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Abstract

We propose several new schedules for Strassen-Winograd’s algorithm,
in order to reduce the extra memory allocation requirements by three dif-
ferent means: either by introducing a few pre-additions, or by overwriting
the input matrices or by using a first recursive level of classical multiplica-
tion. In particular, we show two fully in-place schedules: one having the
same number of operations, if the input matrices can be overwritten, the
other, slightly increasing the constant of the leading term of the complex-
ity if the input matrices are constant. Many of these schedules have been
found by an implementation of an exhaustive search algorithm, based on
a pebble game set of rules.

1 Introduction

Strassen’s algorithm [13] was the first sub-cubic algorithm for matrix multipli-
cation. Its improvement by Winograd led to a highly practicable algorithm.

The best asymptotic complexity for this computation has been successively
improved since then, down to O (n?-37%) [4] (see [2, 3] for a review), but Strassen-
Winograd’s still remains one of the most practicable.

Former studies on how to turn this algorithm into practice can be found in
[1, 8, 9, 5] and references therein for numerical computation and in [12, 6] for
computations over a finite field.

In this paper, we propose new schedules of the algorithm, that reduce the
extra memory allocation, by three differents means: either by introducing a few
pre-additions, by overwriting the input matrices or by using a first recursive
level of classical multiplication.
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These schedules can prove useful e.g. for memory efficient computations of
the rank, determinant, null-space basis, system resolution, matrix inversion...
Indeed, the matrix multiplication based LQUP factorization of [10] can be com-
puted with no other temporary allocations than the one involved in its block
matrix multiplications [11]. Therefore the improvements on the memory re-
quirements of the matrix multiplication will directly improve these higher level
computations. We do not consider here stability issues, just the number of arith-
metic operations and memory allocations. Further studies have thus to be made
in order to use these schedules for numerical computations. They can nonethe-
less be used as is for exact computations, for instance for integer/rational or
finite field applications [7].

2 Algorithm and notations

We first recall the principle of the algorithm, and setup the notations that will
be used throughout the paper.

Let m,n and k be powers of 2. Let A and B be two matrices of dimension
m x k and k xn and let C = A x B.

Consider the natural block decomposition

{Cll 012}_{1411 Alﬂ {Bll 312]
Co1 Coo A2y Agy| |Bor B

where A1 and By; have respectively dimension m/2 x k/2 and k/2 x n/2.
Winograd’s algorithm computes the m x n matrix C = A x B with the
following 22 block operations:

e 8 additions:

S1— Ao + Aao

Ty < B2 — Bt

Sy — 51— A Ty < Boo — 17
Sz A1 — A T3 < Bas — B1o
Sy A12 — 52 Ty T — Bay
e 7 recursive multiplications:
Py — Ay x Byy Ps — S xTy
Py — Ajp X By Ps — 5o x Ty
Pg(—S4><B22 P7<—83XT3
Py — Agp x T}
e 7 final additions:
U — P+ P, Us —Us+ B3
Uy — P+ Ps Us —Us - P4
Us — Uy + Py U; — Uz + Ps

Us — Uz + P5



. . | U1 U5
e The result is the matrix: C = { U6 U7 }

Figure 1 illustrates the dependencies between these tasks.

Figure 1: Task dependency graph of Winograd’s algorithm

3 Memory efficient scheduling

Unlike the classic multiplication algorithm, Winograd’s algorithm requires some
extra temporary memory allocations to perform its 22 block operations. We
present in this section several scheduling minimizing the number of temporary
space allocated. Section 3.2 deals with the usual situation where the input
matrices A and B are constant. In section 3.3, we allow to overwrite the input
matrices A and B, leading to better memory efficiency.

3.1 Exhaustive search algorithm

We used a classical brute force search algorithm to get some of the new schedules
that will be presented in the following sections. It has two components a Tester
and an Explorer. The Tester is a variant of the pebble game of [9] with the
following rules applied in this order:



Rule 1 A pebble is removed of any vertex having all its immediate succesors
completed except for non-overwritable initial inputs.

Rule 2 If all the immediate predecessors of a vertex have pebbles on them, if the
computation to be performed at that vertex is of type aA x B + C, and
if all the other immediate succesors of C' are already computed, then C’s
pebble can be moved onto that vertex.

Rule 3 If all the immediate predecessors of a vertex have pebbles on them, if the
computation to be performed at that vertex is an addition, and if all the
other immediate succesors of a predecessor are already computed, then
this predecessor’s pebble can be moved onto that vertex.

Rule 4 If all the immediate predecessors of a vertex are either initial inputs or
have pebbles on them, a pebble may be placed on that vertex.

Then, the Explorer follows the dependency graph depth-first as in game theory:
possible moves are ready (all the immediate predecessors are already computed)
and not yet computed tasks; the possible moves are tried recursively in turns.

3.2 With constant input matrices

3.2.1 Standard product

We first consider the basic operation C' < A x B. The best known schedule for
this case was given by [5]. We reproduce a similar schedule in table 1. It requires

#  operation loc. | # operation loc.
1 S3=An—-A4n X1 |12 P =AnBn X1
2 T3 = Boy — Bio Xo |13 Uy=P+ Fs Cia
3 P; = 5373 Cor | 14 U3=Us+ Py Co1
4 S1 = Aoy + Aog X115 Uy=Uz+ PBs Ciha
5 T1 - B12 - B11 X2 16 U7 == U3 + P5 022
6 Ps = 51T Co | 17 Us=Us+ P3 Cia
7 So =81 — Ax X1 |18 Ty=1T5— B X5
8 Ty =DByp-T Xo | 19 Py = ATy, Ci
9 Py = ST Cia | 20 Ug=U3— Py Co1
10 Si=A12—- 5 X121 Py=A12Bn Cin
11 P3; = S4Boo Ch1122 Ui=P+P5 C11

Table 1: Winograd’s algorithm for operation C' +— A x B, with two temporaries

two temporary blocks X; and X3 of dimension respectively m /2 xmax(k/2,n/2)
and k/2 xn/2. Assuming m = n = k, and summing these temporary allocations
for every recursive level, leads to a total extra memory requirement of

logn

n\2 2,
2} (5) <37
1=1



3.2.2 Product with accumulation

For the more general operation C' «+ «Ax B+ 3C, a first naive method would be
to compute the product A x B using the scheduling of table 1, into a temporary
matrix C’ and finally compute C' « C’+ 3C. Tt would require (1+2/3)n? extra
memory allocation.

Now the schedule of table 2 due to [9, fig. 6] only requires 3 temporary blocks
for the same number of operations (7 multiplications and 4 + 15 additions).

#  operation loc. | # operation loc.
2 Ty =DB12—- B Xo |13 Ty=T5—Bn Xo
3 Ps = aS1Ty X3 |14 Cio=aS4By +Cis Cio
4  Cop =P+ B0 Cyrp | 16 Us=U+ Cr2 Ci2
5 Ci2 = F5+3C12 Ciz2 | 16 Py =aApTy —pCy  Cxn
6 S2=85—-An Xy |17 Sz3=Ay — An X1
7 Ty=DByp-T Xo | 18 T3 = Bos — B1a Xo
8 Pl = aA11311 X3 19 U3 = CYSng + U2 X3
9 Cn=PFP+p8CH Ci1 |20 Ur=U3z+Co Ca
10 U; = aSTs + Py X3 |21 Ug=U3—Co Co1
11 Uy =aA;2By +Cyy Cyp | 22

Table 2: Schedule for operation C' «+— aA x B + 3C with 3 temporaries

The three temporary blocks X1, Xo, X3 required have dimension m /2 x n/2,
m/2x k/2and k/2xn/2. Assuming m = n = k, and summing these temporary
allocations for every recursive level, leads to a total extra memory requirement

of

We propose in table 3 a new schedule for the same operation aAx B+C only
requiring two temporary blocks. The price to pay for this improvement is two
pre-additions on the input matrix C. These are partially compensated by the
recursive calls as will be shown in theorem 2. Again, the two temporary blocks
X and X5 are of dimension respectively m/2 x max(k/2,n/2) and k/2 x n/2.
Assuming m = n = k, and summing these temporary allocations for every
recursive level, leads to a total extra memory requirement of

logn

n\2 2,
2} (5) <3
i=1

3.3 Overwriting the input matrices

We now relax some constraints on the previous problem: the input matrices A
and B can be overwritten. In this section we only consider the multiplication



#  operation loc. | # operation loc.
1 Co = Cy — Cha Co | 12 Pz =aS4Bas + Cr2 Ci2
2 Cip=01—-0x Cia | 13 P =aAnuBn Xy
3 Sl = A21 + AQQ X1 14 UQ = P6 + P1 021
4 Ty =DBis— By Xo | 156 Py = aAi3B9 + pC1 Ci1
5 Ps=aS5T+p8C12 Ci2 |16 U =P+ P C1i1
6 Sy =81 — A1 X1 |17 Us=Us+Cio Cia
7 Toy=DBya-—-1T Xy | 18 Sz = Ay —An X1
8 FPs=aSTy+pCy Co | 19 T3 = By — Bia Xo
9 Sy = A9 — 5o X1 120 Us=P;+U;=aS3T5+Us Co1
10 T, =15 — By Xo |21 U7 =Usz+ Coy Cyo
11 Co = Ps + BC5 Co | 22 Usg=U3— Py =—aAxTy+U; Coy

Table 3: Schedule for operation C «— aA x B + SC with 2 temporaries

of square matrices (m =n = k).

3.3.1 Standard product

We propose in table 4 a new schedule that computes the product C «— A x B
without any temporary memory allocation. The point here is to find an ordering
where the recursive calls can be made also in place (i.e. such that the operand
of a multiplication are no longer in use after the multiplication). The exhaustive
search showed that no schedule exists overwriting less than four sub-blocks.

#  operation loc. | # operation loc.
1 S3=An—-A4yn Cn |12 S4=A12-S5 Co
2 S =An+A» Ay |13 Fs=51T Ci2
4 T3=DBy—DBia B |15 Us=Us+P Co
5  Pr=S3T3 Co1 | 16 P3 = S4By By,
7  Pr=AuB; Ci1 |18 Us=Us—PFP, Cn
8 T2 = BQQ - T1 Bll 19 U4 - U2 + P5 012
10 Ty=Ty—Boy Cy |21 Py=A19By  Bn

Table 4: Schedule for operation C «— A x B in place

Note that this schedule uses only two blocks of A or B as extra temporaries
(namely Aq1, A1, Bii and Bja) but overwrites the whole of A and B. For
instance the recursive computation of P, requires to also overwrite parts of Ajs
and Ba;. This schedule can nonetheless overwrite strictly only two blocks of A




and two blocks of B. This is achieved by making a backup of the overwriten parts
into some available extra memory. The schedule is then modified as follows:

# operation loc.
10bis Copy Ags into Cg Cia
11 Py = ATy A2y
11bis Restore Aoy from Cia  Ass
15bis COpy ng into 312 312
16 Py = 5,Bs By
16bis Restore Bgy from Bis Bao
20bis COpy A12 into A21 A21
20ter COpy B21 into 312 312
21 Py = A12B9; By
21bis Restore By from Bis Bogy
21ter Restore Ajp from As  Ais

In the following, we will denote by IP for InPlace, either one of these two
schedules.

We thus also present in tables 5 and 6 two new schedules overwriting only one
of the two input matrices, but requiring an extra temporary space. These two
schedules are denoted IPLeft and IPRight. Here also, the exhaustive search
showed that no schedule exists overwriting only one side and not using extra
temporary.

#  operation loc. | # operation loc.
1 S3=An—Axn Cor | 13 Ty=T5— By A
2 51 =Ag + Ax Agr | 14 Uy =P+ Fs Co1
3 So =51 — Ay Cio | 15 Uy=Us+ Ps Cio
4 T1 - 312 - B11 021 16 U3 - U2 + P7 021
5 P = IPLeft(AllBll) Ci1 17 U, =Us+ Ps Cya
6  T13= By — B2 A |18 Us=Us+ P Cr2
7 P7 = IP(Sng) Xl Agl = COpy(A12) A21
8 TQ = BQQ — Tl A11 19 P2 = IPLeft(Alngl) Xl
9 P5 = IP(SlTl) 022 A12 = COpy(Agl) A12
10 Sy =A412—5 Co1 |20 Uh=P+ P C11
11 P; = IPLeft(S4ng) Ax | 21 Py = IPRight(A22T4) Aoy
12 P = IPLeft(Sng) Co1 122 Ug=U3—Py4 Co

Table 5: IPLeft Schedule for operation C' < A x B using strictly two blocks of
A and one temporary

The exhaustive search showed that no schedule exists overwriting only one
block of A. Remark that if it is allowed to use three blocks of A, the two Copy
operations of table 5 can be avoided. Note also that if three blocks of A can
be overwriten then the last multiplication (P4) can also be made by a strict
recursive call to IPLeft. Both behaviors can be simultaneous if four blocks of
A (the whole matrix) are overwritable.



#  operation loc. | # operation loc.
1 S3=An — Ay Cy | 13 S4=A1-5 By
2 S1 = Ay + Agg Co1 |14 Usy=P + Fs Co
3 Ty =DBis—Bn Ci2 |16 Uy =Us+ P5 Cia
4 P =TIPRight(A1Bn) Cu |16 Us=Ux+ P Co
5 52251 —A11 By 17 U;=Us+ Ps 022
6 13= DBy — D12 B2 | 18 Us=Us— Py Ca1
7 P = IP(Sng) X119 P3= IPLeft(S4B22) Bis
9 Ps = IP(SlTl) Cas B = COPY(B21) B
10 T4 = T2 — Bgl 012 21 P2 = IPRight(Alngl) 312
11 P6 = IPRight(SQTQ) 021 B21 = COpy(Bll) Bgl
12 Py = IPRight(A22T4) B |22 Uh=P+P Ci1

Table 6: IPRight Schedule for operation C' «+— A x B using strictly two block of
B and one temporary

For IPRight also, the copy or the call to IPLeft for P3 can be avoided if
three or four blocks of B are overwritable.

3.3.2 Product with accumulation

We now consider the general operation C' «— aA x B + GC, where the input
matrices A and B can be overwritten. We propose in table 7 a schedule that
only requires 2 temporary block matrices, instead of the 3 of table 2. Again,
this is achieved at the price of two additional pre-additions on the matrix C.
Compared to the scheduling of table 3, the possibility to overwrite the input
matrices makes it possible to save one pre-addition.

4 A sub-cubic in-place algorithm

Following the improvements of the previous section, the question was raised
whether extra memory allocation was intrinsic to sub-cubic matrix multiplica-
tion algorithms. More precisely, is there a matrix multiplication algorithm com-
puting C «+— A x Bin O (n1°g2 7) arithmetic operations with no extra memory
allocation and with no overwriting of its input arguments. We answer this ques-
tion affirmatively in this section, with a combination of Winograd’s algorithm
and a classic block algorithm. Furthermore this algorithm also improves the ex-
tra memory requirement for the product with accumulation C' +— aA x B+ 8C.

4.1 The algorithm

The key idea is to split the result matrix C into four quadrants of dimension
n/2 x n/2. The first three quadrants C11,C12 and Co; are computed using fast



#  operation loc. | # operation loc.
1 Ch =Ch —Cha Co | 13 Py = aATy — C Ca1
2 Cp =0y —Cx Co1 | 14 Py =aA;2By +5C11 Cui
3 Sg = A11 — A21 X 15 P1 = OéIP(AllBll) Bgl
4 T3 = Bos — Bio Y|16 Ui=P+P C1i1
5 P7 = a53T3 + 5022 022 17 Pﬁ = OéIP(SQTg) A12
6 S1 = Ao + Axo Ao | 18 Uy =P+ P Cha
7 Ty =Bi2— By B2 |19 Us=Uzx+F5 Ci2
8 Sy =51 — Aqq X |20 Us=Us+ Pr Coo
9 T2:B22_T1 Y | 21 U7=U3+P5 022
10 P5 = aSlTl + 5012 012 22 Uﬁ = U3 — P4 021
11 54 = A12 - SQ A21 23 P3 = OéIP(S4B22) A12
12 T, =15 — By Bis |24 Us=Us+ Ps Cio

Table 7: Schedule for C «+— aA x B+ C with 2 temporaries and overwriting A
and B

rectangular matrix multiplication, i.e. 2k/n standard Winograd multiplications
on blocks of dimension n/2 x n/2. The temporary memory for these computa-
tions is stored in Cyo. Lastly, the block Cs is computed recursively up to a base
case, as shown on algorithm 1. This base case, when the matrix is too small
to take benefit of the fast routine, is then computed with the classical matrix
multiplication.

Theorem 1. The complezity of algorihtm 1 is
G(n,n) = 7.2n"°%(D —13n% + 6.8n
when k =n and FastThreshold = 1.

Proof. Recall that the cost of Winograd’s algorithm for square matrices is
W (n) = 6n'°827 —5n? for the operation C' «+— Ax B and Wc.(n) = 6n'°827 —4n?
for the operation C' «— A x B+ C. The cost G(n, k) of algorithm 1 is given by
the relation

G(n, k) = 3W(n/2) + 3(2k/n — 1)Waee(n/2) + G(n/2, k),

the base case being a classical dot product: G(1,k) = 2k — 1. Thus, G(n, k) =
7.2kn!o82(MN=1 _ 12kn — n? 4 34k /5. O

Hence a fully in-place O (n1°g2 7) algorithm is obtained for matrix multipli-
cation. The overhead of this approach appears in the multiplicative constant of
the leading term of the complexity, growing from 6 to 7.2.

This approach extends naturally to the case of matrices with general dimen-
sions.



Algorithm 1 IPMM: In-Place Matrix Multiply
Require: A and B, of dimensions resp. n X k and k x n with k, n powers of 2
and k£ > n.
Require: An integer FastT hreshold > 1.
Ensure: C = A X B
1: if k < FastThreshold then
2:  Compute C' = A x B by the classical algorithm.

3: else
B By
. Aia | | Avas

4: Split A = d 2R | B = . . and C =

P { Az | | Az 2k /n : :

Bakyn,1 | Bakn,2

{g; g;j , where each 4; ;, B; ; and C; ; have dimension n/2 x n/2.
5. C11 = Ay,1 81,1 with alg. of table 1 using Cs> as temporary space.
6: Cio2 = Ay,1B1 2 with alg. of table 1 using Cy> as temporary space.
7. Ca1 = Ag1B1 1 with alg. of table 1 using C22 as temporary space.
8: fori:2...2n—kdo
9: C11 = A1,;B; 1+ Cq1 with alg. of table 2 using Cso as temporary space.
10: Ch2 = A1,iB; 2+ Ci2 with alg. of table 2 using Cag as temporary space.
11: Co1 = Ay B; 1 +C21 with alg. of table 2 using Ca2 as temporary space.

12:  end for
13:  Cag = Ay« X B, o recursively using IPMM.
14: end if

4.2 Reduced memory usage for the product with accumu-
lation

In this case, the matrix C' can no longer be used as temporary storage, and extra
memory allocation can not be avoided. Again the idea here is to use the classical
block matrix multiplication at the higher level and call Winograd algorithm for
the block multiplications. As in the previous section, C' can be divided into four
blocks and then the product can be made with 8 calls to Winograd algorithm for
the smaller blocks, with only one extra temporary block of dimension n/2 xn/2.

More generally, for square n x n matrices, C' can be divided in ¢? blocks of
dimension ¥ x %. Then one can compute each block with Winograd algorithm
using only one extra memory chunk of size (n/t)?. The complexity is changed
to

Rt(n) = t2tWacc (n/t),

which is
Ry(n) = 63— 1082(7) yloga (7) _ g2

for an accumulation product with Winograd’s algorithm. Using the parameter
t, one can then balance the memory usage and the extra arithmetic operations.

10



For example, with ¢t = 2,

Ry = 6.857n1%27 — 812 and ExtraMem = ——

and with ¢ = 3,

Rs = 7.414n'°%27 — 12n? and ExtraMem = n—.

5 Conclusion

With constant input matrices, we reduced the number of extra memory alloca-
tions for the operation C' «— aA x B+ BC from n? to %nQ, by introducing three
extra pre-additions. As shown below the overhead induced by these supplemen-
tary additions is amortized by the gains in number of memory allocations.

If the input matrices can be overwritten, we proposed a fully in-place sched-
ule for the operation C' +— A x B without any extra operation. We also reduced
the extra memory allocations for the operation C' « aA x B + SC from n? to
%nQ, by introducing only two extra pre-additions. We also proposed variants
for the operation C <+ A x B, where only one of the input matrices is being
overwritten and one temporary is required.

Some algorithms with an even reduced memory usage, but with some in-
crease in arithmetic complexity, are also shown.

Table 8 gives a summary of the features of each schedule that has been
presented. The complexities are given only for m = k = n being a power of 2.

Theorem 2. The arithmetic and memory complexities given in table 8 are
correct.

Proof. For the operation A x B, the arithmetic complexity of the schedule of
table 1 satisfies classically

{W1<n> = TWA(3) +15(3)°
Wi(l) = 1 :

so that W (n) = 6n'°s2(") — 5n2,
The schedule of table 1 requires

{ M;i(n) 2(%)2+M1 (%)
Mi(1) = 0

extra memory space, which is Mi(n) = 2n?.

satifies )
wm=2(3)' <0 (2)

which is Ay (n) = %(nlogz(ﬂ —n?).

Its total number of allocations

11



¢l

Algorithm Input # of extra | total extra total # of extra arithmetic
matrices temporaries memory allocations complexity
[5] Constant 2 2n? 2(n*807 —n?) 612897 — 5n?
- Table 4 Both Overwritten 0 0 0 6n2-807 — 5n?
é Table 5 A Overwritten 1 %nQ n?322 _p? 6m2-807 — 5n?
Table 6 B Overwritten 1 %nQ n?322 _p? 6m2-807 — 5n?
4.1 Constant 0 0 0 7.2n%807 — 13n2
[9] Constant n? 3 (14n?807 4 72 — 21n?-322) 612897 — 4n?
% Table 3 Constant %nQ % (14n2'807 +7n? — 15n2'585) 612807 4 12585 _ 5?2
Cg Table 7 Overwritten 2n? in?log,(n) + n? 6n>807 — 4n? + Ln?log,(n)
3 4.2 Constant N/A in? an? 6.857n%807 — 8n?
4.2 Constant N/A sn? sn? 7.414n2807 — 1212

Table 8: Complexities of the presented matrix multiplication schedules




The schedule of table 5 requires

extra memory space, which is Ms(n) = %n2. TIts total number of allocations

satifies )
= (2)" +:(3)

which is As(n) = n!oe2() —n2,

The schedule of table 6 requires the same amount of arithmetic operations
or memory.

For A x B + 8C, the arithmetic complexity of [9] satifies

= () 2 (3) 10 (3)

so that Wa(n) = 6n'°82(7) — 4n?2; its number of extra memory satifies

Ms(n)=3 (g)2 + M, (g) )

which is Mz (n) = n?; its total number of allocations satifies
2
As(n) =3 (g) + 54, (g) + 244 (n),

which is As(n) = & (14n'°82(D 4 7n2 — 21ploe=(9)),
The arithmetic complexity of the schedule of table 3 satisfies

w00 (3) 45 (3) +153)'

so that Wa(n) = 6n1°82(7) — 5n2 4 nlog2(6) ; its number of extra memory satifies

Ms(n) =2 (3)2 + M, (ﬁ) ,

2 2
which is Ms(n) = 2n?; its total number of allocations satifies
2
Ag(’n) =2 (g) +6A3 (g) + Al(n),

which is As(n) = & (14n!°82(7) + 7n2 — 15n1082(6)),
The arithmetic complexity of the schedule of table 7 satifies

Wo(n) = 4W5 (g) + 3w, (g) +17 (g)Q ,

so that Wy (n) = 6n'°s2(1) — 4n? + sn?logy(n) ; its number of extra memory

satifies )
=2 ()" v (3).

13



which is M7(n) = 2n?; its total number of allocations satifies

3

o =2(3)" 0 (3).

which is A7(n) = n? + %712 log,(n).

O

For instance, by adding up allocations and arithmetic operations in table 8,

one sees that the overhead in arithmetic operations of the schedule of table 3
is somehow amortized by the decrease of memory allocations. Thus it makes it
competitive with the algorithm of [9] as soon as n > 10.

Of course, practical implementations will deal with non power of two dimen-

sions, in general by peeling or padding the matrices. Moreover, some cut-off will
be set in order to stop the recursion and switch to the classical algorithm. The
use of these cut-offs will in general decrease both the extra memory requirements
and the arithmetic complexity overhead.
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