computes the rem (f1, fa) w.r.t. the variable x with quo-
tient q. Also, the command prem(£f1,£2,x,’m’,’pquo’) in Maple computes the prem (f1, fo) w.r.t.
the variable =, where m = lc(f2)?, and the quotient is pquo. To determine mrem(fy, f2), we first

compute mfi = monic(f1) and mfy = monic(f2), and then proceed to calculate rem (mf1, mfs).

>r := rem(f1, f2, z,’q’); ‘
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>q := q; #Quotient of dividing f1 by f2

>mr := rem(mfl,mf2,z,’mq’);

>mq := mq; #Quotient of dividing mfl=monic(f1) by mf2=monic (f2)
>pr := prem(f1,f2,z,’m’, ’pquo’);

>pquo := pquo; #Pseudo-quotient of dividing f1 by f2

r:=-6/5z +7/5
q:= 2z/5+ 1/5
mr:=-3/5x + 7/10
mq:=z+1/2
pr:=-30x + 35
pquo :=10x + 5

Now, we verify if Lemma 2.2.7 holds for the polynomials fi and fa:

>#Part © of the lemma

>r - lcoeff(f1)*mr, q - lcoeff(f1)*mq/lcoeff(f2) ;

>#Part i1 of the lemma

>pr - lcoeff(f2) “(delta)*r, pquo-lcoeff(f2) ~(delta)*q ;

>#Part 111 of the lemma

pr - lcoeff(f2) “(delta)*lcoeff(f1)*mr, pquo-lcoeff(f2) “(delta-1)*lcoeff(f1)*mgq;
0,0
0,0
0,0

In Theorem 6.3.12 of Chapter 6, we establish a connection between p.r.s. and the Subresultant

Polynomial Sequence (as defined in Definition 6.3.2). To do so, we employ the following lemma.

Lemma 2.2.8. Let f1, fa € Rlz]| be two non-zero polynomials s.t. 1c(fa) is a unit. Let a,b € R be
units and § = deg(f1) — deg(f2) + 1. Then,

(i) rem (af1,bf2) = a-rem (f1, f2) and quo(afi,bfs) = ab™t - quo(fi1, f2).
(ii) prem (afi,bfs) = ab® - prem (f1, f2) and pquo(af1,bfs) = abd~1 -pquo(fi, f2).
(i4i) mrem(afy,bfe) = mrem(f1, f2) and mquo(afi,bfz) = mquo(fi, f2).

Proof. (i) Let r = rem (f1, fo) = f1 — foq and 7 = rem (af1,bf2) = afi — bf2q where ¢ and q are
the quotient polynomials in R[z|. By multiplying r by a and subtracting this product from 7,

we obtain

7 —ar = fa(ag — ). (2.10)

Since a € R is a unit, we have deg(ar) = deg(r). Moreover, by definition, deg(r),deg(r) <
deg(f2). Thus (2.10) holds if and only if ag — bg = 0, which implies that ¥ = ar and ¢ = $q.

(ii) Let r = prem (f1, fo) = le(f2)°fi — foq and 7 = prem (af1,bf2) = le(bf2)’afi — bfaq, where ¢
and ¢ represent the pseudo-quotient polynomials in R[z]. Given that b and lc(f3) are units, we

have 7 = b°lc(f2)%afi — bfag. Multiplying by ab? and subtracting the result from 7, we have
F—ab’r = folab’q — bq).

Since b and a are units and deg(r), deg(7) < deg(f2), we must have § = ab’~'¢, which implies that

F = abr.
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(iii) The proof follows from Definition 2.2.5.

2.2.4 The GCDHEU algorithm

The GCDHEU algorithm, introduced by Char, Geddes, and Gonnet[9], is a heuristic algorithm de-
signed to compute the GCD of two polynomials over Z. The core idea of the GCDHEU algorithm is
to convert the problem of computing the GCD over Z[z] into a problem over Z. Let f; = > | a;x!
and fo =370 bjz? be two non-zero polynomials in Z[z]. We aim to determine g = ged(fi, f2). Define
H = max; (| a; |,| b; |). Heuristically, each coefficient of g is expected to have a magnitude no greater
than H. Let 8 € Z s.t. 8 > 2H. The GCDHEU algorithm starts by evaluating f; and f> at 3, then
computes the GCD as

gp = ged(f1(B), f2(B)) € Z.

Subsequently, the algorithm converts gz into g by determining the 3-adic representation with a sym-

metric coefficient form, expressed as
93 =co+c1f+ B+ ...+ B

Finally, g(x) is obtained by substituting § with . We demonstrate this algorithm with the following

example.
Example 2.2.11. Let

fi(z) = (42® 4 2z + 1)(6z + 3),
fo(z) = (42 4 22 + 1)(7Tz + 14) € Z[z].

By inspection, H = 56. To determine g = ged(f1, f2), the GCDHEU algorithm initiates by selecting
an evaluation point B = 1000 > 2H and evaluating

f1(1000) = 24012012012003,
f2(1000) = 28056014035014.

Then, by applying the Euclidean algorithm, it determines the integer GCD:
G = ged(£1(1000), f2(1000)) = 12000006003.

By calculating the symmetric 1000-adic representation of G (see [18, Section 6.2]), we derive the
corresponding polynomial as h = 1223 4+ 6x + 3, with x = 1000. The GCD h might contain an
extraneous factor, i.e. h = C - g(1000), where C' = ged (%(1000), %(1000)). To extract g from h, we
need to remove C from h. Here, C = cont(h,z) = 3. Thus

h
— =423 + 22 + 1.

9:3

Since g divides both fi and fa, we confirm that g = ged(f1, fa2).
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When C' is too large, leading to a failure in division, the algorithm may not succeed. In such cases,
it can be effective to choose an alternative, typically larger, evaluation point. The GCDHEU algorithm
can be extended to compute multivariate gcds by recursively evaluating each variable at an integer.
Despite generating large integer GCDs, the algorithm can be fast if the input polynomials are dense
and fast GCD computation over Z is available. The authors noted that GCDHEU is frequently effective
for GCD computations involving up to four variables. Before the release of Maple 11, GCDHEU was
used in Maple for dense, small problems. Starting with Maple 11, Maple instead employs Zippel’s
GCD algorithm [10].

2.2.5 Modular GCD algorithms

The Euclidean algorithm allows us to compute the GCD of univariate polynomials over a field. How-
ever, this algorithm is not directly applicable to multivariate polynomials over a field. To address this
challenge, we turn to modular algorithms, which provide a powerful framework for managing compu-
tation with multivariate polynomials. Modular arithmetic is particularly effective in controlling the
growth of integer coefficients in intermediate remainders appearing in the EA and the MEA (see Ex-
ample 2.2.4 and 2.2.7), as it confines all coefficients to a finite field. In general, the modular algorithms

employ two core homomorphisms: the modular homomorphism and the evaluation homomorphism.
Definition 2.2.7. Let p € Z~¢ and 5 € R.

(i) The modular homomorphism ¢, : Z — Z, maps each integer to its residue modulo p, so that
0 < ¢pla) < p foracZ.

(it) Let R' = Rx1,...,z5-1] and f € R'[xy]. We define the evaluation homomorphism ¢, —g :
R’[xk] — R s.t. Qﬁxk:ﬁ(f) = f(xk = ﬁ)

In our modular algorithms, we choose p to be prime, so that Z, is a finite field. The modular
homomorphism is used to prevent the growth of integer coefficients of algebraic numbers in the EA.
Of course, if we only use the two homomorphisms in a modular algorithm, we will lose information.
To reconstruct the lost information, we must invert these homomorphisms at some point. To invert
the modular homomorphisms, the Chinese Remainder Theorem (CRT) is applied to a collection of
modular homomorphic images, ¢, ... ¢,,. Furthermore, to invert the evaluation homomorphism, we
use polynomial interpolation, as explained in Section 2.2.7. The reconstruction process of the target
GCD is not guaranteed to succeed for all choices of primes and evaluation points. The following

example in Z[z| illustrates this.

Example 2.2.12. Let fi = 2> +4x +4 and fo = x + 5 be two polynomials in Z|x). By inspection, fi
and fo are relatively prime, i.e. g = ged(f1, f2) = 1. Reducing f1 and fo modulo p = 3, we obtain

¢3(f1) = (:L' + 2)2 and ¢3(f2) =x4+2¢ Zg[l’].

Therefore,
ged(93(f1), ¢3(f2)) = = + 2 € Zsa].

This result does not provide complete information about the actual GCD g = 1.
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To identify the primes and evaluation points that are unsuitable for reconstructing the target GCD,
such as p = 3 in Example 2.2.12, we employ Lemma 2.2.9. In [(], Brown proves Lemma 2.2.9 under
the assumption that R and R’ are UFDs (see also [18, Lemma 7.3]). Here, we establish Lemma 2.2.9

in the more general setting where R and R’ are commutative rings with 1 # 0.

Lemma 2.2.9. Let R and R’ be commutative rings with 1 # 0 and ¢ : R — R’ be a ring homo-
morphism with ¢(1) = 1. Let f1 and fo be two non-zero polynomials in R[z1,...,xg]. Fiz a monomial

ordering on R[x1, ..., x]. Suppose that the monic g = ged(f1, f2) and the monic g4 = ged(o(f1), ¢(f2))
exist. If ¢(lc(f2)) # 0, then

(i) Im(gy) > Im(g) and
(i) If Im(gy) = lm(g), then g4 = ¢(g).

Proof. (i) Let p = fi/g and g = fa/g be two polynomials in R[z1,...,x]. By the ring homomor-
phism property of ¢, since fi =p-g and fo = q- g, we obtain

¢(f1) = ¢(p) - ¢(9) and  &(f2) = ¢(q) - d(9)-

Since ¢(lc(f2)) # 0, it follows that ¢(f2) # 0. Furthermore, as ¢(lc(g)) = ¢(1) =1 # 0, we have
#(g) # 0. Therefore, ¢(g) is a common factor of ¢(f1) and ¢(f2), and hence ¢(g) | g4. Thus,

there exists a non-zero polynomial h € R'[x1, ..., x] s.t.

9 =h- 9(g). (2.11)

If Ic(h) - 1e(¢p(g)) = 0, then lc(h) - 1 = 0, which implies lc(h) = 0, contradicting the assumption
h # 0. Therefore,
le(gp) = lc(h - ¢(g)) = le(h) - le(d(g)) # 0.

From Corollary 2.1, Part (i),
Im(gy) = Im(h) - Im(¢(g)). (2.12)

and hence Im(gy) > lm(¢(g)). Moreover, since g is monic, we have ¢(lc(g)) = ¢(1) = 1 # 0,
which implies le(¢(g)) = 1 and hence Im(¢(g)) = Im(g). Therefore,

Im(gg) > Im(¢(g)) = lm(g).

(ii) Similar to part (i) as ¢(lc(g)) = ¢(1) = 1, we have lm(¢p(g)) = Im(g). Let h be as defined in part
(i). Then by (2.11) and (2.12), we obtain

9o = h - ¢(g) = Im(gy) = Im(h) - Im(¢(g)) = Im(h) - Im(g)
= lm(g4) = Im(h) - lm(g). (2.13)

By assumption, Im(g,) = Im(g). Hence, from (2.13) we obtain lm(h) =1, so h € R'. Since both
¢(g) and g4 are monic, the equality g4 = h - ¢(g) implies h = 1, completing the proof.
O
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Definition 2.2.8. Let fi, f2, g, and g4 be as defined in Lemma 2.2.9. If Im(gg) > Im(g) (see Example

2.2.12), then we call ¢ an unlucky homomorphism.

The image produced by an unlucky homomorphism must not be utilized in reconstructing the tar-
get GCD. However, we do not know lm(g) in advance, so how can we detect unlucky homomorphisms?
To answer this question, for the i-th iteration, we set g4, = ged(¢s(f1), ¢i(f2)), where ¢; is the homo-
morphism used in that iteration. If Im(gg,) > Im(ge, ,), then ¢; is an unlucky homomorphism, and g4,
must be ignored. Moreover, if Im(gg,) < lm(gg, , ), then all the previously used homomorphisms up to
the i-th one are unlucky, and g4, , g¢,, - - ., gp,_, must be ignored. Briefly, we keep the image GCDs with
the least leading monomial. This approach was first proposed by Brown [7]. We adopt this strategy in
Algorithm 8 in Chapter 4. Furthermore, if ¢;(lc(f2)) = 0, then Lemma 2.2.9 does not apply to ¢;, and
we cannot determine whether ¢; is an unlucky homomorphism. In this case, we cannot reconstruct g
from its image gy, , since it may happen that Im(gg4,) < lm(g). Therefore, in modular GCD algorithms,
we require homomorphisms such as ¢ to satisfy ¢(lc(f2)) # 0. The following example illustrates this

situation.

Example 2.2.13. Let f; = (522 — x4+ 1)(622 + 1) and fo = (x + 4)(622 + 1) be two polynomials in
Z[z). By inspection, g = ged(f1, f2) = 62% + 1 and lc(f2) = 6. If we choose p = 3, then ¢p(lc(f2)) =0

and

op(f1) = 202 + 2z + 1
p(f2) =2+ 1 € Zplx]

with
9o, = gcd(@p(f1), Pp(fo)) = 1.

We cannot recover g = 6z + 1 from its image gg, = 1 since Im(gy,) < Im(g).

In Lemma 2.2.9, the ring R’ may contain zero divisors. We will discuss this matter in more detail in
Sections 4.4.3 and 5.4.2. We fix the lexicographic order on R = Z[x1, ..., xg] with 1 > 29 > -+ > xp.

In the following example, we illustrate the general structure of modular GCD algorithms.

Example 2.2.14. Consider the polynomials f1 and fo in Z[z] given as follows:

fi=Qz+7)(z+1)(22%+1) and
fo= (224 7)(6x + 11).

By inspection g = ged(f1, f2) = 2z + 7. We choose the first prime to be p1 = 5. Since p1 1 lc(f2) = 12,

we can use it for modular reduction. By reducing f1 and fo modulo p1, we obtain the polynomials

in Zs|x], where the monic GCD is

g5 = ged(¢5(f1), ¢5(f2)) = (x +1)> =1-2° + 2z + 1 € Zs[a].
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Next, we select another prime po = 7 s.t. pa 1 lc(f2) and reduce f1 and fo modulo ps to obtain the

polynomials

d7(f1) = da(x +1)(z* + 4) and
b7(f2) = ba(z + 3),

in Z7|x], where their monic GCD is

g7 = ged(@7(f1), d7(f2)) = 1- 2 € Z7[x].

Thus, g; could be a candidate for the monic g in Zz[x]. Since Im(g;) = x < lm(gs) = 2, part (i) of
Lemma 2.2.9 does not hold for gs so the homomorphism ¢s is identified as an unlucky homomorphism,

and its image gs must be disregarded. Repeating the same process for a new prime ps = 13, we obtain

b13(f1) = 4(z + 1)(x + 10)(z* + 7) and
d13(f2) = 12(z + 4)(x + 10)

in Zis[x], where their monic GCD is given by:

g13 = ged(d13(f1), #13(f2)) = 1 - o + 10 € Zy3[x].

Hence, the candidate for the monic g in Zi3[x] is gis. Since both images, g; and gi3, have the same
degree, we assume po and ps are not unlucky primes. Therefore, we assume that the target monic GCD
also has degree 1. Hence,

monic(g) = ged(f1, f2) =x+0b, beZ.

Let M = py X p3 = 91. We now apply the Chinese remainder theorem to determine gys from
g =g7 mod 7, gy = g1z mod 13,

that is, we solve
{gy =2 mod 7, gpy =2+ 10 mod 13},

and obtain
gy = x +49 € Zy[x].

The question remains: how can we recover g = 2x + 7 from its monic image gy = x + 49 € Zpr[x]?
By inspection, we know monic(g) = z + % Since g7 and g13 are monic, gy is also monic, and it is a

candidate for monic(g) modulo M so

gm = ¢ (monic(g)).

If we knew lc(g) = 2 in advance, we would just scale gay by 2 modulo M. In other words, if we use

the symmetric range for the integers modulo M, Zyr = {[z] s.t — M/2 < z < M/2}, then

dn(le(g) - gnm) = dn(9)-
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However, in general, we do not know lc(g) in advance. The approach used by Collins and Brown for
f1, fa € Z[z] is to use the fact that lc(g) | le(f1) and 1c(g) | le(f2). Let ¢ = ged(le(f1),1c(f2)), then
le(g) | e. Thus, instead of scaling gnr by le(g), we scale it by ¢ modulo M. Provided that M is large

enough, we will obtain an integer multiple of g,

dum(c-gu) = -g.

le(g)

In our example ¢ = ged(4,12) = 4 and we obtain

(Z)M(C . gM) =4x + 14.

Dividing by the integer multiple of 2, we get g = 2x + 7.

This approach does not extend to fi, fa € Q(a)[x], since ged(le(f1),1c(f2)) € Q) lies in a field.
Instead, we apply Wang’s rational number reconstruction algorithm to recover the rational coefficients
of monic(g) = x + % from their images modulo M. This will be discussed in the next section. Encar-
nacion [1/] was the first to apply rational number reconstruction to compute the monic GCD of two

polynomials in Q(a)[z] (see Section 4.3).

2.2.6 Rational number reconstruction

Notation 2.4. For simplicity, the following notations will remain unchanged and will be used consis-

tently throughout this thesis.

1. CRT stands for Chinese Remainder Theorem, and

2. RNR stands for Rational Number Reconstruction.

In our modular algorithms, MGCDNF and MRESNF, once the CRT has been applied, we are
left with the task of reconstructing the rational coefficients of the target GCD and the resultant.
To do this, we employ the algorithm of Paul S.Wang [37]. Let & € Q with gcd(n,d) = 1, and let

=n

m € Zs.t. ged(d, m) = 1. Suppose we have computed u = % (mod m). The goal of rational number

reconstruction is to recover the integers n and d from the known values of v and m. Wang’s method
solves this problem using the Extended Euclidean Algorithm (EEA).
By running the EEA on the inputs m and u, each remainder r; produced during the algorithm can

be expressed as a linear combination of m and u. That is,
r; = 8;m + t;u
for some integers s; and t;. Reducing both sides modulo m, we obtain:
ri =tu  (mod m).
If ged(t;, m) = 1, then it follows that

% =u (mod m).

Thus, the set S = {T?

T}» contains candidate rational reconstructions of u modulo m.
1

)

25



Algorithm 3: Extended Euclidean Algorithm (EEA)
Input: Integers a, b with b #£ 0.

Output: Integers x,y,d s.t. g = ged(a,b) and ax + by = g.
ro=a,r. =25

S0 — 1, S§1 = 0

to=0, =1

1=1

while r; # 0 do

]

Tigl =Ti-1—q T

Si+1 = Si—1 — ¢ " 54

liti =tli-1—q- t;

1=1+1

© O N O bk W N =

=
o

ju
[

Set g =ri—1, T =15i-1,y =ti1
return (z,vy,g)

=
N

Example 2.2.15. Consider running the EEA with inputs m = 23 and uw = 7. We keep track of the

values :—z at each step. This yields the following set of candidate rational reconstructions:

7 2 1
S_{l’—i%’l()}'

Each rational number in the set S is congruent to 7 modulo 23.

The following theorem, originally presented by Wang, Guy, and Davenport [38], establishes that the
RATCONVERT algorithm developed by Wang [37] reliably reconstructs a rational number %, provided
that the modulus m satisfies the condition m > 2N D, where N, D € N, N >| n |, ged(m,d) = 1, and
D>d>0.

Theorem 2.2.10. (Wang, Guy and Davenport, 1982) Let n,d € Z with d > 0 and ged(n,d) = 1. Let
m € N s.t. gcd(m,d) = 1, and suppose w = 5 (mod m), where u € [0,m). Given bounds N,D € Z
satisfying N > |n| and D > d, the following statements hold:

o Ifm >2ND, then for any u € [0,m), there exists a unique rational number 5 s.t.

n
—=u (mod m).
S =u (mod m)
e If m > 2ND, then given m and u, there exists a unique index i in the extended Fuclidean

algorithm s.t.

T n
ti d
Furthermore, i is the first index for which r; < N.

Example 2.2.16. Let N = D = 200, so that the condition m > 2N D is satisfied. Table 2.3 illustrates
the iterations of the EEA for the inputs u = 22234 and m = 99991. We observe that i = 3 is the
first index for which the remainder satisfie r3 = 124 < N = 200. According to Wang’s algorithm, this

enables us to recover the rational number % =5= %4 which satisfies % =wu mod m.
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T ti q &
122234 | 1 4 | 2234
2 | 11055 | —4 | 2 | =U0S
3| 124 9 |8 |
41 19 | —805 | 6 | 332
50 10 | 4839 | 1 | 22
6 9 |-5644| 1 | =4
71 01 | 10483 | 9 | 15k

Table 2.3: Extended Euclidean algorithm steps

Maple’s command iratrecon(u, m, N, D) defaults to using Wang’s algorithm when N and D are

specified.

>iratrecon(22234,99991,200,200);

124
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In cases where N and D are not specified, iratrecon(u, m) calls Wang’s algorithm with N = D =k,

where k represents the largest integer s.t. 2k% < m.

>iratrecon(22234,99991);

124
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Currently, our modular algorithms employ Wang’s algorithm without specifying N and D. In the
following example, we illustrate how CRT and RNR can be combined to reconstruct the rational

coefficients of the monic GCD of two polynomials in Z[z] from its modular images.

Example 2.2.17. Consider the polynomials f1, fo € Z[x] given in Example 2.2.14:

fi=QCx+7)(x+1)(22% +1) and
fo= (22 + 7)(6x + 11).

In this example, we first obtain the monic GCD x—l—% and then clear denominators to obtain the GCD
g=2x+7. From Example 2.2.14, we know that p =5 is an unlucky prime, so we do not use it here.
We run this example in Maple. In Maple, the command GCD(f1, f2) mod p computes the monic GCD
of f1 and fo modulo p.

>fl:=ezpand ((2xz + 7)*(z+1) *(2%z "2+1)):
>f2:=expand ((2*xx + 7)*(6*z + 11)):
>#We reduce the inputs modulo pl1=7 and compute GCD 4in Z_pl1[z]
>pl:=7:
>F1:=f1 mod pl:
>F2:=f2 mod pl:
>G1:=Gcd (F1,F2) mod pl; #Monic GCD in Z_pl/[z]
Gl:= z
>#We reduce the inputs modulo p2 and compute GCD in Z_p2[z]
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>p2:=11:

>F1:=f1 mod p2:

>F2:=f2 mod p2:

>G2:=Gcd (F1,F2) mod p2; #Monic GCD in Z_p2[z]
G2 := z+9

Let P = [p1,...,pn] be a list of prime numbers and M = [l p;. Let G = [Gy,...,Gy] be the
corresponding list of polynomials s.t. for each 1 <1i < n, the polynomial G; is over Z,,. In Maple, the
command chrem(G, P) uses CRT to compute the polynomial C € Zp s.t. C mod p; = G; for each
1 <4 < n. To reconstruct the rational coefficients of the target GCD using RNR, we use the command

iratrecon modulo M .

>gM:=chrem([G1,G2], [p1,p2]); #CRT
gM:= x+42
>M:=pl*p2:
>R1:=4ratrecon (gM,M); #RNR
R1:= FAIL

A failure in the RNR process indicates a requirement for additional modular images and larger moduli.

As a result, we repeat the above process for a new prime p3 = 13.

>p3:=13:

>F1:=f1 mod p3:

>F2:=f2 mod p3:
>G3:=Gcd (F1,F2) mod p3;

G3:= z+10
>gM:=chrem([G1,G2,G3], [p1,p2,p3]);

gM = x+504
>M:=pl*p2*p3:
>R2:=diratrecon (gM,M);

R2:=z+7/2

Repeating the above process for a new prime py = 17, we ensure that the result of the RNR is stabilized.

>p4:=17:

>F1:=f1 mod p4:

>F2:=f2 mod p4:

>G4 :=Gcd (F1,F2) mod p4;

G4 := xT+12
>gM:=chrem([G1,G2,G3,G4],[pl,p2,p3,p4]1);
gM := x + 8512
SM:=pl*p2*p3*p4:
>R3:=4ratrecon (gM, M) ;
R3:= z+7/2

Since the result of the RNR stabilized, R2 = R3, we employ the division test to check whether Rs is
the monic GCD of f1 and fs.

>divide (f1,R3);
true
divide (f2,R3);

true

Multiplying Rs by 2, we clear fractions from the monic GCD and obtain g = 2x + 7.
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2.2.7 Newton’s interpolation algorithm

To compute the GCD and resultant of two multivariate polynomials via modular algorithms, we recur-
sively evaluate the input polynomials to obtain two univariate polynomials. We then apply the monic
Euclidean algorithm to these univariate polynomials to determine the monic GCD and the resultant.
The inversion of the evaluation homomorphism corresponds to an interpolation problem. In Algorithms
PGCDNF (Algorithm 7) and MRESNF (Algorithm 10), we use Newton interpolation incrementally

to reconstruct the integer coefficients of the target monic GCD and the resultant, respectively.

Theorem 2.2.11. [/8, Theorem 5.8] Let D be an arbitrary integral domain. Given distinct evaluation
points By, ..., Bq € D and their corresponding values yo, . ..,yq € D, there exists a unique polynomial
f(z) € Fpx] (where Fp is the quotient field of D) that satisfies the following conditions

o deg(f(x)) <d, and

o f(Bi) =i for0<i<d.

Newton’s interpolation algorithm (see Algorithm 5.2 in [18]) is a classical approach for constructing
a polynomial such as f(z) in Theorem 2.2.11. In this section, we begin by explaining Newton’s inter-
polation for univariate polynomials and subsequently demonstrate, through an example, its extension
to multivariate polynomials.

Newton’s interpolation algorithm constructs a univariate polynomial of degree d using a recursive
formula based on a set of distinct evaluation points fy,..., 84 € F. It represents the interpolating

polynomial in the following form:

d—1

f(x) =vo +vi(x — Bo) +v2(x — Bo)(z — B1) + -~ + va H(x - Bi) (2.14)
i=0
where the coefficients vg, v1, . .., vq € F, known as the Newton coefficients, are initially unknown. These
coefficients are determined recursively as follows:
f(Bo), i=0,
V; = (2.15)

(£8) = oo+ -+ oia T8 — 0] ) (T8 — ) i=1.....d.

In the univariate case, to interpolate a polynomial of degree at most d, Newton’s algorithm requires
d + 1 evaluation points and performs O(d?) arithmetic operations in F (see Chapter 13 of [12]). For a
multivariate polynomial f in x1,...,xk, the algorithm proceeds by interpolating for one variable at a
time with v; and f(3;), which are multivariate polynomials in the remaining variables. We illustrate

the multivariate version of Newton’s interpolation algorithm through the following example.

Example 2.2.18. Let f(x,y) € Zs[z,y]. Assume that deg(f,x) = 2 and deg(f,y) = 1, and that the
values of f(x,y) are given in Table 2.4 below. Our objective is to reconstruct f(x,y) so that it is
consistent with these data. We first fir © = 0 and interpolate f(0,y) as a univariate polynomial in
Zsly]. Since deg(f,y) = 1, it suffices to evaluate f at two points. We choose Sy = 0 and 1 = 1 so
from Table 2./, we have

f(0,60) = £(0,0) =1, and  f(0,51) = f(0,1) = 4.
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Table 2.4: Values of f(x,y), Example 2.2.18

Using Equation (2.15), the Newton interpolation coefficients are
vo=f(0,0)=1, v =(f(0,1)=w)(1-0)""=(4-1) =3
Substituting into Newton’s interpolation formula (see (2.14)), we obtain
fO0,y) =vo+vi(y—fo) =1+3(y—0) =3y + 1.

Thus f(0,y) represents the polynomial f(z,y) evaluated at x = 0. We now assume the general

form:
f(m,y) :al(x)y—i—ao(x), (216)

where a1 (x),ap(z) € Zs[z]. Since deg(f,z) = 2, determining a1(x) and ao(x) requires two additional
evaluations of f(x,y). Notice that we know the values of f(1,0), f(1,1), f(2,0), and f(2,1) in advance.
Therefore, we repeat the process of interpolating f in y with x = 1 and x = 2 and obtain the results

below.

Bi | f(Biyy) = a1(Bi) y + ao(Bi)

0 3 |y+ |1
1 4 |y+ |1
92 2 |y+ |1

Table 2.5: Values of f(3;,y), Example 2.2.18.

From Table 2.5, we have a1(0) = 3, a1(1) = 4, and a1(2) = 2. Interpolating ai(x) as a univariate
polynomial in Zs[x] using Newton’s method, we have ay(x) = z* + 3. The constant term ag(x) is the
same in all three evaluations, so ap(x) = 1. Finally, substituting ai(x) and ao(z) into the general

form, Equation (2.16), gives the polynomial
fla,y) = ar(@)y + ao(e) = (2 + 3)y + 1 = 2%y + 3y + 1,

which is the desired polynomial in Zs[z,y).

In [41], Zippel discussed the following lemma.
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Lemma 2.2.12. Let f € Flzy,..., x|, and let d; = deg(f,x;) for 1 <i < k. If each d; < d, then the

total number of evaluation points required to interpolate f using Newton’s interpolation algorithm is

k
[I(di+1) < (d+1)~ (2.17)

i=1
As demonstrated in Lemma 2.2.12, the number of evaluation points in F required for interpolating
the polynomial f € F[xy,...,zx] using Newton’s interpolation method is exponential in the number
of variables k and the number of arithmetic operations is O((d + 1)*) which remains independent of

the number of terms. Consequently, this algorithm is not efficient for handling sparse polynomials.

2.2.8 Brown’s GCD algorithm

The most efficient approach to address the coefficient growth problem in the EA, as discussed in Re-
mark 2.3, is to apply a modular algorithm. In Example 2.2.14, we illustrated how a modular GCD
algorithm works for univariate polynomials over Z. Brown’s GCD algorithm [(] was the pioneering
efficient modular GCD algorithm designed to address the multivariate scenario. It has profoundly im-
pacted the evolution of contemporary polynomial GCD algorithms, with many of the techniques intro-
duced becoming foundational in this field. Brown’s algorithm comprises two principal sub-algorithms:
MGCD and PGCD.

Let f1, fo € Z]x1,. .., x| with g = ged(f1, f2). Let us fix the lexicographic ordering over Z[z1, . . ., z]
with 1 > z9 > - -+ > . The MGCD algorithm reduces the GCD computation over Z to a sequence
of computations over finite fields using modular homomorphisms. It chooses a sequence of primes
pi € Z s.t. p; 1 1c(f1) - le( f2). For each such prime p;, MGCD invokes the PGCD algorithm to compute

gi = ng(¢p¢(f1)7¢Pi(f2)) € Zpi[:pb s 7176]'

To reconstruct the integer coeflicients of the target GCD g, MGCD incrementally applies the CRT to
the sequence of modular geds g; with corresponding moduli p;’s. The stabilized image is the GCD if
it divides both f1 and fs.

To compute g;s in Zp,[z1, ..., x|, Brown used a recursive algorithm called PGCD. It employs
evaluation homomorphisms to reduce polynomials in Zy, [21, . . ., ] to their corresponding polynomials
in Zp,[x1]. Then, it applies the Euclidean algorithm to compute the GCD of univariate polynomials in
Zp,|z]. Since the computation is performed modulo a prime p;, the polynomial coefficients are bounded
by p;; therefore, the coefficient growth problem will never occur. After computing the GCD, PGCD
applies multivariate polynomial interpolation to reconstruct any lost information from the evaluation

process as illustrated in Example 2.2.18.
Lemma 2.2.13. Brown’s PGCD performs O(kD**1) arithmetic operations in L.

In [7], the stated time complexity of PGCD is missing the factor k, which accounts for the number
of variables. This appears to be an error in the complexity statement.

We will modify Brown’s method to compute the monic GCD and the resultant over Q(av, . . ., ay).
To reconstruct the rational coefficients of the output, we employ rational number reconstruction, as

explained in Section 2.2.6. To illustrate Brown’s algorithm, consider the following example.
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Example 2.2.19. Consider the problem of computing the GCD of f1, fo € Z[x,y] w.r.t. the lexico-

graphic order x >y, where
fi=@®+3zy —15)(x +5y+7), fo= (2 + 3zy — 15)(x + 5y).

By inspection, g = ged(f1, f2) = 22 + 3zy — 15. We employ Brown’s algorithm to compute g. Brown’s

algorithm uses Gauss’ Lemma,

ged(f1, f2) = ged(pp(f1, %), pp(f2, ) - ged(cont(f1, ), cont(fa, z)),

so it can compute the GCD and cofactors of the content and primitive parts of the inputs separately and
combine them at the end of the algorithm. In this example, pp(fi1) = f1 and pp(f2) = fa. Moreover,
both f1 and fo are monic, so we do not need to worry about normalizing the images.

Let p1 = 11 be the first prime that we use. We compute g11 = ged(od11(f1), d11(f2)). We do this
by first evaluating ¢11(f1) and ¢11(f2) at some evaluation points for y, computing the corresponding
univariate GCD in Z11[z] using the EA, and then interpolating these images to obtain g11 € Z11|x,y).
Since g | f1, and g | f2, and min(deg(f1,y),deg(f2,y)) = 2, we know that deg(g,y) < 2. Therefore,
we require at least three evaluation points to be able to interpolate y at g. We evaluate ¢11(f1) and
011(f2) € Zii[x,y] at points y =1, y = 2, and y = 3. Using the EA, we compute the following gcds

and then interpolate y.

g1 = ged(Py=1(011(f1)), Py=1(P11(f2))) 1| 2* |13| = |47|€Zulz]
g2 = ged(py=2(011(f1)); py=2(d11(f2))) 2 |ig| = |a7|€Znla]

gns = ged(dy=3(¢11(f1)), dy=3(d11(f2))) 9 x| HT|€ Zna]
(Interpolate y)

Il
—
8

I
—

8
(]

g11 = 2 [ 43y| = [+7] €Znlz]

Notice that gi1 | ¢11(f1) and gi1 | $11(f2). We assume that,

8

g1 =g mod 11.

We repeat this process for a new prime p = 7. By evaluating ¢7(f1) and ¢7(f2) € Z7[z,y] at y =1, we

obtain

by=1(d7(f1)) = (z* + 32+ 6)(z + 5), and
by=1(d7(f2)) = (2° 4+ 3z + 6)(x +5) € Zra],

g1 = ged(¢y=1(d7(1)); by=1(¢7(f2))) = (2” + 3z + 6)(x +5) € Zs[x].

Since lm(g71) = 3 > lm(g11) = 22, either ¢7 or Py=1 15 an unlucky homomorphism but we do not
know which one. Therefore, we discard this image, and for convenience, we choose a new prime p = 13.

We compute 3 univariate GCD images with evaluation points y = 1, y = 2, and y = 3 then interpolate
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y in the coefficients:

gi31 = ged(gy=1(¢13(f1)), dy=1(d13(f2))) = |1| «* |43| = |4q1| mod 13
g132 = ged(dy=2(d13(f1)), dy=2(d13(f2))) = |1| 2° |46| « |411|mod13
133 = ged(dy=3(d13(f1)), dy=3(d13(f2))) = [1| 2* |+9| =z |+11|mod 13

(Interpolate y)

913 = 22 [+3y] z [+11] mod 13.

Finally, we use the CRT to combine gi11 and g13 and obtain the symmetric representation
g=2%+3xy —15 mod 11 x 13. (2.18)

Since g | f1 and g | f2, we conclude that g = ged(f1, f2).

To terminate, in Brown’s algorithm, we can construct new GCD images until the result of the CRT
divides both inputs. Once ¢ | f1 and g | fa, we stop and return g as the desired GCD. Since division is
an expensive operation, we can postpone the division test until we are more certain that the result of
the CRT is the target GCD. A method to do so is to divide ¢ into fi and f5 only after the CRT result
stabilizes for one iteration. Continuing with Example 2.2.19 and employing another prime p = 17, we
obtain

g17 =z + 3xy + 2.

Applying CRT to gi11, 913, and g17 modulo 11 x 13 x 17 yields
g=2°+3zy—15 (mod 11 x 13 x 17). (2.19)

Since the CRT outcome remains unchanged, that is (2.19) is equal to (2.18), a division test should
only be conducted at this stage. Moreover, because g must divide both f; and fs regardless of the

main variable, it follows that

deg(gv xl) < min(deg(flv .’L'i), deg(f% xl))?

where 1 < 4 < k. This could be used as a prior bound for the number of evaluation points needed in
Brown’s PGCD algorithm. Let || f|| indicate the magnitude of the largest coefficient of the polynomial
f and

Burgop = 270500460 wmin (|| fy oo, [ f2lloo) | ged(le(f1), e(f2)) | -

In Brown’s MGCD algorithm, the prior bound could be expressed as:

llglloc < Bmaep-

That is, if the product of the used primes in MGCD is greater than By;acp, then we employ the
division test (see Section 7.4 of [18]).

As mentioned, Brown’s algorithm employs the CRT to reconstruct the integer coefficients of the
GCD from its modular images. However, when the input polynomials are in Q[z] (see Section 4.3),

the CRT alone is insufficient to recover the rational coefficients of the GCD. In this case, to recon-

33



struct rational coefficients of the target GCD from its modular residues, we can use rational number
reconstruction as described in Section 2.2.6.

As demonstrated in Example 2.2.19, the modular algorithm transforms a complicated problem into
a sequence of simpler ones by performing arithmetic in a smaller domain. However, this comes at the
cost of potential information loss, which can lead to unexpected failures. This includes unlucky primes,
unlucky evaluation points, and leading coefficient reconstruction. We elaborate on these difficulties

below.

Bad and Unlucky primes and evaluation points

Definition 2.2.9. Suppose fi, fa € Z[xa, ..., zi][z1] with g = ged(f1, f2). A prime p is said to be an
le-bad prime if Im(¢,(g)) < lm(g). Similarly, an evaluation point (Bi,...,Bk—1) € Z';;'_l is an lc-bad
evaluation point if deg(g(51, ..., Br—1)(r1),21) < deg(g,x1).

In Brown’s modular algorithm, to successfully reconstruct the target GCD from its images modulo
several primes, lc-bad primes and lc-bad evaluation points are avoided. This ensures that Lemma 2.2.9

can be used to identify the unlucky primes and evaluation points defined below.

Definition 2.2.10. Suppose fi, fo € Z[z1,...,x]. Let g = ged(f1, f2), and hy = fi/g, and he = fa/g
be the cofactors of f1 and fo, respectively. A prime p is said to be unlucky if

ged(@p(ha), ¢p(he)) # 1.

Definition 2.2.11. Suppose fi, fa € Zplz1,...,xk], where p is a prime. Let g = ged(fi, f2), and
hi = f1/g, and hy = fa/g be the cofactors of f1 and fa, respectively. An evaluation point x; = B; € [0,p)

s an unlucky evaluation point if
ng(¢$¢:ﬂi (hl)a QZ):vi:ﬁi (hQ)) 75 L.
Example 2.2.20. Let

f1 :(:c2+2)‘(a;1+1)
fo= (1’2 +2) . (w1 + 229 + 10),

be two polynomials in Z11[x1, 2] listed in lexicographic order with x1 > xo. By inspection,
g = ged(f1, fo) = z2 + 2.

In this example, x2 =9 is an lc-bad evaluation point, since ¢p,—9(lc(f2)(x1)) =0 mod 11. Let

hlzﬁ:xl—i—l andhgzé:x1+2x2+10-
g )

Then xo = 1 is an unlucky evaluation point because

¢12:1(h1) =1+ 1 and
Gpy=1(h2) = 1 + 1 € Zy11[21],
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50 gcd(Ppy=1(h1), Pzo=1(h2)) = 1 +1 # 1.
Example 2.2.21. Let

fi= (5%1 + xz)(:cl + 2x9 + 5113) and
fo = (5x1 + x2)(z1 + 922 + 23)

be polynomials in Z[x1,xq,x3] listed in lexicographic order with x1 > x9 > wx3. By inspection g =
ged(f1, fo) = 5xy + x2. In this example, p =5 is an lc-bad prime since lm(¢5(g)) = z2 < lm(g) = 7.
Let

hy = J;l = (r1 4 2x2 + x3) and
_fa_
h2—;—($1+9$2+x3).

Then p = 7 is an unlucky prime since

¢7(h1) = (21 + 222 + 73),
¢7(h2) = ($1 + 2z + 333) S Z7[$1, x9, 1:3],

and ged(¢7(h1), ¢7(h2)) # 1.

Let g = ged(f1, f2). In Brown’s algorithm, the images of unlucky primes and evaluation points
must be avoided because it is essential for the images of the GCD, calculated modulo p, to be able to
divide ¢ mod p for the accurate reconstruction of g (see Lemma 2.2.9). While we can rule out le-bad
primes and evaluation points in advance, it is not feasible to detect unlucky primes and evaluation
points before they are used. As noted following Lemma 2.2.9, Brown suggests that if, during the
computation of the GCD, an image emerges with a greater degree in the main variable than the other
images, it must be considered unlucky and, therefore, must be ignored. The likelihood of a prime or
evaluation point being unlucky can be reduced by selecting sufficiently large primes and performing

evaluations at random points (refer to Theorems 7.5 and 7.6 in [15]).

Leading coefficient problem

In Example 2.2.19, the input polynomials are monic in the main variable x; therefore, the GCD
is monic. When this is not the case, special attention must be paid to reconstructing the leading
coefficient of the target GCD properly at each recursive stage. Similarly, in our modular algorithm,
Algorithm 8, we compute the monic GCD of the modular images. Therefore, we lose information about
the leading coefficient of the target GCD. We call this problem the leading coefficient problem. We

explain the leading coefficient problem and its solution through the following example.

Example 2.2.22. Let fi = ((y+ Do +1)-(yz+1) , and fo = ((y+Da+1)- (yz+y+1) € Zu ][]
with
g=gced(f1, fo) =zy+x+ 1.
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First, we replace fi and fo with their primitive parts, which in this case are equal to the original

polynomials. Then, we evaluate fi(x,y) and fao(x,y) at a random evaluation point y =9 to obtain

¢y 9(f):
¢y Q(f):

=
fa\
<
I
L
I

2(z 4+ 5)(x + 10)
2(z + 6)(z + 10),

S
fa\
<
I
N/
I

with monic GCD g1 = ged(py—9(f1), py=o(f2)) = v+ 10 € Zq1[x]. How can we recover the actual GCD
g € Z11[y][x] from its monic images, such as g1 ¢ To solve this problem, we must recover the leading

coefficient of GCD by evaluating the polynomial

¢ =ged(le(f1,z),le(fo,2) =y - (y+ 1) € Z11[y]

at the point y = 9 to get ¢c; = ¢(9) mod 11 = 2. Then we multiply g1 by c1 to obtain the first GCD
image
hi=c-g1=2x+9.

We set prod = y — 9. To obtain another GCD image, we choose a new appropriate evaluation point
in [0,11) randomly. Let us choose y = 7. Repeating the previous process for y =7, we have cq = ¢(7)
mod 11 =1 and g2 = ged(py=7(f1), dy=7(f2)) =2+ 7 € Z11]x] so

hngg‘ggzx—i-T
Now, we can interpolate y from images H = [h1, ha] at points ¢ = [9,7] to get
G =(6y+3)r+y.

We set prod = (y — 9)(y — 7). We still need more evaluation points to construct the target GCD.

Let y = 6 be the next evaluation point. Repeating the above process for y = 6, we have cs = 9 and

93 = ged(dy=6(f1), Py=6(f2)) = * + 8 € Z1[z] so
h3203'93:9$+6.

Then we set prod = (y — 9)(y — 7)(y — 6). You can see the summary of the above computation in the

following table. Please note that we will interpolate the red and blue coefficients of h;’s. Interpolating

y=0i| fu.=rfilx,Bi) | fo = fa(x,8i) | g9i = ged(f1;, f2,) mod 11 |c; = c(Bi) | hi =ci-gi
B1=9|2(z+5)(z+10) | 2(z + 6)(z + 10) z+10 2 2x 49
Bo=T7| (x4+7)(x+8) | (x+7)(x+9) x+7 1 la 4+ 7
B3 =06 9x+2)(x+8) | 9(xz+3)(x+38) x+8 9 9z + 6

y from images H = [hq, ho, h3] at points ¢ = [9,7,6], we end up
G=yly+)z+y=y-g

Finally, we will remove the factor y from G and find the actual GCD by computing pp(G) = g. Our
PGCDNF algorithm, Algorithm 7, performs the division test once deg(prod,y) > deg(G,y) + 1. We

elaborate on this later in Chapter 4.
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Let d be an upper bound on the degree of each variable in the target GCD ¢ and let k represent
the number of variables. Brown’s algorithm performs dense interpolation of g, for example, by using
Newton’s interpolation method. This process requires O((d + 1)¥~1) evaluation points (see Lemma
2.2.12).

2.3 Failure probability of modular GCD algorithms over Z

We have seen that the modular GCD algorithm in Z[z] may encounter unlucky or le-bad primes (see
Example 2.2.21), and that Brown’s modular GCD algorithm in Zy[zs][z1] may encounter unlucky or
le-bad evaluation points (see Example 2.2.20). If most of the used primes or evaluation points are
unlucky, the modular GCD algorithm may take a long time to terminate. Nevertheless, if we use
sufficiently large primes (in our algorithms, we use 31-bit primes), such unlucky primes and evaluation
points occur rarely. To characterize them, we use the Sylvester resultant, formally defined in Chapter 5.

The probabilistic analyses for our algorithms in Q(ay, ..., an)[z1,. .., x|, presented in Chapter 6,
are complicated. In this section, we sketch the corresponding analyses for Z[x] and Zy[z2][x1] to illus-
trate the general approach that will be used in Chapter 6 to compute the probability of encountering

an unlucky prime or an unlucky evaluation point.

2.3.1 Unlucky primes
Let f1, fo € Z]z] and g = ged(fi1, f2). Write
fi=ghi, f2=gho,

so that hy and hg are the cofactors of f; and fo, respectively. Let deg(f1) = n and deg(f2) = m. For a
prime p, let ¢, : Zx] — Zy[x] denote the reduction modulo p homomorphism. According to Definition

2.2.10, a prime p is called unlucky if

ged(gp(ha), gp(he)) # 1. (2.20)

Let res(f1, f2,x) € Z denote the Sylvester resultant of f; and f (see Definitions 5.2.1 and 5.2.2). By
Theorem 5.2.3 in Chapter 5, we have

ged(f1, f2) # 1 <= res(fi1, f2,7) = 0. (2.21)

The modular GCD algorithms do not use lc-bad primes. That is, they compute g modulo a prime p,

where p 1 lc(f1) - 1c(f2). Since deg(¢,(f1)) = deg(f1) and deg(¢,(f2)) = deg(f2), from Remark 5.2 in
Chapter 5, we have

res(¢p(f1), dp(f2), 2) = p(res(f1, f2, x)). (2.22)
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Since p tlc(f1) - le(f2), we have p t1c(h1) - lc(ha). Therefore,

ed(6y (). dy(h2)) #1 | =5 res(6y (). dy(h). 2) = 0

Equation (2.20)

Fron?Z(E.QQ) ¢p(l’€S(h1, hQ’ .’IJ)) =0

< p | |res(h1, ho, ).

Let R =| res(hi,ho,z) |€ Z. As established above, the unlucky primes are precisely those primes
that divide R. Let P, = {all b — bit primes}. If p € Psy, then by definition p € (230,23!). Since
|P31| = 50,697,537, we will show that the probability that p is a divisor of R is small. Let p; ...p; be
the 31-bit prime factors of R, where 230 < p; < 231 for 1 < i < t. To bound the number of 31—bit

prime factors of R, t, we set
¢
2 <[ m <R
=1

Thus, logyso (23°)! < R so
t < 10g230 R=t < U.OgQBO RJ .

Therefore, if p € P31, then

t 1 R
Prlp is an unlucky prime] = Pr[p | R] = < [logy |

| P31 | = [ P3|
1 R
g  Legfl
=Py | = 50,697,537
|_10g2 RJ

. 2.2
— 30 x 50,697,537 (2:23)

Remark 2.6. Maple represents algebraic numbers using recden, a library for the recursive dense repre-
sentation of polynomials. The recden package benefits from fast routines implemented in C for primes
< 2315 In our implementation, we use 31-bit primes to avoid integer overflow during computations

carried out by these C routines.

Example 2.3.1. Let

fi = (z+1)(2® + 72 + 5z — 6) and
fo = (z+1)(222 + 11x)

be two polynomials in Z|x]. By inspection, g = ged(f1, fo) = v + 1, and the cofactors of fi and fo are
hi = 23+ 722 4+ 52 — 6 and hy = 222+ 11z, respectively. Computing the resultant of the cofactors gives

R =|res(hy, he,z) |= 570 = =2 x 3 x 5 x 19.

Hence, the only unlucky primes are 2, 3, 5, and 19. As we see, R has no prime factors with 31 bits.
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Remark 2.7. The failure probability bound in (2.23) is pessimistic because even if R has hundreds of

digits, it most likely will have no 31-bit prime divisors.

In our analysis, we need to bound R =| res(hi, ho, z) |. To do so, we apply Hadamard’s bound (see

Theorem 6.2.1 in Chapter 6). From Theorem 6.2.1, if A is an n X n integer matrix, then

[ det(4) < [T, 32 42,
j=1 \i=1

Example 2.3.2. Applying Hadamard’s bound to the Sylvester matriz of h1 and ho in Example 2.3.1,

1 7 5 -6 0]

0O 1 7 5 —6
S =sylv(hy,ho,z) =12 11 0 0 0 |,

0 2 11 0 0

0 0 2 11 0]

we obtain
5 5
R =|det(S) |< [] | D S = 210v25870 ~ 33776.72274.
j=1 \i=1

Therefore, from (2.23), we have

. . |logy R| 15 9
P luck — Pifp| R < - —98x107%. (2.24
tlp s an unlucky prime] = Prlp | B < o5 e =2r = 30% 50,697, 537 % (2.24)

To obtain a bound on R, we need a bound on the coefficients of h; and hs. For this purpose, we
use Definition 2.3.1.

Definition 2.3.1. Let f(z) = ag + a1x + a2x® + - - - + a,z™ € Z[z]. The height of f is
1£lloo = miax |ag|.
=0

The challenge of using the bound in (2.23) is that the cofactors hi and hg are not known in advance.
To bound R in (2.23) independently of h; and hg, we need to bound ||h1||ec and ||h2]|sc in terms of the
heights of the inputs, || f1]/co and || f2|lco. However, as the following example shows, ||h1]|co and ||h2||eo

may be larger than || fi||co and || f2]|co-

Example 2.3.3. Let h = 22 + 1000z + 1 and g = x — 1 be polynomials in Z[z], and set
f=g-h=2a>+9992% — 999z — 1.

Then || f]ls = 999 < [|Als = 1000,

We can bound ||h1||oo and ||h2]|cc in terms of the heights of the inputs, using Mignotte’s bound,

stated in the theorem below.
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Theorem 2.3.1. [75, Corollary 6.33, Mignotte’s bound] Let f and h be two polynomials in Z[x] with
deg(f) =n>1 and deg(h) = k. If h | f, then

1
1hlloe < 25(n +1)2 | flloo-

From Theorem 2.3.1, we have

1h1]]o < 29801 (n + >%||f1\|oo and
1halloo < 29¢852) (2 4 1)2 || fo| o

Since n = deg(f1) = deg(h1) + deg(g) and m = deg(f2) = deg(hz2) + deg(g), we have deg(h1) < n and
deg(hg) < m. Therefore,

1h1]loe < 2"(n +1)2 | fi]|oo and (2.25)
halloo < 27 (m + 1) 7| foloo- (2.26)

The Sylvester matrix S = sylv(hi, he, ) is a (deg(h1) + deg(h2)) x (deg(h1) + deg(h2)) matrix with
deg(hz) rows of coefficients of hy, each of them bounded by ||h1]|eo. Similarly, S has deg(h;) rows of
coefficients of he each of them bounded by ||hs2||co. Applying Hadamard’s bound to S, we have

deg(h1)+deg(he) | deg(h2) deg(h1)
| det(S) | < 11 Z [h]l3 + Z 1h2(13
j=1

Hadamard’s bound (Theorem 6.2.1)
deg(h1)+deg(h2)

= | | deg(h2) Ih1]l3, + deg(ha) [|h2ll3,
—— ~——
deg(h2)<m deg(h1)<n

n+m

IN

m (22" (n+ || f1]5) +n (22" (m + 1) £23) : (2.27)

Mignotte’s bound (2.25) Mignotte’s bound (2.26)

From (2.27) and (2.23), if p € P3;, we have

Pr[p is an unlucky prime| = Pr[p | R] <

 Jloggu (] det(S) )]
| P31 |
_ o, (/G DATE) F @G+ DIGIE)))
B 30 x ’Pgl ’
_ [P logy (m(22"(n + DI f1]3) + 022" (m + 1) f2[1%)) |
- 30x |P31 | '
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Example 2.3.4. Consider the polynomials from Example 2.53.1:

fi= @+ 722 450 —6)(z+1) =2 +823 +122% — 2 — 6 and
fo= (22 + 11z)(z + 1) = 223 + 132% + 11z.

Here n = deg(f1) = 4, m = deg(f2) = 3, || fillo = 12, and || f2]|lcc = 13. Let p be a prime chosen at

random from P31. Then

|5 log, (m(22"(n + 1)l A1ll3) +n(2*™(m + 1) f2]15))]
30x | P3|

Pr[p is an unlucky prime] <

38

= ~ 2. 1078.
30 % 50,607,537~ 20> 10

Although this bound, 2.5 x 1078, is larger than the one obtained in Ezample 2.3.2 in (2.2/), it has the

advantage of not depending on the unknown cofactors hy and ho.

2.3.2 Unlucky evaluation points

Let p be a prime and f1, fo € Zp[x1][z2], g = ged(f1, f2), and hy and hy be the cofactors of f; and
fa, respectively. Brown’s modular GCD algorithm computes ged(fi(x1, ), fa(z1,8)) for randomly
chosen evaluation points 5 € [0, p). Recall that ¢,,—p : Zp[z1][x2] — Zp[z1] is a homomorphism s.t.
¢zo=p(f) = f(x1, ). Furthermore, from Definition 2.2.11, 5 € Z, is an unlucky evaluation point if

ng(d)IQ:B(hl)a ¢x2:ﬂ(h2)) 75 1.

Let res(fi, f2, 1) € Zp[za] be the Sylvester resultant of f; and fp w.r.t. ;. Similar to Equation
(6.30), if f1, fo are primitive, then

ged(f1, f2) # 1 <= res(fi, f2,21) = 0. (2.28)
Furthermore, if lc(f1)(8) # 0 and lc(f2)(8) # 0, similar to (2.22), we have

1e8(Pry=5(f1), Pra=p(f2), #1) = buy=p(res(f1, fo, 21)). (2.29)

Therefore, for the cofactors hy and hs, we have

ng(¢12=B(h1)7 ¢x2=3(h’2)) 7& 1 From<:>(2.28) res(¢12:5(h1)7 (25:132:/3(}12),5131) =0

Fr0m<:>(2.29) ¢x2=/5(res<h’1’ ha, xl)) =0

<= res(hy, ha,x1)(8) = 0.

Accordingly, the unlucky evaluation points are precisely the roots of R = res(hi, he,x1) € Zp[za].
Brown’s algorithm restricts /5 so le(fi,z1)(8) # 0 and lc( fa, z1)(5) # 0. Thus, there are at most

P =p— (deg(lc(f1, 21)) + deg(le(f2, 21))) (2.30)
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valid choices for 5. Since a polynomial of degree d over a field can have at most d roots, the probability

that g is unlucky is given by

deg(R)

Pr[s € [0,p) is an unlucky point] = Pr[R(S) = 0] < P

(2.31)

To bound (2.31), we need a bound for deg(R). We illustrate the process of bounding (2.31) through

the following example.
Example 2.3.5. Let fi = g-h1 and fa = g - ha be two polynomials in Zio1[x1, x2], where
g=x1+ 3x2 + 1,

hi = 7x% + b5x1x9 + 3x% + 2, and
hy = x% + 5x3 + Twyxh + 3.

The Sylvester matrix of h1 and ho w.r.t. x1 is

7 bry 3w +2 0
0 7 5ty 313+ 2
1
0

S =sylv(hy, ho,z1) = ,  with
ytvih, b, 1) 7x3 5x3+3 0
1 7r3  b5xd+3
R =res(hy, ha, 1) = det(S) = 1928 — 1725 + 1725 + 323 — 2223 — 43. (2.32)

Therefore,
6
deg(R, z2) Zmaxdeg Sij,x2) = 6.

Since lc(fi,x1) =7 and lc(fa,x1) = 1, we have deg(lc(f1,z1)) = deg(le(f2, 1)) = 0. Therefore,

P=p-— (deg(lc(fl,azl)) + deg(lc(fg,azl))) =101

and the probability that a randomly chosen ( € [0,p) is unlucky is bounded by

deg(R) 6
P 101

Pr[R(B) = 0] <
However, the actual resultant R has one root xo = 30 in Z191, since
R =19 (23 + 5223 + 3022 + 34) (29 + 71) (23 + 929 + 89) € Zyo1 [22],

where xo = 30 is the root of the only linear factor xo + 71. Hence, the bound of 6 is pessimistic.

Similar to the previous section, the bound in (2.31) depends on the unknown cofactors h; and
ho. Let n = deg(f1,z1), m = deg(fa2, x1), and d, = max(deg(fi,z2), deg(f2,x2)). Since deg(h;, ;) <
deg(fi,x;) for 1 < j,i < 2, we obtain

deg(R) = deg(res(h1, ha,x1)) = deg(det(S)) < (deg(h1,x1) + deg(he, z1)) max(deg(hy, xz2), deg(ha, x2))
< (n+m)dy.
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Therefore,

deg(R) < dz(n+m)

Pr[3 € [0,p) is an unlucky point] = Pr[R(3) = 0] < 5 < 5 7

where P is defined as in ( 2.30). Let f; and fo be the polynomials in Example 2.3.5,

fi=h-g= 7x? + 26:13%932 + 793% + 18x1:c% + bz129 + 2221 + 935% + 393% + 6x9 + 2, and
fo=hy-g=a%+ 72323 + 32320 + 27 + 21223 + 122123 + 321 + 1523 + 522 + 929 + 3,

with n = deg(f1,z1) = 3, m = deg(f2, z1) = 3, and d, = max(deg(fi,z2), deg(f2,z2)) = 3. Therefore,

deg(R)
p— ((deg(le(f1, 21)) + deg(le( f2, 1))
dy(n+m) 18

S = .
P— (deg(lc(fl, x1)) + deg(le( fo, 901))) 93

Pr[s € [0, p) is an unlucky point] = Pr[R(5) = 0] <

43



Chapter 3

Algebraic number fields

3.1 Summary of contributions

This chapter is based on our paper in the Proceedings of CASC 23 [2]. After introducing the necessary
preliminaries in Section 3.2, we describe how to do arithmetic in Q(a1,...,a,) in Section 3.3. Let
v = a1+ 9 Ci_1a; where Cy,...,Cp_1 € Z.In Section 3.4, we prove Theorem 3.4.3, which provides a
criterion for determining whether - is a primitive element of Q(«y, ..., ay). We also present Algorithm
4, which can be executed over either F = Q or F = Z,, where p is a prime. When F = Q, the
algorithm decides whether a given 7 is a primitive element of Q(ay,...,a,). If so, it returns the
minimal polynomial M(z) € Q|[z] of v, together with the coefficient (change-of-basis) matrix for the
powers of « and its inverse. To avoid coefficient swell in our modular algorithms MGCDNF and
MRESNF, we run Algorithm 4 over F = Z,. In this modular setting, it is likely that the generator
polynomial M(z) is reducible in Zy[z]. In this case, the quotient ring Z,[z]/(M(z)) is not a field and
therefore contains zero divisors.

In Section 3.4.3, we introduce a ring isomorphism that maps elements of Q(ay, ..., ay) modulo a
prime p to the elements in Z,[z]/(M(z)). For univariate polynomials, the computations of the monic
GCD in MGCDNF and the resultant in MRESNF are carried out over the ring Z,[z]/(M(z)). Finally,

in Section 3.5, we compute the number of zero divisors of Z,[z]/(M(z)).

3.2 Preliminaries

First, we explain relevant details and notations.

Definition 3.2.1. A complex number o € C is called an algebraic number if there exists a non-zero

polynomial M(z) € Q[z] s.t. M(a) = 0. In this case, we say that o is algebraic over Q.

Let a € C be an algebraic number. Define the set

I(e) ={f(2) € Q2] | f(a) =0},

the set of all polynomials in Q[z] that vanish at «. Since « is an algebraic number, there exists a
non-zero polynomial g(z) € Q[z] s.t. g(a) = 0. Hence, I(a) # (0). It is straightforward to verify that
I(«) is an ideal of the ring Q[z]. Because Q is a field, the ring Q[z] is a principal ideal domain (PID).
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Therefore, there exists M (z) € Q|z] s.t.
I{er) = (M(2)). (3.1)

We claim that M(z) is unique up to multiplication by a scalar. Suppose there is another polynomial
Mi(2) s.t. I(a) = (M;(z)). Then

(M(z)) = (Mi(2)) = M(2) | Mi(2) and M (2) | M(z) =
M(z) =u-Mi(z) s.tuisa unitin Q[z] =
z)=u-M(z) stueQ.

This implies that the generator M (z) is unique up to multiplication by a non-zero scalar in Q. Con-
sequently, we may always choose M (z) to be the unique monic polynomial that generates I(«) (See

Section 5.1 of [1] for more details).

Definition 3.2.2. Let « be an algebraic number. The minimal polynomial of o is the monic poly-
nomial M(z) € Q[z] s.t. I(a)) = (M (2)).

We state the following Lemma without proof (See [I, Theorem 5.1.1 |).

Lemma 3.2.1. Let o be an algebraic number and M (z) € Q[z] be a non-zero monic polynomial s.t.
M(a) = 0. Then M(z) is irreducible over Q if and only if I(a) = (M(2)).

Example 3.2.1. Let a = /2 € C. Then « is an algebraic number over Q, since it is a root of the
polynomial M(z) = 22 — 2 € Q[z]. Furthermore, M(z) is mnon-zero, monic, and irreducible over Q.

Thus, from Definition 3.2.2 and Lemma 3.2.1, M(z) is the minimal polynomial of .

Theorem 3.2.2. [/, Theorem 5.5.1] Let o € C be an algebraic number with minimal polynomial
M(z) € Q[z], and let d = deg(M). Then

d—1 |

Qa) ={co+c1a+ -+ cqg_1 o, .-, c4—1 € Q}.

Theorem 3.2.2 implies that Q(«) is a d-dimensional vector space over Q, with basis {1, a, ..., a% 1},

Definition 3.2.3. Let o € C be an algebraic number with minimal polynomial M(z) € Q[z]. The
degree of Q(«) over Q is defined as

[Q(a) : Q] = deg(M (z)).

Example 3.2.2. Continuing from Ezample 3.2.1, since the minimal polynomial of \/2 is M(z) =

22 — 2, we have

[Q(V2) : Q] = deg(M) = 2.

Let a be an algebraic number with minimal polynomial M (z). Then there exists a field isomorphism

Qo) = Q[z]/{M(2))-
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This correspondence allows us to perform arithmetic over Q(«) using the quotient ring representation
(see Section 3.3). Now, we are well-equipped to define an algebraic number field obtained from the

field of rational numbers Q by adjoining a finite number of algebraic numbers.

Definition 3.2.4. Let a1, ..., a, be algebraic numbers. The algebraic number field Q(ay, ..., ay)

is the smallest subfield of C containing both Q and aq, ..., an,.

The field Q(ay, ..., q,) is also called a multiple extension of Q. Furthermore, Q(a;,...,a,) can

be constructed via a succession of n single extensions, as follows
Q(a1, a2) = Q(ar)(a2)
Q(a1, a2, a3) = Q(az, az)(as)
Qar, ... an) =Qag, ..., an—1)(an).
Let
(i) My = M;(z1) be the minimal polynomial of a; over Q,
(ii) M; = M;(z;) be the minimal polynomial of «; over Q(a,...,a;—1) for 2 < i <n, and let
(iii) d; = deg(M;, z;) for 1 < i < n.

The algebraic number field Q(ay, ..., a,) is a Q-vector space with a basis

B={]]af" 0<e; <di}.
i=1
The cardinality of B is |B| = [[;-; d;, which is equal to the degree of Q(a1, ..., an), [Q(ai,...,a,) : Q].

In Section 3.3, we describe how to carry out arithmetic in the field Q(aq, ..., ay).

Definition 3.2.5. Let a be an algebraic number with the minimal polynomial M (z) € Q[z]. The

conjugates of a over Q are defined as the distinct roots of M(z) in C.

Example 3.2.3. Continuing from Example 3.2.1, the number —/2 is the conjugate of v/2 over Q

since both are roots of the minimal polynomial M(z) = 2> — 2 € Q[z].

Theorem 3.2.3. [/, Theorem 5.2.1] If a € C is an algebraic number with minimal polynomial M (z) €

Ql[z], then its conjugates over Q are distinct.

A fundamental result in algebraic number theory (see Theorem 3.2.5) shows that every multiple
extension Q(au, ..., a,) is, in fact, a single extension of the form Q(+) for some appropriate algebraic

number . We begin by proving this result in the case of two extensions, i.e. the field Q(a, 3).

Theorem 3.2.4. [I, Theorem 5.6.1] Let o, f € C be algebraic over Q. Then there exists an algebraic
number v € C s.t.
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Proof. Let p(z) be the minimal polynomial of & over Q. Denote the roots of p(x) by a1 = «a, g, . . ., ..

Let g(x) = (x — 1) -+ (x — B,) € Qx], where 81 = 3,2, .., B3, are the conjugates of 3 over Q. By
Theorem 3.2.3, these conjugates are all distinct. Define the set

Qpr — Qg

5t*ﬂu

Choose C' € Q s.t. C ¢ S. We claim that v = o + Cf is a primitive element, i.e., Q(y) = Q(a, ).
Since Q(a, f) is a field containing both « and g, it follows that v = a + C € Q(a, 3). On the other
hand, Q(vy) is the smallest field containing v and Q. Thus,

5=

crys=1,....m; t,bu=1,...,n; t #u}.

Q(v) € Q(a, B).

To prove the reverse inclusion, note that the values o; + C3; are pairwise distinct for all 1 < ¢ < m,
1 < j < n, due to the choice of C € S. Let v = a+ Cf = a3 + CS1, and consider the polynomial

pi(z) = p(y — Cx) € Q(7)[z].

Since p(a) = 0, it follows
p1(B) = p(y — CB) = p(a) = 0.

Moreover, by assumption ¢(3) = 0, so (3 is a common root of both p;(x) and ¢(x). Suppose A is another

common root of pi(z) and ¢(z). Then A = §; for some 1 < j <n, and
pi(A) =p1(B;) = p(y — CB;) = 0.
Thus, v — CB; = ay, for some 1 < k < m, which implies that
ap+CBj =~v =01+ Cph,

and hence
a1 — oy
C —

S BB

contradicting the assumption that C' ¢ S. Therefore, § is the only common root of p;(x) and ¢(z).
Let h(z) be the minimal polynomial of 5 over Q(vy). Then h(z)|p1(z) and h(z)|g(x). Given that these
polynomials share exactly one common root, we conclude deg(h) = 1, so h(z) = x + o for some
o € Q(v). We have h(5) =+ 0 =0s0 8= —0o € Q(y). Therefore, « = v — C3 € Q(v) and we have

Q(a, 8) € Q)

Combining both inclusions, we conclude Q(«, 8) = Q(v). O
We can generalize Theorem 3.2.4 for any finite set of algebraic numbers.

Theorem 3.2.5. Let ag,...,q, be algebraic over Q. Then there exists an algebraic number v € C
s.1.

Qar,...,apn) = Q(y).
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Proof. The case n =1 is trivial. Suppose n > 2. By Theorem 3.2.4, there exists an algebraic number
B2 € C s.t.

Q(a1, az) = Q(B2).

Again, by applying Theorem 3.2.4, there exists an algebraic number 33 € C s.t.

Q(ou, ag, a3) = Q(B2, a3) = Q(Bs3).

Continuing this process, we obtain a finite sequence s, ..., 3, of algebraic numbers s.t.

Q(ah e 7an) = Q(BQaO[?H e 7an)
=Q(B3,04,...,05)

= Q(ﬁn—lv an)
= Q(ﬁn)

O

Now we are prepared to define one of the most important tools used in our modular algorithms: a

primitive element.

Definition 3.2.6. Let ay,...,qa, be algebraic numbers. An element v € C is called a primitive
element for Q(ay,...,ap) if

Qag,...,an) =Q(y).

Computation over the algebraic number field with multiple extensions Q(«4, ..., ;) involves han-
dling n algebraic numbers and their respective minimal polynomials. This results in complicated arith-
metic and data representations, which slow down arithmetic in Q(ay, . .., a,). In contrast, working over
a single extension Q(7v), where v is a primitive element of Q(a1,...,ay,), i.e,, Q(v) = Q(au,...,an),
reduces the computation to univariate polynomial arithmetic modulo a single minimal polynomial (see
Section 3.3 for details).

3.3 Computing over an algebraic number field

We construct the field L via a tower of field extensions as follows:

Ly=Q
Lz‘ = Llfl[zz}/<Mz> for i = 1,2,...,7’L,

where M; is the minimal polynomial of «; over L; 1 for 1 < i < n. Let L = L,, and d; = deg(M;, z;).

Then L is a Q-vector space with a basis

Br, = {Iliz1(z:)% 0 < e; < d;} (3.2)
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of dimension d = [[i_; d;, that is, d = [L : Q]. This construction implies an isomorphism of fields

L=Q(ag,...,an).

We perform computations over Q(«, ..., ay) by replacing aq, . .., a;, with the corresponding variables
21, ..,2n and carrying out the operations in L. In our modular algorithms, we assume that the minimal

polynomials are given as follows:
e Mj is the minimal polynomial of a; over Q,

o My is the minimal polynomial of ay over Q(a;),

e M, is the minimal polynomial of «,, over Q(ay, ..., an_1),
so that we can construct the field L.
Example 3.3.1. Let
Ly=Q

Ly = Lo[z1]/(M(21)), where My =22 —2 is the minimal polynomial of \/2 over Q, and
Ly = Ly[20]/(M>(2)), where My =23 —3 is the minimal polynomial of /3 over L.

A basis for L as a Q-vector space is
Br, = {1, 21, 22, z122}.

Furthermore, [L : Q] =[], deg(M;, z;) =2 x 2 = 4.

Let f € L[x1,...,zx], and let By, be the basis for L defined in (3.2). Then each coefficient of f can

be expressed as a unique linear combination of elements of By. In other words, if

f= Z ae, X € L[z, ..., 2],

. k
e; EZZO

then for each coefficient a., € L, there exist elements b; € By, and scalars C;; € Q s.t. ae, = Z;lzl Cijb;.

Therefore, the polynomial f can be written as
d
f= > ae,X%= > > Cyb;i| X (3.3)
eiGZ}gO eieZ’go Jj=1

Definition 3.3.1. Given Equation 3.3, we define the coordinate vector of a polynomial f w.r.t. the
basis By, as the vector [f]p, = [v1,... ,vg]T where v; = C X + ... 4 Cp X,

Example 3.3.2. Let L = Q[z1,20]/(23 — 2,25 — 3) with a basis By, = {1,29,21,2122}. Let f =
221+ 21220+ 3 € L. Then,
/15, =[3,0,2,1]".
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Definition 3.3.2. Let Ly = Z|z1,. .., zn]. For any polynomial f € L[z, ..., x|, we have

(i) The denominator of f, denoted by den(f), is the smallest positive integer s.t.
den(f) -fe Lz[l’l, e ,xk].

(ii) The associate of f, denoted by f, is defined as

f= den(h) - h, where h = monic(f).

(iii) The semi-associate of f, denoted by f, is defined as

v

f =S8 fv
where s € Qsq is the smallest positive rational number s.t. den(s - f) = 1.

Example 3.3.3. Let o1 = V2, oo = /3, and f = %alx + ay. Then den(f) = 2. To compute the
semi-associate of f, we determine the smallest positive rational s s.t. den(s - f) = 1. Here, s =2, so
f = 3a12+ 2as. To compute the associate f, we first compute h = monic(f) =z + %0110[2. Multiplying
h by den(h) = 3 gives f = 3z + ajao.

To improve computational efficiency, in a preprocessing step, our modular GCD (MGCDNF) and
resultant (MRESNF) algorithms clear fractions by replacing the input polynomials with their semi-
associates. Since computing associates can be expensive when lc(f1) and lc(f2) are complicated alge-
braic numbers, we prefer using semi-associates to remove fractions.

For further efficiency, the MGCDNF and MRESNF algorithms compute ged(f1, f2) and res(f1, f2)
modulo a sequence of primes. This avoids coefficient swell in Q when applying the MEA. However,
we must avoid using primes that divide le(f1), le(f2), or le(M;) for 1 < i < n. Details regarding this

choice of primes are discussed further in Sections 4.4.3 and 5.4.2.

Definition 3.3.3. Let p be a prime s.t. p{ i, lc(]\Zfi, zi). For1 <i<n, let m; = M; mod p. Define

Lo =7,
Ly = Lo[z1]/(m1) and
L; = Li—1[z]/{m;).

We write Ly, = L.

Remark 3.1. Equivalently, we may write
L, =7Zy[z,...,20]/(m1,...,my).

In practice, however, the recursive representation in Definition 3.3.3 is more efficient: at level i,
elements are represented as univariate polynomials in z; with coefficients in L;_1, rather than as

multivariate residue classes in Zy|zi,. .., zn)/(M1,...,mp).
Let d = [T%, deg(M;, z;), then L, is a finite ring with p? elements.
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To perform computations L,, Maple and Pari build the recursive tower of extensions, as presented
in Definition 3.3.3. In Maple, the library used for this purpose is called recden. In this setting, fewer
extensions lead to faster computations. In the following example, we illustrate how the number of

extensions affects both the running time and memory allocation.

Example 3.3.4. Let

Lo =17,
L1 = Lo[Zl]/<M1(Zl)> S.t. d1 = deg(Ml, Zl) =2
L2 = Ll[ZQ]/<M2(ZQ)> s.t. d2 = deg(MQ, ZQ) = 4,

where Mi(z1) is the minimal polynomial of oy over Lo and Msy(z2) is the minimal polynomial of cvo
over Ly. In this example, L, = Ly and d = dy - do = 8. Let A and B be two elements in L,. Then A
and B can be written as

A= ai(z1)2s, where a;(z1) € Ly, deg(a;,z1) <di —1=1 and

-

~
Il
o

B =Y bi(21)2h, where bi(z1) € Ly, deg(b;,z1) <dy —1=1.

-

S
Il
o

Since dy = 2, each a;(z1) and b;i(z1) has the form
ai(z1) = aijp + ain 21, bi(z1) = big + bi1 21,

where a;j,b;; € Zy, fori=1,2,3 and j = 0,1. In the recursive dense representation, using the recden

library in Maple, A and B are stored as nested lists:

A = [[ago, ao1], [a10, a11], [a20, a21], [aso, as1]]
0 1 2 3
25 Z5 25 25
B = [[boo, bo1], [b10, b11], [b20, b21], [b30, b31]]-
——— —— —— ——

0 1 2 3
2y Z3 z5 zZ3

Now consider multiplying A and B. First, multiplication in L1 requires multiplying two polynomials
of degree at most dy — 1 =1 in z1. This requires d3 = 22 = 4 multiplications in Zy, before reduction.

The unreduced product has degree at most 2d; — 2 in z1. Reducing it modulo My has at most
2dy —2+d1+1=d; -1

division steps, and each step uses at most di multiplications in Z,. Hence reduction modulo My costs

di(dy — 1) additional multiplications in Z,. Therefore, one multiplication in Ly requires at most
d? +di(d—1)=2d3 —d; =6

multiplications in Z,,. At the next level, multiplying A and B as polynomials in zy requires d2=4>=16

coefficient multiplications in L1. The unreduced product has degree at most 2ds — 2 in zo. Reducing it
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modulo Mo requires at most do — 1 division steps, and each step uses at most do multiplications in L.
Hence the reduction modulo My costs
da(dy — 1)

multiplications in L1. Thus multiplication and reduction at the zo-level cost
d3 + dy(dy — 1) = 2d3 — dy = 28

multiplications in L. Since each multiplication in Ly costs at most 2d? —dy = 6 multiplications in Loy,

multiplying A and B in the tower representation costs at most
(2d7 — d1)(2d3 — dp) = 6 - 28 = 168

multiplications in Z,,. The tower representation also needs a large amount of temporary storage. A naive
implementation creates intermediate products a; X bj in L1 and then reduces each of them modulo M .
There are d3 = 16 such coefficient products. Thus, even before the final reduction modulo Mz, the
computation may create 2d3 = 2 - 16 = 32 intermediate Ly-objects. Measured in Zy-coefficients, the

unreduced Lq-products require up to
16(2d; — 1) =16-3 =148
coefficient slots, while their reduced remainders require
16d; =16 -2 = 32

coefficient slots. Thus, these lower-level temporaries alone account for up to 48432 = 80 Zj,-coefficient
slots, not counting the additional temporary storage needed for the reduction modulo My, and the
overhead from repeated recursive function calls.

Now compare this with computation in a single extension L, = Z,[2]/(M(2)) = L,, where deg(M, z) =
8. Let A,,B, € f/p, where

with a;,b; € Zy,. The following denotes the data representation of A, and B, in recden:

A’Y:@Jaal7a27a37a47a’57a67\az_j
~ o N

20 21 220 23 x4 5 6 BT
B'Y = @7 bl ) b2 ’ b3 ) b4 ) b5 ) b6 7\bz_j'
AV VN N
20 21 22 23 24 25 26 27

Multiplying A~ and B costs d? = 82 = 64 multiplications in Z,. The unreduced product has degree at

most 2d — 2. Reducing it modulo M requires at most

2d-2—-d+1=d—-1
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division steps, and each step uses at most d multiplications in Z,. Hence the reduction costs d(d—1) =

8 -7 = 56 multiplications in Z,. Therefore, multiplying Ay by B, requires at most
P +dd—1)=2d>—d=2-8 —8=120

multiplications in Z,, which is less than the cost of multiplying A and B in l_Lp which is 168. The memory
usage is also smaller in the single-extension representation. The product Ay x By and its reduction
modulo M are stored in two lists, compared with the 32 intermediate lists in L,. The unreduced product
requires at most 2d — 1 = 15 slots to store coefficients in Z,. The reduced remainder requires d = 8
slots to store coefficients in Z,. Thus, storing both requires at most 15 4+ 8 = 23 Zy-coefficient slots.
Therefore, in this example, multiplication in L, requires at most 168 base-field multiplications, whereas
multiplication in Ep requires only 120. Moreover, multiplication in L, creates many more intermediate
objects. Already at the lower level, it may require up to 80 Zy-coefficient slots for temporary products
and remainder modulo My, whereas multiplication in L, requires only 23 Z,-coefficient slots for the

corresponding arithmetic.

The above example shows that, if L, & L, = Z,[z]/(M(z)), then mapping elements of L, to L,
can reduce both the number of base-field multiplications and the amount of temporary memory used.
Consequently, GCD and resultant computations is faster over the single-extension representation I_/p.

In Section 3.4.3, we present the isomorphism ¢, : L, — f/p.

3.4 Converting Q(aq,...,q,) to a single extension Q(7)

The primary goal of this section is to find a primitive element ~ for the field Q(ayq,...,ay) and to
compute its minimal polynomial M(z). To avoid expression swell, we perform the computation modulo

a prime p. This reduction allows us to construct the quotient ring

where M (z) is the characteristic polynomial of v in Z,[z]. Note that M (z) is often reducible over Zy[z],
which implies that the ring f)p may contain zero divisors. As part of our modular approach, univariate
GCD and resultant computations are performed over the ring Ep. Once l_Lp has been constructed, we
define a ring isomorphism

¢y Ly — Ly

which maps elements of L, to their representations in the simple extension Ep. The inverse map ¢-, 1

is then used to lift elements back from Ep to Ly.

3.4.1 Computing a primitive element and its minimal polynomial

By Theorem 3.2.5, there exist rational numbers C1,...,Cp—1 s.t. v = a1+ > 1o Ci_1 - ; is a primitive
element of Q(ay,...,ay), i.e., Q(ai,...,ay) = Q(v). It is worth mentioning that, in our proposed
method (Algorithm 4), we aim to find integer values C1, ..., C,_1 € Z satisfying this condition, rather
than rational ones. Thus, finding a primitive element is equivalent to finding appropriate integers

Ci,...,Ch_1. We describe two strategies for choosing these constants:
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(i) Let S denote the set of all inappropriate constants, as described in the proof of Theorem 3.2.4.
Since S is finite, any choice of C4,...,C,_1 not in S yields a primitive element. However,
constructing S is computationally expensive. For this reason, we do not adopt this approach in

practice.

(ii) Our practical approach is to choose C1, ..., Cy,—_1 at random and then test whether the resulting

element

n
y=a1+) Ci-a
=2

is a primitive element. If it is not, we discard the current constants and repeat the procedure

with new values.

To verify whether a randomly chosen -y is primitive, we use one of the following two methods: Grébner

Bases or Linear Algebra.

e Using Grobner Bases

Let Mi(z1),..., My(2,) be the minimal polynomials of ay, ..., a,. Define
n
(2,21, cy2n) =2 — 21 — ZC’Z-_l © Zis
i=2
where C; € Z for 1 <1i <n — 1 are chosen randomly. Let

G ={0,Mi(z1),..., Mp(zn)}

By [11, Theorem 3, Chapter 2] and [l |, proposition 4, Chapter 2], the set G is a Grobner basis
for the ideal (Mi(z1),..., My(z,),0) w.r.t. the lexicographic order with z > 2z > ... > z,.
We then apply the FGLM algorithm [16] to convert G to a Groébner basis w.r.t. the lexico-
graphic order with z; > ... > z, > z. Denote the resulting basis by G' = {G},...,G}, 1},
where G = M(2) € Q[z], Gy € Q[z,2,),...,G) 1 € Q[z, z1]. If M(2) is irreducible over Q and

M(v) = 0, then + is a primitive element and M(z) is its minimal polynomial.
Example 3.4.1. Refer to Ezample 3.5.1, where My(z1) = 22 — 2 and My(z2) = 25 — 3. Take
Cy =1, so that

Yy=vV2+4+V3, and G={z—- (214 z), 22 —2, 25 -3}

The leading monomials of the polynomials in G w.r.t. the lexicographic order, with z > z1 > za,
namely {z, 23,22}, are relatively prime, and hence G is a Grobner basis. Applying the FGLM

algorithm, we obtain
G ={z"—1022+1, 22 4+ 220 — 11z, =23 + 22, + 92 }.
Then

G'NQlz] = {z* - 1022 +1}.
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Since this polynomial is irreducible over Q and vanishes at vy, we conclude that v = /2 + /3 is
a primitive element, and its minimal polynomial is M(z) = z* — 1022 + 1. Therefore, we have
the isomprphism ¢~ : Q[z1, z2] /(M1 (21), Ma(22)) — Q[2] /(M (2)) s.t.

23 9z
O (2) =5 =5 and
—23 11z
Py (22) = 5 + N

In this approach, although the Grébner basis G can be constructed at no cost, transforming G

into G’ using the FGLM algorithm requires O(nd?) arithmetic operations in Q [16].

Using Resultants Using resultants is another way to verify whether a randomly chosen 7 is

primitive. We explain this method through the following example.

Example 3.4.2. Let L = Q[z1, 20]/(M1(21), M2(22)), where Mi(z1) = 22 — 2 and Ma(z) =
23 — 3. Define

3(z,21,22) = 2 — 21 — C1 29,

where Cy € Z is chosen randomly. Then a candidate for the minimal polynomial of v can be
obtained by eliminating zo and then z1 using resultants. If the resulting polynomial has degree

equal to d = [L : Q], then v = z1 + Ci29 is a primitive element of L, and
M (z) = res(res(9, Ma(22), z2), M1(21), z1) € Ql[z]
is the minimal polynomial of it. For example, let C1 =1 so v = z1 + zo. Then
M (2) = res(res(z — 21 — 22, Ma(22), 22), M1(21), 21) = 2% — 1022 + 1 € Q[¢]

is the minimal polynomial of . Although resultants can be used to test whether an element
such as v = z1 + Cizo is a primitive element of L, this method does not directly provide the
homomorphism ¢~ : Q[z1, z2]/(Mi(z1), Ma(z2)) — Q[z]/(M(2)), unlike the method in Example
3.4.1.

Using Linear Algebra
After choosing random integers C1,...,Cy_1, define v = a3 + > 1" 5 Ci_1 - o;. Let
— B, ={1,7,7%,...,7% !} be a basis of Q(v),
— By ={1,2,22,...,2971} be a basis of L = Q[z]/(M(z)) where Q(v) = Q[z]/(M (%)), and
— Br, ={ITi=1(2)%| 0 < e; < d;} be a basis of L.
Construct the d x d change-of-basis matrix A from B, to By, where the ith column of A is the
coordinate vector [y ~!]p, . If det(A) = 0, then the current constants C, . .., C,,_1 are unsuitable
and must be discarded. We then choose a new set of constants and repeat the process. Otherwise,

7 is a primitive element of Q(ay, ..., a,) (see Theorem 3.4.3), and the next step is to determine

its minimal polynomial M (z) € Q[z].
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Let M(z) = 24 4+ % | ¢z, where ¢; are unknown coefficients. Since M () = 0, we obtain

d
M) =0=7"+> a7 ' =0=
=1

d
doan ==
=1

q0

Therefore, in order to find M (z), we need to solve the system A -q = b. According to Theorem
3.4.3 and Corollary 3.1, M(z) is the minimal polynomial of «y if and only if det(A4) # 0.

Applying the linear algebra method requires O(d®) arithmetic operations to construct the matrix A,
an additional O(d?) operations to compute A~!, and O(d?) operations to solve the linear system
A - q = b in order to obtain M(z). In total, the linear algebra method has a computational cost of
O(d®) arithmetic operations, which is more efficient than the Grébner basis method with a cost of

O(nd?). In the following example, we illustrate how the linear algebra method operates.

Example 3.4.3. Let L = Q[z1, 22, 23]/ (M1, M2, M3), where

M, = z% —2 € Q[~],
My = 25 — 3 € Q[z1]/(My)[z2], and
Mz = 23 — 523 — 1 € Q[21, 2]/ (M1, Ma)[z3).

Our goal is to find a primitive element v of Q(au, g, a3) = L. Let
B, = {1, 23, 29, 2023, 21, 2123, 2122, 212223 }

be a basis of L and By = {1,9,9%,9%,9%4,7%,74%,77} be a basis of Q(v). Substituting a1, as, ag with
21, z2, and z3, respectively, we set v = z1 + Ci1zo + Cozg. Take C1 = Co =1 so

P’ =1

=21+ 29 + 23

72 = 2z129 + 22123 + 22923 + bz3 + 6

73 = 06212923 + 152123 + 152023 + 1421 + 1229 + 4123+ 5

7! = 60212923 + 322122 + 1482123 + 1402923 + 2021 + 2025 + 28523 + 105

75 = 620212923 + 1002129 + 12252123 + 11252923 + 34921 + 30929 + 224623 + 385

76 = 5550212923 + 12782129 + 105802123 + 94202923 + 191021 + 171029 + 1744023 + 3871

’y7 = 49028212923 + 917021 29 + 8890021 23 + 773502923 + 1828521 + 1584729 + 14049123 4+ 26390.

o6



The coordinate vectors of 4, ...

=[1,0,0,0,0,0,0,0]%

r T
=01101000}

- T
:65020220}

r T
=5411215141506]

The change-of-basis-Matrixz from B, to By, is

Since det(A) =| —617872752 |= 24 x 33 x T2 x 172 x 101 # 0, A is invertible. Therefore, v = a1 +as+as

SO O O O o o o =
o O O = O = = O

5
41
12
15
14
15

O NN N O Ot O

105 385 3871 26390 |
285 2246 17440 140491
20 309 1710 15847
140 1125 9420 77350
20 349 1910 18285
148 1225 10580 88900
32 100 1278 9170
60 620 5550 49028

Y7 w.r.t. the basis By, are:

- T
= (105 285 20 140 20 148 32 6()}

r T
= 385 2246 309 1125 349 1225 100 620}

- T
= 3871 17440 1710 9420 1910 10580 1278 5550}

T
[26390 140491 15847 77350 18285 88900 9170 49028} :

is a primitive element of Q(aq, ag, a3). To compute the minimal polynomial of v, we first compute

'yS = 47y = 42056021 22 23+8316021 22+7503602] 23+64114420 23414280021 +122080294 1138695 234224602

T
with coordinate vector [v8]p, = [224602 1138695 122080 641144 142800 750360 83160 420560] .

We compute the coefficients of M(z) by solving the linear system

g=A""

O O O O O o o =

3
: “PY ]l?L
4915 520 3757 6005 8153
6363 303 4242 6363 12726
413968 11653 99795 50371 235240
108171 10302 12019 12726 108171
762950 88735 153358 19855 699560
108171 10302 12019 12726 108171
563060 49123 259365 5561 602215
108171 10302 24038 12726 216342
3225 375 32594 225 249
12019 3434 36057 1414 707
41428 3935 55985 13 48275
108171 10302 72114 12726 216342
1250 805 13229 5 667
15453 10302 72114 1818 30006
500 23 115 1 5
108171 5151 10302 6363 12726

o7

425
707
253006
36057
970405
72114
315632
36057

575
4242
23363
36057
2945
24038

2
303

[ 924602 |
1138695
~122080
641144
142800
— 750360

83160

| 420560

289
—2040
—2642

4220
—1297
—140
126
—20




Therefore, the minimal polynomial of v = a1 + ag + a3 is
M(2) = 2% — 2027 4 1262° — 14025 — 12972 + 42202° — 26422% — 2040z + 289.

Note Q(7) = Q[2]/(M(2)).
Remark 3.2. From Ezample 3./.3, we observe the following:

o Computations over Q often lead to significant intermediate expression swell, especially when
computing A~Y. To control this growth, our modular algorithms perform computations modulo

carefully selected prime numbers. We return to this topic in Section 3.4.2.

o Since det(A) = —617872752 = —101 - 2* - 33 - 72 . 172, any prime divisor of this integer, that
is p € {101,2,3,7,17} makes the determinant zero modulo p. Consequently, these primes are
excluded from the MGCDNFE and MRESNF algorithms. In Definition /.4.4, we formally define
these problematic primes and integers Cv and Cy. Moreover, an upper bound for the probability

that our algorithms hit them is computed in Section 6.3.2.

Theorem 3.4.1. [17] Let F C K C L be fields s.t. [L : K] and [K : F| are finite. Then,
[L:F]=[L:K]-[K:F]

Theorem 3.4.2. Let oy, ..., ay be algebraic numbers and C; € Q for1 <i < n. Definey =1 ; Ciq;.

Then ~ is a primitive element of Q(au, ..., an) if and only if

[Q() : Q = [Q(a, ..., an) : Q).

Proof. If ~ is a primitive element of Q(a, ..., ), then by definition,
[Q(v) : Q] = [Q(en, - - -, ar) : Q).

Conversely, suppose [Q(7) : Q] = [Q(aq, ..., ap) : Q]. Since v € Q(av, . .., ap) and Q(7) is the smallest
field containing v and Q, we have

Q< Q) € Qan, ..., an).

Applying Theorem 3.4.1, we have

[Q(a, .- an) Q) = [Qlay, .., an) : Q(MNIQM) = Q-

Since we assumed that [Q(v) : Q] = [Q(a1,...,an) : Q], we can simplify the above equation to
obtain [Q(aq,...,an) : Q(y)] = 1. Thus, Q(ay,...,a,) = Q(v), and so v is a primitive element of
Qaq,...,ap). O

Let 7 be an algebraic number with the minimal polynomial M (z). By Theorem 3.4.2, «y is a primitive
element of Q(ay,...,ay,) if and only if deg(M (2)) = [Q(a1, ..., an) : Q]. We use this characterization
to prove Theorem 3.4.3.
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Theorem 3.4.3. Let Q(aq,...,ay,) be an algebraic number field with degree d, and let C1,...,Cph_1 €
Z be chosen randomly. Define v = a1 + > i o Ci_1ay, and let B = {by,...,bg} be a basis for
Q(at,...,an) as a Q-vector space. Let A be the d x d matriz whose ith column is [y~ '] for 1 <i < d.
Then,

v is a primitive element for Q(azq, ..., an) <= det(A4) # 0.

Proof. (=) Suppose that v is a primitive element of Q(ay,...,a;,). Then

[Q(v) : Q] = [Q(at, ..., an) : Q] = d.

Let B, = {1,7,...,7971} be a basis of Q(v) as a Q-vector space. Since Q(as,...,a,) = Q(y), each
element of B, can be expressed as a linear combination of elements of B. Hence, the d x d linear

system

1= 011()1 + 012b2 + -+ Cldbd
v = c21b1 + ca2ba + - - - + cagby

¥t = carby + cazba + -+ + Caaba
has a unique solution. Define the d x d matrix D whose i-th row is [vi_l}g for 1 <7 < d. Since the
system above has a unique solution, the matrix D is invertible and therefore det(D) # 0. Because
D = AT it follows that

det(A) = det(AT) = det(D) # 0.

(«<=) Conversely, suppose that det(A) # 0. Then A is invertible, and the linear system A-q = —[y%]5

has a unique solution ¢ = [g1, ..., qq]” over Q. Define the polynomial
d .
M(z) =20 + Z gzt
i=1

We claim that M (z) is the minimal polynomial of 7. By construction, M(z) is monic, has degree
d, and satisfies M () = 0. Thus, it remains to prove that M(z) is irreducible over Q. Assume, for
contradiction, that M (z) is reducible. Since Q[z] is a UFD, we can factor M (z) as a product of monic

irreducible polynomials over Q, that is,

M(z) = p1(2) - - - pr(2),

where each p;(z) € Q[z] is irreducible for 1 < i < k. Because M () = 0, there exists some 1 <1i <k
s.t. pi(y) = 0, which implies that p;(z) is the minimal polynomial of . Let deg(pi(z)) = h < d. Then
{1,7,...,v"7 1} is a basis of Q(v). Consequently,

{1777 s 77d71} g Span{]'u’ya e 77h71}7

so the set {1,7,...,7%7'} is linearly dependent. This contradicts the assumption that det(A4) # 0.

Hence, M (z) must be irreducible over Q, and therefore M (z) is the minimal polynomial of ~. It follows
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that
[Q(ah ) an) : Q] = [@(7) : Q] = deg(M(Z)) =d.

Hence, by Theorem 3.4.2, v is a primitive element of Q(axq,...,an). O

We can apply Theorem 3.4.3 to determine the minimal polynomial of the primitive element ~.

Corollary 3.1. Under the assumptions of Theorem 3.4.3, suppose det(A) # 0 and let ¢ = [q1, . . ., qa]"
be the solution of the linear system A-q = —[y% 5. Then the polynomial
d .
M(z) =24+ > gz !
i=1
1s the minimal polynomial of ~y.
Proof. This result follows directly from the proof of Theorem 3.4.3. O

3.4.2 LAminpoly algorithm

As illustrated in Example 3.4.3, computations over Q lead to rapid growth in the size of the coefficients.
In particular, the matrix A~! contains entries given by large rational fractions. To avoid this blow-up,
our modular algorithms MGCDNF and MRESNF compute a primitive element modulo a prime p.
In this modular setting, the minimal polynomial M (z) is often reducible over Z,, which leads to the
presence of zero divisors in the ring L, = Z,[z]/(M(z)). In this section, our objective is to compute
M (2) s.t. L, = L,. To this end, we apply Algorithm LAminpoly (Algorithm 4).

The LAminpoly algorithm takes as input a list of minimal polynomials [M;(z1),. .., Mn(zn)], a

ground field F over which the computations are performed, and a candidate primitive element
vy=2z1+Ciza+ -+ Cp_12n,

where 0 # C; € Z for 1 <i <n— 1. If v is not a primitive element, the algorithm returns the message
FAIL. Otherwise, it returns the generator polynomial M(z) s.t. (I(«)) = (M (z)), together with the
change-of-basis matrix A and its inverse A~!. The LAMinpoly algorithm is a Las Vegas algorithm and

can be executed over two different ground fields: F = Q or F = Z,,.

Remark 3.3. By Theorem 3.2.4, there are only finitely many bad choices for the nonzero integers

Ci,...,Cnh_1. In Section 6.3, we analyze the probability of choosing such bad integers.

e LAminpoly over F = Q: When executed over F = Q, the algorithm first constructs the change-
of-basis matrix A. If det(A) = 0, the algorithm returns FAIL. Otherwise, by Theorem 3.4.3 and
Corollary 3.1, the element + is a primitive element of Q(ayq,...,a,), so the algorithm returns
the minimal polynomial M (z) of 7, the matrix A, and its inverse A~! (see Example 3.4.3). The

correctness of the algorithm is ensured by Theorem 3.4.3, and we have the isomorphism

e« LAminpoly over F = Z,: Let us choose a prime p s.t. p { lc(fg) o | IC(MZ'). Running
Algorithm LAminpoly over F = Z,, if det(A) = 0, the algorithm returns FAIL. Otherwise,
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the resulting characteristic polynomial M(z) and matrix A can be used to construct L, =
2,021/ (M(2)) st

1

L, = L,

We will describe this isomorphism in detail in Section 3.4.3.

Algorithm 4: LAminpoly

Input: A list of the minimal polynomials [M(z1), ..., Mp(zn)], the ground field F over which
the computation is performed, and a candidate primitive element
vy=2z1+Cizo+ ...+ Cph_12,, where 0 £ C; € Zfor 1 <i<n-—1

Output: Either a message FAIL or a polynomial M (z) € F[z] of degree d s.t. M () =0, and

d x d matrices A and A~! over F.

1 B= { H?Zl(zi)eij 0< €ij < dz' } s.t di = deg(MZ(zl)) // A basis for L
2d=I[di

3 Initialize A to be a d X d zero matrix over F.

4 go — 1

5 fori=1 toddo

6 L Set column 7 of A to be [gi—1]B

7 9i =7 9i—-1

03]

if det(A) =0 then
L return(FAIL)
10 Compute A~ and set ¢ = A~ - (—[ga]B)

11 Construct the polynomial M(z) = 24+ gz 4. 4+ qoz+ 1 where ¢; €F
12 return( M(z), A, A™!)

©

In the following example, we apply the LAminpoly algorithm over the field F = Z,, for a prime p.

Example 3.4.4. Let L, By, and B, be as defined in Example 3.4.5. Let us choose p = 103, so the
LAminpoly algorithm performs computations over the ground field F = Zqo3. After reducing minimal

polynomials modulo p, we have L, = Zyo3[z1, 22, 23]/ (m1, ma, m3), where

mlel modp:z%—i—l()l
my = MQ mod p = z% + 100, and
ms = Mg mod p = 232, + 9823 + 102.

61



Let us try Chy =Cy =1, sov =21 + Ci120 + Cozg = 21 + 29 + 23. Then we have

1,

1+ 29 + 23,
2o + 221 + 5)z3 + 22921 + 6,

(621 + 15)29 + 1521 + 41) 23 + 1229 + 1421 + 5,

(6021 + 37)z2 + 4521 + 79) 23 + (3221 + 20)22 + 2021 + 2,
(2

(9

21 + 95)2z2 + 9221 + 83) 23 + 1002221 + 4021 + 76,

121 4 47) 20 + T4z1 + 33) 23 + (4221 + 62)29 + 5621 + 60,
10029 4+ 1121 + 102)2’3 + (321 + 88)22 + 54z + 22,
(112 + 72 22 + 521 + 30)23 + (3921 + 25)29 + 4221 + 62.

Y
A
~?
~3
A4
~P
~8
~7
oa

(2
(
(
(
(
(
(

We construct the change-of-basis matrixz similar to Example 3.4.3, so

5 2 76 60 22
14 20 40 56 54
12 20 0 62 88

0 32 100 42 3
41 79 83 33 102
15 45 92 74 11
15 37 95 47 100

6 60 2 91 O

O NNt NN O OO

O O O O O O O =
O O O = O = = O

Since det(A) mod p = 43 # 0, the matriz A is invertible, and we can construct the characteristic

polynomial M (z). To this end, we need to solve the linear system A -q = —[v%]g, for q over Z,
1 73 85 44 48 31 8 23] [-62] [83]
0 18 7 69 79 30 64 79 —42 20
0 5 77 66 21 40 48 3 —25 36
0 56 99 13 51 19 98 9 -39 100
— A*l (A8 — . -

! CO0) =10 100 4 71 o102 19 67 14| |-30] T | a2
0 7 41 8 55 40 99 71 -5 66
0 100 42 15 64 94 40 9 —72 23
0o 9 8 0 14 74 97 34| |-11] | 83 |

Thus,
M (z) = 2% + 8327 + 2325 + 6625 + 422" 4+ 10023 + 3622 + 202z + 83,

and Ly, = Zp|21, 22, 23]/ (m1, ma, m3) = L, = Z[2]/(M(2)).
Remark 3.4. From Ezample 3.J.4, we observe the following:

o By performing computations over Zj, instead of Q, we effectively control expression swell. This
is evident when comparing the change-of-basis matriz A and its inverse A~' in Examples 3.4.3
and 8.4.4.
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o When Algorithm / is executed over F = 7Z,, it is likely that one or more of the polynomials
m; will be reducible over Zp|z1,...,zi—1]/(m1,...,mi—1); in which case, the resulting generator

polynomial M (z) is reducible over Z,. In Example 3././, mi and mg are reducible over Zio3:

my = 28 — 2 = (21 + 65)(21 + 38) and
mg = 25 — b2z — 1 = (23 + 8)(23 + 90).

o In Ezxample 3.4.4, the characteristic polynomial M(z) is reducible over Zios3:

M(2) = 2% + 8327 42325 + 662° + 4227 4 10023 + 362% 4 20z + 83
= (22 + 922 +53)(2% + 2 + 23) (2 + 432 4 73) (2% + 50z + 4).

Therefore, L, = Zy[z]/(M(z)) is not a field and, in particular, L, contains zero divisors.

e In MGCDNF and MRESNF, we choose a prime p and integers Cq,...,Cp_1 € [1,p) at random.
We then invoke the algorithm LAminpoly with F = Z, and v = z1 + C1z2 + -+ - + Cp_12, € L.
If LAminpoly returns FAIL (which means that det(A) = 0), this failure may be caused either
by the choice of p or by the values of C1,...,Cr_1. In that case, MGCDNF and MRESNF are
restarted with a new prime p and a newly chosen random set of integers C1,...,Cph—1 € [1,D).
This process terminates because the number of unsuitable constants C1,...,Cph_1 and primes
dividing det(A) is finite (see the proof of Theorem 3.2./).

3.4.3 The primitive element isomorphism ¢,

We are now well-equipped to introduce the primitive element isomorphism ¢, : L, — I_,p. Let

n
BLP = {H(zz)e’ st0<e; < dz}
i=1
be bases for L, and let
BE,, ={1,2,2%,...,2471}

be a basis for L,. Let C : L, — Zg be a bijection s.t. C(a) = [a]p,, and D : L, — Zg be another
bijection s.t. D(b) = [b]p, . Define ¢ : L, — L, s.t.
P

¢y(a) = DA™ C(a)),

where A is the matrix obtained from the LAminpoly algorithm over F' = Z,. The inverse of ¢, is
¢t Ly — Ly st
¢51(b) = C™H(A- D(b)).

y

Lemma 3.4.4. If det(A) # 0, then the mapping ¢~ defined above is a ring isomorphism.

Proof. Since A~! exists and both C' and D are bijections, we can conclude that ¢~ is well-defined and
bijective. Additionally, if the LAminpoly algorithm does not fail for v = 21 +C120+- - -+ Cj,_12p, then

qﬁ; I can be expressed as an evaluation homomorphism that substitutes z for z; +Ci1za+ ...+ Cp_12n.

The fact that ¢ ' is a homomorphism implies that ¢~ is also a ring homomorphism. O
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Isomorphism ¢, induces the natural isomorphism ¢ : Ly[z1,..., 2] — Lyp[z1, ..., 7). The fol-

lowing example illustrates how we can compute ¢~ (f) for f € Ly[x1, ..., xg].
Example 3.4.5. Let L = Q[z1,22]/(23 — 2,22 —3). Let p=1T so
Ly = Zalz1, 20 /(21 + 5, 25 +4),
with basis Br, = {1, 22, 21, 2122}. By Algorithm LAminpoly, we obtain
Ly = Zr[2]/(2* + 42% + 1),
with basis Bip ={1,2,2% 23}. Let
[ =2x121 + 22+ 2122 € Lp[z1, 22].

We aim to compute ¢(f). Let A be the change-of-basis matriz obtained from Algorithm 4. We have
[f1B,, = [2,0, 21, 17 and
T2 +1
5% a1
4

x1

b=A"". [flB., =

as the coordinate vector of ¢(f) relative to BL,,' Consequently,

Oy (f) = 212° + 5212 + 422 + 29 + 1 € Ly, 22).

3.5 The number of zero divisors in I}p

Let M(z) € Zp[z] be the generator polynomial obtained from running Algorithm LAminpoly over
F = Z, and let d = deg(M). Recall that L, = Z,[z]/(M (%)) is a finite ring with p? elements. As noted
in Section 3.4.2, M(z) is often reducible over Z,, which implies the presence of zero divisors in L,. In
this section, we determine the number of zero divisors in Ep using the Chinese Remainder Theorem
for ideals (Theorem 3.5.3). We begin by introducing some preliminary concepts.

Let R and S be commutative rings. The direct product R x S is a ring with componentwise addition
and multiplication. More generally, let [[;c; R; be a finite direct product of rings. Then every ideal of
[licr Ri is of the form [];c; A;, where each A; is an ideal of R;.

Definition 3.5.1. Let I be a proper ideal of R. The ideal I is called maximal if any of the following

equivalent conditions hold:
e There is no proper ideal J of R s.t. I C J.
e For any ideal J of R with I C J, either J =1 or J = R.

Theorem 3.5.1. [19, Theorem 7.6 in Section 7.1] Let R be a commutative ring with identity, and let
I denote a proper ideal of R. Then the quotient ring R/I is a field if and only if I is a maximal ideal
of R.
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Definition 3.5.2. Let I and Iy be two ideals of a ring R. We define 11 and Iy as comaximal ideals
if 1 + 1o = R.

Example 3.5.1. Let a,b € Z. The sets a-7Z and b-7Z are ideals of Z. These ideals are comazximal if
and only if ged(a,b) = 1. For instance, 3Z and 5Z are comazximal because 3Z + 57 = 7.

Theorem 3.5.2. Any two distinct maximal ideals 11 and Iy of R are comazimal.

Proof. Since Iy C I1 + I, C R and I; is a maximal ideal of R, it follows that either I + I = I or
I + Is = R. However, given that I; # Is, we can conclude that Iy + I = R. Thus, I; and I are

comaximal. O
Now we are well-equipped to state the Chinese Remainder Theorem for ideals.

Theorem 3.5.3. (Chinese remainder theorem for ideals)[13, Section 7.6]
Let I,..., I be ideals in R s.t. for each i,j € {1,2,...,k} with i # j, the ideals I; and I; are

comaximal. Then
N P
o Ml = 1Tz L
o« R/, )= R/I} x --- x R/I}.
Definition 3.5.3. A commutative ring R is called local if it has a unique mazimal ideal.

Let #Z denote the number of non-zero zero divisors in Ep. By applying Theorems 3.5.2 and 3.5.3,

we obtain the value of #7 as stated in Theorem 3.5.4.

Theorem 3.5.4. Let L, = Z,[2]/(M(z)), and write the factorization of M(z) over Z, as
T
M(z) = H Pi(2)%,
i=1
where Py (z), ..., P.(z) are pairwise distinct irreducible polynomials, e; > 1 for 1 < i <r, and
T
d; = deg(P;), d=deg(M) = eid;.
i=1

Let #Z denote the number of non-zero zero divisors in Ep. Then
T
#Z :pd—de (]_ —p_dz) — 1
i=1

Proof. Set R; = Zy[z]/(Pi(2)%) for 1 < ¢ < r. Since the polynomials P;(z) are pairwise distinct irre-
ducibles, the ideals (P;(2)¢) and (Pj(z)%) are comaximal for ¢ # j. Hence, by the Chinese Remainder

Theorem,

Now fix i. The ring R; is finite and local with maximal ideal
m; = (P5(2)).
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Since deg (P{") = e;d;, we have

|Ril = pi.
Also,
|Ri/my| = p*,
SO
[my| = plei= D%,

Thus, the number of units in R; is
R | = ps — ples 1

An element of []i_; R; is a unit if and only if each component is a unit. Therefore,

#U = ﬁ (peidi _p(ei_l)di) — ﬁpeidi (1 _ L ) )
=1 1=1

pdi

Since d = Y_;_; e;d;, we obtain

,
#U=p [ (1-p7%).
i=1
Finally, |f/p\ = p¢, and every nonzero element is either a unit or a zero divisor. Hence
Pl=14+#U+#2.

Substituting the value of #U gives

#Zzpd—pdﬁ (1-p*) -1
=1
0

Example 3.5.2. Let Ly = Zs[z]/(M(2)) where M(z) = (z+2)(22 4+ 42 +1)(22 + 2z +1). Here, d =5,
di=1,do=2,d3=2,e1 =es=e3=1,r =3, and p = 5. From Theorem 3.5./, the number of

non-zero zero divisors in E5 18
'
#7 =p' —p? [ (1—p*di) — 1 = 820.
=1

Corollary 3.2. Let L, = Z,[z]/(M(2)), where M(z) = [[;_; Pi(2)%, with each d; = deg(Pi(z)) = 1

for 1 <i < r. The count of non-zero zero divisors in f)p is given by
d d 1 r
#Z =p" —p (1—];) -1

Proof. This follows directly from Theorem 3.5.4.
O

Example 3.5.3. Let Ls = Zs[z]/(M(2)), where M(z) = (z — 4)(z — 3)(z — 2)(z — 1)z. Similar to
Ezample 3.5.2, we have p =5 and d = 5. In this example, M(z) has 5 linear factors, so d; = 1 for
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1<i<5andr=d. Since M(z) is square-free, we have e; =1 for 1 <i <4, so
M(z) = Pi(z)--- Py(2).
By Corollary 3.2, the number of non-zero zero divisors of Ep 18
d d 1 r
#7Z =p® —p*(1—=)" —1=2100.
p

Comparing Examples 3.5.2 and 3.5.3, we observe that the number of zero divisors is larger when
M(z) is expressed as a product of linear factors. This suggests a general principle: the maximum
possible number of zero divisors occurs when M (z) factors linearly. This is established in the following

theorem.

Theorem 3.5.5. Let #Z, p, r and d be as in Theorem 3.5.4. Then
d d 1 r
#Z <p'-p'(l--) -1
p
Proof. Since d; > 1 for 1 <i < r, we have p~% < p~!. Hence
l—p%i>1-p™

Multiplying these inequalities for ¢ = 1,...,r gives

T

[T(-p*)>0-p)y=0-1/p

i=1
Since p? > 0, it follows that

-
P TI (1 -p%) = ' = 1/p)"
i=1

Subtracting both sides from p? — 1 reverses the inequality. Therefore,

.
#zZ=p'=p' T[ (1-p7") -1 Spd—pd(l—;)r—l-
i=1

Equality holds if and only if d; =1 for all 1 <17 <r. Il

Corollary 3.3. Let #Z, p, r, and d be as in Theorem 3.5.4. Then

#Z <p'—(p-1)7 -1

Proof. By Theorem 3.5.5,

1
#7 <pt—pll—- =) —1.
P

p(1-1) =t (51 =y

p

Since
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we need to compare p®~"(p — 1)" with (p — 1)%. If » < d, then d — r > 0. Since p > p — 1 > 0, we have
P s (p— 14
Multiplying both sides by (p — 1)" > 0, we obtain
S

Thus,
It follows that

Therefore, in this case,

If r = d, then

Hence .
pd—pd<1—1> —1=p'—(p-1-1
p
Therefore, in this case,
#Z=p'—(p-1)7" -1

Combining the two cases, we conclude that
#2 <p'—(p-1)7"-1.
O

Example 3.5.4. Let p = 230 +3 be the smallest 31-bit prime, M (z) = (2 +2)(22 + 42+ 1) (2% + 2+ 4),
and Ly, = Z[2]/{M(2)). Then

PP = (=D - DE*-1)) -1
pl—17 pP—1

_ 1329228013116076503603636391334903922
T 1427247712644379929246627909979632460223217906

=9.3x 10719,

Probla € L, is a zero divisor] =

As illustrated in the example above, when p is sufficiently large, the proportion of zero divisors
in Ep becomes negligible compared with the total number of non-zero elements in Ep. Consequently,
when p is large, the probability of encountering a zero divisor while computing over Ep is small. Before

proving this in Lemma 3.5.7, we recall Bernoulli’s inequality, stated as follows.

Theorem 3.5.6. [2/, Section 0.2, Bernoulli’s Inequality, p. 15] If x > —1 and n € N, then
(I1+2)" > 14 naz.
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Lemma 3.5.7. Let p be a prime and L, = Z,[2]/(M(2)) with d = deg(M (z)). Then

- VA d
Probla € L, is a zero divisor] = jéi < -
pr=1 p

Proof. From Theorem 3.5.5, it follows that

#Z _p'-(p-1'-1
pt—17 p?—1 '

Let A=p?— (p—1)% Then

A A-1 Ap?— A Apt 4 p?
pt pl—1 pd(pd —1)
pl—A (p—1)?

_ > 0.
pl(p?—1)  p(p?—1)

A1 _ A
Hence, 1 < 3d and

p?
(-1
pd
1
S 11— Ly
p

Applying Bernoulli’s inequality for (1 — %)d, we have (1— %)d > 1— 9. Hence, from the above equation,

7Z 1
f <1-—(1-=)
p*—1 D

ci-144-2
p

O
From Lemma 3.5.7, if p is large and d is small, then % would be small. In our modular algorithms,

we use a significantly large p (31-bit prime) to construct the quotient ring f/p. Consequently, in our
algorithms, the value of p?f_zl is small.
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Chapter 4

GCDs in Q(ay, ..., a1, ..., 2]

4.1 Summary of contributions

Except for Sections 4.2 and 4.3, all material in this chapter is original and is based on our paper
published in the Proceedings of CASC 23 [2]. The main contribution of this chapter is a new modular
GCD algorithm, referred to as MGCDNF (Algorithm 8), which computes the monic GCD g of two
non-zero polynomials fi, fo € Q(au,...,an)[x1,..., 2] with n > 1 and k& > 1 with high probability.
In this chapter, we fix the lexicographic order over Q(ay, ..., an)[x1, ...,z with 1 > 29 > ... > x%.
MGCDNF is the first modular GCD algorithm to achieve a speed-up by mapping input polynomi-
als over Q(ayq,...,ay) to corresponding polynomials over Q(7), where v is a primitive element of
Q(a1,...,0ap). This mapping is performed modulo a prime to avoid expression swell. In Theorem
4.4.3, we prove the correctness of MGCDNF.

In Section 4.3, we review Encarnacion’s algorithm [14] for computing the monic GCD of univariate
polynomials over Q(«). Section 4.4 introduces a key subalgorithm, PGCDNF (Algorithm 7), which
computes the monic GCD of two polynomials over f/p, and then presents the modular GCD algorithm
MGCDNF. In Section 4.5, we analyze the expected time complexity of MGCDNF and summarize
two benchmark experiments. Moreover, a failure probability analysis of the MGCDNF algorithm is
presented in Chapter 6. We have implemented MGCDNF and its subalgorithms in Maple, employing a
recursive dense data structure for representing polynomials in Q(av, ..., a,)[x1, ..., Tk, y] (see Chapter
7 for more details). Implementation details and benchmark data are available at https://github.

com/MahsAnsari/Mahsa_Ansari_Thesis.

4.2 A brief history

In 1989, Langemyr and McCallum [22] modified Brown’s modular GCD algorithm (see Section 2.2.8)
to handle univariate polynomials over an algebraic number field Q(«). Let f1, fo € Q(a)[x] and
g = ged(f1, f2). In a preprocessing step, they replace a with an algebraic integer 3 that generates
the same field and has the monic minimal polynomial M (z) € Z[z]. Consequently, computations are

carried out in the algebraic integer extension

Z[z] /(M (2)) = Z[a] = {ag + a1z 4 - + ag_12%7F s.t. a; € L},
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where d = deg(M). They also clear denominators in the inputs by replacing f; and fo with their
associates fi and fo. Thus, the algorithm takes as input M (z) € Z[z] and fi, fo € Z[2]/(M(2))[z] with
integer coefficients. As in Brown’s method, the algorithm reduces the inputs modulo primes p and
computes modular images g, = ged(dp(f1), dp(f2)) € Zpz]/(My)[x], where M, = M(z) mod p. How-
ever, not all primes result in a successful reconstruction of the GCD. To state the required conditions

on the primes, we define the following:

(i) The discriminant of M (z), denoted by disc(M ), is given by

d(d—1)

disc(M) = (—1)" = lc(M) 'res(M, M’),

where M’ is the derivative of M.

(ii) Let F; = res(M,lc(fi)) denote the Sylvester resultant of M and lc(f;) w.r.t. the variable z, for
i = 1,2 (see Definitions 5.2.1 and 5.2.2). Define h = gcd(Fy, F) - disc(M).

Langemyr and McCallum restrict to primes p satisfying p 1 le(f1) - le(f2) - h. For sufficiently many
such primes, they apply the MEA modulo p and then reconstruct the associate h- g € Z[a][z] from its
homomorphic images using the CRT. To prove the correctness of their algorithm, they assumed that
« is an algebraic integer in order to bound the denominators of g. However, later in 1995, Encarnacion
[14] showed that this assumption can be removed, provided p  lc(M).

Even when the input polynomials have coefficients in Z[a], their GCD often lies over Q(«). To
recover the rational coefficients of the monic g, Encarnacion [I1] employed rational number recon-
struction(RNR) [38], which makes his modular algorithm over Q(«) output-sensitive (see Section
2.2.6 for RNR). In particular, his method reconstructs the rational coefficients of the monic GCD
without requiring a multiple of the denominator of the GCD. His algorithm restricts to primes p s.t.
p1le(f1) - le(fo) - le(M) - disc(M). In this setting, there is no need to test whether p | gcd(Fy, Fy). If
p | ged(Fh, F2), then p | Fp, which implies that lc(f2) is a zero divisor in Zy[z]/(M)). Therefore, the
MEA returns FAIL for the inputs ¢,(f1) and ¢,(f2), and the algorithm then chooses a new prime for
the GCD computation. Hence, the check is implicit in the algorithm, and omitting it has the advantage

of avoiding the computation of ged(F}, F2), which may require an appreciable amount of time.

4.3 Encarnacion’s algorithm

In this section, we review Encarnacion’s algorithm. Let M (z) € Q[z] denote the minimal polynomial
of a over Q, so Q(a) = Q[EI/(M(2). Let fi, fo € Qlel/(M(2))la] with deg(fy) > deg(fs) > 0. Let
g be the monic ged(f1, f2). First, Encarnacion’s algorithm reduces computations over Q|[z]/(M (z))[z]
to a simpler domain Z[z]/(M(2))[x] by replacing fi and fo with their associates f; and fs. Let
L, = Zplz]/(M,), where p is a prime. Figure 4.1 outlines the overall structure of Encarnacion’s

algorithm.
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i, f2 € Z[2] /(M (2)) 2] 9= ged(f1, f2) € Qlz]/(M(2))[2]

¢p for pe{p1,p2...} | pt 1c(M)-disc(M)-lc(f1)-1c(f2) CRT, RNR, Division test

fi, fo € Ly[a] MEA ged(fi, f2) € Lyla]

Figure 4.1: Homomorphism diagram of Encarnacion’s algorithm

As in Brown’s GCD algorithm, not all primes are suitable for modular homomorphisms (see Section
2.2.5). In particular, the chosen prime p must not divide le(f1), le(fa), le(M), or disc(M). If p | le(f1)
(or p |le(f2)) , then we cannot employ Lemma 2.2.9 to detect whether p is an unlucky prime, and we
cannot recover g from its image gy, = ged(dp( f1), op( f2)) (See Example 2.2.13 and the explanations
above it). Moreover, if p | 1c(M), then the degree of the ground algebraic number field changes modulo
p. Furthermore, to reconstruct the rational coefficients of g using Wang’s method (see Section 2.2.6),
it is necessary that no prime p divides the denominator of any rational coefficient appearing in g.

Encarnacion’s algorithm, presented in Algorithm 5, is illustrated in Example 4.3.1.

Example 4.3.1. Let fi = a-g and fo = b- g be two polynomials in Q[z]/(z? — 5)[z], where

a=zx+1
b=2x+6, and
—:1:2+la:z:—i-g
=T T T s

Encarnacion’s algorithm begins by replacing the input polynomials f1 and fo with their associates:

fi = 34023 + 238222 + 215z + 92
fo = 6823 + (342 + 204)2% + (1022 4+ 9)x + 27 € Z[2][z].

Then it chooses a prime, say py = 107. Since p1 1 lc(f1) = z, p1 1 le(f2) = 2, p1 1 1le(M) = 1, and

p 1 disc(M) = 20, we can use prime py for the modular reduction (see Line /). Hence,

¢p1(f1) = 1923 + 24222 + 2 + 92
() = 6827 4 (342 4 97)a? + (1022 +0)2 427 € Ly, o] = Tagnl2/(2* — 5]

Applying the MEA to compute the GCD modulo p1, we obtain

g1 = ng(¢p1 (fl)v o (fQ)) =a° + 5422 + 8 € Ly, [ZC]
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Algorithm 5: Encarnacion

Input: fi, fo € Q(«)[z], M(z) the minimal polynomial for a over Q.
Output: monic ged(fi, f2).

1 P=1

2 presult =0 // We compare the two consecutive results obtained from applying CRT and RNR. If

they match, we then perform the division test.

3 while true do

4 Choose a new prime p s.t p{1c(f1), pt1c(fz), ptlc(M), pt disc(M).

5 Let flp = fl mod p, fgp = fz mod p, and M, = M mod p.

6 Run Algorithm 2 to compute g, = ged(f1,, f2,) in Zp[z]/(Mp)[z].

7 if Algorithm 2 hits a zero divisor then

8 L go to Line 4

9 if g, =1 then

// According to Lemma 2.2.9, GCD is 1.

10 | return(l)
11 if P =1 then
12 G=gp
13 | P=p
14 else
15 if deg(gp,z) < deg(G,x) then

// All the previous primes were unlucky (see Lemma 2.2.9).
16 G =gp
17 P=p
18 else if deg(gp, x) > deg(G, x) then

// p is an unlucky prime (see Lemma 2.2.9).
19 | Go to Line 4.
20 else if deg(G, x) = deg(gp, ) then
21 Find G’ s.t G’ =G mod P and G’ = g, mod p.
22 | Set G=G"and P=P-p.

23 g = RNR(G, P) // Apply RNR to the coefficients of G(z) mod P to get g(z) € Q(a)[z].
24 if g # FAIL then

25 if g =presult and g | f1 and g | fo then
26 L return(g)

27 else

28 L presult = g

We set g = g1 and P = p1. To reconstruct the rational coefficients of the GCD, we apply rational

number reconstruction (RNR) to the integer coefficients of g with modulus P and bounds

P

so that 2ND = 98 < P = 107 (see Theorem 2.2.10). The RNR procedure fails in this case because one
of the coefficients of g is 6%, which cannot be reconstructed modulo P since D = 7 < 68. Therefore,
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we need a new prime satisfying Line 4 of Algorithm 5. Let po = 109. Next, we compute

bpy (f1) = 1323 + 2022° + 1062 + 92
bpo (f2) = 682% + (342 + 95)2% + (1022 + 9)a: + 27
g2 = 8cd(Gpy (f1), bpo (f2)) = 2% + 5532 + 37 € Lp, [2] = Znoolz]/(2* — 5)a].

Applying the CRT (Line 21 of Algorithm 5) to the coefficients of g1 and g2 modulo P = p1 xpa = 11663,
we obtain
G = 2% 4 5832z2 + 4288 € Zp|z]/(2* — 5)[z].

We then perform RNR on the integer coefficients of G with modulus P = 11663 and bounds N = D =
{\/EJ = 76. This time, RNR succeeds and yields

1 9
2
= + —zx 4+ —. 4.1
g==1x 5% 63 (4.1)

We set presult = g and repeat the above process for another prime p3 = 113. Thus,

g3 = ng(¢p3(f1)’ ¢p3(f2)) =a° + 57z +45 € I_’p[x]

By applying CRT followed by RNR, we obtain the same result for g as in (4.1). Because the two
consecutive RNR outputs are identical, we proceed with the division test. Since g | fi and g | fo, we
conclude that g is the monic GCD of fi1 and fs.

One of the main difficulties in modular GCD algorithms over algebraic number fields is the presence
of zero divisors in the finite ring L,. In Line 6 of Algorithm 5, the algorithm calls the MEA to compute
the monic GCD over L,. This requires inverting the leading coefficients of intermediate remainders in
L, (see Algorithm 2). If a leading coefficient of the remainders is a zero divisor, this inversion fails.
For instance, let a = v/2 with minimal polynomial M (z) = 22 — 2. Suppose Algorithm 5 chooses the
prime p = 17 in Line 4, and the leading coefficient of an intermediate remainder in the MEA is z + 6.

Then z + 6 is a zero divisor in L, = Z17[2]/(z* — 2), since
22 —2=(24+6)(z+11) mod 17.

In this situation, MEA fails when attempting to invert z+6. We will return to the issue of zero divisors
and their impact on our modular algorithm in Section 4.4.2.

The argument for the correctness of Encarnacion’s algorithm parallels that of the MGCDNF', which
is stated in Theorem 4.4.3. To avoid repetition, we therefore omit a separate proof of correctness for

Encarnacion’s algorithm.

Remark 4.1. [t is useful to highlight the following distinctions between our MGCDNF algorithm and

those of Langemyr—McCallum and Encarnacion.

o Computing the associates of the input polynomials fi and fo is useful for removing denomina-
tors. However, if 1c(f1) and lc(f2) € Q(«) are complicated algebraic numbers, computing the
associate would be expensive. This is especially true when working over algebraic number fields

with multiple extensions, so that lc(f1) and lc(f2) € Q(aa,...,an). For this reason, instead
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of using associates, we replace the input polynomials with their semi-associates (see Definition

3.3.2).

o In both the Langemyr—McCallum and Encarnacion algorithms, primes p with p | disc(M) are
avoided. However, in 2002, Monagan and Van Hoeij [3/]] showed that it is not necessary to
check whether p | disc(M). In [3/, Theorem 1], they proved that the modular GCD algorithm
works, provided that p t1c(M) -1c(f1) - 1e(f2). Algorithm MGCDNF also does not check whether
p | disc(M).

Remark 4.2. One may ask why Encarnacion’s algorithm uses a sequence of primes rather than a
single large prime to reconstruct the coefficients of the GCD, especially since using several primes may
force the algorithm to restart when an unlucky prime is encountered. The reason is that using one
large prime would make the algorithm no longer output-sensitive. In particular, when the size of the
monic GCD is much smaller than the size of the input polynomials, a prime chosen from an a priori
bound based on the input size may be unnecessarily large. For instance, let fi1, fa € Q(«)[z] with the
monic g = ged(f1, f2). Let || filloo and || folloo each have 1000 digits, then an input-based bound may
require choosing a prime with about 2000 digits. However, if ||§|lco has only 10 digits, then using such
a large prime is inefficient since arithmetic modulo a 2000-digit prime is much slower, and finding
such a prime is itself expensive. Alternatively, using a few 31-bit primes is sufficient to reconstruct
the coefficients of the monic GCD. For instance, four 31-bit primes give a modulus of about 124 bits,
which is more than enough to reconstruct rational coefficients of the GCD. Therefore, using a sequence

of small primes preserves the output-sensitive nature of the algorithm.

4.4 A new modular algorithm for computing GCDs over Q(ay, ..., a;)

In this section, we fix the lexicographic order with z; > x9 > ... > x1. Let p be a prime number s.t.
ptII% 1e(M;, ) - 1e(f1) - le(f2). From Section 3, recall that:

o L =7][z]/(M(z)), where M(z) is obtained from Algorithm 4 over F = Q.

o Ly =7[z,..., 2],

o L, =17Zplz1,...,25]/(mu1,...,my) where m; = M; mod p,

o L, =17,[2]/{M(z)), where M(z) is obtained from Algorithm 4 over F = Z,,.

As mentioned in Section 2.2, homomorphic reduction allows modular algorithms to transform the GCD
problem over Q into a simpler domain Z,, where the coefficients do not grow. As shown in Section 4.3,
Encarnacion employed RNR to recover the rational coefficients of the target GCD. Following the same
strategy, our algorithm, MGCDNTF, is a development of Brown’s and Encarnacion’s GCD algorithm
for computing GCDs over Q(ay, ..., ay). The key distinction in our approach is the introduction of a
new homomorphism ¢,, which accelerates computation by reducing the input polynomials over L, to
their corresponding images over I:p (see Section 3.4.3). Subsequently, using the evaluation homomor-
phism, the MEA is applied to compute the monic GCD in f/p[wl]. The homomorphism diagram of the
MGCDNF algorithm is presented in Figure 4.2. We begin with a motivating example (Example 4.4.1),
which illustrates the key ideas underlying the MGCDNF algorithm. In Section 4.4.2, we present the
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f1, fo € Qax, ..., an)[z1, ..., 28] — ged(f1, f2) € Qaa, ..., apn)[z1,. .., 2]

semi—associations RNR
fi, fo € Lafan, ..., 2] ged(fi, f2) € Zplaa, ..., an)[z1, . .. 21
¢p for pe{pip2...} | P[] 1e(Mi,zi)-le(f1)-1e(f2) CRT and P=[]p:
fl,fz € Lylxy, ..., zx) gcd(fl,fg) € Lylxy, ..., xx)
b ¢3!
fi,fo € Lp[x1,. .., 2] PCCDNE ged(f1, f2) € Lyplx1, ..., o]

Figure 4.2: Homomorphism diagram of the MGCDNF algorithm.

subalgorithm PGCDNF, which computes the monic GCD of polynomials in Ly[z1, ..., zx]. Finally, in
Section 4.4.1, we describe the full MGCDNF algorithm.

Example 4.4.1. Let
f1 = (zam1 + z122) (2121 + 2)  and  fo = (2921 + 2122) (21 — 2922) € L{x1, x9],

where L = Q[z1, 22]/(22 — 2, 22 — 3). We illustrate how the MGCDNF computes the monic

. 1
g = ged(f1, fo) = monic(zex1 + z122) = 1 + gQOzQzl.

In this ezample, f1 = f1 and fo = fo. MGCDNF first chooses a prime p s.t. pflc(]\vﬁ)olc(]\vlg) -lc(fl)-
lc(fg). Take p = 5. Reducing the minimal polynomials modulo p gives mi = ¢p(2§ —2) = 2} + 3 and
ma = ¢p(23 — 3) = 23 + 2 and therefore

L5 = Z5[21722]/<Z% + 3,2% + 2>.
Reducing the inputs modulo p yields

op(f1) = 212296% + (22 + 2)z122 + 50321,

op(fa) = zzx% + (21 + 2)x129 + 4212233% € L[z, za).

To convert the ring Ls into a quotient ring with single extension, MGCDNF' calls LAminpoly (Al-
gorithm 4) with the inputs [m1,mo|, F = Zs, and v = z1 + C1z2, where C; = 4 € [0,5) is chosen
randomly. The LAMinpoly algorithm computes the generator polynomial M(z) = z* +1 s.t.

Ls = Zs[2]/{z" + 1) = Ls.
After mapping ¢p(f1) and ¢p(f2) to their corresponding polynomials in Ls[z1,xa],

O (Pp(f1)) = 356%22 + (223 + 3z + 2)xozy + (323 + 32)56%
Oy (Dp(f2)) = (22° + 32)at + (32 + 3z + 2)apmwy + 22327,
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MGCDNF calls PGCDNF (Algorithm 7) to compute ged(¢(op(f1)), b~ (0p(f2))) € Ls[z1,72]. Algo-

rithm PGCDNEF picks a random evaluation point xo = 2, and computes
1= b (bp(f1)) (w2 = 2) = 32%2F + (42° + 2 + 4)zy +22° + 22

re = ¢ (dp(f2)) (w2 = 2) = (22° +32)2f + (2% + 2 + )y + 322 € Ls[z1].

Then it applies MEA (Algorithm 2) to compute the monic GCD gs 2 = ged(r1, r2). In the first iteration
of the MEA, we have

r3 = rem(ry, monic(rg)) = (223 + 42)x1 + 32° + 2,

Since
ged(2* 4 1,1c(rs)) = ged(2* +1,22° +42) = 22 + 2 # 1,

lc(r3) is not invertible over Ls. Hence MEA returns FAIL. We call (p, 8) = (5,2) a zero divisor pair
(see Definition 4.4.2). Since MGCDNF cannot determine whether this failure is due to the choice of
the prime p = b or the evaluation point xo = 2, it stops the computation modulo p = 5 and proceeds
with a different prime.
Take p = 7. Applying LAminpoly over F = Zy for v = 21 + 229, we obtain M(z) = z* + 2 € Zz[2]
and
Ly = Zn[2] /(2% + 2) = Ly = Zr[2] /(2% + 5, 22 + 4).

After evaluating ¢~(¢7(f1)) and é(p7(f2)) € Ly[x1, x0] at 2o = 2, the MEA algorithm returns

972 = 8ed(dy (dp(f1)) (2 = 2), D (dp(f2)) (w2 = 2)) = 21 4 62° € Ly[a1].

Notice that Im(g7,1) = x1. A second evaluation at xo = 0 yields

970 = ged(d4(dp(f1)) (22 = 0), by (dp(f2)) (22 = 0)) = 2F € Lr[w1],

which must be discarded because lm(gro) = 22 > lm(gr1) = z1, making ¢z,—0 an unlucky homo-
morphism (see Lemma 2.2.9 and Definition 4.4.3). Further evaluations at xo = 4 and xo = 5 allows
interpolation of the monic GCD at xo modulo 7 so PGCDNF returns

97 = 8cd(d(07(f1)), ¢y (d7(f2))) = w1 + 32%22 € Lr[w1, 29).
Applying qﬁ;l, the MGCDNF computes
¢, (g7) = 1 + Baoz1my € Lr[ay, 2]

The MGCDNF algorithm then attempts to reconstruct the rational coefficients of g using CRT and
RNR. Since one modular image is insufficient, the above process is repeated for another prime such

as p = 11. Calling LAMinpoly over F = Z11 for v = z1 + 422, we have

1_111 = Z11/<Z4 + 1022 + 4> = L11 = Zp[zl,Zg]/<Z% + 9, Z% + 8)
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Computing the GCD over Ly1 using the PGCDNF and then converting its output to a polynomial over
L1, we obtain

05 (g11) = @1 + 4202129 € Lui[w1, ).

We then apply the CRT to reconstruct the integer coefficients of the GCD, i.e. solve for G s.t.
{G =21+ 520z122 mod 7, G =1+ 4292129 mod 11}.

We obtain, G = x1 + 26z120x2. To recover the rational coefficients of the GCD, we use RNR for G
modulo 7 x 11 = 77. The RNR procedure returns

1
H=zx + §x222z1 € L[z1,z2].

Performing the same computation for an additional prime, namely p = 13, yields the same polynomial
H after the RNR step. Since the result of RNR has stabilized, we perform the division test. As H | fi
and H | fa, from Lemma 2.2.9, we conclude that H = g = ged(f1, f2) € Lz, xa).

Direct divisibility testing over L is computationally expensive. Instead, the algorithm reduces the
candidate H obtained from RNR, together with the inputs fi and fo, modulo a new prime q, and then
evaluates them at xo = 3 € [0, q). This produces univariate polynomials f1(z1,3), fo(x1,5), H(x1,5) €
Ly[z1]. MGCDNF then verifies divisibility by performing trial division in Lg[x1].

As illustrated in the above example, not every choice of prime and evaluation point leads to
a successful reconstruction of the monic GCD in MGCDNEF. Sections 4.4.2 and 4.4.3 describe the
PGCDNF and MGCDNF algorithms in detail and characterize the primes and evaluation points for

which the reconstruction fails.

4.4.1 Division Test

In the last step of MGCDNF and PGCDNF, we run a divisibility test to verify whether the result is the
monic GCD of the inputs. To do so, we use Algorithm DT (Algorithm 6). Let R be a commutative ring
with characteristic p. Algorithm DT takes polynomials f1, fo, H € R[x1, ..., 2| and the characteristic
of R, p. In Line 31 of PGCDNF, we employ DT (Algorithm 6) over R = L, while in Line 30 of
MGCDNF, DT is run over R = L, where ¢ is a randomly chosen prime.

For each 1 < i <k, DT reduces fi, fa, and H to univariate polynomials in R[z;] by evaluating all

variables except z; at a randomly chosen point

B=(B1,--,Br_1) €[0,p)* .

The point § is chosen so that lc(H, z;)(5) is invertible in R and no leading coefficient vanishes under

this evaluation; that is,

le(fr,2i)(B) # 0, 1e(f2, 2i)(B) # 0, 1e(H, 2:)(B) # 0.

After evaluation, we obtain
A:f1<mivﬁ)7 B:fQ(xiﬂ/B)7 C:H(‘rlvﬁ)
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as polynomials in R[z;]. The algorithm then checks whether C' divides both A and B in R[z;]. If this
divisibility test succeeds, DT chooses the next variable and does the same process. If the test fails for
some variable x;, then DT returns False, and control returns to the main algorithm either PGCDNF
or MGCDNPF. If DT returns True, it means all k divisibility tests have succeeded, and H is accepted
as the monic GCD of f; and fy with high probability. Because this verification step is randomized
and may accept an incorrect candidate, PGCDNF and MGCDNF are Monte Carlo algorithms. We

state the following lemma without proof.

Lemma 4.4.1. Algorithm DT costs

O(k( d*°D> + dD" )
division in Lp[z;]  evaluation

arithmetic operations in Ziy.

Alternatively, one may perform the divisibility test for PGCDNF (MGCDNF) directly in Ly[x1, . . . , 2]
(Lplx1, . .., wg]) rather than after specialization to Ly[x;] (Lp[z;]). This makes PGCDNF and MGCDNF
Las Vegas algorithm, since correctness is then guaranteed. However, this guarantee comes at a signif-
icantly higher computational cost, because multivariate division may dominate the overall complexity.

In this case, the division test costs
O(d*(D + 1))

arithmetic operations in Z,,.

Algorithm 6: DT (Divisibility Test)
Input: Polynomials fi, fo, H € R[z1,...,zk|, and p s.t. R has characteristic p.
Output: Either False or True

1 fori=1,...,kdo
2 Choose 3 = (f1, ..., Bk—1), where §; € Zj, at random until
le(H, z;)(B8),1c(f1,2:)(B),lc( f2, 2i)(B) # 0 and lc(H, z;)(B) is invertible over R.
3 | A= fi(z,p1,..., k1) € Rlxi
4 | B= foxi,B1,..., Br-1) € R[]
5 | C=H(xipi,...,Bk-1) € R[]
6 if C1A or C{B then
7 L return(False)

8 return(True)

4.4.2 PGCDNF

Algorithm PGCDNTF (Algorithm 7) computes the monic GCD of two polynomials f, fo € I:p [T1,..., 2]
with high probability, where & > 1. It follows Brown’s approach, using evaluation and dense interpola-
tion. PGCDNTF is a recursive algorithm. When k& = 1, it calls the MEA to compute ged(f1, f2) € I_/p [x1].
Otherwise, it reduces f; and fs to polynomials in Ep [€1,...,2k_1] by evaluating z} = Sk, where [y is

chosen randomly from [0, p). It then recursively computes

ged(fi(z1, @2, ..., xh—1, Br), fo(x1, T2, .. ., T—1, Bk))-
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Subsequently, PGCDNF interpolates x; in g. The interpolation is performed incrementally until the
interpolated polynomial H does not change. This termination condition is enforced in Line 29. The
PGCDNF algorithm does not guarantee the correct reconstruction of the monic GCD for all choices
of evaluation points and primes. Within the PGCDNF algorithm, we identify four types of evaluation
points and primes: lc-bad pairs, zero divisor pairs, unlucky evaluation points, and good pairs.

The definition of good pairs is deferred to Section 4.4.3.

Definition 4.4.1. (Lc-bad pair) Let fi,fo € Lxi,...,xzx] be two polynomials with deg(fi) >
deg(f2) > 0. Let p be a prime, and B € [0,p)*~! be an evaluation point. We call the ordered pair
(p, B) le-bad if p | TI{—y le(Mi, zi) or p | le(f1,@1)(8) - le(fa, 21)(8).

Example 4.4.2. Let L = Q[z1, 22]/(2? — 2,22 — 3) and
fi=(zo+20)2 + 2120 and  fo = (zo 4+ 1)z? + 21201

be two polynomials in Llx1,xs] in lexicographic order with x1 > x9. In this example, fi = fl and
fo = fo. The ordered pair (p, 8) = (7,6) is le-bad since 7 | le(fa, 21)(6).

Remark 4.3. For the correctness of our modular algorithm, it is sufficient to choose (p, ) s.t.

pfﬁlc(]\vfi,zi) and  (ptlc(fi,z1)(B) or ptle(fa, z1)(B)).

=1

In other words, it is enough that p does not divide at least one of the le(fi,x1)(8) or le(fa, z1)(3).
Under this weaker assumption, Lemma 2.2.9 still holds, and all the unlucky homomorphisms can be
detected. However, to simplify the failure probability analysis in Chapter 6, we impose the stronger

condition as in Definition 4.4.1.

Definition 4.4.2. (zero divisor pair) Let p be a prime and let 8 € [0, p)*~1 be an evaluation point
s.t. (p,B) is not an lc-bad pair. We call the ordered pair (p,B) a zero divisor pair if the MEA
(Algorithm 2) returns FAIL when it is invoked by PGCDNF over Ly[z1,...,xy].

In PGCDNF, MEA is invoked in Lines 2, 5, 6, 7, 9, and 30. Therefore, a zero divisor pair can cause
PGCDNF to fail at any of these steps when MEA tries to invert a leading coefficient.

Example 4.4.3. Let
fo = (w2 + 23 + 82 + 4)z1 + 22023 € Q[2]/(2? — 2)[x1][22, 3]
Take p =T and B = (0,0) for (z2,x3). Then
le(f2,21)(B) modp=z+4

is not invertible over Z7[2]/(z* — 2) because ged(2? — 2,2 +4) = 2 + 4 # 1 in Zy[2]. Thus, in Line 2
of PGCDNF, the MEA cannot make fa monic and returns FAIL, so (7,(0,0)) is a zero divisor pair.

Definition 4.4.3. (Unlucky evaluation point) Let fi,fo € Ly[zy,..., ] with deg(fi,z) >
deg(fg,xk) Z 0.
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Algorithm 7: PGCDNF

N

© 0w N o G

10
11
12

13
14

15
16

17
18
19
20

21

22
23

24

25

26
27
28

29

30

31

Input: non-zero polynomials fq, fo € Ep [€1,..., 2] in lexicographic order with 1 > ...
Output: Either the monic ged(f1, f2) € Ly[z1,...,2x] or FAIL
if £k =1 then
H = ged(fi1, f2) € Lyplx1] s.t. le(H) = 1// By using the MEA.
L return(H)
Xk = [l’l, cee ,$k_1]

c1 = cont(f1, Xg) € Lyp|xg). if ¢y = FAIL then return(FAIL)
co = cont(fa, Xi) € Lp[xg). if co = FAIL then return(FAIL)
¢ = ged(c1, e2) € Ly[xy]. if ¢ = FAIL return(FAIL)
fi, fa = fi/ec1, f2/co
I = ged(le(f1, Xk), le(fo, Xi)) € Lplag). if T = FAIL return(FAIL)
prod =1
while true do
Take a new evaluation point 8 € [0,p) at random s.t. le(f2, X)(xp = Bx) # 0 and
lc(fl,Xk)(xk = Bk) 75 0.7/ le(f1, Xi),1c(f2, Xk) € Ep[xk] and (p,3) is not lc-bad
= fz, . ey, o = B) and By, = fo(ar, ..o 2p—1, 2k = i)
G = PGCDNF(Flk, ng,p) S Lp[:cl, ce ,I‘k_l]
// 1c(Gg) =1 in lex order with x1 > x2 > ... > Tp_1.
if G, = FAIL then
L return(FAIL)

Im = lm(Gk, Xk) // In lex order with x1 > 22 > ... > Tp_1.
I, = P(,Bk) S Zp

g = I'y, - G, // Solve the leading coefficient problem.

if prod =1 orlm < least then

// First iteration or all previous evaluation points were unlucky.

B least, H, prod =1Im, gi, xr — Bk

else

if Im > least then
// Br is an unlucky evaluation point.

B Go back to Line 12.

else
// lm =least, so interpolate xj, in the GCD H incrementally.

Vi, = prod(zy = B) ™' - (g — H(zk = Br))
H=H+YV; prod

| prod = prod - (z) — i)

f deg(prod, xi) > deg(H, x) + 1 then

// Make H primitive in Lp[zi][x1,...,Tk—1].

cg = cont(H, X). if c3 = FAIL then return(FAIL) else H = H/cs.

// Employing Algorithm 6 for fi, f2, H € Ep[xl,...,xk}, we test if H | fi and H | f2.
if DT(f1, fo, H,p) =true then return(c- H)

o

> Ty

o Let the monic g = ged(f1, f2) exist, and hy and ho denote the cofactors of f1 and fa, respectively.

o Set Xy = [x1,..., 211, 50 lc(f1, Xg),1c(f2, Xi) € Ly[zi].

o Let Bk € [O,p) s.t. lc(fl,Xk)(ﬁk) 75 0 and IC(fQ,Xk)(IBk) 75 0.
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o Let g, = ged(fi(zr = Br), fo(wr = Br)) ewist.

We call zp, = B, an unlucky evaluation point if
deg(gcd(h1 (a:k = ,Bk), hQ(JIk = ﬁk))) > 0. (4.2)
Example 4.4.4. Let L1y = Z11[2]/(2*> + 8) and let g = (x3 + 22)z71,

fi=(x1+2z+422+8)-g, and
h1

fo=(x1+ 222+ 2+10) g
ho

be polynomials in Lyi[x1,x2]. We use lexicographic order with x1 > xo. By inspection,

hi=x1+ 2+ 4z + 8 and
ho =21 +2x9+ 2+ 10

are the cofactors of fi1 and fa, respectively. Evaluating h1 and he at xo = P = 1, we obtain
g8, = ged(hi(xo = 1), ho(wa = 1)) =21 + 2 + 1.

Since deg(gpn) > 0, we conclude that xo =1 is an unlucky evaluation point.

Remark 4.4. The following observations highlight key considerations regarding the structure of the
PGCDNEF algorithm:

(i) If prime p is chosen to be sufficiently large, the probability of PGCDNEF returning FAIL is low.

(ii) In Algorithm MGCDNF, if PGCDNF tries to invert a zero divisor in I_Jp, PGCDNEF is aborted,
and control is returned to MGCDNF. Then MGCDNEF selects a new prime and calls PGCDNF

again for the updated prime.

(iii) Since lm(g) is not known in advance, identifying unlucky evaluation points is non-trivial. To
address this, similar to Brown’s PGCD, we keep only those images gg, with the least leading
monomial and discard the others (see Lines 20, 23, and 25 of Algorithm 7 (PGCDNF)).

Let f1, fs € Ep[xl, ...,z and Xy = [z1,...,25_1]. The PGCDNF algorithm uses the property

ged(f1, f2) = ged(cont(f1, Xi), cont(f2, X)) - ged(pp(f1, X&), PP(f2, X))

For k > 1, the PGCDNF algorithm recursively computes monic images of the GCD in ip [T1, ..., TK_1].
Let fBa,...,0k € [0,p) denote the evaluation points selected by PGCDNF. To recover the leading

coefficient of ¢ in xy, we follow Brown’s algorithm [(] and scale by

I'(zr = Br) = ged(le(f1, Xi),le(f2, Xi)) (xr = Br),

evaluated at the current evaluation point zp = Si. Thus, after interpolating the GCD H, we have
le(H, X)) = I'(zx). The interpolation of zj in PGCDNF (lines 26-28) is based on the Newton form
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for H, namely,

j—1
H=Vi+Va(xp — B1) + -+ V; [ [k — Ba),
=1

where V; € f)p[xl, ..y x—1] for 1 <i < k. To compute the new H from the previous one, it suffices to
compute the Newton coefficient V. In the final phase of PGCDNF, we verify whether the primitive part
of H is the GCD of pp(fi1, Xx) and pp(fa2, Xi). To do so, we employ the division test for k univariate
polynomials in Ep[:vi] where 1 < i < k, as presented in Algorithm 6. This strategy makes PGCDNF
a Monte Carlo algorithm. Alternatively, if the division test is performed directly in Ep [T1,..., 2k
instead of in f/p [x1], the algorithm becomes a Las Vegas algorithm, guaranteeing correctness, but at
the cost of significantly higher computational complexity, since multivariate division in Ep [T1,..., 2k

may dominate the overall complexity.

4.4.3 MGCDNF

The MGCDNF algorithm, as presented in Algorithm 8, is a Monte Carlo algorithm for computing
the monic g = ged(f1, f2), where fi, fo € L[z1,...,x;]. MGCDNF begins with a preprocessing step
where the input polynomials, fi, fo, and the minimal polynomials M7, ..., M, are replaced with their
semi-associates. By canceling any rational scalar from the inputs, the MGCDNF algorithm converts
the polynomials from L[x1,..., x| to polynomials in a simpler domain Lz[x1,...,zx]. This strategy
makes the modular homomorphism ¢, faster.

The algorithm proceeds by selecting a prime p s.t. p le(f1) - le(f2) - [T le(Mi, z) and applying

¢p to reduce the coefficients of the input polynomials from L to L,. Subsequently, it employs the
isomorphism ¢, to convert the polynomials fl and fg over L, to their corresponding polynomials over
L,. Then MGCDNF calls PGCDNF to compute the monic GCD in Ly[z1, ..., zx].
Let G}, denote the output of PGCDNF. If G}, = FAIL, then PGCDNF has encountered a zero divisor
pair in one of the lines 2, 5, 6, 7, 9, or 30. In that case, MGCDNF returns to Line 5 to choose a
new prime. In Line 15, G, € Ly[z1,...,2;] is converted to its corresponding polynomial over L,.
Applying Lemma 2.2.9, MGCDNF retains only those images G, with the least leading monomial
for Chinese remaindering. For instance, let G, be the output of PGCDNF at the ith iteration, and
Im(G)p,) > Im(Gp,_,); then ¢, is an unlucky homomorphism, and we simply ignore its result G, and
choose another prime, similar to what we did in Example 2.2.19 in Section 2.2.8 (also see Lemma
2.2.9).

After Chinese remaindering, MGCDNF employs rational number reconstruction (RNR)[38, 25] to
recover the rational coefficients of ¢ in L. If the RNR step fails, it indicates that the product of the
primes used so far is not large enough to reconstruct the rational coefficients. In this case, additional
modular images are required to complete the reconstruction of the GCD. Otherwise, if RNR succeeds,
MGCDNF follows the same verification strategy as PGCDNF to confirm whether the reconstructed
polynomial is indeed the GCD of f; and f2. As mentioned MGCDNF is a Monte Carlo algorithm, which
means it can return a wrong answer with low probability. Example 4.4.5 illustrates when MGCDNF

returns a wrong result.
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Algorithm 8: MGCDNF

Input: non-zero fi, fo € L[x1,..., x| where L = Q[z1,. .., 25/ (Mi(21), ..., Mn(zn)),

le(f1,21) > 1e(fa, x1) w.r.t. lexicographic order with 1 > x9... > i, and the set
P, = {all b — bit primes}.

Output: The monic ged(fy, f2)-

1 presult =0

2 P=1

3 f1 = fl and f2 = ]ZQ // Clear fractions from the input polynomials.

4 while true do

5 Choose a new random prime p € Py s.t. p1le(f1) - le(fa) - 17, le(M;).

6 Choose C1,...,Ch_1 € [1,p) at random and set v = z1 + > 15 Ci_1%;

7 Call Algorithm 4 with inputs [(bp(Ml), ol ¢p(Mn)], Zy and ¢p(y) to compute M (z), A,

and A~!
8 if Algorithm /j fails then
9 L Go back to Line 5
// Applying Algorithm 7, we compute the monic GCD over L.
10 Gp = PGCDNF (¢~ (9p(f1)), &4 (9p(f2))) € Ly[w1, ..., 2]
11 if G,= FAIL then
// PGCDNF has encountered a zero divisor pair, so we must choose a new prime.

12 L Go back to Line 5.

13 if deg(Gp) = 0 then

// Applying Lemma 2.2.9.
14 L return(1)
// Convert G, € L, to its corresponding polynomial over L, before using the CRT and RNR.

15 | Gp=07"(Gy)

16 Im =1m(G))
17 if P =1 orlm < least // First iteration or all the previous primes were unlucky.
18 then

19 L G, least, P = Gp, lm, p
20 else

21 if Im = least then

22 Using CRT, compute G’ = G mod P and G’ = G, mod p

23 LSetG:G’andP:P-p

24 else if Im > least then

// p is an unlucky prime or all (’s used in PGCDNF were unlucky.

25 L Go back to Line 5
26 H = Rational Number Reconstruction of G mod P// See Theorem 2.2.10.
27 if H # FAIL then

28 if H = presult then

// Two successive RNR results are the same, so we proceed with the division test.
29 Choose a new prime ¢ € Py s.t ¢ +1c(f1) - le(f2) and ¢ 4[] le(M;) and compute
&q(f1)s Oq(f2), dq(H) € Lylx1,...,2k] // call Algorithm 6 for
fi,fo, H € Lg[xa, ...,z

30 if DT (¢q(f1), d¢(f2), 0q(H),q) = true then return(H)
31 else

32 L presult = H
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Example 4.4.5. Let p; and ps be two distinct primes. Let

g =17+ 22+ (p1 - p2)T172 + 2120
fi=(x1+22)-9
fo=(v2+21)-g

be polynomials in Q[z1, 23]/ (M1, Ma)[x1, z2] where My (z1) = 22 —2 and May(22) = 23— 3. By inspection
g = ged(f1, f2). In Line 5 of MGCDNEF, if p = p1 is chosen, then RNR may return

H= l‘% + x9 + 2z129.
In the next iteration, if MGCDNF chooses p = pa, again RNR may return
H = x% + 29 + 21290.

Since the two reconstructed results are identical, MGCDNF runs Algorithm 6 to verify whether H | fi

and H | fo. For the pass with main variable xa, suppose Algorithm 6 evaluates x1 at 0. Thus

fi(z1 =0) = zo(x2 + 2122)
fo(x1 =0) = (x2 + 21)(z2 + 2122)
H(l‘l = 0) = (1‘2 + Z1Z2).

Therefore, H(x1 = 0) | fi(z1 = 0) and H(x; = 0) | fa(xy = 0). For the pass with main variable x1,

suppose Algorithm 6 evaluates xo at 0 so

fi(zy = 0) = (v1 4 22) (2] + 2120)
fg(mg = 0) = Zl($% + 212’2)
H(zy=0)= (:E% + 2129).

Therefore, H(z2 =0) | fi(x2 = 0) and H(x2 =0) | fo(x2 = 0). In this case, Algorithm 6 returns true
and MGCDNF returns H = x2 + x9 + 2122 as the monic ged(f1, f2) which is not the correct GCD g.

Remark 4.5. For the efficiency of the MGCDNF algorithm, it is essential to apply the homomorphism
¢p prior to ¢~. This ordering prevents expression swell over Q. See Section 4.4.4 for further details.
Moreover, it is essential to apply qb,;l before CRT and RNR to avoid the reconstruction of large

coefficients.

As mentioned, in Line 5 of MGCDNF | a prime p is selected to reduce the input polynomials modulo
p. However, not all primes lead to a successful reconstruction of g in MGCDNF. We classify the primes
used in MGCDNF into two categories: det-bad pairs and unlucky primes.
Let A be the change-of-basis matrix obtained from the LAminpoly (Algorithm 4) over F = Q.
Then
det(A) = % € Q,
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where D # 0 and gcd(N, D) = 1. We define num(det(A)) = N and den(det(A)) = D. In Chapter 6
(Corollary 3.1), we prove that

D | T] le(M;, z).
i=1
Hence, if p { [T, le(Mi, %), then p t D. If a prime p divides num(det(A)), then the LAminpoly fails

over F = Z,. In this case, we cannot construct I_Lp & L,. This motivates the following definition.

Definition 4.4.4. (Det-bad pair ) Let p be a prime s.t. p{ [[iy le(M;, z;). Let C = (C1,...,Ch_1) €
[1,p)" Y and v = 21 + 3" 5 Ci_12;. Let A be the change-of-basis matriz obtained from the LAminpoly
(Algorithm /) over F = Q. The ordered pair (p,C) is called a det-bad pair if det(A) = 0 or p |
num(det(A)).

If Algorithm MGCDNF encounters a det-bad pair (p, C), it goes back to Line 5 and selects a new

prime. It then chooses a new C' in Line 6.

Example 4.4.6. Let L = Z[z1, 23]/ (22 — 2,23 — 3) with a basis By, = {1,21, 22, 2122}. Let C = (2) so0

v = z1 + 229. Algorithm 4 computes the change-of-basis matriz

1 0 14 0

01 0 38
A=

0 2 0 36

00 4 0

over F = Q with det(A) = 160 = 25 x 5. Thus, the pairs (p,C) = (5,(2)) and (p,C) = (2,(2)) are
det-bad since p | det(A) when v = z1 + 22z,.

Definition 4.4.5. (Unlucky prime)

Let f1, fo € Llzy,...,x] be non-zero polynomials, and let hy and ho denote the cofactors of fi

and fa, respectively. Let p be a prime number s.t.
o« ptle(f)-le(fa) - Iy le(M),
o ptdet(A), and

o ged(Dy(0p(f1)), Dy (Dp(f2))) eists.

Then p is called an unlucky prime if

deg(ged(¢p(n), dp(h2)) > 0.

Example 4.4.7. Let L = Q[z]/(z? — 2) and

fi=@+2)(bzr+2y+2) and
—_————
h1

fo=(x+2)(5x+ 9y + 2)

—_—————
ho
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be two polynomials in L[z, y|. By inspection, ged(fi1, f2) = x + z, fi=f1, and fo = fo. Let p="7T so

gp = gcd(¢p(hn), dp(ha)) = z + 6y + 32 # 1.

Since deg(gp) > 0, the prime p =7 is an unlucky prime.

Definition 4.4.6. Let p be a prime, C = (Cy,...,Cnh_1) € (0,p)" L, and B = (B1,...,Bk_1) €
[0, p)*=1. We call (p,B) a good pair if the following conditions are satisfied:

o (p,B) is neither an lc-bad pair nor a zero divisor pair,
e f3; is not unlucky for 1 <i<k-—1,
e p is not unlucky.

Moreover, (p,C) is a good pair if it is not det-bad.

Remark 4.6. Although lc-bad can be efficiently ruled out in advance, we cannot detect either det-bad
pairs, zero divisor pairs, unlucky evaluation points, or unlucky primes efficiently beforehand. Therefore,
we end up calling the MEA in Ep [x1] with zero divisor pairs, unlucky evaluation points, unlucky primes,

and good pairs.

Theorem 4.4.2. Let 3 € [0,p)*~! and ¢g : Ly[z1][x2, ..., z1] — Lp[z1] be an evaluation homomor-
phism where p is a prime. Let fi, fo € Lylx1][xa, ..., zk]. Suppose that

o g = monic(ged(fi1, f2)),
o gp = monic(ged(¢p(f1), ds(f2))), and

« h = monic(93(g))
all exist. If (p, B) is a good evaluation pair, then h = gg.

Proof. If (p, ) is a good evaluation pair, then it is not lc-bad. Thus, we can infer that ¢g(lc(f2)) # 0.
By a similar argument as in the proof of Lemma 2.2.9, we can conclude that h is a common factor of
#5(f1) and ¢s(f2) so h | gg. In other words, there is a non-zero polynomial t € Ly[z1] s.t. g5 =t - h.
Since h is monic, the same justification in Lemma 2.2.9 leads us to conclude that Im(gg) > Im(h). On
the other hand, by the definition of a good evaluation point, £ is not unlucky. Thus, we can conclude
that Im(gg) = Im(h). Finally, by part (ii) of Lemma 2.2.9, we have h = gg. O

As mentioned, the MGCDNF algorithm is a Monte Carlo algorithm. In other words, if the MGCDNF
algorithm terminates successfully and outputs H, then with high probability H is the monic GCD
of the input polynomials. As in PGCDNF, Algorithm MGCDNF can be turned into a Las Vegas
algorithm by performing the trial division in L{z1,...,z;] (rather than in Lg[z;]) at Line 30. This
modification guarantees correctness, but it can significantly increase the computational cost because
multivariate division in L[z1,...,zx] may dominate the overall complexity. In the following theorem,

we prove the correctness of MGCDNF if the trial division is performed in L[x1, ..., x].

Theorem 4.4.3. Let f1,fo € Llz1,...,x], and let g = ged(f1, f2) be the monic GCD. Assume
that in MGCDNF rational number reconstruction (RNR) succeeds and returns the polynomial H €
Lz, ...,z in Line 26. If H | f1 and H | fa, then H = g.
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Proof. Since H | f1 and H | fa, it follows that H | g. Hence, there exists h € L[x1,...,zx] s.t. g = H-h.

Because both H and g are monic, h is monic as well. Moreover, for any monomial order,
Im(g) = lm(H) lm(h). (4.3)

In MGCDNPF, lc-bad pairs, det-bad pairs, and zero divisor pairs are explicitly discarded in Lines 5, 8,
and 11. Consequently, the CRT and RNR steps are applied only to primes pq,...,py that pass these
tests. Since MGCDNF employs CRT for the images with the same leading monomial (see Line 22),
the primes used for CRT are either all lucky or all unlucky. For 1 < i < N, define

Gi = ged(9y(0p; (f1)), by (dp: (f2))) € Lp;[w1, - -, 2],

so that Im(G;) = Im(Gj) for 1 < 4,5 < N. Suppose, for contradiction, that all primes used for the
CRT are unlucky. Then Lemma 2.2.9 implies Im(G;) > Im(g) for each 1 < ¢ < N. Thus, Im(H) =
Im(G;) > lm(g) contradicts Equation (4.3). Therefore, the primes pi, ..., py must all be lucky, which
implies that

Im(H) = 1m(G;) = lm(g).

Since g = H - h, the equality Im(H) = lm(g) forces lm(h) = 1. Since h is monic, this implies h = 1
and hence H = g as required. O

4.4.4 Eliminating an expression swell

The order in which the homomorphisms ¢, and ¢, are applied in the MGCDNF algorithm is critical
for efficiency. Applying ¢~ before ¢y, in Line 10 of Algorithm MGCDNTF, leads to significant expression
swell. This increases both the computational time and memory usage of the algorithm. The following

example illustrates how the choice of order directly impacts the implementation.
Example 4.4.8. Let fi, fo € Q(a1, az, ag, ay)[x] with the monic GCD
g=2"+ 20110@@3044,

where the algebraic numbers are defined as:

o a1 = /2, with minimal polynomial My = 22 — 2 € Q[z1],

e as =+T7€ Q(aq), with minimal polynomial My = 23 — 7 € Q(a1)][22],

o az =5 € Q(a1,a2), with minimal polynomial M3 = 23 — 5 € Q(a1, a2)[z3], and

o ay =3 € Q(a,a,a3), with minimal polynomial My = 23 — 3 € Q(a1, az, a3)[z4].
Let p = 307, and define a primitive element

v =5+ 13w+ 7t + 15k.

The minimal polynomial of v over Q is

M(2) = 2'% 4 4521 - 402" + 30620 4 2162° + 782° 4 152* + 8622 + 81.
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o Efficient method: We first reduce the coefficients modulo p, then apply the primitive element

isomorphism ¢~ into g:
op(9) = 2% + 62 ajanazay € Zsor(an, ag, as, ay)[z],
D (Dp(g)) = 224140 2" 4117 2124256 2104-258 254294 204137 244235 224224 € Zgor /(M (2))[7]

o Inefficient method: If we apply the primitive element isomorphism ¢, first, then reduce the

coefficients modulo p, we have:

68314714248333  15175229454477 22 521955011043 24

Dy(9) = z? - - +
379193446721615  5308708254102610 = 530870825410261
6364297761009 26 3560922217107 28 127689153066 210

9654354127051305  2654354127051305 | 530870825410261
2846690115201 212 11384008608303 =14
€ Q[z]/(M(2))[z],

1061741650820522  5308708254102610

Dp(b4(g)) = 224140 2144117 2124256 2104258 284294 264137 244235 221224 € Zao7[2]/ (M (2))[7]

As shown, applying ¢~ prior to ¢, results in extremely large rational coefficients in ¢~(g). This signif-
icantly increases both the time and memory required for the computation, making the implementation

far less efficient.

Furthermore, we call ¢.-1 before recovering the rational coefficients of the GCD using the CRT
and RNR. By doing so, we avoid large coeflicients for the CRT and RNR resulting in a decrease in
the time and memory used for CRT and RNR.

4.5 Complexity

Similar to Definition 2.3.1 in Chapter 2, we define the height of a polynomial in Lz[x1, ..., zg].

Definition 4.5.1. Given f € Lyzx1,...,xk], we can represent f = >, Co,X® as a polynomial over
k
J

b; . .
J5 1 a:jj s.t. a;,b; € Z>o. If we use this representation,

Ziz1y .-y 2Zn, X1, - . ., x| where X = [[i; 2
we denote the height of f by || fllec and define it as

H(f) = |[flloo = max(| Ca |)

Definition 4.5.2. Let f = 22:1 C; X% be a polynomial in Lxy,...,xg] s.t. C; € Zlz1,...,2,] and
X% = H?:l x?zj where a;; € Z>o. The number of terms of f, denoted by #f, is defined as the number

of distinct monomials in x1,...,x) with non-zero coefficients in L, which in this case equals t.

Example 4.5.1. Let f € L[z, 23] where L = Q[z1, 22]/{2% — 2,23 — 3). Let
f = (521 + 8z)adas + (621 + 12)xy 4 42120 € Lya1, x2).

Then H(f) = || flloo = 12, and the terms of f are (521 +822)x3xs, (621 4 12)x2, and 42122, so #f = 3.

Notation 4.1. Let fi, fo € Liz1,--- ,zx| and g be the monic ged(f1, f2). The quantities involved in
the running time of the MGCDNEF algorithm are as follows:
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e N is the number of good primes needed to reconstruct the monic GCD g,
e d=[L:Q] and D = max?_,(deg(f1,x;),deg(fa2, z:)),
o Hy = logy maxil H(Mz); and C = log, maX(H(f1)7 H(fz))

Remark 4.7. We assume that multiplication and inverses in Ep cost O(d?), as our implementation
currently uses classical quadratic polynomial arithmetic. Moreover, addition and scalar multiplication
in L, = Zy[2]/(M) cost O(d) operations in Z,.

Theorem 4.5.1. With Notation 4.1, the expected time complexity of the PGCDNF algorithm is
O(k2d>D¥*Y) arithmetic operations in Z,.

Proof. Since the PGCDNF is a recursive algorithm, to compute its complexity, we use a recurrence
relation T'(k). In the base case, when k = 1, PGCDNF calls the MEA to compute the monic GCD of two
univariate polynomials in L,[z;]. Since the degrees are bounded by D, this costs O(D?) operations in
L,. Each arithmetic operation in L, costs O(d?) operations in Z,. Therefore, T(1) = O(d?>D?). Before
introducing T'(k) for k > 1, we compute the time complexity of the most dominant operations in the
PGCDNF. We have # f1, #f» < (D + 1).

1. First, consider the cost of computing contents. Represent f; and fo as two polynomials in
I}p[xk][xl, ..., Tk—1). In the Lines 5, 6, 7, and 30 of the PGCDNF, to compute the contents
w.r.t. Xg = [z1,...,25_1], we must compute the monic GCD of the coefficients of f; and fa.
There are at most (D + 1)¥~1 coefficients in L,[x3]. Thus, the time complexity of computing the

content is

O((D + 1)* Y. 0(d*D?) = O(d?D*1). (4.4)

Moreover, computing the primitive part of the input polynomials in Line 8 costs
O ( d2 Dk-‘rl)
arithmetic operations in Z,.

2. Second, consider the evaluation step. Represent f; and fa as two polynomials in L, [zy][z1, - . ., Tx_1]-
Using Horner’s rule, a polynomial in f/p[xk] of degree at most D can be evaluated at xp = G
using O(D) additions and scalar multiplications in L,. Each such operation costs O(d) opera-
tions in Z,. Moreover, each polynomial f; and fs has at most (1 + D)k~1 coefficients in Ly[zy].

A successful interpolation of x; at g requires evaluating f; and fs at most at D + 1 points in
Line 13. Therefore, evaluating both input polynomials for at most D + 1 evaluation points for
T costs

O((D + 1)(D + 1)k1d(2D)) € O(dD*+1) (4.5)

arithmetic operations in Z,,.

3. Third, consider the interpolation step. To interpolate x; at g, in the worst case, we need D + 1
points. This happens when g = monic(f;) or g = monic(f2). Let 51,...,Bp+1 be the evaluation
points and g1,...,9p+1 € f/p[wl, ..., Zg—1] be the values in Line 19. Newton’s interpolation over
a field e.g. Z,, does O((D + 1)?) € O(D?) field operations. To interpolate x, recden treats g; as
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vectors in Z,. Hence, the size of g; is at most d(D + 1)¥~1 with elements in Z, for 1 <i < D+1.

Therefore, we have O(D?) scalar operations in Ly[x1, ..., z_1] which costs at most
O(D*)d(D + 1)k € ©(dD*1) (4.6)

field operations in Z,.

4. Fourth, consider the cost of the divisibility test. After enough evaluation points have been used
to construct a GCD candidate H, PGCDNF makes H primitive and calls DT (Algorithm 6) to
test whether H | fi and H | fo. By Lemma 4.4.1, the cost of DT is

O(k(d*D? + dD")) (4.7)

arithmetic operations in Z,,.

Simplifying (4.4), (4.5), and (4.6) and adding them up, we have the recurrence relation as follows

T(1) = O(D*d?) fork=1
T(k) = O(d?D*+1h) + O@dD*Y) + O@D*)  fork>1
—_—— —_———— —_————
Contents + Primitive parts (4.4)  Evaluation (4.5) Interpolation(4.6)
+O(k(d*D? +dD*)+ (D+1) T(k—1)

~—
Division test (4.7) # recursion calls

= O(d*D*™Y) + O(kd*D? + kdD*) + (D + 1)T(k — 1) for k > 1.

Solving for T'(k), we have
T(k) = O(K*d’>D* ).

Thus, the PGCDNF does O(k2d2D**1) arithmetic operations in Z,. O

Remark 4.8. The dominant cost in PGCDNF comes from division test, and computing the contents

and primitive parts of the input polynomials at each recursive level.
Theorem 4.5.2. The expected time complezity of the MGCDNEF algorithm is
O(Nd(nHy + CD®) + (Nd® + Nd?D") + Nkd?D**! + N3dDF).

Proof. Using the Notation 4.1, we have # f1,#f2, #g < (D + 1)*. In the MGCDNF algorithm, the

most dominant operations are as follows:

1. Modular homomorphism: The MGCDNF algorithm reduces the input polynomials fl and

fg and the minimal polynomials Ml, . ,Mn modulo a prime. For N primes, this costs
O(NdnHy) + O(NdC(D + 1)*) = O(Nd(nHy; + CDY)). (4.8)
Reducing M;s Reducing f1,f2

2. ¢, isomorphism: The time complexity of building the matrix A and calculating A~ for each

prime is O(d?), and the running time complexity of applying ¢, to the non-zero terms of fi
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and fo for each prime is O(d*(D + 1)*). Additionally, let G, be the output of the PGCDNF
algorithm in Line 10. The time complexity of calling ¢ ! for G, in Line 15 for each prime is
O(d?(D + 1)¥). Therefore, the complexity of using ¢ and ¢ I for N primes is

O(Nd®) + O(Nd*(D + 1)*) + O(Nd*(D + 1)*) = O(Nd* + Nd*D¥). (4.9)

3. PGCDNEF: In Theorem 4.5.1, we computed the time complexity of the PGCDNF. For N primes,
the cost of the PGCDNF is O(k2d2D**1).

4. CRT and RNR: Reconstructing at most d(D + 1)* rational coefficients in lines 22 and 26 for
N primes costs
O(d(D + 1)FN?). (4.10)

5. Trial Division: In Line 29, MGCDNF chooses a new prime ¢g. Then it reduces three polynomials
f1, f2, and the stabilized result of RNR H modulo ¢ and calls the DT Algorithm (Algorithm 6)
to verify whether H | f; and H | f2 over . The cost of DT is provided in Lemma 4.4.1.

O(dCD*) + O(k(d*D? + dD¥))) (4.11)

Pq Lemma 4.4.1

The theorem follows by adding the costs explained above:

O(Nd(nHy + CD?)) + O(Nd® + Nd*D*) + O(NK2d* D**1) 4 O(N3dD") + O(dC D" + k(d*D? + dD*))
(4.8) (4.9) Theorem(4.5.1) (4.10) (4.11)
= O(Nd(nHy + CD*) + (Nd® + Nd?D¥) + kNd*>D**! + N3dD").

O

Remark 4.9. To improve the expected time complexity of MGCDNF, we can replace Brown’s dense
interpolation with a sparse interpolation method. Assume that lc(g,z1) = ged(le(f1, x1),1c(f2, 21)).
Under the dense interpolation approach, reconstructing g requires O(D*~1) calls to the MEA in Ly[x1].
If g is sparse with #g terms, sparse interpolation reduces the number of calls to the MEA. In particular,
Zippel’s algorithm [/ 1] requires O(kD#g) MEA calls, while the algorithm of Hu and Monagan [20]
further reduces this to O(#g) MFEA calls. The latter is based on the work of Ben-Or and Tiwari [5].

Remark 4.10. Computing M (z), A, and A~ using LAminpoly costs O(d?) operations. This cost is
negligible compared with the cost of PGCDNF, which is O(kd>D**1), provided that

d® < kd*D**L| that is
d < kDF,

4.6 Benchmark

We implemented MGCDNF and its subroutines in Maple [28]. To represent elements of the algebraic

number field L = Q(a,...,a,) and polynomials in L[zy,...,x], we employed the recursive dense
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data structure (recden) from [34]. In Maple, arithmetic over L can be performed using the package
Algebraic : —RecursiveDensePolynomials, which relies on efficient C' routines. All modular compu-
tations in MGCDNF use primes from the set P3; = {all 31-bit primes}. In particular, the smallest
prime used in our implementation is p = 230 + 3.

In the benchmarks below, the inputs are fi, fo € L{z1,zo] with Dy = deg(f1,21) = deg(f1,x2) =
deg(fa, 1) = deg(f2,x2). We denote the monic ged by g = ged(f1, f2) and set Dy = deg(g,z1) =
deg(g, z2). In Tables 4.1 and 4.2, we have the following columns:

e d is the degree of the algebraic number field L.

e n is the number of extensions of L.

e N is the number of primes needed by the algorithm.
e« NMEA is the total number of calls to the MEA.

The timing columns report:

e« MGCDNF 1: total time for our improved MGCDNF algorithm, which uses the primitive

element isomorphism ¢, and computes GCDs over Lp,

e« MGCDNF 2: total time for the original MGCDNF algorithm, without using the primitive

element isomorphism ¢,, which computes the GCDs over L,
« LAMP: total time spent in Algorithm LAminpoly,

« PGCDNEF: total time spent in Algorithm PGCDNF for both algorithms.

The first benchmark (Table 4.1) fixes the polynomial degrees Dy = 32 and D, = 16 and varies the
field degree from d = 4 up to d = 1024.

Table 4.1: Timings in CPU seconds for computing ged(f1, f2) over an algebraic number field

of degree d with n extensions (max number of extensions).

N N AT MGCDNF 1 MGCDNF 2
time | LAMP | PGCDNF | time | PGCDNF
4 | 24| 128 |32|16] 2594 | 0.000 2.422 11.391 | 11.297
8 | 34| 136 |[32]16] 3578 | 0.000 3.359 40.531 | 40.423
16 | 44| 136 [32]16] 3813 | 0.111 3.437 | 124.375 | 124.281
24 | 3| 4| 136 | 32|16 4843 | 0.251 4329 | 209.313 | 209.219
32 | 54| 13 |32]16] 5360 | 0.734 4.281 | 271.984 | 271.860
64 | 6|5 | 165 | 32| 16| 14687 | 4.734 0.360 | 1040.391 | 1040.234
128 | 7| 5| 170 |32 16| 37.141 | 23.907 | 12421 | >1000 )
256 | 8 | 5| 170 | 32| 16 | 136.406 | 115.250 | 19.874 | >1000 )
512 | 9 | 5| 170 | 32| 16 |621.968 | 571.922 | 47.093 | >1000 )
1024 (10| )| ) |[32]16| >1000 | () (-) >1000 )
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The speedup achieved by employing ¢, can be observed by comparing the PGCDNF columns for
MGCDNF 1 and MGCDNF 2. In particular, for d = 4, 8,16, 24,32, the PGCDNF in MGCDNF 1
is approximately 4.66x, 12.04x, 36.16x, 48.33x, and 63.50x faster than PGCDNF in MGCDNF 2,
respectively. As d increases further, MGCDNF 2 exceeds the 1000-second time limit already at d = 64
(PGCDNF = 1040 seconds), while MGCDNF 1 still completes for larger field degrees (e.g., up to
d = 512 in this run).

Remark 4.11. Notice that when d > 128 and n > 7, the cost of the LAminpoly algorithm is greater
than the cost of the PGCDNF.

Benchmark 2 (Table 4.2) fixes the number field
L=Q(v2,V3,v5,VT,V11,V13)

with degree d = 64 and n = 6 extensions, and varies D; and D,. The PGCDNF timings again show
an improvement: for example, at Dy = 16, PGCDNF takes 1.500 seconds in MGCDNF' 1 compared
with 236.688 seconds in MGCDNF 2 (about 158 x faster). Moreover, in this experiment MGCDNF 2
remains below the 1000-second time limit up to Dy = 32 (PGCDNF = 978.047 seconds), whereas
MGCDNEF 1 still completes comfortably for all reported degrees.

Table 4.2: Timings in CPU seconds for computing gcd(fi, f2) over an algebraic number field

of degree d = 64 with 6 extensions, using recden.

i |n|~|NuEaln, | b, MGCDNF 1 MGCDNEF 2
time | LAMP | PGCDNF | time | PGCDNF

64|61| 4 24 4 | 2 | 4.297 | 3.843 0.281 6.094 6.032
6416 | 4 40 8 4 4.750 | 3.922 0.563 24.187 24.094
646 ] 4 56 12 | 6 | 5.500 [ 4.062 1.064 78.485 78.406
646 ] 4 72 16 | 8 | 5.750 | 3.937 1.500 236.891 | 236.688
646 ] 4 88 20 | 10 | 7.485 | 4.031 3.140 512.859 | 512.734
64|61| 4 104 24 | 12 | 6.672 | 3.922 2.438 258.657 | 258.531
64|6| 4 120 28 | 14 | 8.688 | 4.109 4.157 840.078 | 839.969
64|6| 4 136 32 | 16 | 9.812 | 4.235 5.109 978.188 | 978.047
646 | 5 190 36 | 18 | 15.187 | 4.985 9.703 >1000 (-)

All timings were obtained on an Intel Core i7-6700. For the details of the benchmark, see https:

//github.com/MahsAnsari/Mahsa_Ansari_Thesis.
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Chapter 5

Resultants in Q(ay,...,ap)[x1,. .., 2L, Y]

5.1 Summary of contributions

Let L = Q(au,...,a,) be as defined in Section 3.3. The main contribution of this chapter is a new
Monte Carlo modular algorithm, MRESNF (Algorithm 11), for computing the resultant of two multi-
variate polynomials f1 and fy in L[x1, ..., xg][y] with high probability. Furthermore, by employing the
MEA, we present Algorithm URES (Algorithm 9) to compute the resultant of univariate polynomials.
This chapter also includes an analysis of the expected time complexity of the MRESNF algorithm,
along with two benchmarks. We have implemented MRESNF in Maple, employing a recursive dense
data structure for representing polynomials in L[z, ..., zg][y] (see Chapter 7 for more details). The
implementation details and benchmarks are available at https://github.com/MahsAnsari/Mahsa_
Ansari_Thesis. A failure probability analysis of the MRESNF algorithm is presented in Chapter 6.

The results presented in this chapter have been published in the Proceedings of CASC 24 [3], and
the MRESNF algorithm and its subalgorithms were also presented at the Maple Conference ’24.

5.2 Introduction

Computing the resultant of two polynomials plays a significant role in various areas of mathematics.
Resultants appear as a subproblem in solving systems of multivariate polynomials, elimination theory
[11], and the factorization of polynomials over algebraic fields [32].

In 1971, Collins [10] introduced a modular algorithm to compute the resultant of two multivari-
ate polynomials over Z. Collin’s algorithm is implemented in Maple by Wittkopf. Given fi, fo €
L[z1,...,zk]y], we build upon the approaches introduced by Collins [10] and Brown [7] to compute
r =res(f1, f2,y) € L[z1,. ..,z

Similar to the MGCDNF algorithm, to improve efficiency, MRESNF (Algorithm 11) transforms
fi, f2 € L[x1,...,xx] into their corresponding polynomials over Ep, where p is a prime number. Next,
Algorithm MRESNF employs Algorithm 10 (PRESNF) to compute the resultant modulo the prime
p by reducing the problem to that of computing the resultant of two univariate polynomials, where
the MEA is applied. To perform this reduction, Algorithm PRESNF employs evaluation and dense
interpolation. Finally, MRESNF applies the CRT and RNR to recover the rational coefficients of the
target resultant. In this chapter, we fix the lexicographic order over Q(aq,...,an)[z1,...,z;] with

T1>Tg > ...> Xy
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5.2.1 Resultants

In this section, we present the relevant background, definitions, and notation. Throughout this thesis,

unless explicitly specified otherwise, R denotes a commutative ring with identity 1z # 0.

Definition 5.2.1. Let f1 = Z;‘io ajy’ and fo = Z;‘io by’ be two non-zero polynomials in R[x1, . .., xk,y),
where n1 = deg(f1,y), no = deg(fa2,y), and a;,b; € Rlz1,...,zx]. The Sylvester matriz of fi and fo

w.r.t. the variable y is the (n1 + n2) X (n1 + na) matric

_am .. aO T
am a0 ny rows of coefficients of f1
Sylv(flaf27y) = Qm =+ Ap|
by - Do
n1 rows of coefficients of fo
I by - bo]

where the upper part of the matriz consists of ny rows of coefficients of f1, the lower part consists of

n1 rows of coefficients of fo, and all entries not shown are zero.

Example 5.2.1. Let fi = y®+ (22)y + 1 and fo = 2y* + (2)y be two polynomials in Z3[z]/{z* — 2)[y].
The Sylvester matrix of fi and fo w.r.t. y is given by

1 0 2z 1 O
01 0 2z 1
sylv(fi, fo,x) =12 2z 0 0
0 2 =z 0
00 2 2 0

Definition 5.2.2. Let fi = 3_71 ajy’ and fo = >0 bjy? be two non-zero polynomials in R[x1, . .., Tk, Y],
where ny = deg(f1,v), ne = deg(f2,y), and aj,b; € R[x1,...,xi]. Letres(fi, f2,y) denote the resultant
of f1 and fo w.r.t. the variable y.

(1) If ny =0, then res(f1, f2,y) = ay>.

(it) If ng = 0, then res(f1, f2,y) = by*.
(iii) If nx > 0 and ng > 0, then res(f1, fa,y) = det(sylv(fi, f2,v)) € R[z1,...,zk].
If f1 and f2 are univariate polynomials in R|x], we write res(f1, f2) for res(f1, f2,x).
Remark 5.1. In the above definition, if n1 = ny = 0, then res(fi, fa,y) = 1.

Example 5.2.2. Let fi and fo be the polynomials defined in Example 5.2.1. Then

res(f1, f2) = det(sylv(f1, fo)) = z + 1 € Z3[2]/(2* — 2).

In the following theorem, we summarize the fundamental properties of the resultant that will be

used throughout this chapter.
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Theorem 5.2.1. [18, Theorem 9.2] Let f1, fa € R[x] with deg(fi1) = n1 > 0 and deg(f2) = na > 0.

Let ¢ € R be a non-zero constant. Then
(i) res(c, f2) = c™.
(i) res(f1, f1) = 0.
(ii) res(f1, f2) = (=1)""2res(f2, f1).
(iv) res(cfi, f2) = c"*res(fi, f2).

In Lemma 2.2.9, we examined the relationship between g4 = ged(#(f1), ¢(f2)) and ¢(g) = ¢(ged(f1, f2)),
where ¢ is a ring homomorphism. In the following theorem, we establish a similar correspondence for

the res(f1, f2) under a ring homomorphism.

Theorem 5.2.2. [15, Theorem 9.2, part (vi)] Let f1 = 371, ajacg and fo = 3702, bja:g be two non-
zero polynomials, where aj,b; € Rlx1,...,Ti—1,Tit1,...,2k]. Assume that deg(fi,z;) = n1 > 0 and
deg(fo,2i) = na > 0. Let ¢ : R — R be a ring homomorphism, and define dy; = deg(o(f1),x:),
dz,; = deg(9(f2), i)

(i) If dv; < ny and da; = ng, then
d(res(f1, fa, i) = (—1)"2M DD (b, )™~ Mires(¢(f1), ¢ fa), 7).
(ii) If di; =ny and 0 < dy; < ny, then
(res(f1, f2,21)) = $lar)"* = res(d(f1), $(f2), i)

(tit) If di; < mi and da; < ng, then ¢(res(fi, f2,x;)) = 0.
Proof. (i) From Definition 5.2.2, res(f1, f2, z;) = det(sylv(f1, f2, x;)), where the Sylvester matrix is

a -+ a 0 - 0
0 a - a -+ 0 ny rows of coefficients of fi(x;)
0 -~ 0 a - ap
sylv(fi, fo, ;) = ,
ylv(fi, fo, i) by - bp 0 - 0
0 b, bo 0
: o ny rows of coefficients of fo(x;)
0 o 0 by e by |

with ng rows of coefficients of f; and n; rows of coefficients of fo. Given that deg(¢(f1),x;) =

di; < np and deg(¢(f2), ;) = da2; = na, we can write

di,; ' n2 )
o(f1) =Y _¢laj)x], and ¢(f2) = b(b;)a].
j=0 Jj=0
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Thus,

sylv(é(f1), ¢(fa), z:) =

¢(ad1,i)
0 ¢)(ad1,i)

¢(ad1,i)

¢(bo)

ng rows of ¢(f1)

dl,i TOWS Of d)(fg)

Let S = ¢(sylv(fi, f2,xi)). Since ¢(a;) = 0 for j > dy, the first ny — dy; columns of the f;

entries are entirely zero in the top ng rows of S. The matrix then takes the form:

0
¢(br)
0

0

0
0
0
gb(bnz*l)
¢<br) ¢(bn2—1)
0

¢(ad1,i>
0

¢(br)

¢(ad1,i)

0
¢(bo)

¢(bn2—1)

¢(ao)

d)(adl,i)

0
¢(aop)

0
B(b1)

¢(ao)

¢(bo) |

To compute det(S), expand the determinant down the first column. The only non-zero entry

in the first column is ¢(b,), occurring in row ng + 1. Deleting that row and column produces a

minor whose first column again has a unique nonzero entry ¢(b,) in row na + 1. Repeating this

process n; — di; times yields the factor (—1)2(m=dii) (b, )" =41 and the remaining minor is

sylv(é(f1), ¢(f2), x;). Therefore,

det(S) = p(res(f1, fa, xi)) = (—1)"2M =MD g (b, )~ Mives(p( f1), P( f2), 1)

(ii) By applying the same reasoning as in part (i), the desired result follows immediately.

(iii) Since ¢ is a ring homomorphism, and by the definition of the resultant,

det(d(sylv(f1, f2, i) = d(det(sylv(fi, f2,x:))) = d(res(f1, f2, xi)).

(5.1)

If both dq; < ny and da; < ng, then the first column of the matrix ¢(sylv(fi, f2, ;)) is zero. This
implies that det(¢(sylv(fi, fe,z;))) = 0. Therefore, from Equation (5.1), ¢(res(f1, f2,z;)) = 0.

Remark 5.2. From part (ii) of Theorem 5.2.2, if di; = ny and da; = na, then

p(res(f1, fo, zi)) = res(d(f1), ¢(f2), z4).
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Example 5.2.3. Let

fi =5yx? + %z + 3, and
fo=T2%y? + 2y +1

be two polynomials in Z[x,y|. Let ¢5 : Z — Z5 be the modular homomorphism reducing the coefficients
of the polynomials modulo 5. Using Maple, we verify part (i) of Theorem 5.2.2 by computing

o5 (det(sylv(fi, f2,x))) = ¢5(res(fi, f2,x)) and

det(sylv(¢s(f1), ¢5(f2), x)) = res(¢5(f1), ¢5(f2), T)-

These Sylvester matrices and determinants are computed with Maple’s LinearAlgebra package.

> with(LinearAdlgebra) :

> f1 := b¥xy*x 2 + y 2%z + 3:
> f2 = Tkx 2xy "2 + 2%y + 1:
> S1 := SylvesterMatriz(f1,f2,z); # Sylvester matriz of f1 and f2 w.r.t. x
S1 := Matriz(4,4,[
[5*y, y 2, 3, o],
[o, 5xy, Y2, 37,
[7*y 2, 0, 2*xy+1, 0],
[o, Txy 2, 0, 2xy+177)
> da := Determinant (S1) mod 5; # phi_b(res(f1,f2,z))

da := 4*y”~7 + 2¥xy~6 + y 4
# Reduce the polynomials modulo 5

> fip := f1 mod 5; # phi_5(f1)
> f2p := f2 mod 5; # phi_5(f2)
fip := y 2%z + 3
flp := 2%z 2%y 2 + 2xy + 1
# Sylvester matriz of phi_5(f1) and phi_5(f2) w.r.t. =z
> S2 := SylvesterMatriz(fip,f2p,z);
S2 := Matriz(3,3,[
[y -2, 3, 07,
[o, y°2, 37,
[2¥y~2, o0, 2xy+17]7)
> dp := Determinant (S2) mod 5; # res(phi_5(f1),phi_5(f2),z)
dp := 2*xy~5 + y74 + 3%y 2
> nil,n2 := degree(f1,z), degree(f2,z): # deg(f1,z)=2, deg(f2,z)=2
> b,d := lcoeff(f2p,z), degree(fip,z): # b = 24y 2, d = 1
# Verify part (i) of Theorem thm:phires
> E := Ezpand ((-1) “((n1-d)*n2) * (b~ (n1-d)) * dp) mod 5; #E=da
E := 4xy™7 + 2%y "6 + y 4
>E-da;

A connection between the GCD and the resultant of two univariate polynomials is established
by Sylvester’s Criterion [18], which characterizes when two polynomials share a non-trivial common

factor.
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Theorem 5.2.3. [15, Sylvester’s Criterion, Chapter 7] Let fi, fo € Rlz|, and suppose that g =
ged(f1, fo) exists. Then deg(g,z) > 0 if and only if res(f1, f2) = 0.

5.3 Computing resultants of univariate polynomials

Let fi,fo € Rlz]. In this section, we present a new formula for computing res(fi, fo) € R using
the m.p.r.s. (see Definition 2.2.6). We then introduce Algorithm URES (Algorithm 9) for computing
resultants of univariate polynomials over R. In Section 5.4.1, Algorithm PRESNF (Algorithm 10)
applies URES with R = f;p.

Theorem 5.3.1. [/1, Section 3.5, Exercise 16 part b] Let fi1, fo € Rlx] s.t. lc(fa) is a unit. Let
r =rem(fi, f2) € Rlz], n1 = deg(f1), and n, = deg(r). Then

ves(fz, f1) = le(fa)" " res( fo, 7).

Now, we are well-equipped to present a new formula for computing the resultant using m.p.r.s..

Theorem 5.3.2. Let fi, fo € R[x]. Assume that the MEA does not fail for fi and fa. Let 1,729, ...,1
be the m.p.r.s. generated by fi and fo, with riy; = 0. Let n; = deg(r;) for 1 <i <I.

(i) If deg(r;) > 0, then res(fi, f2) = 0.
(ii) If deg(r;) =0, then -
res(f1, f2) = (=1)"(J [ le(r)™=)le(r)™ -,
=2

where v = Zﬁj NiNG41 -
Proof. (i) If deg(r;) > 0, then the monic ged(fi, fo) # 1. Applying Theorem 5.2.3, we have
res(f1, f2) = 0.
(ii) Now assume deg(r;) = 0. In the first step of the MEA, we have My = Mags + r3 where M; = f,
M5 = monic(f2), and deg(r3) < deg(Ma). Since the MEA does not fail, lc(f2) is a unit. From

Theorem 5.3.1, we have
I'GS(MQ,Ml) = lc(Mg)"l_”3res(M2,r3). (52)

Therefore,

res(Ma,r3) = le(Ma)™* ™ "res(Ma, M)
Equation (5.2)
= res(Ma, M)
———
le(M2)=1
= I'GS(lC(fQ)_lf?afl)
Ma=monic(f2), Mi=f1
= (Ie(f2) ") Mres(f2, f1)

Theorem 5.2.1, part (iv)

= (=1)™"lc(fo) ™res(f1, f2) - (5.3)

Theorem 5.2.1, part (%)
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From Equation (5.3), we obtain

res(fl,fg) ( )n1n2lc(f2)nlreS(M2,T3)

Continuing this process, in the ith step of the MEA, where M;_1 = M;q;+1 + ri+1, we have

res(M;,ri41) = res(M;, M;_1)
= lc(ry) " tres(ry, Mi—1)
= le(r;) Mt (=1)" " tres(Mi—1, ;).

Expanding res(M;_1,7;), we obtain
res(M;,rit1) = ch “res(f1, f2)

where v = Zé‘:z n;_1nj. Moreover, in the last step of the MEA, since r; € R is a scalar, we have
res(M;_q1,1) = rlnl_l = le(r;)™-1, which implies the result.
O

By applying Theorem 5.3.2, we modify the MEA to compute the resultant of two univariate
polynomials fi, fo € R[z], as described in Algorithm 9 (URES). This algorithm is employed at the
base case in Algorithm 10 (PRESNF), Line 2.

Algorithm 9: URES

Input: non-zero fi, fo € R[x] s.t. 0 < deg(f2) < deg(f1) where R is a commutative ring with
identity 1 # 0.

Output: Either Res = res(f1, f2) or a message FAIL.

= f1,m2=f2,1=2

My =7r1, Ress=1,v=0

n1 = deg(f1) ,n2 = deg(f2)

while r; # 0 do

M; = monic(r;)// monic(r;) = le(r:) ™ - r;

if M; = failed return (FAIL) // The algorithm encounters a zero divisor.

Set 7;+1 to be the remainder of M;_; divided by M;

if r;11 =0 and n; # 0 then return(0) // If the monic ged(fi, f2) # 1, then res(fi, f2) =0

Set nj11 = deg(rit1)

Set Res = Res - lc(r;)™i—!

Set v = v+ n;n;_1

Seti=17+1

Res = (—1)"Res

return(Res)

© 0w N o Ut WY

- e
N = O

[
B W

Example 5.3.1. Let f1, fo € L3[x], where L3 = Z3[z]/(2*> — 2). Given the inputs f; = x3 + (22)x + 1
and fo = 22?4+ x2, Algorithm 9 computes res(f1, f2) = z+1. The intermediate values generated during
the execution of Algorithm URES are summarized in Table 5.1.
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Table 5.1: Example 5.3.1 over Z3[z]/(z? — 2)

Dividend | Divisor Remainder R

My My = monic(fo) =22 +222z | r3=22+2)z+1| R=

My M3 =monic(rg) =x+2z+1 | ry=2z+1 R==z
M3 My = monic(ry) =1 r5 =0 R=z+1

Lemma 5.3.3. Algorithm URES fails if and only if the MEA fails.

Proof. The result follows directly from the construction of Algorithm URES. The URES algorithm
fails if and only if, in Line 5, Ic(r;) is not invertible in R, causing monic(r;) to fail. The MEA fails for
exactly the same reason. Hence, URES fails if and only if the MEA fails. Il

In the following theorem, we prove the correctness of the Algorithm URES.
Theorem 5.3.4. Let f1, fo € R[x|. If the URES algorithm does not fail, then it outputs res(f1, f2).

Proof. 1f Algorithm URES does not fail for f; and fa, then by Lemma 5.3.3, the MEA also does not
fail for f1 and fs. Therefore, ri,7s,...,7; generated in URES are the m.p.r.s. generated by f1 and fo,
with 7417 = 0. Let n; = deg(r;) for 1 < ¢ < [. If n; > 0, then the monic ged(fi, f2) # 1, so URES

returns 0 in Line 8. Otherwise, in Line 13, URES returns
-1
Res = (—1)”(H le(r)™ =1 )le(r) ™1,
i=2

where v = Zi;? nini+1. From Part (ii) of Theorem 5.3.2, Res = res(f1, f2). Therefore, if the URES

algorithm does not fail, it returns res(f1, f2). O
The cost of the algorithm URES is the same as that of the MEA.
Lemma 5.3.5. URES performs O(deg(f1) - deg(f2)) operations in the ring R.

Corollary 5.1. Assume that multiplication and inverses in Ep each cost O(d?) operations in L.
Therefore, when R = I}p, the cost of URES is

O(d?* deg(f1) deg(f2))

operations in L.

5.4 A new modular algorithm for computing resultants over Q(«q, ..., a,)

Let f1, fo € L[z1, ...,z y]. In this section, we present our modular algorithm MRESNF for computing
the resultant r = res(f1, fo,y) € L[x1,...,zx] and its subalgorithm PRESNF, which computes the

resultant of two polynomials in Ep [®1,..., 2k, y]. Write

ni na
fi=> ay', and fo = by’
i=0 =0
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as two polynomials in L{z1,. .., zx][y], with n; = deg(f1,v), no = deg(f2,y), and a;,b; € L]z, ..., xxl.
First, MRESNF computes the resultant modulo a sequence of primes. For each prime, it calls the

PRESNF algorithm, which is a recursive algorithm to compute

rp = 1es(d(6p(f1)), 01 (0p(f2)), y) € Lplar, ..., 2k,

using evaluation homomorphism and interpolation. Subsequently, MRESNF employs CRT and RNR
to reconstruct the rational coefficients of the resultant. However, similar to the MGCDNF algorithm,
the successful reconstruction of the resultant is not guaranteed for all primes and evaluation points. In
Section 5.4.2, we identify problematic evaluation points and primes, respectively. The homomorphism

diagram of the MRESNF algorithm is presented in Figure 5.1.

f1, f2 € Qlaa, ..., an)[z1, ..., 2] [y]) — res(f1, f2,y) € Q(aq, ..., an)[z1,. .., xk]

semi—associations RNR
fh f? S LZ[xlu ce. ﬂfk][y] res(fl, f27y) S ZP[O[h o ,an][.’lj‘l, cee ,Z’k]
p for pe{p1,p2,..} | P[], 1e(M;,z:)1e(f1)-1e(f2) CRT and P=]]p;
fla .f2 S Lp[JIl, v 7$k”y] res(fvlv fv27y) € Lp[xh ey .’Ek]
(f)"r (‘);1
fla.fQ Gfp[xla--ka”y] PRESNE res(fl,fz,y) Gfp[l’h---,xk]

Figure 5.1: Homomorphism diagram of the MRESNF' algorithm.

5.4.1 PRESNF
Let p be a large prime and fi, fo € Ly[z1, ..., 2x][y]. To compute
r=res(f1, f2,y) € Ly[z1, ..., 21],

Algorithm PRESNF (Algorithm 10) employs evaluation and dense interpolation following the strategy
of Brown’s algorithm. The PRESNF algorithm is recursive. If f1, fs € Ep [y], the algorithm computes
res(f1, f2) € L, using URES (Algorithm 9). Otherwise, PRESNF chooses 34 € [0, p) randomly, and in
Line 10, reduces fi and f2 to polynomials in Ly[x1, . .., zx_1][y] by using the evaluation homomorphism
(see Definition 2.2.7, part (ii)),

¢xk:ﬂk(fl) = fi(xl) cee 7xk—17ﬁkay) for ¢ = 172

If the leading coefficients of fi and fo do not vanish at x;, = 3, we can apply Remark 5.2 for ¢, —g, -
That is,

res((bxk:Bk (f1)7 ¢Ik=ﬁk (f?)a y) = (bxk:ﬂk (res(fl, f27 y))

Algorithm PRESNF recursively computes

RB = res(¢$k:Bk (f1)7 qsl‘k:ﬂk (f2)7 y) € Ep[xla T2y .. ,CCk_l].
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Next, it interpolates the variable xy in 7. Let ny = deg(f1,y) and ny = deg(f2,y). From the structure

of Sylvester’s matrix, we have

deg(r, z) < nadeg(f1, zx) + n1 deg(f2, vx).

Let h = nadeg(f1,zr) + nq deg(f2, xx). To successfully interpolate the variable xj at r, we require
at most B = h + 1 evaluation points. In Line 8 of PRESNF, we use the bound B. The algorithm
PRESNTF fails if URES (in Line 2) attempts to invert a zero divisor while computing the resultant of
two polynomials in L,[y].
As with the PGCDNF algorithm, not all evaluation points used in the PRESNF algorithm guar-
antee the correct reconstruction of the resultant. This issue is discussed in detail in Section 5.4.2.
Algorithm 10: PRESNF
Input: non-zero fi, fa € Ly[1,. .., zk][y].
Output: r =res(f1, f2,y) € Lp[z1,...,xx] or FAIL.
1 if £ =0 then
2 t return(URES(f1, f2)) // fi, f2 € Ly[y].

prod =1

ni,ny = deg(f1,y), deg(f2,y)

h = ngdeg(f1,xx) + ny deg(fz, xx)// deg(r,ax) < h

B =h+1// Since deg(r,zx) < h, to interpolate z), we need at most h+ 1 evaluation points.

j=0

fori=11t B do

Pick a new evaluation point 5 at random from Z, s.t. le(f1,y)(zx = 8) # 0 and
le(f2,y)(zr = B) #0

10 Fi g = fi(zi, =) and Fop = folxg = B) // Fip, Fop € Lp[z1, ..., 26-1][y]

11 Rg = PRESNF(Fi3,F»3,y)

12 if Rg = FAIL then

13 L return(FAIL)

14 if j =0 then

// First iteration.

© 0 N O ok~ W

15 r=Rg

16 prod = x — 8
17 j=ji+1

18 else

// Interpolate xj in the resultant R incrementally

19 Vs =prod(z, = B)71 - (Rg — r(z, = B))
20 r=r+Vz-prod
21 prod = prod - (z, — B)

22 return(r)

5.4.2 MRESNF

Let fi, fo € L[z1,..., 2k, y]. Algorithm MRESNF first computes the resultant of the semi-associates
res( f1, fo, y), and then recovers res(f1, f2,y) using a known scaling factor. The next theorem gives the

scaling rule needed to relate these two resultants.
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Theorem 5.4.1. Let f1 and fo be two non-zero polynomials in R[x1, ..., xk,y] with ny = deg(f1,y)
and ny = deg(f2,y). Let a,b € R. Then

res(af1,bf2,y) = a2 res(f1, f2, y).

Proof. From Parts (iii) and (iv) of Theorem 5.2.1, we have

res(afi,bfe,y) = a™?res(f1,bf2,y) (part (iv))
= (=1)™"™a™res(bfz, f1,y)  (part (iii))
= (=1)™"™a"b"res(f2, f1,y)  (part (iv))
= (="M (=)™ a2 res(f1, fo,y)  (part (iii))
= a"?b"res(f1, f2,9).

Using the above theorem, we prove that res(fi, fo,y) = a - res(f1, fa, y) for a € Qso.

Corollary 5.2. Let f1 and fa be non-zero polynomials in Lixi,...,xk,y] with ny = deg(f1,y) and

ng = deg(f2,y). Consider the semi-associates

v

fi=s1-h
fo=s2-fa,

where s1,82 € Qs are the smallest positive rational numbers s.t. den(fl) = den(fg) =1 (Definition
3.3.2). Then
res f17 f27 Y
res(f1, fo,y) = %
81 * 82

Proof. Applying Theorem 5.4.1 w.r.t. y yields

res(fl,fz,y) = reS(Sl : f1752 : f27y)

= 57112 : 831 : res(flanvy)7

and therefore

res(fl,fg,y)'

res =
(fl7f27y) 8?2 'Sgl

(5.4)
|

The Algorithm MRESNF begins by replacing the input polynomials fi, f2 and the minimal polyno-
mials M, ..., M, with their semi-associates. It then chooses a prime p s.t. p t le(f1)-le(f2)- T le(M;).
Next, MRESNF applies the modular homomorphism ¢, to reduce coefficients modulo p, and map fl
and f> to their corresponding polynomials in L, = Z[z1, ..., z,|/{(m1, ..., my), where m; = qbp(Mi),
for 1 < ¢ < n. MRESNF then applies the primitive homomorphism ¢, to convert the polynomials
over L, to their corresponding polynomials over L, = Z[z]/{M(z)). Subsequently, it calls Algorithm
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PRESNF to compute

rp = 1es(d(6p(f1)), 01 (0p(f2)), y) € Lplar, ..., zk).

If r, = FAIL, this indicates that a zero divisor was encountered during a call to URES inside PRESNF
(Line 2 of PRESNF). In this case, MRESNF discards the current prime p, goes back to Line 7, selects
a different prime, and repeats the procedure for that new choice. Otherwise, if , # FAIL, MRESNF
maps 7, to gb;l(rp) € Ly[z1,...,zx) (Line 15). In this way, we avoid applying CRT and RNR to large
coeflicients in the single-extension representation.

Employing CRT (Line 20) together with RNR (Line 22), MRESNF reconstructs the rational coef-
ficients of res( fl, fg, y). If RNR succeeds and the reconstructed polynomial H € L[z1,...,zx] matches
the previously computed resultant, then MRESNF terminates and returns

H

mny?

r=———
2

as res(f1, f2,y), where s; and s9 are defined in Corollary 5.2.
Example 5.4.1 demonstrates how MRESNF works.

Example 5.4.1. Let L = Q[z1,20]/(2? — 2,23 — 7) and

2 4 1
fr= 32"+ cyzm =821, and fo = Sz + dyn

be two polynomials in Llz,y| with n1 = deg(f1,y) and no = deg(f2,y). We would like to compute
r =res(f1, fa,y) using the MRESNF algorithm. In a preprocessing process, MRESNF clears fractions
by computing

. 15
fi=s1-f1= 3 f1 =522 + 629y — 6021, and (5.5)
fg =89 fo =T fo =200+ 2821y. (5.6)

Assume that MRESNE chooses p1 = 7. Reducing the polynomials modulo p1, we have

qﬁpl(fl) = 52° + 620y + 321, and gbpl(fg) = 201 € Ly, [z, y],

where Ly, = Zz[z1,22]/{ 2} — 2,23 ). Next, MRESNF chooses C, = 6 randomly and calls LAminpoly

forv =21+ Ci29 = 21 + 622 over F = Z7 to compute the generator polynomial
M(z) = 2* + 322 + 4.
Hence, we can construct Epl s.t.

f;pl = Z7[z]/<z4 + 322 +4) =L, = Z7[z1,z2]/<z% — 2,z§>.
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Algorithm 11: MRESNF

Input: non-zero polynomials fi, fo € L[z1,...,x,y] and P, a large set of b-bit primes.
Output: r = res(f1, fo,y) € L[x1,...,zk].

Hprev = (0 // If the current reconstruction equals the previous one, MRESNF terminates.

prod =1

Let fl =51 f1 8.t. s1 € Q¢ // Clearing fractions, so Fi,Fs € Lz[z1,..., 7k, Y]

Let fQ = S9- fo s.t. 52 € Qs

n1,ng = deg(f1,y), deg(f2, y)

while true do

Choose a new prime p € P, at random s.t. p tle(f1) - le(f2) - T, le(M;).

Choose C' = (C1,...,Cp_1) € [1,p)" ! at random and set v = 21 + Y7 5 Ci_1 2;.

Call Algorithm 4 with inputs [¢,(M),. .., ¢p(M,)], F = Z,, and 7 to compute M (z) s.t.

Ly = Zy[z]/{M(2)).
10 if Algorithm j returns FAIL then
11 L Go back to Line 7.

12 | 1, =PRESNF(¢y(¢p(f1)), 64(6p(f2)),v) € Lpla, ..., zx)
13 if r, = FAIL then
L // A zero divisor was encountered in URES.

© 0w N OO ok~ W N -

14 Go back to Line 7.

15 Tp = gf),)_,l(Tp) S Lp[ajl, ceey :Ek] // Convert back 1, to its corresponding polynomial over L,.
16 if prod =1 then

17 R=mr,

18 | prod =p

19 else

20 Using CRT, solve {R' = R mod prod, R' =r, mod p} for R’

21 Set R = R’ and prod = prod - p

22 | H = Rational Number Reconstruction of R mod prod

23 if H # FAIL and H = Hp,nev// w.h.p. H :res(f1,f2,y)

24 then

25 r = H/(s1? - 53")// Recover res(fi, f2,y) from res(Fi,Fa,y) (see Corollary 5.2)
26 return(r)

27 else

28 L presult = H

Employing ¢, MRESNF maps gbpl(fl) and gi)pl(ﬁ) in Ly, [x,y] to their corresponding polynomials in
the single extension Ly, [z, y]:

Fi, = ¢y(p, (f1)) = 52 + (22° + 32)y + 2° + 2, and

F2p = ’Y(d)pl( 2)) = (5Z3 +4z)x € Em [xay]

Subsequently, MRESNF calls the PRESNF' algorithm to compute res(I,, Fh,,y) € Epl [x]. Algorithm
PRESNEF picks an evaluation point x =1 € [0,7) at random and attempts to compute

res(Fi,(1,y), F2,(1,y),y) € Ly,
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using Algorithm URES (see Algorithm 9). In Line 5 of URES, the algorithm tries to compute monic(F3,)
by inverting lc(Fy,(1,y)) = 523 + 4z € L,,. However, since gcd(le(F,(1,y)), M(2)) = 22 +5 # 1,
lc(Fy,(1,y)) is not invertible in Ly, , which leads to the failure of URES over Ly,.

Since MRESNFE cannot identify whether this failure is due to the choice of the prime p1 = 7 or
the evaluation point x = 1, it aborts the computation of res(fl, fg,y) modulo p1 = 7 and tries another
prime, say py = 11. After reducing fl, fg and the minimal polynomials modulo pa, MRESNF calls

>~

LAminpoly for v = z1 + 8z to obtain M(z) = z* 4+ 222 + 3 and construct Em = Lyp,. After computing

Fi, = ¢ (dp, (fl)) = bx? + (223 +32)y + 622 + 4z, and
Py, = ¢y(py(f2)) = (42° + 62)z + (62° + 42)y € Ly, [z, ],

MRESNF calls Algorithm PRESNF to compute the resultant over Em. PRESNEF picks x = =2 €
[0,11) randomly and computes Fy,(2,y) and Fb,(2,y) in Lyp,[z]. This time, the URES succeeds and
outputs 23 + 8z +1 € Em. After evaluating at three more evaluation points x = 7,10,6, PRESNF

interpolates © and outputs
Ry, = res(F1,, Iy, y) = (323 +22)2® + 92 + 5 € Ly, [x].

The MRESNF iterates this procedure for three additional primes p = 13,17,19,29 and computes
qﬁ;l(Rp) € Lylx] for each prime. Then it employs the CRT and RNR to reconstruct the rational
coefficients of res(f1, fa,y) € Llx1,...,x]. After employing the RNR, the reconstructed polynomial
does not change for p =19 and p = 29 with H = —1402,22 + 42z + 3360. By Corollary 5.2, MRESNF

computes %, where s1 = %2 and sy = T (see Equations (5.5) and (5.6)), and returns
1“2

2
H = res(f1, fo,y) = —=(—140212% + 42z + 3360)

~ 105
8 4
= —§zla:2 + R +64 € Lixy, ..., xx.

As illustrated in Example 5.4.1, not every choice of a prime p, an evaluation point 3 € [0,p)*,
and C = (C4,...,Ch_1) € (0,p)" ! leads to a successful reconstruction of the resultant modulo p. We
classify the ordered pairs (p,3) and (p,C) into four categories: lc-bad pairs, zero divisor pairs,
det-bad pairs, and good pairs. The notions of lc-bad and det-bad are the same as in MGCDNF
(Definitions 4.4.1 and 4.4.4). However, the notion of a zero divisor pair is slightly different in MRESNF.
Similar to MGCDNF, to reduce the chance of hitting a zero divisor in L,, our Maple implementation
of MRESNF utilizes 31-bit primes.

Definition 5.4.1. Let f1, fo € Llx1,...,x4][y]. Let p be a prime and 3 € [0,p)* be an evaluation point
s.t. (p,B) is not le-bad. We call (p, ) a zero divisor pair if URES (Algorithm 9) returns FAIL for

the inputs <Z>p(f1)(5) and ¢p(f2)(/3) € Ly[y).

By Definition 4.4.2, in MGCDNF, a zero divisor pair is defined by the failure of PGCDNF while
trying to compute the monic GCD in Lines 2, 5, 6, 7, 9, and 30. In MRESNF, a zero divisor pair is
defined by the failure of URES inside PRESNF. Because URES fails if and only if MEA fails (Lemma
5.3.3), these two definitions describe the same obstruction: the algorithm attempts to invert a leading

coefficient that is not a unit in the finite ring Ep.
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Example 5.4.2. Let f1 = (z + 20)20y + 212 and fo = (22 + 5 + )y + z12 be two polynomials
listed in lexicographic order with x > vy in L[x,y], where L = Q[z1,22]/(23 — 2,23 — 3). Computing
res(f1, f2,y) using MRESNF, the ordered pair (p, 8) = (23,3) is le-bad since le(f1)(z = 3) =0 mod p.
Moreover, (p,3) = (11,0) is a zero divisor pair because lc(fg)(x = 0) = 22 + 5 is not invertible over
Zi1]21, 22) /(22 — 2,23 — 3), since ged (23 — 3,20+ 5) = 20 + 6 # 1 over Zy1[z2).

Definition 5.4.2. Let p be a prime, § € [0,p)*, and C = (Cy,...,Cnh_1) € (0,p)" . We call (p, )
a good pair if it is neither a zero divisor nor an le-bad pair. Also, (p,C) is a good pair if it is not a

det-bad pair.

As mentioned, MRESNF is a Monte Carlo algorithm, so it may return an incorrect result with low

probability. The following example illustrates such a case.
Example 5.4.3. Let p; and ps be two distinct primes. Let
h=ny—on+xu

Jo = 22y — p1p22172

be two polynomials in Q[z1, z2]/(22 — 2, 22 — 3)[x1, x2][y] with

res(f1, f2,y) = —(p1p2)z12222 + 2271 — 2122.

In Line 7 of MRESNEF, in the first iteration, if p = p1 is chosen, then after RNR and scaling in Line
25, the algorithm may return

T = 29X1 — Z21%9.

In the second iteration, if p = po is chosen, then the algorithm may again obtain r = zex1 — 2122 as the
resultant. Since two successive results are identical, MRESNF terminates and returns r = zox1 — 2122,

which is not the correct resultant.

5.5 Complexity
For simplicity, the following notation will remain unchanged throughout this section.
Notation 5.1. Let fi, fo € R[x1, 29, ..., Tk, y], where R =L or R = Ly,.
e d=[L:Q].
o #f denotes the number of terms of f in the variables x1,x2, ..., Tk, y.
« ny =deg(f1,y), n2 = deg(f2,y).
o D = max{ny, ng, max’_, (deg(f1,x;),deg(fa,2:))}.
e N is the number of good primes needed to reconstruct the resultant in MRESNE.
o Hy =log, (max?zl(H(Mi))) (see Definition 4.5.1).
+ O =logy (max(H(f1), H(f2)))-
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Remark 5.3. Since our implementation currently uses classical quadratic polynomial arithmetic, we
assume that multiplication and inverses in Ep cost O(d?) in Zy,. Moreover, the scalar multiplication
and addition in L, cost O(d) in Z,.

Theorem 5.5.1. Using Notation 5.1, the algorithm PRESNF performs
O(kd2D2k+2)

arithmetic operations in Ziy.

Proof. Let fi, fo € Lplx1, ..., 2k, y] and r = res(f1, f2,y) € Lp[x1,. .., 2. Let T(k) denote the num-
ber of arithmetic operations in Z, performed by PRESNF. In the base case of PRESNF (Line 2),
the algorithm calls URES to compute the resultant of univariate polynomials in I_/p[y}. URES per-
forms O(D?) operations in L, (see Lemma 5.3.5). Accordingly, when k = 0 (the univariate case), the
PRESNF costs O(d?D?) arithmetic operations in Z,, so T(0) = d2D?. To obtain a formula for T'(k)
when k£ > 1, we first compute the time complexity of the most dominant operations at each iteration
of PRESNF: (i) the evaluations at zx = /8 in Line 10 and (ii) the incremental interpolation steps in
Lines 19-21.

(i) Evaluation: In Line 10, PRESNF evaluates f; and fs at z; = S € [0,p). To speed this up, we
precompute the powers Bi for 0 < 57 < D, which has negligible cost. For i = 1,2,

k

#f; < (ni+1) - [] (deg(fi,zj) + 1) < (D + 1)*H,
j=1

S0 #f1 + #fo < 2(D + 1)F*L. Therefore, evaluating fi and fo at a single evaluation point
zp = B, costs O(d(D + 1)k*1) arithmetic operations in Z,. To interpolate xy, in 7, we need at
most deg(r, zx) + 1 evaluation points. By the construction of the Sylvester matrix sylv(f1, f2, y),

for each 1 < i < k, we have

deg(r, z;) < nydeg(fa, z;) + no deg(f1, z;)
< 2D?

Accordingly, the total evaluation cost of evaluating both f; and f5 for at most 2D? 41 evaluation

points for x; costs
O(d (2D? + 1)(2(D + 1)) = O(dDF*+3). (5.7)

arithmetic operations in Z,,.

(ii) Interpolation: Algorithm PRESNF is called once to interpolate x; from 2D? + 1 values of
r(z,21..., 051, = Bi). It does at most (2D? + 1)k~! univariate interpolations in zy, each of
which costs O((2D? + 1)?). Therefore, interpolation in PRESNF costs

O(d(2D* 4+ 1)%(2D? + 1)*1) = O(dD?**+?) (5.8)

arithmetic operations in Z,,.
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For each variable z;, we require at most 2D? + 1 evaluation points. Hence, the recurrence relation is

T(0) = d*D?
T(k) = (2D? + D)T(k — 1) + O(dD**3) + O(dD**?)  for k > 1
Evaluation Interpolation

= O(D)T(k — 1) + O(dD**2),

Solving the above recurrence, we obtain,

T(k) = O(d*D**2), for k > 1.

Theorem 5.5.2. Considering Notation 5.1, Algorithm MRESNF costs
O (Nd(Hy + CDF! 4 d? 4 dD? + dD™+2 4 N2D?))

arithmetic operations in Ziy.

Proof. Let fi, fo € L[x1,...,zk,y] and r = res(f1, f2,y) € L[x1,...,zk|. Similar to Theorem 5.5.1,
#f1 + #fo < 2(D + 1)*1. Moreover,

k
H deg(r, ;) + 1) < (2D?* + 1),

The cost of MRESNF over Z,, is broken down into the following components:

e Modular homomorphism ¢,: Algorithm MRES reduces the minimal polynomials M Tyeo- ,Mn

and the input polynomials fl and fg modulo each of the N primes, which costs

O(Nd(Hy; + C(2(D + 1)* 1)) = O(Nd(Hy + CD*1)). (5.9)

o+ Primitive homomorphism ¢.: The time complexity of building the matrix A and A~! in
Algorithm 4 for N primes is O(Nd?). The running time complexity of applying ¢~ to the non-

zero terms of f; and fo for N primes is

O(Nd* (2(D + 1)*1)) = O(Nd?D*1), (5.10)
#f1+#f2

e Inverse of primitive homomorphism <Z>;1: Let R, be the output of Algorithm PRES in Line
12 of MRES. The time complexity of calling ¢, L for R, in Line 15 for N primes is

O(Nd* (2D? + 1)) = O(Nd*>D?*). (5.11)
#r
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e PRESNF: According to Theorem 5.5.1, calling PRESNF in Line 12 of MRES for N primes
costs
O(Nd*D*+2), (5.12)

o CRT and RNR: Finally, Algorithm MRES reconstructs O(d#r) rational coefficients in Lines
20 and 22 which costs O(N?3) each. Hence, the total cost of CRT and RNR is

O(N3d (2D? +1)*) = O(dN3D?*). (5.13)
#r

Adding Equations (5.9) to (5.13), we obtain

O(Nd(Hy +CD*Y)+  Na®> + N&?D"' + Na?D?** + Nd&*D**2 +  N3aD?* )
~~—~ —_— — —— ——
bp 5.9 Matrix A (5.10) ¢~ (5.10) ¢35t (5.11) PRESNF (5.12) CRT,RNR (5.13)

= O (Nd(Hy + CDF! 4 @2 4 dD? 4 dD*+2 4 N2D?)) .

O

Remark 5.4. The cost of the LAminpoly algorithm for computing A and calculating A= is O(d®).

This cost is negligible when

Nd?® < Nkd>D**2 that is,
N—_——
PRESNF
d < kD*+2,

Remark 5.5. In the dense case, the resultant has size O(dD?F). Since

deg(res(f1, f2,9), vi) < deg(f1,y) deg(f2, i) + deg(fa,y) deg(f1, x:)
<2D?

this cost is unavoidable.

5.6 Benchmark

We implemented the MRESNF algorithm and its subalgorithms in Maple [28]. Similar to MGCDNF,
we used the recursive dense data structure from [34] to represent elements of L = Q(a1,...,ay)
and polynomials in L[xy,...,xg]. Moreover, for the modular reductions, we used the set of primes
P3; = {all 31-bit primes}.

This section presents two timing benchmarks. All timings were obtained on an Intel Core i7-6700.
Let f1, fo € L1, z2] with degree Dy in x1 and x2. The degree of r = res(f1, f2, 1) is denoted by D,.
Furthermore, column N denotes the number of primes needed by the algorithm. In both Tables 4.1

and 4.2, the timing columns report the time spent in the following:

e Column MRESNF 1 presents the time for our algorithm, MRESNF, using ¢, and computing

over L.
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e Column MRESNF 2 is the time for MRESNF if we do not use ¢, and compute over L.
e Column LAMP is the time spent in Algorithm 4.
e Column PRESNF is the time spent in Algorithm 10.

The speedup achieved by employing ¢, can be observed by comparing the PRESNF columns for
MRESNF 1 and MRESNF 2. The first benchmark, Table 5.2, presents timings of the resultant com-
putations in L[z, 3] where the number field L = Q(v/2,v/3,v/5,v7,4/11) has degree d = 32 and
n = 5 extensions. In Table 5.2, the input polynomials f; and f2 have degree D; in x; and x2, and
res(f1, fa,x1) € L]xo] has degree D, in x3. Observe that, in the MRESNF1 column, the cost of LAm-
inpoly, which is O(Nd?), is negligible.

Table 5.2: Timings in CPU seconds for computing res(f1, f2,21) over an algebraic number
field of degree d = 32.

N . MRESNF 1 MRESNF 2
time | LAMP | PRESNF | MEA | time | PRESNF | MEA
32054 2| 6| 0234 | 0031 | 0142 36 | 0.235 0.203 36
3256 | 4 |20 180 | 0064 | 1.673 198 | 2.672 2.608 198
32059 6 | 48| 8843 | 0004 | 8.156 657 | 24.657 | 24.206 | 657
32512 8 [ 80 | 23390 | 0139 | 21922 | 1548 | 79.563 | 78.734 | 1548
325 15| 10 [122| 78219 | 0155 | 74408 | 3015 | 242.813 | 240.126 | 3015
32 520 12 [ 192 | 200360 | 0.156 | 188.641 | 5780 | 726.547 | 718.436 | 5780
32 |5 |26 14 | 269 | 487.484 | 0.326 | 457.922 | 10218 | >1000 ) )
32 (5|30 16 | 272 | 517516 | 0.328 | 502.435 | 15390 | >1000 ) )
32 | 5|35 18 | 366 | 1052.219 | 0.734 | 1016.718 | 22715 | >1000 ) )

The second benchmark (Table 5.3) shows timings for computing the resultant of two polynomials
fi and fo in L[z1,x2], where L is an algebraic number field of degree d with n extensions. In this
table, the input polynomials have degrees Dy = 8 in 1 and x2. Observe that the cost of LAminpoly

is significant when d is large.
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Table 5.3: Timings in CPU seconds for computing res(f1, f2,z1) over an algebraic number
field of degree d.

i |nlnln MRESNF 1 MRESNF 2

time | LAMP | PRESNF | MEA | time |PRESNF | MEA
4 | 2|10 8| 7953 | 0016 | 7.780 | 1200 | 12.281 | 12.188 | 1290
8 | 3|11| 8| 11.203 | 0.000 | 10.812 | 1419 | 25.047 | 24.797 | 1419
16 | 4|12 8 | 17859 | 0.015 | 16.829 | 1548 | 50.422 [ 49.716 | 1548
32 | 5 12| 8 | 24235 | 0155 | 22515 | 1548 | 81.406 | 80.390 | 1548
64 | 6 |12 8 | 41.640 | 0595 | 38515 | 1548 | 159.782 | 158.156 | 1548
128 | 7 | 13| 8 | 83406 | 2219 | 76.251 | 1677 | 323.547 | 320.611 | 1677
256 | 8 [ 13| 8 | 180.204 | 9.736 | 159.454 | 1677 | 654.687 | 649.342 | 1677
512 | 9 [ 14| 8 | 366.360 | 56.077 | 296.562 | 1806 | >1000 | >1000 | >1000
1024 [ 10| 14 | 8 | 1184.891 | 355.629 | 729.766 | 1806 | >1000 ) )

For the details of the benchmark, see https://github.com/MahsAnsari/Mahsa_Ansari_Thesis.
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Chapter 6

Failure probability

6.1 Summary of contributions

This chapter is based on our paper published in the Proceedings of CASC 25 [4]. In Sections 4.4.3 and
4.4.2, we categorized the primes and evaluation points in MGCDNF (and its subalgorithm PGCDNF)
into five types: lc-bad pairs, zero divisor pairs, det-bad pairs, unlucky primes, and unlucky
evaluation points. Similarly, in Section 5.4.2, we classified the primes and evaluation points in
MRESNF (and its subalgorithm PRESNF) as lc-bad pairs, zero divisor pairs, and det-bad pairs.
When MGCDNF and PGCDNF (also MRESNF and PRESNF) encounter a failure; control is passed
back to MGCDNF (MRESNF), which restarts with a new prime and a new choice for the integers
Ci,...,Ch_1 € (0,p).

In this chapter, we analyze the probability of encountering each category. Since the definitions
of le-bad pairs and det-bad pairs are identical in both algorithms, we derive bounds for these events
only in MGCDNF. The same bounds then apply to MRESNF. The notion of a zero divisor pair also
overlaps in the two algorithms. Accordingly, we prove the required bounds for zero divisor pairs in the
MGCDNF setting in Section 6.3 and reuse them for MRESNF in Section 6.4. Section 6.5 summarizes
the resulting bounds and shows that they are polynomial in the sizes of the input and output, namely,
d the degree of Q(ayq,...,a,), the size of the integer coefficients in My, Ms, ..., M,, fl, fa, and the
cofactors le, ;LQ, the degrees of fi, fo in x1,x9,..., 2k, the number of evaluation points and primes

used, and the number of terms of fi, f2, and g. Let
k
D = I?:alx(deg(fla xi)a deg(f27 JZZ))

Then the number of terms of each of fi, f2, and g is bounded by (1 + D)*. We use this bound in our

analysis.

6.2 Introduction

Notation 6.1. For simplicity, the following notations will remain unchanged and will be used consis-

tently throughout this chapter.
o Let f € R[x1,...,xk]. Then #f denotes the number of monomials of f in x1,...,z.

o d; = deg(Mi, z;) where M; is the semi-associate of the ith minimal polynomial.
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o Py = {all b-bit primes}, that is, primes in (2°~1,2%). Let | Py | denote the cardinality of Py. In

our current implementation, we use 31-bit primes, for which | P31 |= 50,697, 537.

We begin by reviewing two key tools used in this chapter: Hadamard’s bound and the Schwartz—Zippel
lemma.

To bound the probability of hitting a det-bad pair, we need to bound the absolute value of a
determinant in Z. Furthermore, to bound the probabilities of encountering a zero divisor pair and
an unlucky prime, we will need to bound the height of a suitable resultant over Z. By Definition
5.2.1, the resultant of two polynomials can be expressed as the determinant of their Sylvester matrix.
Consequently, bounding the height of a resultant reduces to bounding the height of the determinant of
the corresponding Sylvester matrix. We obtain such a determinant bound using Hadamard’s Theorem
6.2.1.

Theorem 6.2.1. [0, Hadamard’s bound, Corollary 7.8.2] Let A be an n x n matriz with A; j € Z.
Then

[det(4) |< T |3 42,
j=1 \i=1

Notice 6.1. Let A be an n x n matriz with A; j € Z, and let Col(j, A) denote the jth column of A.

Hadamard’s bound can be equivalently expressed as
| det(A) [< JTlICol(j, A2,
j=1

where ||Col(j, A)||2 denotes the 2-norm of Col(j, A).

11 1
Example 6.2.1. Let A= |1 —1 —1|. Using Hadamard’s bound, we have
1 -1 1

3
| det(A) |= 4 < T lICol(j, A)ll2 < 3v3.
j=1

To estimate the probability of encountering an le-bad pair or an unlucky evaluation point, we need
to bound the probability that a multivariate polynomial is zero after evaluating it at a point. In the
univariate case, when f € Z[z] is a non-zero polynomial and g € [0, p), we have

Probf(8) = 0] < 28

p

because a univariate polynomial of degree n over Z has at most n roots in Z. Now, consider the mul-
tivariate case where f € Z[x1, ..., 2] and B € [0,p)¥. What can we say about Prob[f(3) = 0]? To an-
swer this, we invoke the Schwartz—Zippel lemma (also known as the DeMillo-Lipton—Schwartz—Zippel

lemma)[30, 40, 11].

Lemma 6.2.2. [30, Schwartz-Zippel lemma] Let R be an integral domain, and let S C R be finite.
Let f € R[xy1,xo,...,x] be a non-zero polynomial with total degree D. Then the number of roots of f
in S¥ is at most D|S|*~'. Hence, if B is chosen at random from S*, then Prob[f(B) = 0] < % )
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The Schwartz—Zippel lemma is widely used as a probabilistic method for testing whether a given
multivariate polynomial is identically zero by evaluating the polynomial at a randomly chosen point.The
following example illustrates the manner in which the lemma is applied in Section 6.3.1 to bound the

probability of hitting an lc-bad pair.

Example 6.2.2. Let L = Q[z]/(2% — 2) and let f € L[z, x3][11] s.t.
f = (x5 +222) 222 + 229 + 92.

Let p = 1009 and 3 = (31, B2) € [0,p)? be randomly chosen. We would like to find the probability that
p | le(f,21)(B). Since lc(f,x1) = 225 + 2223 € Z[2][x2, 23], the Schwartz-Zippel lemma gives

4
Problle(f,1)(8) = 0] < 1.

6.3 Failure probability analysis of MGCDNF
6.3.1 Lc-bad pairs

Let f1, fo € Lg[z1,...,xr] be non-zero polynomials with deg(fi,x1) > deg(f2,z1) > 0. Let p be a
prime and 8 € [0,p)*~! be an evaluation point. By Definition 4.4.1, the ordered pair (p,3) is called
lc-bad if either p | [l lc(M;, z) or p | le(f1,21)(B) - le(fa, 21)(B). The definition of le-bad pairs
is identical in both the MGCDNF and MRESNF algorithms. Consequently, the results presented in
this section apply to both algorithms. In Theorem 6.3.1, we bound the probability that Algorithm
MGCDNF (or MRESNF) encounters an le-bad pair.

Theorem 6.3.1. Let f1, fo € Lz[x1, ..., x| with deg(fi,z1) > deg(f2,x1) > 0 and k > 1. Assume
e p is chosen at random from Py,

o B is chosen at random from [0,p)*~1,

e D= maxi?:l(deg(fl,xi), deg(f2, i),

| M;]| < 2™ for 1 <i<mn, and

[ filloo < 2 fori=1,2.

Then o 2k —1)D
— nm
Prob|(p, s le-bad| < + + .
(2.5) <o DTmI T 5 T G-DIB

Proof. Let Ly, =lc(f;,x1) € Lg|xa, ..., xi) for i = 1,2. Write

T
Lf1 = lc(fl,l‘l) = Zbai(X)Zai S Z[SL‘Q, R ,:L'k”Zl, .. .,Zn], (6.1)
i=1
where a; = (a;,...,a;,) € Z%y, Z% = 2 zyand by, (X) € Zlxg, ..., x). We can write Ly, in

the same form.
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By definition,

Prob[(p, #) is le-bad] < Prob[p | Ly, - Ly, V Ly (B)- Ly, () =0 V p| ﬁ le(Mi, %))
i=1

< Prob[p | Ly, - Lf2] + PrOb[Lfl (B) - Ly, (B) =0] + iprOb[p ‘ IC(Mivzi)]'

i=1
(6.2)
First, we bound
Problp| Ly, - Lp,] < Probfp | Lp,] + Problp | Ly,]. (63)
if p | Ly, from Equation (6.1), p | be, (X) for each 1 < i < T That is,
Problp | L] = Prob[p | bg, (X) A ... Ap | ba, (X))
< Prob[p | be, (X)]. (6.4)

Since ||ba, [loo < 2" and 2°~1 < p < 2°. The number of primes in Py that divides ||by, [|oo is at most

log1 2% = [ 7).

Therefore,

h
_ Lo
TPy |
h
< 6.5
G115 (0
The same argument gives
Prob[p | Ls,] < +—v——. 6.6
1 L) € oy (6.6)
Substituting Equations 6.5 and 6.6 into Equation 6.3, we obtain
2h
Prob[p | Ly, - Ly,] < Problp | L] + Probp | Ly,] < -1 1P| (6.7)

Now, suppose that p{ Ly, - Ly,. Hence, for Ly, there exists 1 < i < T s.t. by, (X) # 0. Without loss
of generality, let by, (X) # 0. We would like to bound

ProblLy,(8) - Ly, (8) = 0] < Prob[Ly, (8) = 0] + Prob[Ly, (8) = 0. (6.8)
From Equation 6.1 and since by, (X) # 0, we have

PI‘Ob[Lf1 (5) = O] = PrOb[bm (6)
< Prob|b,, (8)

Ao Abay(B) = 0]

0
0]. (6.9)
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Since deg(bg, (X)) < (k—1)D, from Lemma 6.2.2, we obtain

Prob[Ly, (8) = 0] < Problbs, (8) = 0]

< deg(ba,)

N p
—1

< k=)D (6.10)
p

The same argument applies for Ly,. Therefore,
2(k—-1)D
ProblLy, (8) - Ly,(8) = 0] < 2= 12, (6.11)

p

Next, write Mz(zl) =1 z g Z i a” Z', where a;; € Z[z, .. .,zi,l]/<]\v41(zl), e ,Mi,l(zi,l» and
l; € Z. By assumption, | [; |< 2™ and p > 2*~!. Thus,

log, 2 m
v ogg-r [ i |] _ [logg-127] _ Liog, 1) _ L521)
Problp | lc(M;, z;)] = Problp | ;] < < =
[| ( ? Z)] [‘1] ‘Pb‘ ‘]P)b‘ ‘]P)b‘ ‘]P}b’
< for 1<i<
——————— for i<n.
T (b=1) | Py | -
By summing over ¢ = 1,...,n, we obtain
- y nm
Prob[p | le(M;, )] < —— 6.12
2 Provp e 0] < Gy (612)
Substituting Equations (6.7), (6.11), and (6.12) into Equation (6.2) completes the proof.
O

Remark 6.1. In the above theorem, we can make the bound
we have 21 < p < 2°. Thus,

W independent of p. Since p € Py,

2k —1)D _ 2(k—1)D
<
D — 2b—1

Probl[le(f1,21)(8) =0 V le(fa, 21)(B8) = 0] <

Remark 6.2. In Theorem 6.3.1, one could replace the assumption ||M;||oe < 2™ by the tighter as-
sumption |lc(]\V4,-, z;)| < 2™. However, in order to make the final bounds for the failure probabilities, as

stated in Section 0.5, depend on fewer parameters, we sacrifice this tightness.

Example 6.3.1. Let L = Q[z1,20) /(21 — 2,23 — I) and fi, fo € L[z1, 2] s.t.

f1 = (87%?37; + 97292121 — 5622)(2’2 + lelxg)

fo= (17Z2$%.’L‘§ + 4202120129 — 8221)(22 + lelwg).

Thus,

f1 = 1305 21 252 + 1305 29 2323 + 582 2 9 2% + (—840 292 9 + 3395 1) 21 — 1960,

f2 = 255 2921 332951 + 595 9:2$1 + 24 z9 :c2331 (140 21 — 492) 2oz — 1230 2921
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In this example,
e the number of variables is k = 2, and the number of extensions is n = 2,
e« pEPs, 50230 < p <23,
« B=(B1,.--,Bk1) €[0,p)" 1,
. M1:52%—2 andM2:3z§—7,

e D= maXéc:l(deg(flvxi)v deg(f27xl)) = 6}

(M, 2)|loo < 2™ = 23 fori = 1,2, and
o |fillo <20 =212 fori=1,2.

To bound the probability that (p, 3) is an lc-bad pair, we use Theorem 6.3.1. Therefore,

) 2h 2(k—-1)D nm
Prob[(p, B) is lc-bad] < + +
®7) Se-DmITT 5 Te-DIE
W16
30 x 50697537 230 30 x 50697537
~ 3.09 x 1078,

Now, instead of using the bounds, we use the actual values: deg(le(f1,z1)) = 6, deg(le(fa, 1)) = 4,
le(Mi, 21)|loo = 5 < 23, |[lc(My, 20)|Joo = 7 < 23, and || f1]leo = 3395 < 2'2, and || fa|oo = 1230 < 212,

Since there is no 31-bit prime that divides either || fi||co o7 || f2]lco, we have

Prob[p | le(f1,21) V p|le(fo,21)] = 0.

Moreover, fori=1,2, | IC(Z\ZQ, z;) | does not have any 31-bit prime factor which implies that
PI‘Ob[p | IC(Ml,Zl) vV p | IC(MQ,Zl)] = 0.

On the other hand, each lc(fi1,21) = 130525 and lc(fo, x1) = 25525 has only one root xo = 0 which

implies that )

Prob[le(fi,z1) =0 Vie(fa,21) =0] < 230"

Therefore, .
Prob|(p, B) is lc-bad] < a0 & 9-31 10719,

6.3.2 Det-bad pairs
Notation 6.2. For simplicity, we keep the following notation fized throughout this section.
o d=[Q(a1,...,ap): Q).
o p is chosen randomly from Py s.t. p1{[[i—, 1C(Mi,zi).
e C=(Cy,...,Ch1) €(0,p)" L is chosen randomly.
e v=21+Ci294+ ... +Ch_12,.
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o B =A{IllL1%"]|0<e <d;—1} is a basis for L.
o By={l,7,...,7% 1} is a basis for Q(v).
o A is the change-of-basis matriz from B, to By, obtained from Algorithm 4 over F = Q.

Recall that (p,C) is a det-bad pair if either det(A) = 0 or p | num(det(A)) (see Definition 4.4.4).
This section establishes a bound on the probability that a randomly chosen pair (p,C) is det-bad.
That is,

Prob|(p, C) is a det-bad pair] = Prob[det(A)
< Probl[det(A)

=0 V(det(A) #0A p|num(det(A)))]
= 0] + Prob[p | num(det(A))]. (6.13)

The definition of det-bad pairs is the same in both the MRESNF and MGCDNF algorithms, so the
findings presented in this section apply to both algorithms. First, we bound Prob[det(A) = 0] in the

following theorem.

Theorem 6.3.2. With Notation 6.2,
1
Prob[det(A) = 0] < =1

Proof. Let T’ = z; +Z?:_11 wiziy1 € Zlwy, ..., wp—-1][z1, ..., 2y]. Define B as the d x d matrix whose jth
column is [[V~1]g, for 1 < j < d obtained from running LAminpoly over Q. Hence, each entry B; ;
is a polynomial in Q[wy,...,w,—1], and therefore det(B) € Q[wy, ..., w,—1]. Now, Substitute w; = C;
for 1 < ¢ < n — 1. This substitution maps I' to v = 21 + Z?;ll Cizi+1, and correspondingly maps
the matrix B to the matrix A obtained from LAminpoly for v over F = Q. Since evaluation is a ring
homomorphism, we have det(A) = det(B)(C), so

Probldet(B)(C) = 0] = Prob[det(A) = 0].

By Theorem 3.2.5, there exists a = (a1,...,a,_1) € (0,p)" ! for which I'(a) = 21 + Z?;ll a;jziy1 is a
primitive element of L, so det(B)(a) # 0, which implies that det(B) is a non-zero polynomial. Thus,
det(B) satisfies the Schwartz-Zippel lemma. Let deg(B) denote the total degree of B in variables
w1, ..., Wp—1. In the jth column of B, we have deg(B; ;) < j— 1 for 1 <14 < d. Hence,

d(d—1)

d
deg(det(B) < 3(j — 1) = “

j=1

Since C; € (0,p) for 1 <i < n — 1, by the Schwartz—Zippel lemma, we obtain

Probldet(A) = 0] = Prob[det(B)(C) =0] < ——
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Remark 6.3. We can make the bound obtained from Theorem 6.3.2 independent of p. Since p € Py,
we have p > 271, Thus, p—1>2""1 —1 and

Prob[det(A) = 0] <

Example 6.3.2. Consider Ezvample 6.3.1, where L = Q|z1, 20] /(2] — 2,25 — L) with degree d = 4. Let

' =2 +wz2s, so

=1
= Z1 + wzg
7 2
2= (§w2 —+ 5) + (2w) 21 29,
2 7 6
= (Tw? + 3)21 + (§w3 + g'LU)ZQ.

Let By, = {1, z2, 21,2122} be a basis for L. Running Algorithm LAminpoly on I' over F = Q gives the
change-of-basis matrix B (from Theorem 6.3.2):

1 0 Zw?+? 0
B 0 w 0 %w?’—i-gw

0 1 0 Tw? + 2

00 2w 0

For a randomly chosen Cy € (0,p), where p € P31, from Theorem 6.3.2, we have

d(d—1)
2(p—1)

Prob[det(A) = 0] = Prob[det(B)(Cy) = 0] < d;zi: 2 =

= ~ 5.588 x 1077,

<
- 2 231 —2

where A is the matriz obtained from LAminpoly algorithm for v = z1 + C1z9 over F = Q. However,

2
det(B) = —§w4 + §w2 € Qlu],

does not have a non-zero integer root. Consequently, for every Cy € (0,p) (and v = z1 + C122), we
have det(A) # 0. Thus, in practice,

Prob[det(A) = 0] = 0.
Notice that if we run the LAminpoly over F = Z11, then
det(B) = 9w?(w + 5)(w + 6) € Z1[w],

sow=0,w=>5, and w = 6 are the roots of det(B) in Z11. Therefore, if C = (C4), the ordered pairs
(p,C) = (11,(5)) and (p,C) = (11,(6)) are det-bad.

To bound Prob[p | num(det(A))], when det(A) # 0 in (6.13), we first need to compute an upper
bound on | num(det(A)) |.
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Definition 6.3.1. Let f € R[z1,...,2,] and M, ..., M, be the minimal polynomials as defined in
Section 3.3. Then

r=frem (M,,..., M)
denote the recursive remainder of f divided by M,,..., M, s.t. 7 =0 or deg(r, z;) < deg(M;, z;) for
all 1 <1 <n. Likewise, let

7 = f prem <Mn,...,M1>
denote the recursive pseudo-remainder of f with respect to M, through M s.t.7=0 or deg(7, z;) <
deg(M;, z;) for all1 <i<n.

The following example reviews the construction of matrix A over F = Q (also see Example 3.4.3
from Chapter 3).

Example 6.3.3. Let Mi(z) = 22 — % and Mo(z) = 25 — % Let By, = {1, 29, 21, 2122} be a basis for
Ql[z1, 22]/(Mi(2z1), Ma(22)) of dimension d = 4. To construct A, first we compute the semi-associates
Ml = 22% — 7 and Mg = 32% —11. Take C1 = 3, so v = z1 + 3z2. Then,

=1
’}/1 = (Zl + 322)1 rem <M1,M2> =2z1 + 329
.. 73
2 = (z1 + 322)2 rem (My, My) = 62129 + 5
. . 205 261
73 = (z1+ 322)3 rem (M, My) = 721 + 722,

and the change-of-basis matrix is

102 o
261
a_ |03 0 F
205
01 0 B
00 6 0

To bound the determinant of a matrix over Z, we can employ Hadamard’s bound (Theorem 6.2.1).
However, as illustrated in Example 6.3.3, when computing over Q, the matrix A is a d x d matrix over
Q, so we cannot use Hadamard’s bound for A. However, by replacing long division with pseudo-division
in Algorithm 4, we can obtain the matrix A € Z%*¢ for which Hadamard’s bound can be applied. We

~

construct Matrix A s.t. its jth column represents the coordinate vector [y/~! prem (M,,..., M1)]p, .

Example 6.3.4. Considering Example 6.3.3, by employing pseudo-division, we obtain

0_ 1
1(21), M2(22)> =21+ 322

~

M
21 + 320)? prem (M (z1), Ma(22)) = 362125 + 219
M

y
At = (21 4 32)! prem (
y

v 1(21), Ma(22)) = 36902 + 469825.

2= (
*=

21 + 329) prem (
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Since By, = {1, 29, 21, 2122}, the change-of-basis matrix is

1 0219 O

i 0 3 0 4698
01 0 3690
0 0 36 0

While pseudo-division enables the construction of an integer matrix A € Z%*9, natural division is
significantly faster in practice. Consequently, Algorithm 4 employs natural division. As we will show

in Corollary 6.2, the determinants of A and A satisfy

det(A H le(M,,_;)27) det(A) for certain A; € Zso. (6.14)
H/—/ ﬁ,_/ ——
€Z €Z €Q

For 0 < i < n — 1, we know that lc(M,,_;) € Z and A; > 0. Therefore, [ " le(M,,_;)» € Z. Since
det(A) € Z, Equation (6.14) shows that den(det(A)) must divide ]2y le(M,,_;)*, whlle num(det(A))
must divide det(A). By the definition of det-bad pairs (Definition 6.3.3), we choose the prime p so
that p{ [[7=4 le(M,_;). Therefore, p | det(A) if and only if p | num(det(A)). Thus,

Prob[p | num(det(A))] = Prob[p | det(A)].

Moreover, since num(det(A)) | det(A), any upper bound on [num(det(A))| can be obtained by bound-
ing |det(A)| instead.

Example 6.3.5. From Ezamples 6.3.3 and 6.3.4, we have |det(A)| = 1062 and |det(A)| = 229392.
Clearly, num(det(A)) = det(A) is a divisor of det(A). In fact,

det(A)]

um(det(A))] 20 € 2

To bound | det(A) |, we need to bound the entries of A. Among the vectors [y7] 5, , the largest entries
appear in [y¢~!]
Thus, bounding the quantity ||y¢ prem (Mn, .. ,Ml)HOO yields a valid upper bound for the entries
A; ;. Note that deg(y7,z;) = j for 1 <i < n.

B, - Moreover, we have ||y4~! prem (M,,...,M)|loo < |[7* prem (M,,..., M;)|so

Notation 6.3. To avoid repeating, the following terminology will remain unchanged and will be used

throughout this section.
(i) di = deg(M;, ;) and d = [, d;i # 0.

(ii) D; = =I1}=1 d;.

H; 1 d" Jt+1

(iii) A is a d x d matriz in Z whose jth column is the coordinate vector [y7~" prem (M,, ..., M)]s, -

(iv) A is the d x d matriz obtained from Algorithm J over F = Q, whose jth column is the coordinate
vector [y =1 rem (M,, ..., M)]p, .

We present Lemma 6.3.3 and 6.3.4 without proof.
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Lemma 6.3.3. Let f,g € Z[z1,...,2,]|. Then

[f9lloe < NI llocllglloe min(# f, #g).

Lemma 6.3.4. Let M; = lizfli—kzgli;ll a; ;=] be the minimal polynomial of cv;, where a; ; € Z[z1, . .., zi—1].
We have deg(a; j, z) < dp — 1 for 1 <k <i—1. Thus,

i—1
d
i < dy = ——— < d.
#G’J_kl;[l . didi+1"'dn<

In Theorem 6.3.5, we bound |prem(y?, My, zn)||lso, the pseudo-remainder of % divided by the
polynomial M, w.r.t. z,.

Theorem 6.3.5. Let f = ¢ and 7 = prem(f, Mn,zn), where M, = Izt 4 Z;lial ajz with 1, € Z
and aj € Z[z1, ..., 2n—1] for 0 < j <d,—1. Let 6 = d—d, +1 denote the mazimum number of division
steps. Then,

(i) Either 7 =0 or deg(7, z,) < d, — 1 and deg(7, z;) < d+d(d; — 1), for 1 <i<n-—1.
(i) [1ll00 <IIflloo(In + d/dn|| My l0)°.

Proof. Since f =~%, we have deg(f,2) =d for 1 <i <n. Let f = Z(ijzo fizl st. fi € Zz1,. .., 2n1]
for1 <i<d.

(i) pquo(f, M, zp) has a degree of d—d,,, so the pseudo-division of f by M, hasup to d = d—d, +1
steps. In the first step of the pseudo division, we have 71 = [, f — fdzg_d"Mn. If 71 = 0, then
7 = 0 and we are done. Otherwise, deg(71,2,) < d — 1. Moreover, for 1 < i < n — 1, we have
deg(fq,zi) < deg(f,z) =d and deg(Mn, z;) < d; — 1. Consequently,

deg(71, z;) = max{deg(f, z;), deg(fa, z;) + deg(M,, 2;)}
< deg(f, z) + deg(My, 2;) < d+ 1(d; — 1).

If deg(71,2,) > dy, we continue the division. Define by = lc(71, 2,,) and set deg(71,z,) = d — 1.
During the second step of the division, we obtain 75 = [,71 — blzg*dnfan. If 79 =0, then 7 =0

and we are done. Otherwise, we have

deg(72, zp) < deg(71,2n) —1 <d—2 and
deg(7a, 2;) < deg(F1, zi) + deg(My, z) < d+2(d; —1) for 1<i<n—1.

Since the division algorithm has at most § steps, in the last step, we have

deg(f,zn)gd—dzdn_l and
deg(7,2) <d+d(d;—1) for 1<i<n-—1.

(ii) In the first step of pseudo-division of f by M, we obtain 7 = L, f — f42% % M,,. Thus,

171 oo < flloo 11 fa Mo oo
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To compute an upper bound for || faM, ||oo, it is sufficient to compute an upper bound for || f4a; ||

where a; € Z[z1, ..., 2p—1). Using Lemma 6.3.4, we have #a; < d/d,, which implies that

HfdajHoo SHdeoonMnHoomin(#aja#fd) < d/dandHoonMnHoo

for 1 < j < d, — 1. Moreover, since || fi|loo<||f|lco, We obtain

171lloo< Lall Flloo+ Il faMnlloo <1 Flloo(ln + d/dnl| Ml oo).

Furthermore, deg(71,2,) < d — 1. If deg(71,2,) > d,,, we continue the division. In the second
division step, we have 79 = [,,71 —blzg*dnfan, where by = lc(71, 2,,). Since ||b1 |0 <||71 |0, using

the same strategy as the first division step, we have

”f2”oo < lanIHOO‘f'HbanHoo < lanl||oo+d/dn||f1||00||MnHoo
<[ lloo (I + d/dn | Mlloo) <I1.f lloo(In + d/dn|| My |00)?.

Continuing this argument, the result is obtained.

0

In Theorem 6.3.5, we bounded ||prem (v, M;, 2i)||oo- In the following theorem, we apply Theorem
6.3.5 to bound ||y prem (M,, ..., M;)|so.

Theorem 6.3.6. Let f = 7% € Z[z,...,2,] and M; = lizzdi + Z;ljol bivjzg st. l; € Z and b;j €
Zlz1, ... zic1) for1<i<nand0<j<d;—1. Letd=11[;_, d;. Let 7 = f prem (Mn,...,M1>. Then

n
”7sz SHfHOOH(ln—H-l + DiHMn—iHHOO)(Siy
i=1

where 61 =d—dp+ 1, and 6; =d — dp—it1 + 1+ (dp—it1 — 1) Z;;ll 0j for 2 <i<mn.
Proof. Since f =~%, we have deg(f, z;) < dfor 1 < i <n. Let 7, = prem(f, M, zn) and 01 = d—d,+1

be the maximum number of division steps. From Theorem 6.3.5, we have

171lloo <Iflloo (I + Dl Maloo)™ (6.15)

~

Let 79 = prem(7, My—1, 2n—1). From Theorem 6.3.5 part (i), we have deg(71, zp,—1) < d+61(dp—1 —1)
SO
deg (71, 2n-1) —dn—1+1<d+ 8 (dp—1 — 1) — dp—q + 1.

Thus, 02 = d — dp—1 + 1 + 01(dp—1 — 1) is the maximum number of division steps. Let M, | =

ln12am 3+ S o1, 2h g st lnoy € Zand by_1j € L[z, .., 2n-a] for 0 < j < dpy — 1. Hence,

applying Theorem 6.3.4, we have #b,_1,; < Dy = dndci_l' Using the same strategy as the proof of

part (ii) of Theorem 6.3.5, we have

Hf2Hoo SHfIHOO(ln—l + D2HMn—1H00)52
< Hf”ooan + DlHMHHOO)JI(ln—l + D2HMn—1”00)62

According to 6.15

126



The result is obtained by repeating this process for polynomials My_o, ..., M.
O

Using Theorem 6.3.6, we are well-equipped to compute an upper bound for the integer entries of
A, namely on | A;; |.

~

Corollary 6.1. Let 7 = 4% prem (M, ... ,Ml), I = lc(]\Zfi, zi), and §; be as defined in Theorem 6.3.6.
If |7 leo < 2€, then

n

| Aij [ 1Flloo < 2 [T (nmir + Dill Min—ia[loo) ™

i=1

Proof. This follows directly from Theorem 6.3.6. O
We determined that d,, < d?/d, through computational experiments, but we can only prove this

for dy = dy = --- = d,,. Thus, Corollary 6.1 implies that log||7||s is polynomial in d, C' and || M;oe.

Suppose that Algorithm MGCDNF (and MRESNF) chooses p € P, randomly. The following
theorem bounds the probability that p|det(A).

Theorem 6.3.7. Let p € Py be chosen randomly, |7 )so < 2C, | Milloo< 2™, and l; = 1c(M;, z;). Let
d; be as defined in Theorem 6.3.6. Then

~ d
(i) | det(A) |< d¥/? (2° Ty (In—s41 + Dim)%)", and

i 14210y d4d(OHT 5 logalla i+ D)
(if) Problp | det( )] < 14208 Oy aloose D))

Proof. (i) From Hadamard’s bound (Theorem 6.2.1) and Corollary 6.1, we obtain

d d
der(A) | < [T 4[>0 2,
j=1 \i=1

—_——
Theorem (6.2.1)

n
d(QC H(ln—i+1 + DiHMn—i—H ||oo)6l)2
i=1

<
Il
-

IN
.::&

Corollary (6.1)

n d
< d/? (20 H(lnfiJrl + Dlm)5’> .

i=1
(ii) Since p € Py, we have p € (2°~1,2%), which implies that logy p > log, 2°~! = b — 1. Thus,

lloggs—1 | det(A) || | oza(det(A))

Prob[p | det(A4)] < = -1
p | det(4)] < | Py | | Py |
- (b—1) [Py |
O
Now, in Theorem 6.3.8, we present the connection between 7 = 4% prem (Mn, e M1> and r =

v rem (M, ..., M).
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Theorem 6.3.8. Let 7 = v prem <Mn, . .,]\Zﬁ} and r = 4% rem <Mn, . .,M1>. Let ro = 7y = ~7,
and for 1 < i < n. Define r; = rem(ri_l,Mn_Hl,zn_iH) and 7; = prem(fi_l,Mn_iﬂ,zn_iﬂ). Let
dy, = deg(ri, zn—i) = deg(7i, zn—;) for 0 <i <n. Then

F=r H lc(Mn_i)A",
i=0

where A; = d,; — dp—; + 1 is the number of division steps.

~

Proof. We construct 7 = 4% prem (M,, ..., M;) and r = 4% rem (M,,, ..., M;) step by step in parallel.

The first pseudo-division and natural division are

71 = prem(7p, Mn, zn) and

71 = rem (T‘(),Mn,zn),

respectively. By Lemma 2.2.7 part (ii), 7 = le(M,)20r.

In the second pseudo-division and natural division, we have

7o = prem(r, Mp_1) = le(M_1)2'7 — Mu_1Go (6.16)
ro = rem (71, Mn_l) =r — Mn_1q2. (6.17)

Multiplying Equation 6.17 by IC(M )Allc( )20 we have

le(My_1) 3 e( M) 201y = le(Myp—1)2t le(M,)20r) —le(M—1) > e(M,) 20 M, —1q2
\—",_/
T1

= lc(My—1)2171 — le(My—1) 2 e(My,) 20 M, —1go.
Subtracting Equation 6.16 from above, we have

le(M,,)20le(My—1 )3y — 7o = —le(Myp—1) 3t e(My )20 My—1q2 + Mp—1ds

= n—l(_lc(Mn)AOIC(Mn—l)A1q2 + 62)
Since deg(r9), deg(72) < deg(M,,_1), and M,,_1 # 0, we must have
~le(M;,)*le(M,—1)*' g2 + 2 = 0,

which implies that o = lc(M )AOIC(M )Alqg and 7y = lc(Mn_l)Allc(M )A0r,. Continuing this

argument, in the last division, we have 7, = [[iL lc(]\an_i)Airn. By construction, we have 7 = 7, and
=Ty

O
Corollary 6.2. det(A) = [T lc(M, ;)i det(A) where A; is defined in Theorem 6.3.8.
Proof. This is an immediate consequence of Theorem 6.3.8. (I
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Theorem 6.3.9. Let C, §;, d, m, and l; be as defined in Theorem 6.3.7. Let p be chosen randomly
from Py s.t. pt [17olc(M,_;) for 1 < i <n. Suppose that det(A) # 0. Then

< |d/2logyd + d(C + > 6;logy(ln—it1 + Dim)) |

Prob(p | num(det(A))] = Problp | det(A)] (b—1)x [Py

Proof. From Corollary 6.2,
det(A) = [[ le(M,—i)™ det(A),
i=0

where A; € 7Z is defined in Theorem 6.3.8. Since p { [[7q le(M,,_;) for 1 < i < n, we have p | det(A) if
and only if p | num(det(A)). Therefore,

Prob[p | num(det(A))] = Prob[p | det(A)],

which implies that

|d/21ogyd + d(C 4+ X1 d;1logy(ln—iv1 + Dim))]

Prob[p | num(det(A))] = Prob[p | det(A4)] < (b—1)x | Py |

O

Theorem 6.3.10. Let C, 0;, d, m, and l; be as defined in Theorem 6.5.7. Let p be chosen randomly

from Py s.t. pt[[iegle(Mp—;) for 1 <i<n. Then

. . d(d—1) |d/2logyd+d(C + Y i 0;logy(ln—iv1 + Dim))]
Prob[(p,C) is a det-bad pair] < + !
®.€) P S 5 —1) G- 1)x [P |

Proof. Employing the results from Theorems 6.3.2 and 6.3.9, we have

Prob[(p, C) is a det-bad pair] = Prob[det(A) =0 V (det(4) # 0A p | num(det(A)))]
< Prob[det(A) = 0] + Prob[p | num(det(A))]
d(d—1) |d/21ogyd + d(C + X7 4 6;logy(ln—iv1 + Dim))] .

20— 1) (b—1)x | P, |
—_——
Theorem 6.3.2 Theorem 6.3.9

O

Now we can also obtain a bound for ||[M(z)||co, where M (z) is the generator polynomial obtained

from Algorithm 4.

Theorem 6.3.11. Let M(z) be the generator polynomial obtained from Algorithm 4. Define

d
n
By = d*? <2C [T+ DiHMn—i—i-luoo)éi) ;
i1

where C' and l; are from Theorem 6.3.7. Then

1M (2)[|oo < Bar.
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Proof. To construct M (2), we solve the linear system A-q = —[y%] 5, for ¢ € Q¢. By Cramer’s rule, g =
det(AF)
det(A)
for 1 < k < d. Thus, the largest entries of A®) appear in the kth column. Applying the same justifi-

, where A is the matrix formed by replacing the kth column of A with [y rem (M,,, ..., M;)|s,

cation as in Theorem 6.3.9 for the matrices A®) and A®), by Theorem 6.2.1, we obtain

n
~ k > 3
AL < a2 T (s + Dill i) ™)™

| det(A®) |<
3 =1

Corollary 6.1

Since M; € Z[z1,...,z] for 1 < i < n and M(z) € Z[z], we have g, = % € Z, so det(A) must

divide det(A®)). Thus, g <| det(A®)) |< d¥2(2° T, (ln—i11 + Di|| My _i11]l00)%)%, which completes
the proof. O

Example 6.3.6. Consider Example 6.3.2. Let C = (c1) = (3), and v = 21 + c122 = 21 + 322 be a

potential primitive element of L = Q[z1, 2] /(2% — %, 23 — %) Running the LAminpoly over F = Q, we

obtain the change-of-basis matriz from B = {1,7,7?,v*} to By = {1,2,2%, 2%} as
107

10 9
333
|03 0

317 |
01 0 30
00 6 0

with det(A) = =37%8_ Since | num(det(A)) |= 3708 = 2% x 32 x 103, the ordered pairs (p,C) = (2, (3)),
(3,(3)), and (103, (3)) are det-bad. Let p € P3; be chosen randomly. In this example, we have

. M1:52%—2 andM2:3z§—7,
e d=4,d = deg(Ml,zl) =2, and dy = deg(Mg,zg) =2,

« Di=4 =dy and Dy = 34 =1,

[7|oo = 108 < 27, 50 C =T,
o ll = IC(Ml,Zl) =5 and l2 = IC(MQ,ZQ) =3.
From Theorem 6.5.0,

01=d—ds+1=23, and
52:d—d1+1+(d1—1)-51:6.

Therefore,

[d/210gyd +d (C + X1y 6 logy(ln—s1 + Dill Mai1]l)) )

Prob[p | num(det(A))] < (b—1)x | Py |

121

- ~7.956 x 1078, 6.18
30 | P | % (6.18)
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From Equation (6.18) and Ezample 6.5.2, we obtain

Prob(p, C) is det-bad] < Prob[det(A) = 0] + Prob[p | num(det(A))]

12 121
< ~ 8514 x 1078,
- 2312 +30 X ‘]P’31|
————
Ezxzample 6.3.2

However, the actual size | num(det(A)) | = 3708 does not have a 31-bit prime divisor. Therefore, if
p € P31, then Prob[p | num(det(A))] = 0. Moreover, from Ezample 6.3.2, since det(B) does not have
a non-zero root in Z, Prob[det(A) = 0] = 0. Hence, for this example

Prob[(p, C) is det-bad] = 0.

6.3.3 Zero divisor pairs

MGCDNF employs Algorithm PGCDNF (Algorithm 7) to compute the monic GCDs over L,. More-
over, MRESNF uses PRESNF (Algorithm 10) to compute the resultants over f/p. Since Ep is generally
not a field, PGCDNF and PRESNF may encounter zero divisors while computing the monic GCDs
and resultants. In PGCDNF, this can happen in the GCD computations carried out in Lines 2, 5, 6,
7,9, and 30. Therefore,

Prob[PGCDNF encounters a zero divisor pair] =
Prob[A zero divisor pair appears in either Lines 2, 5, 6, 7, 9, or 30 of PGCDNF].

In each of these lines, PGCDNF applies the MEA to compute the monic GCD. Therefore, estimating
the probability that the MEA fails over Ly[r1] in Line 2, we can use this bound to estimate the
failure probabilities of the remaining GCD computations in the other lines of PGCDNF. Let fi, fo €
L[z1,...,x3] and let p be a prime, and 8 € [0, p)*~1) be an evaluation point s.t. (p, §) is not le-bad.
Let M be the generator polynomial obtained from LAminpoly over F = Q. The MEA fails if the
leading coefficient of one of the intermediate remainders is not invertible over L, = Zy[2]/{¢,(M)). In

other words,
Prob[MEA fails over Ly[z1]] = Problged(lc(r;), ¢p(M)) # 1, for some i > 2], (6.19)

where 71, ...,7; is the m.p.r.s. generated by ¢,(f1)(8) and ¢,(f2)(8) € Ly|x1]. To bound (6.19), at
some point, we need to bound ||lc(r;)]|co. To do so, we use subresultants as defined in the following

section.

Subresultant

We are interested in a Polynomial Remainder Sequence (p.r.s.) that avoids the appearance of fractions
in the remainders. The Subresultant Polynomial Remainder Sequence (s.p.r.s.) is such a sequence.
We present two ways of defining the subresultants. The first definition of subresultants (Definition
6.3.2) is based on pseudo-division for univariate polynomials. The second one (Definition 6.3.3) defines

subresultants using determinants.
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Definition 6.3.2. Let f1, fo € R[x| be two non-zero polynomials. The Polynomial Remainder Sequence

S1,59,853,...,5] obtained from Algorithm 12 is called the Subresultant Polynomial Remainder Sequence
(s.p.r.s.). Note that the last subresultant S; = res(f1, fa, x).

Theorem 6.3.12 presents a connection between the m.p.r.s. obtained from Algorithm 2 and the

s.p.r.s. obtained from Algorithm 12 (see [¢, 4.1 Subresultant Chain Algorithm ]).

Algorithm 12: s.p.r.s. Algorithm ([8, 4.1 Subresultant Chain Algorithm |)

AR W N =

S o

Input: fi, fo € R[z], non-zero polynomials s.t. deg(f1) > deg(f2) >0
Output: EitherS = S1,S,...,5; € R[x], the s.p.r.s. generated by f1, f2, or FAIL
m,n = deg(f1), deg(f2)
S1,52 = f1, f2
if deg(f1) =0 and deg(f2) = 0 then
L return(Sy, Sa,1)

if deg(f1) # 0 and deg(f2) = 0 then
L return(Sy, Sy, f4)

7c,r=1,n
8 j=m-—1

9 5= 51, SQ
10 2 = 2 // i counts the number of subresultants.
11 while r # 0 do
12 r = deg(S;)
13 if » =0 then
14 L return(S)
15 if ¢ is not invertible in R then
16 L return (FAIL)
17 Sit1 = prem(S;_1,S;,x)/(—c)? T2
18 if j # r then
19 L S; = (1C(Si)j7rsi)/cj77n
20 S = S, Si+1
21 j=r—1
22 c=1c(S;)
23 ¥i:i+1
24 return(S5);

Theorem 6.3.12. Let fi, fo € R[x] be two polynomials s.t. deg(f1) > deg(f2) > 0. Suppose that
Algorithms 2 and 12 do not fail for fi and fo. Let r1,ra,...,r denote the m.p.r.s. from Definition
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2.2.6, and let Sy,...,S] be the s.p.r.s. from Algorithm 12. For 1 <i <1, set d; = deg(S;). Then

Sl =T
SQ =T9

Sg = (—IC(SQ))dl_dQ—HTg

e dg—dg+1 .
Sp = lc((S;)ngz)‘i;)(d;Lds)r4 if deg(sl) —1 ?é deg(Sg)

§; = ST T 00(Siy) — 1 = deg(Si_s) for i > 4

le(S;_g)%i—2—di—1

(—1c(S;_1))%—2"di-1H11¢(5; _5)(di—3—di—2=1(dj_2—d;j—_1)

Si = r; if deg(Si—3) — 1 # deg(Si—2) fori > 4.

1C(Si_2)(di—3_di—2)(di—2_di—1)

Proof. From Definition 2.2.6 and Algorithm 12, we have r1 = S1 = f; and ro = Sy = f3. Comparing
the iterations of Algorithm 2 with the iterations of Algorithm 12, we prove the theorem. In the first

iteration of Algorithm 2, we have
r3 =My — Myqs = f1 —lc(f2) " fags.
From Lemma 2.2.8, part (i), we have

rem (flvf?ax) =T3. (620)
In the first iteration of Algorithm 12, we have j =d; — 1, ¢ = 1, and r = deg(f2) = da. We set

_ prem(S1, S, ) _ prem(fi, f2,7)

S3 (—c)yi—rt2 (= 1)di—datl

From Lemma 2.2.7, part (ii), we have prem(fi, fo,z) = lc(fo)®~%*lrem (f, fo, ). Substituting
rem (f1, fo,x) from (6.20), we have

prem(f1, fa, x) = le(fo) B =%+ g,

which implies that
S3 = (—10(52))d1_d2+17’3

If j # 7, we set Sy = lc(f2)# %1 f,. In the second iteration of Algorithm 2, we have
T4 = Mz — M3qu,
where My = monic(f2) and M3z = monic(rz). Applying part (i) of Lemma 2.2.7, we have

rem (fo,73,2) = lc(f2)rs.

133



In the second iteration of Algorithm 12, we have i = 3, j = da — 1, r = deg(S3), and ¢ = lc(S2)

Two cases are possible for Ss. The first case occurs when r = j in the first iteration. In this case,

g prem(Ss, Ss, =)
4= (—c)i—r+2

Employing Lemma 2.2.7, part (iii), we have

prem(S, S3, ) = lc(S9)le(S3)%2 % mrem(Sy, S3, =)
= 1C(S2)10(Sg)d27d3+17'4.

Thus,

g prem(Ss, Ss, =)
4= (—c)i—r+2

1C(Sg)d27d3+1lc(32)7'4
(~1e(S3))

(~le(Sy)) o
(le(Sp)) 42~

Tq.

The second case happens when r # j in the first iteration. In this case, we replace Sy by lc(S)41 42715,

Hence, ¢ = lc(S2)%~%. Using Lemma 2.2.8, part (ii), we have

prem(lc(Sy) 1 ~92718y S5 1) = 1c(Sy) ¥~ prem(Sy, S, z).

Moreover, using Lemma 2.2.7, part (iii), we have prem(Sa, S3,7) = lc(S9)le(S3)%~%+1r,. Hence,

g prem (lc(Sz)®~92718, S5, 7)
4 = (_C)jfd3+2

10(52)d1*d2*1prem(52, Ss, )
(—(c(B)) a1

. IC(SQ)dl_d2_11C(SQ)1C(Sg)d2_d3+1T4

B AT

~ (e(S3)) st

 (le(S)h—dz)da—ds

Employing the same argument for ¢ > 4, the result will be obtained

Example 6.3.7. Let

fi = 2425 + 1222° + 821 + 2223 + 822 + 2z + 4, and

fo = 825 + 8z + 4zt 4 822 + 222 + 4
2

be two polynomials in Z[z]/{z* —

2)[z]. Table 6.1 compares the s.p.r.s. obtained from Algorithm 12 and
the m.p.r.s. obtained from Algorithm 9 for the input polynomials f1 and fo. As seen, the coefficients of
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the subresultants grow significantly. In particular, the last subresultant Sg has the largest coefficients.

Using 6.1 and Theorem 6.3.12, we can check the equalities in Theorem 6.5.12.

Table 6.1: Connection between s.p.r.s. and m.p.r.s.

S.p.r.s. m.p.r.s.

Sy = 2425 + 1222° + 8% + 22a2% + 822 + 2z + 4 r1 = 2425 + 12225 + 82* + 2223 + 822 + 22 + 4
Sy = 828 + 8225 + da* + 8243 + 220+ 4 ro = 828 + 82a° + 4x* + 823 + 222 + 4

S35 = 96z2° + 322% + 176222 — 6422 + 402z + 64 re = —12za° — 4z — 22228 + 822 — 5zx — 8

Sy = —296962* — 3584z + 256022 — 793622 — 1024 T4 = f%x‘l — 3—762x3 + %mQ — %zz — Tls

Ss = 876544022 — 5480448x2 4 16424962x + 3047424 | r5 = 5023 — 20T 252 4 12085 4 209

Se = 1382809622 — 63209472z + 601096192 T6 = — 5asb5L° + 1229505 7% — meoies

S7 = —47448064zx — 4034396160 ry = — 123670 8233650,

Ss = 1317760139264 rg = 132583327

Corollary 6.3. Let fi, fo € Ly[z1] be two polynomials s.t. deg(f1) > deg(fa) > 0. Suppose that
Algorithm 2 and Algorithm 12 do not fail for fi and fo over R = I_/p. Let r1,79,...,1 denote the
m.p.1.8. defined in Definition 2.2.6 and Sy, ..., Sy be the s.p.r.s. obtained from Algorithm 12. Then

(i) l="h
(i) le(ry, x1) = uw-1c(S;, x1) for a unit u € Ly.
(ZZZ) deg(ri,xl) = deg(Si,xl)

Proof. (i) Since Algorithm 2 does not fail for f; and fa, lc(r;) is invertible for 1 < ¢ < [. Thus, we
can alternate natural division with pseudo-division to compute S; for 1 < ¢ < [. According to
Theorem 6.3.12, since lc(r;) is invertible, 1c(.S;) is also invertible for 1 < ¢ < [. Hence, Algorithm

12 must have the same number of division steps as Algorithm 2, which implies that [ = h.

11 rom part (1), gorithm erminates atter [ iterations, so lc(5;) 1s invertible tor 1 < ¢ < (.
i) F i), Algorithm 12 t i fter [ i ti le(S;) is i tible for 1 < ¢ <[
Thus, in Theorem 6.3.12, fractions are units. Accordingly, le(r;, z1) = w - 1c(S;, 1) for some unit

u € Ly.

(iii) Since Algorithm 12 terminates after [ iterations, lc(S;) is invertible for 1 < ¢ < [. Thus, from
Theorem 6.3.12, we have S; = wu;r; for a unit u;. Multiplying by a unit does not change deg(r;, z1),

S0 deg(ria 1'1) = deg(S17 1'1)-
U

The second way of defining s.p.r.s. is to use determinants (see [18, Definition 7.3]). In our failure
probability analyses, we use determinants because they are more convenient for deriving degree and
height bounds for the remainders (as determinants) in the s.p.r.s. and, consequently, for the remainders

in the m.p.r.s.

Definition 6.3.3. Let f1 = Y1" a2} and fo = S0 bixt € Rlza, ..., zp][x1] with 0 < n < m. Let
M; ; be the (m +n — 2j) x (m +n — 2j) matriz determined from sylv(fi, f2,x1) by deleting

e Towsn —7j+1ton;

e rowsm+n—j+1tom-+n;
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e columns m +n — 2j to n+m except for column m+n —1i—j.

The jth subresultant of f1 and fo w.r.t. x1 is the polynomial of degree j defined by
S(]7 fla f27 xl) = det(Moj) + det(Mlj)(Ijl 4+ 4 det(ij)x]i.

Since det(M;;) = 0 for ¢ > j, we can express S(j, f1, f2, 1) as

. n—j—1
Ay Am—1 ar  azj—n Iy 1

am Um—1

; am  Gj+1 f1
S(]7f17f2,x1):det( 7 i
by bp—1 - bi boj_m ]’ 'fo
bn bn—l
bn  bjn1 f2

It is clear that S(0, f1, f2,y) = det(Mo) = res(f1, f2,y).

Example 6.3.8. Let

filz) =22 + 3223 + 2? + 22+ 3 and
fo(x) = 2° + 22® + 52+ 4

be polynomials in Z[z]/(2? — 2)[z] with gcd(f1, fo) = 1. Then

2 32 1 2 3 0 0
0 2 32 1 2 30
00 2 321 2 3
sylv(fi, fo,2) =11 2z 5 4 0 0 0
01 2z 5 400
00 1 z 5 40
00 0 1 z 5 4

By Definition 6.53.3, we have

S(0, f1, fo,z) = det(sylv(fi, fo,x)) = res(f1, fo,x) = —113362z + 18262.

2 32z 1 2 0 2 3z
0 2 32 1 3 0 2
To compute S(1, f1, fo,x), we need Mo1 = |1 2z 5 4 0|, andMip=|1 =z
0 1 =z 50 0 1
0 0 2 4 0 0

S(1, f1, f2,x) = det(Mop,1) + x det(M; 1) = (—68z + 646)x + 53z + 404.
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2 3z 3 2 3z =z 2 3z 1
To compute S(2, f1, f2,x), we need Moo= |1 2z 0|,Mi2= |1 2z 4|, andMez=1|1 2z 5
0 1 4 0 1 5 0 1 =z

5(2, f1, fo, l‘) = det(M(),Q) + det(MLg)x + det(M272)x2 = 1122 + (*42 - 8)33 — 4z 4+ 3.

Employing Algorithm 12 to compute the subresultants, we have 6.2

Table 6.2: s.p.r.s. by Algorithm 12
S.p.r.s.
S =22+ 3223 + 22 + 22+ 3
So =3+ 222 +5x+4
S3 = —112% + (=42 — 8)z — 42+ 3
Sy = (—682 + 646)z + 53z + 404
S5 = —113362 + 18262

As illustrated in Example 6.3.8,

53 = S(lvfbf%x)
S4 = 5(27f17f27m)
55 = S(val’f%x)‘

Theorem 6.3.13 confirms that the subresultant polynomial remainder sequences (s.p.r.s.) defined in
Definitions 6.3.2 and 6.3.3 have the same polynomials; the only difference lies in the indexing of the

subresultants.

Theorem 6.3.13. /5, Subresultant Chain Algorithm, page 129] Let S, ...,S; be the s.p.r.s. obtained
from Algorithm 12 for the input polynomials f1, fo € R'[x1] where R' = R[xa, ..., xx] and deg(f1,z1) >
deg(fo,z1) > 0. Let 0 < j < deg(fa,x1) and S(j, f1, fo,x1) # 0. Then there exists 1 < i < [ s.t.
S(J, f1, fo, 1) = Si. In particular, S(0, f1, f2,z1) = ;.

Notation 6.4. Let fi, fo € R[x1,...,xk]. In this section, we use the following terminology:
(i) Ry, =res(f1, fa,21) € R[X, 2], where X = xa, ..., xg,
(ii) D = max;‘?:l(deg(fl,xj),deg(fg,:cj)), and

(iii) H = max(|| f1]loo, [|f2]lo0)-

We summarize some properties of R, in Proposition 6.3.1 below, without proof. Recall that
Ly = Z[z]/(M(z)) and Ly, = Zp[z]/ (M (2)).

Proposition 6.3.1. Let fi = > ai(X,2)xl and fo = 31 bi(X, 2)x% be two non-zero polynomials
in Lz[X, 2][x1], where X = xa,..., 2. Let m = deg(f1,x1) and n = deg(fa,x1) s.t. m >n > 0. Let
d=[Q(a1,...,a,) : Q. Then

(i) deg(R;,, X) < 2D?, where deg(R,,, X) is the total degree of Ry, w.r.t. the variables xa, ..., xy,
(ii) deg(Ry,,2) <2D(d—1),
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(iii) #Ry, < (2D(D +1))*7, where #R,, is the number of monomials of Ry, in X = xs, ...y,
(iv) || Raylloo < (2D(D +1))* 1 H?P.
Example 6.3.9. Let M(z) = 22 — 2 and Ly, = Z[z]/(M). Let

fi= zm‘z) + zz%xl + 2x9, and

fo =2} + z120 + (222 + 2 + 8)
be two polynomials in Lz[xy, ). Then

Ry, = res(f1, fo, 1) = 20523 4+ (=22 + 223 4 1627 — 422§ + (2° — 421 — 3223 + 62%)a3
+ (327 + 2221 — 3223 — 12227 + 482 + 4)x3 + (32° 4 4821 +1922%) g + 25 + 242 + 19223 + 51222,
We have
o m=deg(f1,21) =3 and n = deg(f2,71) =2,
e D =max?_,(deg(f1,x;),deg(f2, ;) = 3,
o H = max(|| filloos | folloc) = 8.
Therefore,
(i) deg(Ry,,x2) =5 < 2D? = 18.
(7i) deg(Rqy,,2) =5 <2D(d—1) =6.
(iii) #Ry, =6 < (2D(D + 1))" 1 = 24.
(iv) | R, lloo = 512 < (2D(D + 1)1 H2D) = 24 x 8% = 6,291, 456.
The probability that PGCDNF encounters a zero divisor pair

As mentioned at the beginning of Section 6.3.3, to bound the probability that PGCDNF encounters
a zero divisor pair, we first need to bound the probability that MEA fails over f/p [x1]. To do so, we

use the following theorem.
Theorem 6.3.14. Let fi, fo € Ly[xa, ..., x3][x1]. Assume the following.

(i) Let A be the change-of-basis matriz and M be the generator polynomial obtained from the LAm-
inpoly (Algorithm /) over F = Q.

(ii) Let p be a prime and let B € [0,p)*~! s.t. (p, B) is not lc-bad and p 1 det(A).

(iii) For i > 1, let S; be the ith subresultant generated by f1 and fo w.r.t. x1, computed over R =

Ez[xg, oo ,xk][xl].
(iv) Fori> 1, define l; = 1c(S;, x1) € Z[za, ..., xk][z].

If the MEA fails for the input polynomials ¢p(f1)(B), ¢p(f2)(B) € Lyplx1], then there exists i > 2 s.t.
dp(Li(B)) # 0 and p | res(li(B), M, z).
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Proof. By assumption, the MEA fails for the input polynomials ¢,(f1)(3) and ¢,(f2)(B) € Ly[z1].
Hence, there exists a remainder r; # 0, with i > 2, s.t. le(r;) is not invertible in L, = Z,[z]/(¢,(M)(2)).
By definition of [_,p,

le(r;) is not invertible in L, <= ged(le(r;), ¢p(M)) # 1. (6.21)

The relation between the s.p.r.s. and the m.p.r.s. (as stated in Theorem 6.3.12 and Corollary 6.3),
implies that there exists a unit u; € L, s.t. ¢,(S;(8)) = u; - 4, s0

Op(li(B)) = ui - le(ry). (6.22)

Because r; # 0, we have lc(r;) # 0, and since u; is a unit, it follows that ¢,(1;(3)) # 0 in L,. Therefore,
from Equations (6.22) and (6.21), we have

ged(le(ry), ¢p(M)) # 1 <= ged(dp(Li(B)), p(M)) # 1. (6.23)

From Theorem 5.2.3,

ged(9y(li(8)): dp(M)) # 1 <= res(dp(li(5)), $p(M), z) = 0. (6.24)

Since p t det(A), LAminpoly does not fail over F = Z,, and returns ¢,(M) # 0. Therefore, as
qﬁp(M) # 0 and ¢,(l;(5)) # 0, Remark 5.2 yields

res(¢p(Li(8)), dp(M), 2) = dp(res(li(B), M, 2)), (6.25)

which implies that,

res(qﬁp(li(ﬂ)), QSP(M)v Z) =0 ¢p(res(li(ﬁ)a M’ Z)) =0

~

<~ p|res(l;(8), M, z).

Therefore, if the MEA fails for polynomials in Ly[x1], then p | res(l;(3), M, z) for some i > 2. O
Corollary 6.4. The number of zero divisor pairs is finite.

Proof. A direct consequence of Theorem 6.3.14. O

Theorem 6.3.15. Under assumptions (i)-(iv) of Theorem 6.3.14. If the MEA fails for ¢,(f1)(8) and
bp(f2)(B) € Lplx1], then for each i > 2

res(1;(8), M, z) # 0.

Proof. Assume, for contradiction, that there exists i > 2 s.t. res(l;(8), M, z) = 0, so ged(l;(B), M) # 1
(see Theorem 5.2.3). From assumption (i) of Theorem 6.3.14, M is produced by LAminpoly over F = Q.
Hence, by Theorem 3.1, M is irreducible. Therefore, ged(l;(6), M) # 1 implies that ged(l;(5), M) = M.
Hence, there exists h € Z[z] s.t. [;(8) = M - h. Reducing modulo p gives

Dp(li(B)) = ¢p(M) - pp(h). (6.26)
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The right hand side of the above equation is zero in L, = Z,[z]/(¢,(M)), which means ¢, (l;(8)) = 0 in
Ep. On the other hand, because the MEA fails, all remainders computed up to the failure are non-zero.
In particular, the remainder r; € Ly,[z1] corresponding to ¢,(S;) is not zero, so lc(r;) # 0 in L,. From

Corollary 6.3, there exists a unit u; € L, s.t.

¢p(li(B)) = u; - le(ry). (6.27)

Substituting ¢, (1;(8)) from Equation (6.27) into Equation (6.26) yields

i - lc(r;) = (M) - ¢p(h).

Since u; € Ly is a unit, it follows that lc(r;) = 0 in Ly, which contradicts the assumption that lc(r;) # 0.

Therefore, no such index i can exist, and we conclude that for every i > 2, res(l;(5), M, z) # 0. O

Let deg(f1,x1) > deg(f2,z1) > 0. Then the number of remainders in s.p.r.s. is bounded by | <
deg(f2,71) + 2. By Theorem 6.3.15, if the MEA fails over Ly[z1], then res(li(ﬁ),M, z) # 0 for each
1 > 2. Thus, from Theorem 6.3.14, we have

!
Prob[MEA fails over L,[z;]] < Probp | H res(li(3), M, z)]
=2
l
< ZProb[p | res(L;(8), M, 2)].
=2

(6.28)

To bound Prob[p | res(l;(8), M, z)] in (6.28), we first need an upper bound on res(l;(3), M, z) € Z. By
Hadamard’s bound (Theorem 6.2.1), this requires upper bounds on || M(2)]|s and ||1;(8)||ee. Theorem
6.3.11 already yields ||M(2)||oc < Bar, so it remains to derive a bound on [|l;(8)]/es. For 0 < i < I,
suppose that ||S;i|lcc < B; and ||Rg, |l < Bj. Due to coefficient growth in Algorithm 12, we have
B; < By. Moreover, ||lilloc < ||Sillco, which implies that [|l;||cc < B; < B;. Example 6.3.10 illustrates
this.

Example 6.3.10. Let f1 and fo be the polynomials in Example 6.5.7. Note that f1 and fo are two

univariate polynomials so we do mnot need to be worried about substituting S; at 3. In this case,

Table 6.3: s.p.r.s.
SpIs. I = 1c(S;, 2) Tilloe 15iT
Sy = 2428 + 1222° + 8% + 222° + 822 + 2 + 4 1 =24 24 24
Sy = 828 + 8225 + 4zt + 8223 + 220+ 4 lp =8 8 8
Sz = 9622 + 322* + 17622 — 6422 + 402z + 64 l3 =962 96 176
Sy = —29696x* — 3584223 + 256022 — 793622 — 1024 | 1, = —29696 29696 29696
S5 = 876544022 — 548044822 + 16424962z + 3047424 | I5 = 87654402 8765440 8765440
S = 1382809622 — 6320947222 + 601096192 lg = 13828096 13828096 601096192
S7 = —47448064zx — 4034396160 l; = —47448064z 47448064 4034396160
Ss = 1317760139264 lg = 1317760139264 | 1317760139264 | 1317760139264

res(f1, f2) # 0. Thus, we can use a bound for ||res(f1, f2)||lco as a bound for ||S;||eo for 1 <i < 7. For

1 <4 <8, we have ||l;]|oo<||Si|lco< 131776013926.
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Theorem 6.3.16. Let f1 and fa be two non-zero polynomials in Lz[x1,...,x]. Consider Notation
6.4. Let p be a prime and let B € [O,p)k‘*l. Let

B, = p2D2(2D(D + 1))2k—2H2D'

Then [1:(8) o< By.

Proof. Due to the coefficient growth in the s.p.r.s. algorithm, to bound [|l;(5)||c0, it is sufficient to
bound || Ry, (5)||co. From Proposition 6.3.1, we have

o deg(Rq,, X) < (deg(f1,21) + deg(f2,21))D < 2D? (part (i)),

o #Ry, < ((deg(fr, 1) + deg(fo,21))(D+1)) < (2D(D +1))*! (pat(iii)), and
o [[Rolloo < (2D(D + 1)) H s m)des(200)) < (2D(D + 1)) H?P (part (iv)).

Therefore,

11 (B)lloo < 1Ry (8) lloo
< BB R | Rey o
< p2D2(2D(D + 1))2k72H2D.

O

Lemma 6.3.17. Let |M(2)||lso < Bar (Theorem 6.5.11) and ||l;(3)|lsc < By (Theorem 6.5.16). Let
p € Py, and let 3 € [0,p)*L. Then,

[(d(2D + 1))/2logy(dB? + 2dDB3%,) ]| ‘

Prob[p | Tes(li(ﬁ)J\Z’z)] < (b—1) ’ P, ‘

Proof. Let S = sylv(li(ﬂ),M,z) and let m = deg(f1,x1) and n = deg(f2,x1). Then S contains d =
deg(M) rows of coefficients of 1;(3) and deg(l;(3), z) rows of coefficients of M. To bound deg(l;(8), z),
recall Definition 6.3.3, so S; can be defined as the determinant of a matrix of size (m +n —2i) x (m +
n — 2i). Hence,

deg(l;(B),z) < deg(Si,z) < (m+n—2i)d < (m+n)d < 2dD.

Therefore, S has at most 2dD rows of coefficients of M (z). Since [|l;(8)|lso < B; and ||M(2)]0o < B,

by Hadamard’s bound, we have

d(2D+1)

| ves(li(8), M, 2) |=| det(S) | <[]
=1

d(2D+1) d(2D+1) | d d(2D)

> osu< I X B +> Bk

j=1 =1\ =L heorom 6316 =1 Theorem 6.3.11
< (dB? + 2dDB2,)2D+1)/2,

v d(2D+1))/2log,(dB?42dD B2
Hence, Prob[p | res(l;(83), M, z)] < [(d(2D+ ))/(bigll’)iwﬁ Ml

We now estimate the probability that MEA fails in Ly[z1].
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Corollary 6.5. Let f1, fo € Ly|xa, ..., xg|[x1] with deg(fi,x1) > deg(fo,z1) > 0. Assume the follow-

ing.
(i) Let Si,...,S; € Ly[x1,...,x1][2] be the s.p.r.s. generated by f1 and fo.
(ii) Let | be the number of the s.p.r.s., then | < deg(f2,x1) +2 < D + 2.

(iii) Let l; = 1c(S;, 1) € Z[xa, ..., xE][2] be as defined in Theorem 6.3.14, and let 3 € [0,p)*~1. Then
li(B) € Z[z].
Substituting the bound obtained from Theorem 6.3.17 into Equation (6.28), we have

l
Prob[MEA fails over Ly[z1]] < ZProb[p | res(l;(B), M, 2)]
=2

|(d(2D + 1)/2) (logy(dB}? + 2dDB3))) |
(b—=1)|Py | '
B

<(D+1) (6.29)

We define B as the right-hand side of Equation (6.29).
Theorem 6.3.18. Let f1, fo € Lylx1,...,xg]. Let B be as defined in Corollary 6.5. Then

Prob[PGCDNF encounters a zero divisor pair] < 3k(D +1)*"1B.

Proof. In PGCDNF, the probability that any GCD computation in Lines 2, 5, 6, 7, 9, or 30 fails is
bounded by B. Let #3 be the number of evaluation points required to interpolate xo, ...,z in the
GCD. Then, #3 < (D 4+ 1)¥1.

Line 2 performs at most (D + 1)*~! GCD computations in Ly[z1].

Next, we count the number of GCD computations required when computing the content of a
polynomial f; € Ly[zg][x1,...,7_1], in Line 5. Let C(k) denote this number. For k& = 1, no content
computation is required, so C(1) = 0. For k = 2, the polynomial is viewed as an element of L,[z2][z1].
Computing its content requires taking the GCD of at most D + 1 coefficients in Lp[arg], and hence
requires at most D GCD computations. Now suppose k > 2. At the top level, computing the content
w.r.t. X, = x1,...,2,_1 requires (D + 1)*~1 — 1 GCD computations. This process is repeated for at

most D + 1 evaluation points of z. Therefore,

0
C(2)=D
Ck)y=D+ 1" -1+ (D+1)C(k-1).
Solving for C(k), in Line 5, there is at most (k — 1)(D 4 1)*~! GCD computations. The same applies

to Lines 6, and 30. Lines 7 and 9 each involve one GCD computation, which we can include in the

count for Lines 5 and 6. Therefore, we have the following result.

Prob[PGCDNF encounters a zero divisor] < (D + 1)* 1B+ 3(k — 1)(D +1)*"'B < 3k(D + 1)*"'B.

Line 2 Lines 5, 6, and 30
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Example 6.3.11. Let f1, fo € L[z1, 2] be the polynomials from Ezample 6.5.1 over L = Q[z1, 22 /(23—

2 23— 1) with
f1 = 1305 21 2528 + 1305 29 323 + 582 20 w9 27 + (—840 2921 9 + 3395 21) 21 — 1960,
fo = 255 2021 242° + 595 232 + 24 29 2222 + (140 2, — 492) 291 — 1230 2021
We use the primes p € P31, so 230 < p < 231, In this example, we use the following parameters:

The number of variables is k = 2.

e The number of extensions is n = 2.

e As in Notation 6.3, D; = —4d 50Dy =2and Dy =1.

[Ty dnjsr’
o My =522 -2, 50 || My|lso <2° and lc(M;) = 5.
o My=323—7, 50 || Malso <2° and lc(My) = 3.
e 01 =3 and 63 = 6.

e D= maxi?:l(deg(fl,xi), deg(f2,2;)) = 6.

H = max(|| fi|o: || folloc) = 3395.

Let v = z1 + 3z5. Then logs ||7%||ec = logy 108 < C' =7, so0

d

n

By = d¥/? (20 [T(n—is1 + Di|]Mn_i+1]]OO)‘5i> ~ 2.5 x 10 and
=1

By = p*P*(2D(D + 1)) 2H2P ~ 1.31 x 1078,

By Theorem 6.3.18, the probability that PGCDNF encounters a zero divisor pair is bounded by

k-1 1(d(2D +1)/2) (logy(dB} + 2dDB3)))]

~ 3.43 x 1073,
(b—1) [P, |

3k(D + 1)

6.3.4 Unlucky primes

Let p be a prime chosen randomly from P,. In this section, we bound the probability that p is an

unlucky prime. To do so, assume the following.

o Let f1, fo € Lz[x1,...,21] be two non-zero polynomials, and let g = ged(f1, f2) be their monic
GCD.

e Let hy and hsy denote the cofactors of f; and fo, respectively, so that f; = hy - g and fo = hs - g.
Let pt I, lc(Mi) le(fi,z1) - le(fa, 1), and p t det(A).

Let ged(¢p(f1), ¢p(f2)) exist and let g, = ged(dp(h1), dp(ha)).
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By Definition 4.4.5, p is an unlucky prime if deg(g,) > 0, or equivalently, g, # 1. Therefore, we have

gp # 1 <= deg(gp, ;) >0, for some 1<i<k

= res(gbp(hl),qﬁp(ivzg),xi) =0, for some 1<i<k
Theorem 5.2.3
— ¢p(res(h1, ho, x;)) = 0, for some 1 <i <k,

Remark 5.2

< p| res(ﬁl, ﬁg,xi), for some 1 <7<k,
k

<] H res(hy, ho, ;). (6.30)
i=1

Example 6.3.12 illustrates the above argument.

Example 6.3.12. Let Ly = Z[z]/(2* — 2). Consider the polynomials f1, fo € Lz[x1,x2] given by

fi=(x1+2) (zz% + 2x9x1 + T2z(z2 — 3)),
1
fo = (z1 + 2) (2% + 14a02,) .
—_—

ha

Let p = 7. Reducing the cofactors, hi and 712, modulo p, we have

dp(h1) = 227 + 23021,
(bp(i@) = Zx%, and
9p = ged(dp(hn), dp(ha)) = 21 # 0.

Since deg(gp,z1) > 0, the prime p = 7 is unlucky. In particular, from Theorem 5.2.3, we have

res(¢p(711), ¢p(712),x1) =0 € Zplxa]. Moreover, a direct computation gives
ves(hy, ho, 1) = (22)(7%)(zo — 3)(1223 + x9 — 3) € Zlx][2],
hence ¢7(res(7Ll, ﬁg,xl)) = 0. Equivalently, p | res(iLl, ha, x1). Moreover,
res(ﬁl, }VLQ,l‘Q) = —2:61(61‘%2 — Twy — 147z2) € Z]xq].
If we choose p = 2, then czﬁg(res(ﬁl, ha, x2)) = 0. Therefore, p="T and p = 2 are unlucky primes.

With (6.30) and the above example, we state the following theorem.

Theorem 6.3.19. Let f1, fo € EZ[$1, ..., x| be two mon-zero polynomials with cofactors hy and ha,
respectively. Then
k

Prob[p is an unlucky prime] < ZPrOb[p | res(hy, ho, z;)].
=1
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Proof. Let g, = gcd(qbp(ﬁl), ¢p(ﬁ2)). By Definition 4.4.5, if p is an unlucky prime, then deg(g,) > 0,
i.e., gp # 1. This implies there exists some variable z; s.t. deg(gp,z;) > 0. Treat %(Bl) and ¢p<il,2) as

univariate polynomials in 2; over the ring Lz[x1,...,%_1,Zit11,...,2x]. Then, by Theorem 5.2.3,

gp # 1 <= res(¢p(h1), dp(ha), ;) = 0.

By definition of an unlucky prime, p { le(f1,21) - le(f2, 21), so %(711) # 0, and ¢p(712) # 0. Thus,
Corollary 5.2 implies that for some 1 <i <k,

res(dp (1), dp(ha), x;) = 0 <= ¢p(res(hy, ha,2;)) = 0
< p | res(hy, ho, ;). (6.31)

Since (6.31) holds for some x;, we conclude that if p is an unlucky prime, then p | H;?:l res(hy, ha, xj).

Therefore,
k v v
Prob[p is an unlucky prime] < Prob[p | H res(hy, ho, z;)]
i=1
k v v
< ZProb[p | res(hi, ho, z;)]. (6.32)
i=1
O
Corollary 6.6. The number of unlucky primes is finite.
Proof. Direct consequence of Theorem 6.3.19. O

Similar to the previous section, to bound Prob[p | res(hy, ho, x;)] (from Theorem 6.3.19), we first
use Hadamard’s bound to bound ||res(hy, hg, #;)||so. However, to do so, we need a bound on ||h1]s
and ||ha||ee. It is possible that [|21]lee > |[f1llec and [|Aallee > [|f2]lee (see Example 2.3.3). Hence, to
bound the probability of encountering an unlucky prime using Theorem 6.3.19, we use ||| and
o2 ]lo instead of [Lfilloe and || falloc

Theorem 6.3.20. Let fi and fo € Lz|x,...,xy] be two non-zero polynomials with cofactors hy and
fzg, respectively. Define

« D= maxi?:l(deg(fl,ﬂ),deg(fQ,xi)) and
o H = max(||21]loo; | h2]l0o)-
Let p € Py,. Then

|(k—1)(1 +logy(D) + logy(D + 1) + 2D logy H) |
(b—1)| P | '

Prob[p is an unlucky prime] < k

Proof. From Theorem 6.3.19,
k

Prob[p is an unlucky prime| < Z Prob[p | res(hi, ha, x;)].
i=1
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We first bound Prob[p | res(hi, ha,x;)]. For each 1 < i < k, we have deg(hy,x;) < deg(f1,z;) and
deg(hg, z;) < deg(f2,x;). Thus, from Proposition 6.3.1 part (iv),

||res(ﬁl, FLZ,%)HOO < (2D(D + 1))k—1H2D
for each 1 < i < k. Since p € Py, we have logy p > b — 1. Therefore, for 1 <i <k,

Prob|[p | res(ﬁl, lvzg,xi)] < Prob[p | ||res(711,h2,:1:¢)|]oo]
L1og2 (2D(D+1))k—1H2DJ

< log, p

B | Py |

- |(k—1)(1 +logy(D) + logy(D + 1) 4+ 2D logy(H)) |
- (b—1)| P | '

Summing over all k variables gives the final bound:

[(k = 1)(1 4 logy(D) +logy(D + 1) + 2D logy(H)) ] .

Prob|p is unlucky| < k
[p < G-1) 1P|

Example 6.3.13. Let L = Q[z1, 20]/ (2} — 2,23 — 1) and f1, f2 € Llz1, 23] s.t.

fi= (873:‘;’363 + 97292121 — 5622) (22 + z12122),

ha

fo= (1722;1:%33% + 420212129 — 8221) (22 + 212122)

ha
be as in Example 6.5.1. Let hi and hs be the cofactors of fl and fg, respectively. Then

H = maX(H;MHooy H;LQHOO) =97.

From Theorem 6.3.20, the probability of encountering an unlucky prime in MGCDNF is bounded by

| (k —1)(1 +logy(D) + logy(D + 1) +2Dlogy H) |

~ 5.6 x 1078,
(b—1) [Py |

Now, let us use the actual values instead of the bounds. Computing ry, = res(hi,ha,x1) and ry, =

res(hy, he, x2), we have

(72, [loo = 2% % 319 x 5 x 716 % 17 x 41* x 97*

725 ]l00 = 319 x 712 x 17° x 973,

As you can see, neither |74, ||oo nOT |72, ||co has a 31—bit divisor. Thus, if we choose primes from Psq,

the probability of encountering an unlucky prime is zero.
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6.3.5 Unlucky evaluation points

Let i be chosen randomly from [0, p). In this section, we bound the probability that x; = [ is
an unlucky evaluation point. Then we use it to bound the probability that PGCDNF encounters an

unlucky evaluation point. In this section, we assume the following:
e f1,f2 € Ep[xl, ..., x| with deg(f1,zr) > deg(f2, xx) > 0.
o The monic g = ged(f1, f2) exists.
o Set Xy = [z1,..., 251, s0 le(f1, Xk),lc(fa, Xi) € Ly[zy].
o lc(f1, Xk)(Brk) # 0 and lc(f1, Xi)(Br) # 0, and ged(f1(zk = Br), fo(zr = Bi)) exists.
e hi and hy denote the cofactors of fi and fo.

o gg, = ged(hi(zr = Br), ho(rr = Br))-

From Definition 4.4.3, z;, = S is an unlucky evaluation point if deg(gg,) > 0. Similar to unlucky

primes in the previous section, we have

98, # 1 <= deg(gs,,xi) >0 for some 1<i<k-—1
<= res(hi(zx = Bk), ha(zr = Bk), ;) =0 for some 1<i<k—1. (6.33)

Theorem 5.2.3

Example 6.3.14 illustrates the above argument.

Example 6.3.14. Let L, = Z5[2]/(2% — 2) and let f1 and f2 be two polynomials in Ly[z1,za] s.t.

fi=(x1+2) (z:p% + 3x129 + 22(x2 — 3)),
h1
fo = (z1+ 2) (2% + 3z122) .

—_————
ha

Evaluating the cofactors hy and ha at xo = 3 yields

(;51-2:3(h1) = Z:II% + 4(131,
bey—3(h2) = z2% + 41, and

gs = ng(¢$2:3(h1)7 ¢$2:3(h2)) Z.%'% +4xq 7é 1

in Lplx1]. Since deg(gs,z1) > 0, the evaluation point xo = 3 is unlucky. From Theorem 5.2.5, since

g3 # 1, we have
res(¢r,=3(h1), ¢zo=3(h2), 1) = 0.

Furthermore, B2 = 3 is a root of the polynomial
res(hy, ho, 1) = x% + 4z +4 € Ep[xg].

The following theorem generalizes this: if xo = P2 is an unlucky evaluation point, then Bs is a root of

res(hl, hg, xl) .
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Theorem 6.3.21. Let fi and fo € Ly[x1, ..., x5 be two non-zero polynomials and g = ged(f1, fa).
Let hy and ha be the cofactors of fi and fa, respectively. If x = Py € [0,p) is an unlucky evaluation

point, then it is a root of r = f;ll res(hi, ho, x;).

Proof. Let
98, = ged(hi(zr = Br), ha(zr = Br))-

If By, € [0,p) is an unlucky evaluation point, then deg(gg,) > 0, i.e., gs, # 1. Hence, there exists some
1 <i<k—1s.t.deg(gs,,z:) > 0. Treat hi(xy = Bx) and ho(zy, = Bi) as univariate polynomials in x;

with coefficients in Ly[z1,...,%i—1,%it1,. .., Tk_1]. Since gg, # 1, Theorem 5.2.3 implies

res(hi(z = Bk), ha(zk = Br), xi) = 0.

Let Xy = [x1,...,2Zk_1]; then by the definition of unlucky evaluation points, le(f1, Xx)(Bx) # 0 and
le(fo, X&) (Br) # 0 imply that le(hy, Xi)(zr = Br) # 0 and lc(he, Xi)(zr = Bi) # 0. Thus, Theorem
5.2.2 implies

res(hl, hg,xi)(xk = Bk) =0.
Therefore, x;, = ;. is a root of r = fz_ll res(hi, ho, z;). O

Let r = Hf;ll res(hy, ho, z;). From Theorem 6.3.21,
Problzy = B is an unlucky evaluation point] < Prob[r(Sx) = 0].

To bound this probability, we use the Schwartz-Zippel Lemma. To do so, we first need a bound for

deg(r). In the following theorem, we bound the above equation.

Theorem 6.3.22. Let f1 and fy € Ep[xl,...,xk] with deg(f1,zr) > deg(f2,xr) > 0. Assume the

following.
(i) Let By € [0,p).
(ii) Let the monic g = ged(f1, f2) exist, and let hy and hy be the cofactors of fi and fa, respectively.
(i4i) Define D = max®_, (deg(f1,z;), deg(f2, x;)).

Then, at the first iteration of the PGCDNF, we have

2(k — 1)?D?
Problzy = Bk is an unlucky evaluation point] < 2k - 1)°D”
p—2D
Proof. Let R; = res(hi, ho,x;) € Zpl2][x1, ..., Ti1, Tit1, .., Tp—1][xx] and r = Hf;ll R;. By Theorem

6.3.21, if xp, = B is an unlucky evaluation point, then r(z; = fr) = 0. To compute
Prob[r(zy = Bk) = 0],

we use the Schwartz-Zippel lemma. Let Fy = lc(fi, {x1,...,25-1}) and Fy = le(fo, {z1,...,2-1})
be two polynomials in Zp[z][xg]. By the definition of unlucky evaluation points (Definition 4.4.3),
Fi(xp = Br) # 0 and Fy(xy = Bi) # 0. Each Fy and F5 has at most D roots in Z,. Excluding the roots

148



of F1 and F, from the integers in [0, p), there are at least p — 2D possible choices for 8. Therefore, by

the Schwartz-Zippel lemma, we obtain

Prob[zy = B is an unlucky evaluation point] < Prob[r(8) = 0]

deg(r)

< .
~p—2D

Now, we bound deg(r). For 1 <i <k — 1, we have

deg(h1,z;) < deg(f1,x;) < D and
deg(hg,xi) < deg(fg,xi) < D.

Thus, by the construction of the Sylvester matrix, for j # ¢
deg(R;, x;j) < (deg(hn,z;) + deg(hz, x;))D < D(D + D) = 2D?,

so deg(R;) < 2(k — 1)D?, which implies that deg(r) < 2(k — 1)2D?, and therefore

2(k — 1)2D?

Prob[z = (B is an unlucky evaluation point] < 5D
p —

O

Now, we can bound the probability that the PGCDNF encounters an unlucky evaluation point in

all its recursive calls.
Theorem 6.3.23. Let fi, f» € Ly[z1,...,xx] and D = max¥_| (deg(f1,z:),deg(f2, xi)). Then

2(D + 1)kt

Prob[PGCDNEF' encounters an unlucky evaluation point] < 5D
p—

Proof. Let hy and hs be the semi-associates of the cofactors of fi and fs, respectively. For the eval-
uation process, the worst case occurs when hy = f; and hy = f5. In this case, to interpolate x; at
g = ged(f1, f2), we need at most D + 1 evaluation points. For each of the D + 1 evaluation points of
zr, we need D + 1 evaluation points to interpolate xp_1 in g, and so forth. In the recursive calls of
the PGCDNF, deg(R;,z;) < 2D? does not change for 1 < i, j < k. However, the number of variables,
and thus the number of R;’s at each level, changes. Table 6.4 summarizes the number of required
evaluation points and the number of possible R;’s at each level of the PGCDNF. In Table 6.4, the
polynomials F, and F», denote the evaluated polynomials in Line 13 of PGCDNF. From the number
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Level Fy,, Fy, Evaluate | # Required evaluation points to interpolate z; in g | # R;
1 {;p[xl,...,$k_1] Tk D+1 k—1
2 Lp[xl,...,:nk_g] Th—1 (D+1)2:(D+1)(D—|—1) k—2
—_——— ——
_ for xy for xzp_1
3 | Lplwt,...,wp—3] |  Tp—2 (D+1)*=(D+1)-(D+1)-(D+1) k—3
—_——— —— ——
for xp for xp_1 for xp_o
k—1 Epi[arl, 1'2] xro (D + 1)’671 1
k Lp[l'l] — 0

Table 6.4: Recursive calls of the PGCDNF.

of resultants in the fourth column of Table 6.4, similar to Theorem 6.3.22, we can prove that

. , , 2D?(k —1)?
Prob[z = (B is an unlucky evaluation point] < ——p W need < D41 B’s
p J—
2D?(k — 2)?
Prob[zp_1 = Bk_1 is an unlucky evaluation point] < (2D)’ we need < (D + 1)2 Br—1’s
p —
2D?(k — 3)?
Problzg_o = Bk—2 is an unlucky evaluation point] < <2D)’ we need < (D + 1)3 Br_o’s
p —_
2D?

Prob[zy = B2 is an unlucky evaluation point] < we need < (D + 1)"71 By’s.

p—2D’

From the above argument and Table 6.4, we have

Prob[PGCDNF encounters an unlucky evaluation point]

< Prob[z; = §; is an unlucky evaluation point for some 2 < i < k|
k
< (D + 1)k_i+1 Problz; = f; is an unlucky evaluation point]

# Evaluation points

i=2
k 2(; 2
1 12D%(1 — 1)
< Z(D + 1)k—z+17
i=2 p—2D

2(D +1)((D +2)((D +1)* 1) - Dk(Dk +2))
D (p—2D) '

IN

O

Example 6.3.15. Consider the polynomials f1 and fo defined in 6.5.1. From Theorem 6.5.21, the
probability of encountering an unlucky evaluation point in PGCDNF is bounded by

2(D+1)((D +2)((D+1)* = 1) — Dk(Dk +2))

~4.7x 1077,
D{p—2D) 7 x 10
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Now, we use the actual values instead of bounds. Computing r = res(hq, ha, x1), we have deg(r,y) = 20.
Thus,

2 % 20
p — (deg(f1,y) +deg(f2,y))

Problzy = B is an unlucky evaluation point] < =372 x 1078,

We evaluate y at most for D 4+ 1 evaluation points, so

Prob[PGCDNF encounters an unlucky evaluation point] < (D +1) x 3.72 x 1078 ~ 2.6 x 107",

6.4 Failure probability analysis of MRESNF

Since lc-bad pairs and det-bad pairs are defined identically for MGCDNF and MRESNF, the probabil-
ity bounds proved for MGCDNF apply to MRESNF without change. In MRESNF, we do not introduce
unlucky primes or unlucky evaluation points because we do not use Lemma 2.2.9 in MRESNF. Con-
sequently, the only additional category to analyze is the occurrence of a zero divisor in the finite ring

Ly[y] during the univariate resultant computation.

Let f1, fo € Lz[z1,...,z%][y]. Let p be a prime and let 3 € [0, p)* be an evaluation point s.t. (p, 5)
is not le-bad. By Definition 5.4.1, (p, 8) is a zero divisor pair if URES (Algorithm 9) fails when applied
to the inputs ¢,(f1)(3) and ¢,(f2)(B) € L,[y] in Line 2 of PRESNF. To compute the resultant of
univariate polynomials in f)p [y], URES employs the MEA. Thus, URES fails if and only if the MEA
fails (Theorem 5.3.3). Consequently, the results obtained in Section 6.3.3 also apply to URES, and the
bound obtained in Corollary 6.5 for the probability that the MEA fails over I}p [y] also yields a bound
on the probability that URES encounters a zero divisor pair. Notice that in PRESNF, we assumed
that the input polynomials are in Lz[x1,...,zs][y] with & + 1 variables, so Theorem 6.3.16 holds for
PRESNF if we replace 2k — 2 with 2k, to obtain

B, = p*P’(2D(D + 1))* H?P.
We bound the probability that URES fails over L,[y] using the same justification as in Theorem 6.3.17:

Prob[URES fails in Ly,[y]] = Prob[MEA fails in L,|y]]

[(d(2D +1)/2) (log(dB? + 2dDB3,))]
(b—1) [Py | '

B’I‘(jS

<(D+1)

We call the above bound B,.s. Moreover, to interpolate the resultant, we need at most (2D2 +1)

evaluation points for k variables. Therefore,

Prob[PRESNF encounters a zero divisor pair] < (2D? + 1) B.,. (6.34)

6.5 Failure probability summary

We analyzed the probability that MGCDNF, PGCDNF, MRESNF, and PRESNF encounter a bad

prime or evaluation point. In the following theorems, we summerizes this analyzes.
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Theorem 6.5.1. Let f1, fo € Q(aq,...,an)[x1,. .., 2] with monic g = ged(f1, f2). Let N denote the
number of primes used, and assume that the number of evaluation points used in PGCDNF is at most
(D 4 1)¥=1 (Theorem 4.5.1). Let

« p be chosen at random from Py and B be chosen at random from [0,p)*~ 1,

e D= maxle(deg(fha?i), deg(f2, xi)),

e D; = T an Z - = H;L;f dj, where d; = deg(M;),
j=1%n—i

o | M) < 2™ and I; = 1e(M;, 2) for1<i<n,

. H’deOO <2¢ wherey =21 +Cizo+...+Ch_12n s.t. C1,...,Cp_q € (0,p) are chosen randomly
o |filloo 2" fori=1,2,

o H = max(||luloc; [|ho]loc), where hy = f1/g and hy = fo/g,

e i=d—dy+1, and 6 =d —dp_ip1 + 1+ (dn_ip1 — 1) X021 6; for 2<i <n, and

o B be as defined in Theorem (6.5.18).

The probability that MGCDNF encounters either an lc-bad pair, a det-bad pair, or an unlucky prime,
or that PGCDNF' encounters an unlucky evaluation point or a zero divisor pair, is bounded by

_ 2h 2(k—-1)D nm
N((D+1)k! + + 6.35
(P Gyt~ 5t e=i e (633)
Prob[(p,B) is lc-bad] (Theorem 6.3.1)
+ 3k(D+1)'B (6.36)
| ——

Prob[PGCDNF encounters a zero divisor pair] (Theorem 6.3.18)

2D +1) ((D +2)((D +1)% —1) — Dk(Dk + 2))

6.37

* D(p—2D) (6.37)

Prob[PGCDNF encounters an unlucky evaluation point]( Theorem 6.3.22)

dd—-1 d/2logyd+ d(C | ln—i D,
+ ( ) + |_ / 0gy a + ( +Zz:1 OgQ( +1+ m))J (638)

2(p—1) (b—1)x | Py |

Prob[(p,c) is det-bad] (Theorem 6.3.10)
k—1)(1+1 D) +1 D+1)+2Dlog, H
o L= (1 + logy( (;+ 1O)g2z(p> |+ ) +2Dlog, H) | ) (6.39)
- b

Prob[p is an unlucky prime]( Theorem 6.3.20)

Since MGCDNF is output-sensitive, its failure probability depends on both the inputs and the
output. Therefore, the algorithm benefits from a speedup when the output is much smaller than the

inputs.

Theorem 6.5.2. Let f1, fo € Q(ai,...,an)[x1,. .., zk][y] with r =res(f1, f2,y). let N be the number
of primes used in MRESNF, and let the number of evaluation points used in PRESNF be at most
(2D? + 1)* (Theorem 5.5.1). Let

o p be chosen at random from Py and B be chosen at random from [0,p)*,

° D:maxi?:l(deg(fluy)7deg(f2)y)7deg(fhxi)?deg(f?)xi));
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e D, = ﬁ = H;:{ d;, where d; = deg(M;),
j=1"""J

| M| < 2™ and l; = 1e(M;, %) for 1 <i<n,

17|00 < 29, where vy = 21+ Crza+ ...+ Cp_12y, s.t. C1,...,Cn_1 € (0,p) are chosen randomly

| filloo <20 fori=1,2,
e di=d—dp+1, and 6 =d—dp-is1+1+ (dn-iv1 — 1) X521 65 for 2< i< n, and
o Byes be as defined in Equation (6.34).

Then the probability that MRESNF encounters either an lc-bad pair or a det-bad pair, or that PRESNF

encounters a zero divisor pair is bounded by

2h n 2(k—-1)D n nm
(b—1)-| Py | p (b—1)|Py|
Prob[(p,B) is lc-bad] (Theorem 6.3.1)
+ (D 4 1)Byes ) (6.41)
—_———
Prob[PRESNF encounters a zero divisor pair] (Equation 6.34)
A=) | (o2 1ok d + d(C+ T b lokgllaciss + Dir)]
20— 1) (b—Dx | By |

Problp is det-bad] (Theorem 6.3.10)

N((2D? + 1)k(

(6.40)

+ (6.42)

The numerators in the equations (6.35)-(6.42) are polynomial in the sizes of the input and output,
namely, d the degree of Q(a1,..., ), the size of the integer coefficients in My, Ms, ..., M,, fvl, fg,
and the cofactors iLl, iLQ, the degrees of f1, fo in x1,xs,...,xE, the number of evaluation points used,

the number of primes used, and the number of terms of f1, f2, g each of which is bounded by (D + 1),

Remark 6.4. Since we assume that #f1,#f2, #g9 < (1 + D)¥, the bound above is polynomial in

number of terms of the inputs and the output.

Remark 6.5. In practice, using large p € P31, C; € (0,p) and B; € [0,p), we do not see any failures.
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Chapter 7

Implementation and demo of software

7.1 Summary of contributions

Section 7.2 describes the data structures employed to represent polynomials over algebraic number
fields L = Q(ay, ..., ay). Section 7.3 presents the Maple implementation of the LAMinpoly algorithm
(Algorithm 4) together with the primitive isomorphism, as outlined in Section 3.4.3. In Section 7.4, we
implement Algorithm MGCD (Algorithm 8) on a range of examples to illustrate the different failure
cases. The implementation of Algorithm URES (Algorithm 9) is presented in Section 7.5.

7.2 A data structure for L[xy,..., xy]

We employ a recursive dense data structure, POLYNOMIAL, to represent polynomials in L[x1,...,z].
This structure follows the same design as the one introduced in [31]. We specify the Maple data type
<poly> using Backus—Naur Form (BNF)! as follows:

<poly> ::= POLYNOMIAL(<ring>, <data>)

<ring> ::= [<char>,<vars>,<exts>]

<char> ::= <nonnegative integer>

<vars> ::= vector(<variables>)

<data> ::= <immediate integer>| <rational number> | vector(<data>)
<exts> ::= vector(<data>)

In the examples, we indicate vectors by square brackets corresponding to lists in Maple. They are
essentially read-only lists. Through the following examples, we discuss the details of the POLYNOMIAL

data structure.

Example 7.2.1. We use the rpoly command to convert Maple’s representation of a polynomial into
the POLYNOMIAL data structure. For instance, the polynomial f = 222+ 3xy? € Q|z,y] is expressed

as follows:

IBNF is a formal notation for describing the syntax of a programming language. It is composed of a collection of
production rules that define the valid syntax of a language. Each rule consists of a non-terminal symbol, which can be
expanded into other symbols, along with one or more alternatives that specify the possible expansions of that symbol.
The vertical bar | denotes an alternative, and ::= denotes a definition.
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> fi=rpoly (2*x "2+3*z*y 2, [x,y]);
f:=2z "2+3zy "2

We use the 1print command to print the POLYNOMIAL data structure.

> lprint (f);
POLYNOMIAL ([0, [z, y], [ 11,[0, [0, o0, 3], [2]]1)

The POLYNOMIAL data structure contains two primary components:

1. The first vector, [0, [z, y], [ J], contains the ring’s information. We decode the first vector
as follows.
o The first entry 0 indicates the characteristic of the ring.
o The second entry [z,y] specifies the list of variables.
o The third entry, an empty list [ 1, indicates that there are no algebraic extensions.

2. The second vector, [0, [0, 0, 3], [2]], encodes the polynomial recursively. To do so, it

uses the isomorphism

Q[ml, o ,l‘k] & @[l’k] [xk_l] o [:L'l]

In this example, we treat x as the main variable and map f € Qx,y] to f = 22? + (3y*)z €
Qly][x]. Consequently, the entries 0, [0,0,3], [2] are the coefficients of 2°,x., and 22, re-
spectively. Thus,

e 0 is the coefficient of 2V,

e 0+0-y+3y? is the coefficient of x*, and

e 2 is the coefficient of 2.

To retrieve the ring associated with a given polynomial, we use the getring command.

> getring (£f);
o, [x, yl, [ 1]

Example 7.2.2. Let L = Q[z,w]/(Mi(z2), Ma(w)), where My(z) = 22 — 2, and Ma(w) = w? — 3. Let
f =3zy® + w® 4+ wz + 22% € L[z, y].

We use the phirpoly command to reduce a polynomial modulo either an integer p or a list of min-
imal polynomials my, ..., my or both. This allows us to construct the field L = Q(v/2,v/3) and the
polynomial f as follows. To obtain the ring information associated with a polynomial, we use the
getring command. Additionally, to extract the internal representation of the polynomial itself, we use

the getpoly command.
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> F:=rpoly (2*x "2+3*z*y R2+z*xw+w 2, [z,y,w,z]);

F :=3zy 2 + w2 + wz + 2z72
>M1:=rpoly(z72-2,2z);
M1 := 272 - 2
> M2:=phirpoly (rpoly(w2-3, [w,2z]),M1);
M2 := (w2 - 3) mod <z72 - 2>
> f:=phirpoly (F,M1,M2); #Create the polynomial f over Q[z]/<z 2-2,w 2-3>[z,y]
f :=3zy™2 + wz + 2272 + 3 mod <w2 - 3, z72 - 2>
> getring (f); #Get the information of the ring L[z,y]
(o, [z, y, w, 27, [[[-3], o0, [1]], [-2, 0, 1]]]
> getpoly(f); #Get the information of the polynomial F

rrresy, o, 11ij, fo, o, [[3117, [[[2]1]1]1]

Alternatively, we can construct the field L and the polynomial ring L[z, y] more directly using the

rring command as follows.

> L:=rring([z,w],[z72-2,w"2-3]); #L=Q[z,w]/<z72-2,w 2-3>
L := [o, [z, wl, [[[-21, o, [111, [-3, O, 1111

> Lxy:=rring(L,[x,y]); # Construct L[z,y] from L

Lxy := [0, [x, y, =z, w], [[[-2], o, [11], [-3, O, 1111]
> fi=rpoly (2%x"2+3*x*y 2+z*xw+w”~2,Lxy) ;

f := 3xy"2 + wz + 2x72 43 mod < z72 - 2, w°2 - 3>
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7.3 Implementation of Algorithm LAminpoly in Maple

In the following, we present our Maple code for Algorithm LAminpoly (Algorithm algorithm 4),
along with several illustrative examples. The file recden contains all the necessary commands for
computations involving the POLYNOMIAL data structure. Accordingly, it is called at the beginning of
the process. Additionally, the file MonOp includes routines for computing the coordinate vector of ~*

with respect to a basis B for L.

Maple code 7.1: LAminpoly.mw

>restart;
with(PolynomialTools) :
currentdir () ;
read "recden": read "MonOp":
>LAminpoly:=proc(m,p,gamma,X,Z)
local n,deg,d,monombasis,g,A,B,det,q,i,b,M;
:=nops (m); #nops(m)=nops (X)
deg:=[seq(degree(m[i],X[i]),i=1..n)];
:=mul (deg[i] ,i=1..n);
monombasis:=Basemaker (X,deg,m);
#monombasis is a basis for K=Z_plzl,22]/<z172-2,22°2-3>%i.e. {1,21,22,2z1z2}
g[0]:=rpoly(1,getring(gamma));
for i to d do
gli]l :=mulrpoly (gamma,gli-11);
od;
:=Matrix (d);
#Creating the coeffs matriz
for i from 1 to d do
gli-1] := expand(rpoly(gli-11));
A[1..d,i]:=Monomlist(g[i-1] ,monombasis ,hX);
od;
gld]l:= expand(rpoly(gldl));
b:=Monomlist (g[d] ,monombasis ,X);

# Construct the augmented matriz B = [A[/I|/b] and row reduce <t
B:=Matrix(d,2*d+1,datatype=integer [8]);

B[1..d,1..d] := A;

for i to d do B[i,d+i] := 1; od;

for i to d do B[i,2*d+1] := b[i] od;

#Check for appropriate C here: If det(4)<>0, then A <is invertible and we are
good.

#0therwise, MGCD goes back and chooses another C
Modular:-RowReduce(p,B,d,2*xd+1,2*d+1,’det’,0,0,0,0,true);

if det=0 then return FAIL fi;

q := -B[1..d,2%d+1]; # Solve of Aq=-b for g¢q

B := B[1..d,d+1..2*d]; # A°(-1)

#Constructing the characteristic polynomial

M:=add(q[i]*Z~(i-1),i=1...d)+Z"d mod p;
return M,A,B;

end:

Example 7.3.1. Let L = Z/(2* — 2,w? — 3). The procedure LAminpoly, as presented above, takes the

following inputs
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e a list of minimal polynomials m = [22 — 2, w? — 3],

e a prime p = 1009,

e a candidate primitive element v = 2z + w,

o a list of variables associated with the minimal polynomials X = [z, w], and

e a variable Z , with respect to which the characteristic polynomial is to be constructed.
It then returns the following outputs:

e characteristic polynomial M,

o the matriz A, whose columns contain the coordinate vectors of 4 for 0 < i < 3,

>currentdir () :
>read "recden"; read "MonOp"; read "LAMinpoly";read "Phigamma";

>p:=nextprime (1008) ;

Ml:=z"2-2:
M2:=w"2-3:
m:=[M1,M2]:

local gamma:

gamma :=rpoly (2xz+w, [w,z] , [M1,M2]):

X:=[z,w]:

M,A,Ainv:=LAMinpoly(m,p,gamma ,X,Z);
1009

M,A,Ainv := Z74 + 987%xZ"2 + 25,

Matrix (4, 4, ([[t, o0, 11, 0], [0, &, O, 27], [0, 2, O, 34], [0, O, 4, 0]1),
Matrix (4, 4, [[1, O, O, 754], [0, 301, 859, o], [0, O, O, 757],[0, 101, 454, 0]1)

Example 7.3.2. Let
f = (14w + 70)2? + (70w + 42)y + (2 + 10)w + 52 + 6)2 + ((52 + 6)w + 32 + 30)y € L[z, y],

where L, = Z,/{z* + 1007, w? + 1006). The procedure Phi, described in Maple Code 7.2, converts
f to its corresponding polynomial in L, = Z,/{Z* + 987Z% + 25) where M(Z) = Z* + 9872% + 25
is obtained from LAminpoly algorithm. The file Phigamma contains the Maple implementation of the

primitive isomorphism ¢, as described in Section 3.4.3.

Maple code 7.2: phigamma .mw

>read "Phigamma";

>f:=rpoly ((w+5)* (x+uxy)* (14*x+2%w+z) ,[x,y,w,z], [ml,m2],p):

Xmin:=[z,w]:

Xpoly:=[x,y]l:

flag:=1:

Phi (f,M,Xmin, Xpoly,flag,L,A,Ainv);

((405%Z73 + 178%Z + T70)*x"2 + ((7*Z73 + 890%Z + 42)*y + 253%xZ73 + T7L57*Z72 + 242*Z +
760) *x + (959%Z"3 + T758%Z72 + 347*Z + T773)*y) mod <Z~4 + 987*Z"2 + 25, 1009>

158




7.4 Implementation of Algorithm MGCD in Maple

Using the POLYNOMIAL data structure introduced in Section 7.2, we present the Maple implementation
of our MGCD algorithm. As shown in the code, the MGCD algorithm prints the primes used. Further-
more, if a prime p is identified as unlucky, det-bad, or is involved as the first component in a zero divisor
or le-bad pair, (p, 5), then MGCD prints p along with an explanation about it. In Examples 7.4.1, 772,
7.4.2, and 7.4.3, the input polynomials f1, fo belong to L[z, y], where L = Q[z,w]/(2? — 2,w? — 3).

Example 7.4.1. In this example, MGCD hits one unlucky prime.

>currentdir () :

>read "recden"; read "MonOp"; read "LAMinpoly"; read "Phigamma"; rTead "PGCD"; read "
MGCD";

>M1:=rpoly(z72-2,2):

>M2:=phirpoly (rpoly (w™2-3, [w,z]),M1):

>f1:=phirpoly(rpoly ((z+w+13*y)*(x*y+z+4) *(z+1),[z,y,w,2]),M1,M2);

fR:=phirpoly (rpoly ((z+w)*(z+z)*(z+1),[c,y,w,2]),M1,M2);

output :=MGCD(f1,f2,9);

f1 := y*x"3 + (13*%y 2 + (w + 1)*y + z + 4)*z 2 + (13*%y 2 + (13*z + 52 + w)*y + w*(
z + 4) + z + 4)*x + (13%z + 52)*y + wx(z + 4)mod <w 2-3,z 2-2>
f2 =273 + (w+ 2z + 1)*z"2 + ((z + 1)*w + z)*z + z*w mod <w 2-3,z 2-2>

MGCD:prime=11

MGCD:prime=13

13 is an unlucky prime

MGCD:prime=17

MGCD :prime=19

output := (z + 1) mod <w™2 - 3, z72 - 2>

The output of PGCD for py = 11 is Cp, = x + 1 while for ps = 13 PGCD returns Cp, = 22 + (w + 1)z + w.

As Im(Cp,) = 22 > 1m(Cy, ) = x, we conclude that ps = 13 is an unlucky evaluation point.

Example 7.4.2. In this ezample, MGCD hits two unlucky primes.

>currentdir () :

>read "recden"; read "MonOp"; read "LAMinpoly"; read "Phigamma"; read "PGCD"; read "
MGCD";

> M1l:=rpoly(z-2-2,2):

> M2:=phirpoly (rpoly(w™2-3, [w,2z]),M1):

> f1l:=phirpoly (rpoly (264* (z+3) *(x+2z+127*w) * (z+y) *z, [z,y,w,2]) ,M1,M2) :

>f2:=phirpoly (rpoly ((z+1) *(z+2z) *(x+113*z+y)*z, [z,y,w,2]) ,M1,M2) :

Soutput :=MGCD(f1,f2,112 );

MGCD:prime=113

MGCD :prime=127

MGCD :prime=131

p=131 and all the previous primes were unlucky

MGCD :prime=137

output := = mod <w™2 - 3, z72 - 2>

The output of calling PGCD for py = nextprime(112) = 113 is equal to Cp, = x + zy. When we call
the second prime pa = 127, the output of PGCD is C), = x? + xz. For the third prime, p3 = 131,
however, we have Cp,, = x. Since Im(Cp,) < Im(Cy,), we conclude that all the primes used before

p = 131 were unlucky.
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Example 7.4.3. In the following example, MGCD hits one zero divisor and one lc-bad prime.

>currentdir () :

>read "recden"; read "MonOp"; read "LAMinpoly"; read "Phigamma"; rTead "PGCD"; read "
MGCD";

> M1:=rpoly(z72-2,2):

> M2:=phirpoly (rpoly (w2-3, [w,z]),M1):

>f1:=phirpoly (rpoly (38*(w+9) *z "2+2*xx+3*z+w, [z,y,w,z]) ,M1,M2) :

> f2:=phirpoly (rpoly ((z+7) *z*x "3*xy+(2-2) ¥z+2*y*w, [z,y,w, 2]) ,M1,M2) :

> g:=phirpoly (rpoly (wxz+y+z, [z,y,w,2]),M1,M2):

> fl:=mulrpoly(f1,g);

> f:=mulrpoly(f2,9);

> output:=MGCD(f1,f2,12);

f1 := (342 w +114) =7"3+((38 w +342) y +(38 z +2) w +342 z) ©2+(3 2z w +2 y +2 2z
+3) z+(3 z +w) y +z w +6 mod <w 2-3,z 2-2>
f_2 := zwyz "5+ (2y "2+ (Tzw +2)ylx 4+ (Tzy "2+14 ylx 3+(z-2)wx 2+((z +4{)y-2z+2)z +2uwy

“2+2zwy mod <w 2-3,z 2-2>

MGCD :prime=13
p=13 is a ZD prime ZD=POLYNOMIAL ([13, [z], [[4, 0, 1, o0, 1]]1]1,[2, 4, 1])
MGCD :prime=17
MGCD:prime=19
p=19 s an lc-bad prime
MGCD :prime=23
p=23 is a ZD prime ZD=POLYNOMIAL ([23, [z], [[3, 0, 6, 0, 1]]]1,[20, 1])
MGCD :prime=29
MGCD :prime=31

output := (z + 1/3yw + 1/3zw) mod <w™2 - 3, z72 - 2>

Since w? —3 = (w+9)(w+4) mod 13, the monic Euclidean Algorithm hits a zero divisor while trying
to find the inverse of lc(fl) mod 13 = 4w + 10.

Example 7.4.4. In this example, we compute the gcd of two random polynomials over a random

algebraic number field. We create a random algebraic number field as follows.

> #We construct the field of L=Q[z,w]/ <M1(z),M2(w)>, where M1 and M2 are the minimal
> #polynomials of two algebraic numbers of degree d so [L,Q]=d 2.
> d:=3:
> do;
ml:=z d+randpoly (z,degree=d-1,dense): # Monic random polynomial s.t deg(M1)=3
m2:=w d+randpoly (w,degree=d-1,dense): #Monic random polynomial s.t deg(M2)=3
alias (sigma=RootOf (M1)):
until irreduc(M1) and irreduc (M2,sigma):
> #M1 and M2 must be irreducible over { and Q[z]/<M_1(z)> respectively
> M1:=rpoly(mi,z);
> M2:=phirpoly(rpoly (m2, [w,z]),M1);
M1:=2"3-21z2 "2+632-78
M2:=w"3-91w 2-46w +86 mod <z 3-21z 2+63z-78>

Now we build two random polynomials fi1, fo € L[x,y| where L = Q[z,w]|/ < My(z), Ma2(w) >, and
ged(f1, f2) # 1. Then, we call MGCD to compute ged(f1, fa2).

> g:=phirpoly(rpoly(randpoly ([z,y,w,2z],degree=3, terms=4),[z,y,w,2]),M1,M2):
> fl:=phirpoly(rpoly(randpoly ([z,y,w,2],degree=2, terms=6),[z,y,w,2]),M1,M2) :
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f2:=phirpoly(rpoly (randpoly ([z,y,w,2],degree=2, terms=6),[z,y,w,z]),M1,M2):

fl:=mulrpoly(f1,g); #f1xg

fR:=mulrpoly (f2,9); #f2x*g

output :=MGCD (f1,f2,1009);

f1 := ((-1350z + 2025)w - 2550272 + 3825z)yz 2 + ((702w + 1326z)y "3 + (1026w™2 +
1938wz + 300z - 450)y "2 + ((-1350z72 - 1674)w-53550z7"2 + 157/88z - 198900)y+
(-575252z 72 + 185850z - 230100)w)z - 156y "4 - 228wy 3 + (1534wz "2 + 300z 72 +
372)y "2 + 2242z 2w 2y + (-1118758z72 + 3672750z - 4832100)w mod <w~3 - 91w2
- 46w + 86, 273 - 21272 + 63z - 78>

vV Vv Vv Vv

f2 := ((-3300 z + 4950) y + 3850 z72 - 5775 z) z72 + (1716 y~3 + (2508 w - 4152 z
+ 3225) y 2 + (-2926 w z - 1350 z72 - 2925 z - 4092) y + (3900 z - 5850) w +
114975 z72 - 348026 2z + 436800) = + 1118 y~4 + (1634 w - 1014 2z) y 3 +
((-1482 z - 2028) w - 3060 272 - 2666) y™2 + (-1330 w 272 - 2964 w™2 + 40950 z
T2 - 120432 z + 152100) y + (3900 z72 + 4836) w + 663670 z 2 - 2178750 z +
2866500 mod <w™3 - 91 w™2 - 46 w + 86, 273 - 21 272 + 63 z - 78>
MGCD :prime=1013
gamma := z + 784 w;
M := 279 + 661 278 + 303 z77 + 269 z76 + 462 275 + 699 274 + 638 273 + 985 272 + 430
z + 144;
MGCD: prime = 1019;
gamma := z + 969 w;
M := 279 + 340 278 + 234 277 + 553 276 + 919 275 + 421 z74 + 301 273 + 391 z72 + 685
z + T779;
MGCD: prime = 1021;
gamma := z + 782 w;
M := 279 + 861 278 + 994 277 + 853 276 + 234 275 + 405 274 + 759 273 + 650 272 + 442
z + 318;
MGCD: prime = 1031;
gamma := z + 905 w;
M := 279 + 312 278 + 568 277 + 851 z76 + 800 275 + 877 z74 + 705 273 + 890 z"2 + 531
z + 400;
output := = + (-104/5475 z72 + 676/1825 z - 234/365) y 2+ (-152/5475 z72 + 988/1825
z - 342/365) w y+ 698/5475 z72 - 2712/1825 z + 2118/365 mod <w”3 - 91 w2 - 46 w
+ 86, 273 - 21 272 + 63 z - 78>;

7.5 Implementation of Algorithm URES in Maple

Maple code 7.3: URES.mw

>currentdir () :
>with(PolynomialTools) :
>read(recden) :
>monic:=proc(a) #This procedure makes polymomials monic
if getpoly(a)=0 then a else mulrpoly(invrpoly(lcrpoly(a)),a); fi;
end proc:
#ures computes the resultant of two univariate polynomials using m.p.r.s.
ures:=proc(a, b)
local q,r,s,t,k,n,m,h,R,c,mprs,Ring,v,prod,i,1;
r[0]:=a, r[1]:=b;
m[0] ,mprs:=r[0], [al;

161




k:=1;
Ring:=getring(a);
while getpoly(r[k])=0 do
m[k]:=monic(r[k]);
mprs :=[op (mprs) ,r[k]];
r[k+1]:=remrpoly (m[k-1] ,m[k]);
k:=k+1;
od; #Now, we have m.p.r.s. and can compute the resultant
R,v:=getring (mprs[1]) ,0;
prod ,n:=rpoly(1,R) ,nops (mprs) ;
c:=[seq(0,i=1..n)]1;
for i to n-2 do
v:=v+degrpoly (mprs[i])*degrpoly (mprs[i+1]);
od;
for i to n do
clil:=lcrpoly(mprs[il);
od;
for i from 2 to n-1 do
prod:=scarpoly (powrpoly(c[i],degrpoly (mprs[i-1])) ,prod);
od;
prod:=scarpoly (powrpoly(c[n],degrpoly(mprs[n-1])),scarpoly((-1)~v,prod));
return (prod) ;

end:

The code 7.3 presents the Maple code for the URES algorithm (Algorithm 9). In the following example,

we compute the resultant of two univariate polynomials using the code 7.3.

Example 7.5.1. In the following, we compute the resultant of two polynomials in Q[z1, 2o, 23, 24] /(2% —
2,25 — 3,23 — 5,23 — 7) using the URES algorithm.

>M1:=21"2-2:

M2:=227"2-3:
M3:=23 2-5:
M4 :=24 "2-7:

a:=rpoly(z " 3+z1*c+22%23+24+1,[x,24,23,22,21],[M1,M2,M3,M4]);

b:=rpoly(x 2+z1*23%x-1,[x,24,23,22,21],[M1,M2,M3,M4{]);

r:=ures(a,b);

(z "3+x*21+22*%23+24+1) mod <z4 2-7, 2z372-5, 2z272-3, z172- 2>

b := (z*2z1*23+x"2-1) mod <z4 2-7, 2372-5, 2272-3, z172-2>
r:=(((2%22-13*%21-2) ¥23+2) *z4+(2*22-13%21-2) 23+ (-65%21-10) *22-12*21+20)
mod <z4 "2-7, 2372-5, 2272-3, z172-2>

>R:=resrpoly(a,b,z): #check correctness by comparing r with R

a

>subrpoly (r,R);
0 mod <2472 - 7, 2372 -5, z272 - 3, 2172 - 2>
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Chapter 8

Conclusion and future work

8.1 Conclusion

We designed and implemented two new modular algorithms for computing the monic GCD (Algorithm
MGCDNF) and the resultant (Algorithm MRESNF) of two polynomials in Q(av, ..., apn)[x1, ..., 2k,
where n > 1,k > 1 with high probability. Furthermore, we derived a formula for computing the
resultant of univariate polynomials. MGCDNF and MRESNF both achieve speedups through the

following strategies:

o As a preprocessing step, both algorithms replace the input polynomials f; and f> and the min-
imal polynomials Mj, ..., M, with their semi-associates fl, fg, and M, ... ,Mn. This strategy

improves the efficiency of modular reduction.

e To avoid expression swell, the coefficients of fl and fg are mapped to their images in Z,, for a

sequence of primes p;, using modular homomorphisms.

o To avoid computing over multiple field extensions Q(a, ..., ), we converted the problem to a
simple extension Q(+), where ~ is a primitive element of Q(«1, ..., a,). This conversion is per-
formed modulo a prime to avoid coefficient growth. Hence, the GCD and resultant computations

are performed over the ring L, = Z,,[2]/(M(z)) for a sequence of primes p;.

e To reduce the multivariate problem to the univariate case, we applied the classical strategy of
evaluation followed by dense interpolation. This enables the use of the monic Euclidean algorithm

to compute the monic GCD and resultant in the univariate setting.

The MGCDNF and MRESNF algorithms apply Chinese remaindering and rational number reconstruc-
tion to recover the rational coefficients of the target GCD and resultant. However, not all primes and
evaluation points lead to a successful reconstruction. In particular, most computations are performed
over Ly,. If M(z) is reducible modulo p;, then L,, = Z,,[2]/(M(z)) is not a field. Consequently, our
modular algorithms may encounter zero divisors. We classified all potential failure cases and provided
a detailed analysis of their probabilities. We also presented an analysis of the expected time complexity
of our algorithms. Both algorithms and their subalgorithms have been implemented in Maple, and we

presented benchmark results demonstrating their performance.
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8.2 Future work

Building on the results of this thesis, several applications and computational enhancements remain to

be investigated.

o Let L, = Zy[2]/(M(2)), where p is a prime and M(z) € Z,[z] has deg(M(z)) = d. Perform-
ing arithmetic over Ep, multiplication and division will be time-consuming, especially when
deg(M(z)) = [Q(aq,...,an) : Q] is large (over 100). To speed up our algorithms, we can apply

Fast Multiplication and Fast Division algorithms over Epi.

e To improve the expected time complexity, we aim to replace the dense interpolation with a

sparse interpolation method using Zippel’s algorithm [41] or Hu and Monagan’s algorithm [20].

e Both MRESNF and MGCDNF assume that the input polynomials are defined over an algebraic

number field
L=Q[z1,...,2zn|/(Mi(z1),..., Mp(2n)),

where each minimal polynomial M;(z;) is irreducible over

Q[Zl, ey Zi—l]/<M1(zl)7 ceay Mi_l(zi_l».

The algorithms do not verify these irreducibility assumptions since doing so would require poly-
nomial factorization, which is computationally expensive. We would like to extend MRESNF
and MGCDNF to the case where some M;(z;) are reducible; equivalently, the coefficient domain

is no longer a field and may contain zero divisors.

For instance, let fi = 22 + 1 and fo = (2 — 1)(x + 1) be two polynomials over Q[z]/(z? — 1),
where 22 —1 = (2 — 1)(2+1) is reducible over Q. In this quotient ring, z — 1 is a zero divisor and
hence not invertible. Since lc(f2) = z — 1, the Monic Euclidean Algorithm fails while trying to
compute monic(f2) modulo a prime p;. Consequently, the MGCDNF (or MRESNF) algorithm
changes p; and calls the Monic Euclidean Algorithm for a new prime, but lc(fy) remains a zero
divisor modulo any prime. We would like to extend our algorithms so that they also apply to

polynomials defined over such quotient rings.
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